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Abstract. We use a Grassmannian framework to define multi-component tau functions
as expectation values of certain multi-component Fermi operators satisfying simple bilinear
commutation relations on Clifford algebra. The tau functions contain both positive and
negative flows and are shown to satisfy the 2n-component KP hierarchy. The hierarchy
equations can be formulated in terms of pseudo-differential equations for n x n matrix wave
functions derived in terms of tau functions. These equations are cast in form of Sato—
Wilson relations. A reduction process leads to the AKNS, two-component Camassa—Holm
and Cecotti—Vafa models and the formalism provides simple formulas for their solutions.
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In memory of Vadim Kuznetsov. One of us (JudL) first met Vadim at a semi-
nar on Quantum Groups held at the Korteweg—de Vries Institute in Amsterdam in
1993. Vadim was then still a post-Doc. Later meetings at several other conferences,
e.g. in Cambridge, Oberwolfach and Montreal provided better opportunities to learn
Vadim’s kind personality and his wonderful sense of humor. Both authors of this pa-
per have the best recollection of Vadim from meeting at the conference “Classical and
Quantum Integrable Systems” organized in 1998 in Oberwolfach by Werner Nahm
and Pierre van Moerbeke. A memory of one pleasant evening spent with him in the
setting of a beautiful conference center library clearly stands out. Vadim joined us and
Boris Konopelchenko after a (successful) play of pool game against Boris Dubrovin.
The library has a wonderful wine cellar and we were all having a good time. Vadim
was in great mood and filled the conversation with jokes and funny anecdotes. When
thinking of him, we will always remember in particular that most enjoyable evening.

1 Introduction

Tau-functions are the building blocks of integrable models. The Grassmannian techniques have
been shown in the past to be very effective in theory of tau-functions. In this paper we exploit

*This paper is a contribution to the Vadim Kuznetsov Memorial Issue “Integrable Systems and Related Topics”.
The full collection is available at http://www.emis.de/journals/SIGMA /kuznetsov.html
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a Grassmannian approach to constructing tau functions in terms of expectation values of cer-
tain Fermi operators constructed using boson-fermion correspondence. This formalism provides
a systematic way of constructing multi-component tau functions for multi-dimensional Toda
models, which, in this paper, embed both positive and negative flows.

The set of Hirota equations for the tau functions is obtained by taking expectation value of
both sides of bilinear commutation relation

A©AQ=0A04A, Q= ¢ Veoyp ¥

Li
defined on a Clifford algebra with Fermi operators w[i(i), satisfying the relations
A3 j i) A(E
w[ ()wlg (7) + wéj(])w[ (@) — 51,’],5)\’#5[’7?’

forLkeZ+1/2,i,5=1,...,n, \,u =+, —.

We rewrite Hirota equations in terms of formal pseudo-differential operators acting on matrix
wave functions derived from the tau functions. This method gives rise to a general set of Sato—
Wilson equations.

Next, we impose a set conditions on the tau function which define a reduction process. Under
this reduction process the pseudo-differential equations for the wave functions describe flows of
dressing matrices of the multi-dimensional Toda model. In the case of 2 x 2 matrix wave functions
these equations embed the AKNS model and the two-component version of the Camassa—Holm
(CH) model for, respectively, positive and negative flows of the multi-dimensional 2 x 2 Toda
model.

Section 2 is meant as an informal review of semi-infinite wedge space and Clifford algebra. In
this setup, in Section 3, we formulate the multi-component tau functions as expectation values
of operators satisfying the bilinear identity. This formalism contains the Toda lattice hierarchy
as a special case. Section 4 shows how to rewrite the formalism in terms of pseudo-differential
operators acting an wave function. We arrive in this way in general equations of Sato—Wilson
type. The objective of the next Section 5 is to introduce a general reduction process leading
to a multi-dimensional Toda model with positive and negative flows acting on n X n matrix
wave functions explicitly found in terms of components of the tau functions from Section 3.
The Grassmannian method provides in this section explicit construction of matrices solving the
Riemann-Hilbert factorization problem for GL,,.

As shown in Section 6 the model obtained in Section 5 embeds both AKNS and the 2-com-
ponent Camassa—Holm equations. Further reduction uses an automorphism of order 4 and as
described in Section 7 reduces flow equations to Cecotti—Vafa equations. In Section 8, we use
the Virasoro algebra constraint to further reduce the model by imposing homogeneity relations
on matrices satisfying Cecotti—Vafa equations.

The particular advantage of our construction is that it leads to solutions of the AKNS and
the 2-component Camassa—Holm equations and Cecotti-Vafa equations in terms of relatively
simple correlation functions involving Fermi operators defined according to the Fermi—Bose
correspondence. These solutions are constructed in Section 9 and 10, respectively.

2 Semi-infinite wedge space and Clifford algebra

Following [9], we introduce the semi-infinite wedge space F' = A2®°C> as the vector space with
a basis consisting of all semi-infinite monomials of the form vy, Avi, Avy, ---, with i; € 1/2+7Z,
where i > ip > i3 > --- and iyy1 = iy — 1 for £ > 0. Define the wedging and contracting
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operators w;r and ¢ (j € Z+1/2) on F by

(v Avig Aee) = 0 if —j =i, for some s,
A B (—1)82}11 A Vi -+ - ANvig Nv_j VAN Vigq A ifig > —) > is41,
0 if j # iy for all s,

P (v ANVig Aver) = e
](11 io ) (_1)s+1vi1/\viz/\”'/\visfl/\viayl/\”' if j = is.

These operators satisfy the following relations (i,j € Z +1/2, \, u =+, —):
YU Y = 0y b, (2.1)

hence they generate a Clifford algebra, which we denote by C¥.
Introduce the following elements of F' (m € Z):

It is clear that F' is an irreducible C/-module such that
$10) =0 for j>0.

Think of the adjoint module F* in the following way, it is the vector space with a basis consisting
of all semi-infinite monomials of the form --- A vi; A vi, A vy, where i; < iy < i3 < --- and
igy1 = ig+ 1 for £ > 0. The operators w;L and 111; (G € Z+1/2) also act on F* by contracting
and wedging, but in a different way, viz.,

0 if j £ i, for all s,
("'/\Uiz/\vi1)¢;_: et . . . e _S.
(1) A, Avig_ Ay, Ay i iy =,

0 if —j =1, for some s,
(1% Awig, Ay A, Aoy, Ay i iy < = <dgyq.

We introduce the element (m| by (m| = ---Awv, .5 Av,, 3 Av_ 1, such that (O|1/)Ji = 0 for
2 2 2

j < 0. We define the vacuum expectation value by (0|0) = 1, and denote (4) = (0] A|0).
Note that (17)* = 9T, and that

<V(ila s 7ik7j17 s 7j€)| = <O’1/}i_]z th—l o 'wtjldj:ikw:ik_l o '1/}:'117 (22)
with i; <ie < -+ <ip < 0andj; <izg <--- <jp <0 form dual basis of F' and F™*, i.e.,

<V(t17 ey Um,y 51,0 ,5q)|V(il, R 7ik‘7j17 o 7jf)> = 6(t1,...,tm),(il,...,ik)(s(sl,...,5q),(j1,...,jg)' (23)

We relabel the basis vectors v; and with them the corresponding fermionic operators (the wedging
and contracting operators). This relabeling can be done in many different ways, see e.g. [10],
the simplest one is the following (j = 1,2,...,n):
) _
Ve = UnE—%(n—Qj-‘rl)’

and correspondingly:

() _ E
Y _wnfi%(n—%-i-l)'
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Notice that with this relabeling we have:
i) =0 for €>0.
Define partial charges and partial energy by
+(1) _ _
charge; ¥, = £d;j, charge; |0) =0,
energy; i() = —0i;k, energy; [0) = 0.

Total charge and energy is defined as the sum of partial charges, respectively the sum of partial
energy.
Introduce the fermionic fields (0 # z € C):

- 3wt

ecZ+1/2

Next, we introduce bosonic fields (1 <1, j < n):

a@(z) =3 af P h = gt O (2= 0)(2)
keZ
where : : stands for the normal ordered product defined in the usual way (A, = + or —):

LDyl w?(i)d;f‘(j)‘ if [>0,
L AT ()

One checks (using e.g. the Wick formula) that the operators a(] )
relations of the affine algebra gl,,(C)" with the central charge 1, i.e.:

satisfy the commutation

[a(ij)7 a(kf)] = jkaz()zf_)q - 515041(;4.3 + p5w5jk5p —q>
and that
my=0 if k>0 or k=0andi<j

The operators aé) = a,g 2 satisfy the canonical commutation relation of the associative oscillator

algebra, which we denote by a:
o, o] = ke,
and one has
a,(f)|m> =0 for k>0, <m|a,(f) =0 for k<O.

Note that a(()j ) is the operator that counts the j-th charge. The j-th energy is counted by the
operator

_ Z Ew?‘(])w:é])
e +Z

The complete energy is counted by the sum over all j of such operators. In (8.1) we will define
another operator L, which will also count the complete energy. In order to express the fermionic
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fields 1= (z) in terms of the bosonic fields a®)(z), we need some additional operators Q;,
i=1,2,...,n, on F. These operators are uniquely defined by the following conditions:

Qo) =10, Qe = (-1 ) Q. (2.4)
They satisfy the following commutation relations:

QiQ; = —Q;Q; if i#j, [Oé;(f),Qj] = 0;j0k0 Q-

We shall use below the following notation

ko ka, o k) = QUQG - QR [0), (ko hal = (01Q - Q" Q™
such that

(k1,kay ... knlk1,ko,... kn) = (0]0) = 1.
One easily checks the following relations:

o, ¥ = 2800
and

QF k1, ko, oo k) = ()Rt TRy e R K 1 K, K,

(k1, k.. kn|QFY = ()it thioy (o ko o i ki F L KiK.

These formula’s lead to the following vertex operator expression for )= (z). Given any sequence
s = (s1,s2,...), define

F(] = exp <Z Skaik)

then
Theorem 1 ([6, 8]).

$#0 () = QL+ exp (:F > gobs > exp (:F > s )

k<0 k:>0
() (4 i _
— QF' 20 T (Y (w71,

PP () [kt b k) = ko )y B kT (5) = (kb

Also observe that (Fg))* = FQ and
() T (s') = 1(s, ) 10 () 1Y),

where
v(s,s) = e Tvsnsn,

We have
()M (2)
() v M)

Note that

v(t, [2]) = exp< tn z”) .
n>1

(s, [F1]) Pt ® () TP (),
(s, —[F1]) 0= ®) () TP (s).



6 H. Aratyn and J. van de Leur

3 Tau functions as matrix elements and bilinear identities

Let A be an operator on F' such that
[A®AQ =0, Q=) ¢ @y, (3.1)

Note that if A € GLo then this A satisfies (3.1). So in the n-component case

Q= ZW ZResW )@~ (2).

Here Res, Y, f;2* = f_1. Define the following functions

ng’lk;m: S (ts) = (K1, ko, k| Amy, ma, . my),

A= HF’) #() AHF” s0). (3.2)

Instead of ngl,;;nz’ k’m” (t,s) we shall write Tg(t, s) for a = (a1, o, ...,a,) and a similar expres-

sion for B. We will also use |a| = a1 +ag+ -+ ay, |a; = a1 + as + -+ + a4, |ajo = 0 and
¢; =(0,...,0,1,0,...,0), a 1 on the j' place.

If the operator A satisfies (3.1), then so does A. Following Okounkov [14] we calculate in two
ways

n n

@ [T @ (] H r(s®MyAe A)0 f[r”’(—t'“)nm [T s“)s)

i=1 (=1

=<a\Hr&f><t“>>®<v|HrSi“><s< A@Aﬁ #9)|8) H I (—s)9). (3.3)
=1 k=1 7=1 /=1

Clearly
() TITO (—19)18) = Qe T (2T (- HF“ ~)18)
j=1 j=1
- (_)|B|7n71z6m7([271]’t/(m))r_m)([z]) HF(_j)(_t/(J'))W T em)
j=1
( )|5|m 1 ,Bm,y([ 1]7t/(m))1ﬂ_m)( t/(m) +[2]) H P(J)( VB + €m)
j#m
and in a similar way
e [T =)
(=1
= ()P oma ([, =P (s~ [2)) [T T (=)0 — en).
l+m

Also

n

(@ TTT )t (2) = (@l [T () Q=" T (e (1)

=1
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= (o)ehtzen Tl (e], o a—%q1w> DG E)

(et (], ) 1 — 1) )T
and

ﬂHme “m(z)

= (=)=t Ty (60, —[2]) Gy + T S I T
k#m

Using this we rewrite (3.3):

ReS Z Iﬁ"'d‘m 1 ﬁm m,}/([z_l]’t,(m) _ S,(m))Tg+€m (t(l)’t,(']) _ 6jm[z])

% T’(j—em(s(k)’ §O 4 Seml2]) = Rfs Z (=)l lm—1 pam=am =2, (] 4(m) _ g(m))

m=1

x 78 (D = G [z, N0 (W) 4 27, 8 ). (3.4)

For n =1 this is the Toda lattice hierarchy of Ueno and Takasaki [15].
We now rewrite the left-hand side of (3.4) to obtain a more familiar form. For this we replace z
by 2z~ ! and write u, resp. v for ¢/, resp. s’, we thus obtain the following bilinear identity.

Proposition 1. The tau functions satisfy the following identity:

Res Z |6+5‘m 1 (5m —Bm— 2’}/([2],U(m) _ U(m))»rg"rem (t(z)’u(]) _ 5Jm[2—1])

% Tg_em(s(k) 0 4 Stm] Res Z Ia+v|m 1 ,0m— vm—27([2]’t(m) _ S(m))

X T (9D = [z, u<ﬂ‘))T§+6m(s< 4 Skmlz™ 1, 09). (3.5)
From the commutation relations (2.1) one easily deduces the following

Proposition 2. Let A=+, —, and a; € C, for 1 < j < n.
(a) The operator A =Y a;9*VU)(z) satisfies (3.1).
j=1
(b) Let fj(z) = Zf]’zz, for 1 < j < n, then the operator A = 3" Res, f;j(2)y 9 (z) satis-
i j=1
fies (3.1).

Another way of obtaining solutions is as follows. We sketch the case n = 2 (see e.g. [7]) which
is related to a two matrix model. Let du(z,y) be a measure (in general complex), supported
either on a finite set of products of curves in the complex x and y planes or, alternatively, on
a domain in the complex z plane, with identifications x = z, y = Z. Then, foreach 1 < j,k <n
and \, v = +, — the operator A = e with

B= / ) ()" ®) (y) dp(, y)
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satisfy (3.1). If one chooses j =1, k=2 and A = +, v = — and defines for the above A

ot Nez=N (¢ ) — (ay, 0| TP D) TP (¢ PTW (—a) TP (@) |y + N, ag — N)
1

N'<a1,a2|F D@ @) BN 1O (o1 (—u@)|ay + N, ay — N),

then these tau-functions satisfy (3.5).

4 Wave functions and pseudo-differential equations
We will now rewrite the equations (3.5) in another form. Note that for
IB—al=10—7=3j for fixed jeZ (4.1)

these are the equations of the 2n-component KP hierarchy, see [9]. One obtains equation (66)
of [9] if one chooses t(M+1) = (M) g(m+n) — (M) and 75 () = (i)‘O‘PT(a,,ﬁ) (t), where

T(a,—B) (t) = T(o,02,0,0m,—B1,—B2,.s—Bn) (t>

are the 2n-component KP tau-functions, viz for (a, —(3) = p and (y, —9) = o they satisfy the
2n-component KP equations:

Res Z Jlotolm—tppm=om =2~ 5] () — (MY (5 [27Y)

X To+em(5(k) + 5km[z_1]) = 0.

In [9] one showed that one can rewrite these equations to get 2n x 2n matrix wave functions.
Here we want to obtain two n x n matrix wave functions. We assume from now on that (4.1)
holds for j = 0. Denote (s =0,1):
Pi(S) (Oé, 67 t? u, :l:z) = (Pi(S) (Oé, /8a ta u, iz)kﬁ)lgk,éﬁru
B @) 8.0z~ u()
t )
PO, B, t,u, £2)5 = (—)|E’“|“z5“*1To‘i(ﬁ’“_q)( F bl [ u)
s My by Uy Tg(t(l),u('j))

PO (0, Bt u, £2) = z_ngi;f( 10, u? qcléyf[ ]),
s (t(l)7u( ))

R*)(a, B, £2) = diag(RT¥ (e, 8, £2),),

REO) (o, B, 42), = (=) lale-1 e,

Ri(l)(aa B,+z2) = (_)\5|e—1Z:Fﬁe7

Q*(t, +2) = diag(v([2], £tW), y([2], £tP), ... v ([z], £™)). (4.2)

)

Replace tga), sga), ug ), %a) by tg @) + T, sg @) + Yo, uga) + 1, UYZ) + 41 then some of the above

functions also depend on zy and x; we will add these variables to these functions and write e.g.
PO (a, B, x,t,u, +2) for PEO)(q, g, t]) + 0120, u, £2). Introduce for k& = 0,1 the following
differential symbols 0y = 0/0xp &'y = 0/0yk. Introduce the wave functions, here x is short
hand notation for = = (xg,x1)

‘Iji(o)(%ﬁ,x,t,u,@ p*0) (o, B, 2, t, u, iz)Ri (o, B, £2)QF (t, £2)et0?
= PO, B,2,t,u,00) RO, 5, 00) Q7 (¢, o) 0%,
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\Ili(l)(oz,ﬁ,:c,t,u,z) pE) (a, B, 2,1, u, :i:z)Ri (a ﬁ,iz)@i(u +2)e tz1z
= P (q, 8,2, t,u,0))R* DV (a, 3,00)QF (u, 8y )et™1%. (4.3)

Then (3.5) leads to
Res \Il+(0)(a,ﬁ,1: t,u, z)\li_(o)(%é y,s,v,2)"
= Res At ( ,Byx,t u, z) U (1 )(7,5,y,s,v,z)T. (4.4)
One can also deduce the following 6 equations, for a proof see the appendix A:

P+(O)(O‘7ﬂa anxlat,uaaO)_l = P_(O)(oz,B,mo,yl,s,v,(?o)*, (45)

P+(1)(Oé,ﬂ, ZI?(),ZL‘l,t,U,81)_125(61)P_(1) (a"i'Zﬁi,ﬁ"‘ZG@',ZE(),IL‘l,t,U,al) S(al)a (46)

i=1 =1
6P+ ( , B, mo, w1, t,u 80)

o\
(P+ ( 6,$0,$1,t u, aO)EaaajP+(0)( 7/87x07x17t7u7 80)71)—
PHO (v, B, w0, 21, ¢, u, 0p), (4.7)
+(1 .
oP (Oé ﬂ(a«)f t,u al) _ —(P+(l)(a,ﬂ,x,t, u,81)8{EaQP+(1)(a,ﬁ,x,t,u,@l)_l)<1
8uja
x P*W(a, B, 2,t,u,0,). (4.8)
And
j=1 8u]
= ptQ (a B,x,t,u, 2)Eaady ' P~ D(a, B, z,t,u, —2)T PO, B, 2,1, u, dp), (4.9)
(Eaa + Z ) 1)(oz, Byx,t,u,01)) = pt (o, B, x, t, u, Z)EaaS((‘)lf1
875
7=1
n n T
x P~ <a +) e B+ €, —z> S PtV (a, B, 2, t,u, 1), (4.10)
=1 i=1
where

n

Z(_)iJrlEiz‘a-

=1

“n
2
Il

Recall that (P(x)0%)* = (-9)F - P(z)T.

5 First reduction and the generalized AKNS model

Assume from now on that our tau functions satisfy

=2 nil |B—al;
Ta—f} 6 = (=)= er?, where 0#ceC.
7
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This holds e.g. when

@Q1Q2- - QnA = cAQ1Q2- - Qn. (5.1)
Substituting this in (4.2), gives

n

p() < Zeﬂ’ﬁ Zeﬂ’t w 3) Z( )’fEkkPi (o, B, t,u,8:) ) (=) Epe. (5.2)

k=1 k=1

Now from the second equation of (A.3) and (4.7) we deduce that

p t,
Za ( ﬁvx(‘(;)vxla u, 80) —0. (53>
j=1 ﬁtl
Hence this implies that

[80,P+(0)(Ck,ﬂ,.1‘0,$1,t, u780)] =0. (54)

In a similar way we deduce from (A.6) and (4.8) that

p+
j=1 aul
Hence also
[01, P (a, B, 20, 21, t,u,01)] = 0. (5.6)

Remark. Note that the above does not imply that both
[81,P+(0)(C¥,ﬁ,$07$1,t, U/?ao)] =0 and [807P+(1)(a7/87 x07x17t7u781)] =0.
Next, using this reduction and (A.4) then (A.9) turns into

oPT*W(a, B, x,t,u,0)
83:0

(P+ (o, B, 2, t,u)0; 1 al_ler(O)(oz,ﬁ,:c,t,u» 81P+(1)(a,ﬁ,x,t,u,81)

oo

- aiptO)
= Z(_)Hla Py ((;x,jﬂ,x,t,u) ptQ (a B8,x,t,u, 81)8 (5.7)
7

Now, use (4.6) to see that (A.12) turns into

oP*TO) (a, B, z,t,u,dp)
8.%'1

=P W(a, 8,2, t,u)0; ' P (o, B, 2.t u, ) PO ey ke, t,u, D). (5.8)

Taking the coefficient of d ! of this equation we thus get

oP O (a, B,z,t,u)

=1
8951

and hence (5.7) turns into

oPTW(a, B, z,t,u,0;)
Oxg

= pt(® (o, By, t, u, 81)(91_1.
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In particular

oP Y (a, B,z,t,u)
8950

Substituting this in (5.8) we obtain

=0.

OPtO)(a, B, 2,t,u, dp)
8.%'1

Note first that from (5.9) one deduces that

= P+(O)(O‘7/87xata u760)80_1‘ (59>

OPt ) (a, B, x,t,u,dp) "
8%1

LOPT0)(q ﬁ,xtuag)
81‘1
:—P+ ( ﬁ,xtu(?g) 1P+ e, B, 2, t,u,00)05 *PT O (, B, 2, t,u, )~

= —P+ ( ﬁ,[L‘ t u, 60) (aaﬁaxvtauvao)_lail

Clearly also
oP*W(a, B, z,t,u,0,) "
63:0

Using (4.5) we rewrite (A.8):

—Pt*W(a, B,z t,u,8;) 1o

oPTW(a, B, z,t,u,0;)
ot
x 071 PO, B, 2, t,u, 2) L0 PV (a, B, 2, t, u, D)
—ResP+ Now, B, 2, t,u, 2) 27 Eyq

= Res PT©) (o, By, t,u,2) 27 Eyy
z

° .9t p+(0) -1
% Z(_)Zﬁ P (a,ﬁ,.x,t,u,z) al_ZPJr(l)(a,ﬁ,l’,t, U,al)

1
i=0 o}

= Res P+(O)(a, Byx,t,u, 2)Egq
z

x PYO(q, 8,2, t, u, 2) IZZJ =Pt a, B,z t,u, 81)0;
1=0

j
— Res Z Li—i=1 p+(0) (a, By, t,u,2)Egq
=0
x PYO(a, 8,2, t,u, 2) P (a, 8,2, t,u,0,)0;". (5.10)

N.B. This summation starts with 0.
In particular

oPTW(a, B, 2, t,u,0,)  OPTW(a, B, z,t,u,0)
otV i ott?
j j

= Pt (a, B, 2, t,u,0,)0] 7. (5.11)

In a similar way we deduce, using (4.6), from (A.10):

+(0) Zj j—i
oP ( ﬂvx tu 60) — Res 23*1*1P+(1)(a7ﬂ,x,t,u,Z)Eaa
oul® =
j =1
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X PHI)(a,ﬁ,m,t,u,z) 1 p+(0) (a, B, 2, t,u, 80)8 . (5.12)

N.B. This summation starts with 1.
In particular

Z PO (a, By, x,t,u, D) = PO (a, B, 2, t,u,8)5;". (5.13)
(k)
1 du;

We will now combine (4.7), (4.8), (5.3)—(5.6) and (5.10)—(5.13). For this purpose we replace 9
by the loop variable z and 9; by the loop variable z~1. We write

P(O)(a,ﬂ,x,t,u, z) = PHO)(a, B, xo,x1,t,u, 2) and
P(l)(a,ﬁ,x,t,u, z) = 2_1P+(1)(a,ﬁ,xo,m1,t,u, 271 (5.14)

and thus obtain for fixed o and (P(j)(as,t,u, z) = P(j)(a, B, x,t u,2)):

oPO) (z,t,u, 2) _o OPO) (z,t,u, 2) PO (gt 4, )
axo ) 61’1 y Uy Uy )
OPW (z,t,u, 2) OPW (z,t,u, z)
JE s ™) p(1) gE s e
B0 Pt u, 2)z, o, 0,
(0) )
%{t),u,z) = —(P(O) (z,t,u, z)EaaP(O) (x,t,u, z)_lzj)_P(O)(:U,t,u, z),
ot}
(0) .
M(,t),u,z) = (P(l)($,t,u, Z)EaaP(l)(x,t,u, z)_lz_J),P(O)(x,t,u, z),
8uja
(1) )
w{?u,z) = (P(O)(az,t,u, z)EaaP(O)(a:,t, u, z)*lzJ)JrP(l)(:z:,t,u, z),
6tja
1) A
W = —(PW(z,t,u, 2) EqaPV (2, t,u,2) " 277 ), PU (2,8, u, 2). (5.15)
u
j

Which are the generalized AKNS equations (2.5)—(2.10) of [1]. Write
P(O)(x,t,u,z):I—i—iPi(x,t,u)z_i, PW(x,t,u,2) ZM (z,t,u)z"
i=1
and from now on in this section
;= af&”’ o, = ajgj"

We thus obtain the following equations:

0;PL = [P, Ejj|Py + [Ejj, P, 0-jP1= MoEj; My,

9jMo = [P, Ejj|My,  0;My = Ej;Mo + [P1, Ejj] M,

0_jMo = Mo[Ej;, My ' M),  O0_;jMy = My|Ej;, My ' Ms)]. (5.16)
From this one easily deduces the following equations for My:

9 (Mo My) = [E;, My ' Ei; M),
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0-i(MoEj;My ') = 0-;(MoEyi Mg '),
8i(My ' Ej3Mo) = 9;(My ' EiiMo).
Note that if we define P; = My ' M;, then from (5.16) we get:
0;PL = [P, Ejj|PL+ [Bjj, P, 0-jPr= MoEj Mg, 9;P1 = Mg ' Ej; M,
0;Py = [P, Ejj|Py + |Ejj, Pa),  9;Mo = [Py, Ejj)Mo,  9_; My = Mo[Ejj, Py]. (5.17)
Note that for zg = z1 = 0 we have
B+ee Bter
Tart e (£ ©) O—(To ¢, (1, 1))
MO aaﬁ)tau kl:a—’—kiv Ml a,ﬂ,t,u kKl — — k
(Mo ) T (M ( ) Bl
(02 = 0,0) (5 (1)
(Mg(a,ﬁ,t,U))kl = 5 3 )
7o (t,u)
( B
(—)lekle TCH'eg—ff (t, u>, if k#2,
(Pl(aaﬁata u))kl = Jé] Ta(t7u)
83(7—@ <t7u)> :
7 if k=1¢,
\ Ta (tv u)
( 00 (7h e ()
(=)l — it k£
(PQ(Q,B,t, u))kl = ﬂTa (t’U) (518)
(a? ~9 e) (Ta (t,u))
1\% t
3 i =/

6 AKNS and the two-component Camassa—Holm model

We still assume that A satisfies (5.1), hence that we have the reduction of the previous section.

We consider the case n = 2 and define

5§ = 2u§1) — 2u§2),

A S )
y= Ta y= ?a
then
0 0 1
@—81—82, 55_1(8_1_8_2).

Now Let E = Ey1 — E99 and define

e 0
¥(z) = PO(0,t,u, 2) < 0 e_yz>
then (5.15) turns into:

Y(z) _ _
oy =~ ETIPLEDY(:) =
z 271
W) MoBM u(z) = 2

(G %)+ )

(& 5w
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where
1
q (P1)12, r=2(P1)a, T det Mo(( 0)11(Mo)a2 + (Mo)12(Mo)21),
-1 1
B=—"_(M, M, =——(M, Mpy)a1.
2detM0( 0)11(Mo)12,  C 2detM0( 0)22(Mo)21
Now (5.16) turns into:
oPy (0 ¢ o 1 1 (A B
aiy—[Pl,E]Pl‘i‘[E,PQ]— (T‘ 0> P1+[E,P2], E_ZMOEMO — C —A 5
oM, 0 oM 0
= —-MylE, M, M = —My|E, M~ Ms,|. 2
55— 1 MolE, My M), 55 = 1 MolE, My M) (6.2)
We will now describe transition from the matrix equations (6.2) to the 2-component Camassa—
Holm (CH) model. The matrix P is parametrized by ¢ = —2(Pi)12, r = —2(P1)21 and
Tr (P, E) = —(In 1Y)y, where r and g are variables of the AKNS model and 7§ is its tau function.

Furthermore, A2+ BC = 1/16. Calculating Tr ((P;),FE) using the first equation of (6.2) we get
rq = —(n7)y,. (6.3)
Next, from the second equation of (6.2) we find
qs = —2B, rs =2C (6.4)
and by taking Tr ((Py)sE):

A= —%(m 70)ys- (6.5)

By comparing egs. (6.3) and (6.5) we deduce that A, = (r¢)s/2.
From the third equation of (6.2) we derive:

R N s D B [V PN |

or in components:

By = —2qA, Cy =2rA, Ay = —%(ln ) syy = qC — B (6.6)
and

Tey = 4rA, Gsy = 4qA.

In view of the fact that the determinant of the matrix (MoEMy ') /4 is equal to the constant,
—1/16, we choose to parametrize this matrix in terms of two parameters, A and f, which enter
expressions for B and C as follows:

1 1
_f _ = _ _ . f =
B=e (A 4), C e <A—|—4>.

Recalling equation (6.4) we easily find

reef —gse™f =2(Cef + Be™l) = 1, reef +gsef =2(Cef — Be™/) = —44.  (6.7)
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Using the first two identities of equation (6.6) and the fact that

1 1
e/ :fy<A+4> —A,, By :fy<A— 4) + A,

we derive expressions for ref + ge~7 as follows:

_ C B, _ 1 1 1
ref—qef—2jlf+2;/1 f= A(fy(A+4>—Ay+fy(A—4>+Ay>:fy (6.8)

and

C B, _ 1 fy A
f A I et ey A — I - JYy _ Y
rel +qe 5 5 oA <fy (A+ > Ay—fy <A 4) Ay> 1 . (6.9)

Taking a derivative of relation ref — ge=f = fy with respect to variable s we find, in view
of (6.7), that:

fys = Tsef - QSeif + fs(ref + qeif) =-1+ fS(Tef + qeif)
or
ref +qe™f = 2¢, (6.10)

where we defined:
1
2fs

Comparing two expressions (6.9) and (6.10) for the quantity ref + ge=f we find the following
relation

9=571+fsy) (6.11)

294 =¥ — 4,. (6.12)
By adding and subtracting (6.10) and (6.8) we get

orel =2g + f,, 2qe =29 — f,

q:ef<g—‘];y>, r:e_f<g+J;y).

Plugging these expressions into the second relation in eq. (6.7) yields:

—4A =reel + ge™f = <—fsr+e_f<g + fsy>>€f+ <f5q+ef<gs—f;y>>e‘f

= _fs('ref - qe_f) +2gs = _fsfy + 2gs.

or

Thus,

A= (fufy 2 = i(fsfy - (;) - (iﬁ’)) (6.13)

Plugging definition (6.11) of g into relation (6.12) leads to:

%fsfy — fsAy — Afy = ifsfy — (fsA)y.
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Inserting on the left hand side of the above identity the value of A from equation (6.13) and
multiplying by —4 yields

() - (i
(7),=-(F), +ue, 7. A,

(T -n(F) ) = (B fer ) (6:14)
s/ y Y

fs fs fs

where we again used value of A from equation (6.13). Note that equation (6.14) is written solely
in terms of f. For a quantity u defined as:

Joslsy _ 15, (6.15)

[s 2

with x being an integration constant, it holds from relation (6.14) that

y = (;) (6.16)

Let us now denote the product f2f, by m. Then from relations (6.15) and (6.16) we derive

fss fsy
Is

U:fgfy_fssy+

m:fgfy:u—’_fssy_ +;K:u_fs<fs<1> > +%I€:U—fs(fsuy)y+%li.
s/ y

[s
Taking a derivative of m = f2 fy with respect to s yields

ms = 2fyfsfss+fs,2fsy = 2mf;s+fs2fsy :_2mfs (;) +fs,2fsy :_mesuy+fs,2fsy- (6-17)

In terms of the basic quantities u and p = fs of the two-component Camassa—Holm model
equations (6.16) and (6.17) take the following form

ps = —p uy, (6.18)
ms = —2mpuy + p°py (6.19)
for
1
m=u— p(puy)y + h- (6.20)

Performing an inverse reciprocal transformation (y, s) — (z,t) defined by relations:
FJ::pr7 Ft:Fs_pUFy

for an arbitrary function F, we find that equations (6.18), (6.19) and (6.20) become

o1 = —(up)e, (6.21)

my = —2Muy — Mzt + PPz, 6.22)
1

m = U — Ugy + of (6.23)

in terms of the (z,t) variables. Equations (6.21)—(6.23) were introduced by Liu and Zhang in [13]
and are called the two-component Camassa—Holm equations (see also [4]).
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The relation (6.14) is equivalent to the following condition

Jos.
2f3

which first appeared in [4].
Comparing equations (6.13) and (6.15) we find that

Jss 1

1
4 _ - Jss -
fsA=u+ +fs U u$+2/<;

2
+fsyfy + fsfyy fSSyy + fssyfsy + fssfsyy . fss sy

of, "oz o T ap 70

where

Tss 4ss 1 T'ssqs QssTs
4f A=——"1A Z(A-—=)=—
4 2rs( +4)+2qs< 4) 2(A-1) oAt D)

or
Af A= —2f,(In79)sy = —2(In7¢)ss

These relations give u, fs in terms of the AKNS quantities r, q, Tg.

7 A second reduction and the Cecotti—Vafa equations

In order to obtain the Cecotti—Vafa equations we define an automorphism of order 4 on the
Clifford algebra by

+(j 1.5
W(we (J)) — (_)éJr“w;F(J)
then w(y*0)(2)) = iyp T (—2) and
A : , NG
waf)) = —(=)"a), W@ =iQF (-) .
For the derivation of the last equation see [11]. Next, let

w(|0)) =10),  and  w((0]) = (0},

then this induces also an automorphism on the representation spaces F' and F™*. It is straight-
forward to check that

> Liayl(lag|-1) z o |

w(la)) = (=)= 7=t | —a),
_Z e (o [+1) Z los|
w({al) = (=)= 7= (—al.
Since

W(wé\(j)df )\(J) 1/’9 J)fl/}

one easily deduces that from (2.2) and (2.3) that

WV (er, ooty st 8o DIV G ks s -4 50))))
= <V(t1, ey tmy 81, ... ,5q)|V(il, e ,ik,jl, e ,jg)>. (71)
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Assume for the second reduction that our A, which commutes with 2, also satisfies

w(A) = A, (7.2)
then one deduces from (7.1) that

(Tl (t,u) = 7t u).
On the other hand if we use the definition (3.2) for the tau-functions one deduces

Xj? 3lo|(log 1+ 1)+31851(18;1-1) Z laj | +1851

w4, u)=(~ )= 5T R (), — (P,
From now on lets write ) = —(—)mt%), then combining the above two equations, one has

when (7.2) holds:

Z Laj|(Jaj|+1)+11851(1851-1) Z o |4185] -
Bt = (=)= R R S (A

In particular

™ (tu) =150a), 7o (tu) = —To_o (Ea),  mE(tu) =T ().
Now substituting this in (4.3) for « = = 0 we obtain that

00,0, 2,t,u,2) = zp*@)(o 0,2,%, 1, —2),

1/1+(1)(0,0,:c,t7u, z) = —qp~ (0 0,z,t,1, —z).

Assume from now on that A satisfies (5.1) and (7.2), viz. that both reductions hold, then
from (4.5), (4.6), (5.2) we deduce that

ptO (0,0,z,t,u,2)"t = P+(0)(O,O,x,f, i, —2)7T,

P+(1)(0,O,x,t,u, 2)7l = —P+(1)(0,0,m,f,11, —2)T22,
then using the definition (5.14) one finally obtains

PO0,0,2,t,u,2)"" = PO(0,0,2,7,4,—2)",

P(l)(O, 0,2, t,u,2) "t = P(l)(0,0,x,ﬂ&, —2)T.
Now putting all thW)L = ug]% = 0, this gives the following equations for P;, My, My and P;:

Pl =pr, MI=M;"' M =M{MM], Pl=n. (7.3)
Now denote

Py = (Bijh<ij<n, Mo = (miyh<ij<n  Pr= (Bijicij<n

then the equations (7.3) and (5.17) give the following system of Cecotti—Vafa equations (see
g [1, 3, 5]):

ﬁij = Bji, Bij = sz‘, Jﬁzk: = ﬁzgﬁgk, 573‘51‘1@ = B@'B]‘k, 1,7,k distinct,
Zaj@k = Zaj@k = Za_m = Za_m =0, itk
0_;Bik = mijmy;, jﬁz‘k =mjmjr 1 F#k,

D Oma =Y 0 jmi =0,  Oyma = Bygmgk,  O—jma = mi; B (7.4)
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8 Homogeneity

Sometimes one wants to obtain solutions of the Cecotti—Vafa equations that satisfy certain
homogeneity condition (see e.g. [5]). For this we introduce the Ly element of a Virasoro algebra.
The most natural definition in our construction of the Clifford algebra is the one given in terms
of the oscillator algebra.

n

Ly = Z +Za(jkak . (8.1)

7=1

It is straightforward to check that
[L()a (J)] ka,({])

and
1 n n
(BlLo= 5> BB, LolB) = Zw ).
j=1 j=1

Moreover, one also has

[LO, w?(])] — —E@Z)Ei(j)

Assume from now on that our operator A that commutes with 2 is homogeneous of degree p
with respect to Ly, i.e.,

[Lo, A] = pA.

We then calculate
k
(alZoA|) = (al Ly H P9 (A [ 1% (-u®)9).
It is straightforward to see that this is equal to
1 .
5 2 gl LoAlB).
j=1

On the other hand using

Lo, T Zkt o1 )y = ;ktgﬂ)atg)r(j)(t@)

and

[Lo, _ Zk“k ( ( (j))

Uy,

we also have:

(alZoAlB) = <p+ Zlﬁyl2+zzku”—ktij)(?)(alAﬁ)

71=1 k=1 Uy 6(
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Now let

\ 9
£= "kt " g =
Z ’(c U au](j)

then

Era(t,u <p+ Zlﬁgl2 Iag!2> 5 (t,u),

in particular

et ) = pr(tu), €70 ()= (p— 7 _ (L), E7(tu) = pret(t ).
Assume now that we also have imposed the first and second reduction, then one has

EP) = —Py, EPy =0, EMy = M,
and thus also

EP =

Putting all t%) = u%) 0 for all m > 1 and all 1 < j < n one has that the (3;;, m;; and Bij not
only satisfy (7.4), but also

n n

Z(tjaj —ul0_;)Bi; = —Bij, Z(tjaj —uld_j)mq; =0,

j=1 J=1

> (#0; —w_;)Bi; = Bij, (8.2)
=1

for t/ = tgj) and v/ = ugj).

Note that in Section 10 we will construct explicit solutions of (7.4). These solutions are
however not homogeneous, so they do not satisfy (8.2). We will construct such solutions in
a forthcoming publication.

9 Explicit construction of solutions in the AKNS case

We will construct an operator A that satisfies (3.1) and (5.1) in the Camassa—Holm case, i.e.,
the case that n = 2. Now using Proposition 2, we see that the element

A = (@O (z)) 4+ 0PN (20)) (a8 92V (29) + 0P 2P (z)) - -
. (ag)w/\k(l)(zk) + a}(f)w)\k@) (z1)),

satisfies condition (3.1). Using (2.4) and the definition of the fermionic fields, we see that
Q1Q2 Ay = 21252 - kAkQ1Q2
Thus Ay, also satisfies (5.1). Since we want 7'0 # 0, we take Ao, and will assume that

A== =)=+ and Al = A2 = - = A = —
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We now want to calculate 7'6 —¢; and 7, for 1 <i,5 < 2 in order to get some solutions related

to the Camassa—Holm equation. Let us start with 7'8 :
2 .
70(t,u) = (O] [T 1Y (¢9) Ags HF u@)[0)
i=1

_ Z agfl) (f2) E% 0|HF D) ) (21 )t ) (29) - ..

bt L =Lg 1 +Lag

2
g TR ()~ Eke1) (1) - (B2R) (29 HF u9))[0)
7j=1

k
— (0, —u )¢, @) 3 TTalal ), =)

z+k ’7
O+ L= fk+1+ Lo, 1=1

X (=t o)y (), [ (=l L))

% <0,¢+(41)(zl)¢+(€2)(@) ...... ¢+(€k)(zk)¢ (fk+1)(zk+1) ..

So we have to calculate explicitly:

.w—(fzk)(z%)‘m'

<0‘¢+(£1)(21)¢+(62)(22) .. .¢+(€k)(zk)¢*(€k+1)(,2k+l) .. .1/,*(4%)(,2%)’0)

(2 = 27)"0% (2hi — 2gg) o0 thts
1<i<j<k
= U(ﬁl,ﬁg, .. EQk) =)=

[T (zi— Zk+j)6£“e’“” 7

1<ij<k

where
ot b, lr) = (01Q0 Qe - Qe Qp - Q121 10).

Note that the above expression takes only values —1, 0 or 1. Thus
w8t u) = 7(tD, —uD)y (¢, —u?)

1 (z-— Z])ézl b0 (Zhpi — 2t )&k“’ek”
1<i<ji<k
X Z 0(61752,...,€2k) S

5[.7g .
Ot l=Lp 1 +Llog 1<H<k(2i - Zk+j) B
AW

ZZ l; . . _
x HaE Ay (1) 2]y (=40 [z ]y (@), [ )y (—us), 27 L)),

Now 7'2, e for i # j has the same expression, except that we have to take the summation over
JHO+l+ -+l =14+ Lyy + lpro+ - - + Lo

and replace the o by
(=)o (4, b, lo, ..., bog, 7).

For T;J , where i can be equal to j, we find

T (tu) = (—)1—517'7@(1)’ —u(l))v(t@), —u(2)) Z

J(j7 6176% ce a‘€2ka 7’)
b+ by=itLg 1 +--Log
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(2 = 27)™0% (2i — 2ig) b s

1<i<j<k
[T (2 — 2iy)irtnss
1<i,j<k

5]'(1 5]'42 5jlk _6j€k+1 *6ﬂ2k
22 PR z ..

X 2 ko Pktl TRk

X Ha& oty (9, [y (=404, Lo Dy (u) [ Dy~ [ L)),

We now give the simplest of such expressions. We take kK = 1 and put all ty) = ug.i) = 0 for
j > 2, then

1) = T ) + Tt ), 7 () = (ST 0T,

Tﬁf(t,u>=z21T(t,u)Ej(t, w),  for  i#j,

, T(t,u) (=1 o1 21\ %%
Stu) = — (2L} 1, Too(t,u) ),
e (t,u) 1 — 2 <<22> 11t u) + P 9o (t, 1)

where
1), (1 2) (2 1) (2 2) (2
Tt ) = e-i0u DD 2D 2Dl
1—;,] (tv U) = j—‘Z] (ta Uu, z1, 22)
_ agi)agj)et( )z1+u§ )zl t( )z +u( )z72 (t(J)ZQ+u(J) tgj)ngruéj)z;Q (91)

In order to determine My, My and Py, see (5.18), we also calculate

oy (t,w) = —ufP T

- (Tll(t u) + ng(t u)) + T(t, ’U,)TM (t, u),

O_jrel (tu) = —(55 §>+ ST (W)t e),  for i #j,
) 014 024
O_irSi(t,u) = —tV Tt w) (('Zl) Tii(t,u) + (Zl) TQQ(t,u)> — 22T (t, ) Ty (¢, ).

21— 22 22 22

Now make the change of variables (6.1) and choose ) = u{’) = 0. One thus obtains

2 T Uy" =
O _ - 2 _ - Py _sts @2 _S$—$
' =y+uy, L =y—vy, uy = Uy =~ (9.2)

and

T(y,s) = e~ 1@HDE+)—3F-9) (=)

)

Tij(y, s, 21, 22) =T35(y, s) = agi)agj)e(ﬂ—(—)iy)zﬁ(é—(—)is)zf1—((17—(—)f’y)z2+i(5—(—)fs)z;1)_ (9.3)

Note that in the calculation of My, M; and P, see (5.18), T(y, s) drops out. Thus

(2125 ' = D)Ty5(y, S))
My = (57,+ )
0 < / Tll(ya5)+T22(y’S) 1<i,5<2
. 212yt =) + 7 — (=)Yy) Ty, s
Vi = (s -y + DT O]y
Ti1(y,s) + Taa(y, s) 1<i,j<2

P = <5-.5— (—Fs (21— 2)Ty5(y,9) )
" 4 Ti1(y,s) + T22(y,8) ) 1<i j<o
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One has det My = z1/z2 and My, M; and P; satisfy (6.2). The above solutions should in
principle be closely related to the ones obtained in [2] using vertex method. Finally, we give the
Camassa—Holm function f for this case:

(1) (1) 5 +2y=1

eV z1e% ©),2) ) 75 202

+ay ay "ze?*2

f(y,s) = log
(22 — z1)atPaV

We give expression for tau functions for k£ = 2. Again we set ty) = ué-i) =0 for¢,57 > 2 and
use T'(t,u) and Tj;(t, u, 2z, 2) with 4,5 = 1,2, (k,¢) = (1,3), (k,£) = (2,4). For brevity we will

denote
k,l
T =T(t,u), Tw = Tj;(t, u, 2k, 2¢).
Then, the 7'8 function is given by

T[ (21 — 22)(23 — 24)

(21 — 23) (22 — 23) (21 — 24) (22 — 24)
1 1,3:2,4 1,3:2,4

T i —2)(7— ) (Thi"T5s + T3 Ty7 ) +

0

B 1,3:2,4 1,3-:2,4
0 = (T3 Ty + Ty Ts)

1

1,32,4 1,3:2,4
(21 — z4) (22 — 23)(T12 Top + T Ths ) |-

In the following formulas for remaining tau functions we choose indices ¢, j = 1,2 so that i # j.
Then

Terme; = (=1)FIT (21 — 22) 13724 (21 — 22) 1,372,4
“Te (21 — 23)(20 —23) " ¥ (21 —24) (20 —2q) W %
-2 guoges Gs=%) paomas
(22— 23)(22 —24) ¥ W (21 —2z3)(21 —24) 77 "9 |’
sei_ 21(23 — 24) 13724 _ 29(23 — 24) 1,372,
€ z3za(z1 —23)(21 —2za) " 7" zzza(zo —23) (22 —24) 70
c e g G
z3(z1 — za) (22 — 2z4) 7" I za(z — 23)(22 —23) 7 I ]
. (21 — 22)(23 — 24) 2122 11,324 1,32,4
“ =T TLoTa% 4 pieé
Tei [(2’1 —23)(21 — 24)(22 — 23) (22 — 24) \ 2324 " " MR
1 21 1,324 22 1,302,4
_ Alpl3m24 | 225132,
(21 — 23)(22 — 24) <Z3 i i F zg MM
1

21 1,324, A21,3-2,4
ey Al A iy Mlds bk .
Jr(Zl—24)(22—23)(24 RS JrZ3 o )]

If we make the change of variables (9.2) then the formula’s (9.1) change into (9.3) and the same
formula’s hold for the tau functions.

Another way to construct solutions is as follows. We take an arbitrary element of the loop
algebra of sla(C). Such an element is given by

g =Resa(z)(W MV (2)v~M(z) — @ ()~ (2)) + b(2)p "D (2)yp~ P (2)
OO O
where a(z), b(z) and ¢(z) are arbitrary functions. Then the element A = €9 commutes with the

action of Q and satisfies (5.1). Hence the corresponding tau-functions will satisfy the equations
of the AKNS hierarchy.
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10 Explicit construction of solutions in the Cecotti—Vafa case

We will construct an operator A that satisfies (3.1), (5.1) and (7.2). We generalize the construc-
tion of the previous section. Using Proposition 2, we see that the element

e G G

J1=1 J1=1 Ji1=1
% <Z agj2)¢_(j2)(— ) (Z ay (i ¢+(Jk (21 ) (Z ay Jk Jk) k)>’
Ji1=1 Jk=1 Jr=1
satisfies condition (3.1). Moreover, if we assume that
z:(a((gj))2 =0 forall 1</¢<k, (10.1)
j=1

then

(Z a(J PO > (Z é )Zb_(k)(y)) _ (zn: aék)@b_(k)(y)) (zn: ng)¢+(j)(z)>~
=1 =1

k=1
Thus

© ((Z aé%“ﬂ(z)) (Z aé’%—<k><—z>>> =- (Z aé”w*f)(—z)) (Z aé’“)w+<k><z>>
j=1 = j=1 k=1

(e (eteros)

k=1

and hence Ay also satisfies (7.2). Let us calculate for k¥ = 1 the corresponding tau functions.
One finds

T N o T o
7—(()) = 2% ZT]‘]‘(Z), Tﬁoifej = (_)| ]|ZT(Z)Ej(Z)7 TEzJ = _;Tij(z) for (R
j=1
€ T <
= DSy (e)
j=1
where
T = H’y(t(z), U(Z))
=1

Tij(z1) = a a7 (1D, [z )y (—t D), [—z] )y (@, [z Dv(—u, =2 ).

If we only keep tgi) and ugi) and put all higher times equal to zero, we find that

Bij = 2mij = 220y, for  i#j
and that

2agi)a§j)e(t§“+t§j>)z+(u§i)+u§j))z*1

mgj = 0ij — : : :
- (12 2t(z)z+2u<l)z—1
> (ay7)%e*hs 1

where (10.1) still holds. These B;;, m;; and (3;; satisfy (7.4).
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For the case that k = 2 we describe the tau functions

0 __ (Zl — z2
To = T<42122(21—I—2222TH Zl Tzz 22 + Z 4z12 “(ZI)TJJ(Z?)

_Z 1+ 22) Tij zl)Tji(22)>,

€ __ z +6 . ..
7'6: = T(42122 Zl +ZQ 2 ZEZ Zl 7 22 +Z kO —— 4212 TZ(Zl)CT]](zQ)

i#]
-2(- (- ) T T )
g = (2 (L0 Balea) + Tose) = (T3 ) + Tl T )

+k; <Z1 T (Ti(21)Thj(22) + Tig(22)Thj(21)) — 2i2ﬂj(21>Tkk(z2)

- 2121Tkk(zl)Tij(22)>>7

17 = (o 22 T en) (Talen) = Tygea) + (T35 (60) — TG T o)

+3 < = +Z2< Tir(21)Thj(22) + Tzk(z2)Tk](21)>

k#i,j

- L(Tij(m)Tkk(Zz) - Tkk(zl>Tij(Z2))>>'

22’12’2

A Appendix

In this appendix we want to proof the equations (4.5)—(4.10). For the proof of these equations
we need the following lemma:

Lemma 1.

Res. P(,t,0;)e"*(Q(x}, ', 0)e ™) = > " Rj(wi, 1)S;(x}, t')

J
if and only if

(P(xit, 0)Q(zi,t',0)%) = Ry(wi,1)0; " Sj(ws, t')

J
This Lemma is a consequence of Lemma 4.1 of [9]. We rewrite (4.4):
ResPJr New, By, t,u, 2) RO (a, 8, 2)Q (¢, 2)e™* (P~ O (v, 8,4, 5,0, —2)
x R~ (v, 6, —2)Q™ (s, —2z)e ¥0*)T ResP+ N, 8,2, t,u, 2) RV (a, 3, 2)
x QT (u,2)e™*(P~M(7,8,y,5,v,—2) R~ (7,6, -2)Q (v, —z)e *)T. (A1)
First, applying the Lemma to (A.1) gives

(PO, 8, 20, 21, t,u, 00) RY O (, 8, 80) Q" (t,80) (P~ (v, 6, 20, y1, 5, v, D)
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x B0(7,6,00)Q" (s,0))") - = Res P* (@, B, 20, 21, 1, u, 2) RV (e, 8, 2)Q " (u, 2)
X exlzaal(P_(l) (77 5) Zo,Y1,S,, _Z)R_(l) (’Y, 5, _Z)Q_(’U, —Z)e_ylz)T,
Now putting s = ¢, u = v, 71 = y1, we obtain

(P+ ( ﬁam(hxlat U 60)P ©) ( 7/87$07y17371)780)*)— = 07 (A2>

<P+(O)(Oé,ﬂ, anxlat’ua aO)S(ao)P_(O)(a - Zejvﬁ - Z €5,20,Y1,S,7, 60)*> = 0. (A3)

=1 =1
Since

PEONq, B, 0, 1, t,u, ) —I+ZP a, 3,0, T1, b, u)d;”
7j=1

oo

:t
pE) (o, B,20,71,t,u,01) = Z i (« ﬁ,:ﬁo,l’l,t,u)alj,
J=1

this implies (4.5), one thus also has:

Pf(O)(avﬂa T, L1, S)”)T = P1+(0)(a7/67l’07x15 577))' (A4)

If we apply the Lemma in the other way we obtain

(P (a, B, 20, 21, t,u,01) RV (a, B,01)QT (u, 1) (P~ (v, 8, 40, 21, 5,v,01)
X R_( )(7767 81)62_(’0781))*)— = ResP+( (a757x07x17t7u7 Z)R+(0)(Oé,,8, Z)

X QT (t, 2)e™* a1 (P~ (v, 8,40, 21, 5,0, —2) RO (7,8, —2)Q (s, —2)e %% T, (A.5)
Now taking s = ¢, u = v and yy = xg, we find
(P+ ( , 0,20, z1,t,u 81)R+( )(oz—'y,ﬁ— d, 81)P_(1)('y,5, xo, 1, t,u,01)%) -
—ResP+ ( , 3,0, 1, t, U, Z)R+( (a—~, -0, z)@flP_( )(7,5 o, 1, t,u, z) (A.6)

n
Now choose v — a = Y ¢;, then
i=1

n

R+(0)(a —v,0—=0,2) = Z(—)i+1271Eii = 5(2)71

=1

Since we have assumed that (4.1) holds for j =0
0 =Bl =y —al=n.

Now choose 6 — 3 = > €;, then (A.5) turns into
i=1
P+(1)(Oé,ﬁ, x07x17t7u781)5(a1)
XPi(l) <a+Z€i7/8+261‘,$0,$1,t7u,81> 25(81)717
i=1 i=1

thus we obtain (4.6).
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Differentiate the bilinear identity (A.1) to tg.a), one obtains

Res

z

(6P+ ( B x,t u, z)
ol
X QJr(t; Z)exOZ(Pi(O) (’77 57 Y,S,0, _Z)Ri(O) (’Ya 67 _Z)Qi(& _Z)e*yOZ)T
+(1)
= Res SO D 0,210 o )
z ot}
< (P~ W(v,8,y,5,0,—2)R" W (7,8,-2)Q (v, —z)e ¥1*)T. (A7)

+ pt@ ( By x,t,u,2) 2 By )RHO)(a,ﬁ,z)

Now using the Lemma and choosing a = v, 8 =9, s = t, u = v and x; = y; this gives the
familiar Sato-Wilson equations (4.7). Taking j = 1 one obtains

p+
Z ’ ( ﬁa’x(o)“rl’t - 80) = [607P+(0)(O‘>53$07m17t7u’aO)]'
i=1 tl

n
Return to (A.7) and use the Lemma in the opposite way and choosing, y —a =3 — 3 =) ¢,
i=1

s =t,u=wv and xg = yg this gives:

T
ReSP+ (a By, t, 1, 2)2 EgqS(2)~ 16 1p=( (a+Zel,ﬁ+Zel,$sv )

8P+ Na, B, 2, t,u,01) _ "
8t§-a) S(or)p~ a+;6i75+;€uy,87%—2

using (4.6) one deduces:

oPT*W(a, B, z,t,u,0)

@ ReszJ 1P+, 8,2, t,u, 2) e S(01) ™"
8tj

% p—(O)(a+Zei7ﬂ+Zei,z,s,v7 2)TS(01) P (e, B, 2, t,u, 01). (A.8)

Note that we can rewrite (A.8) as (4.10). Since we have replaced in the wave matrices tga), by
tga) + x9, (A.8) for j =1 implies

oPTW(a, B, 2,t,u,0;)
dxo

% p—(O)(a+Zei,ﬂ+Zei,:p,s,v, 2)TS(01) P (e, B, 2, t,u, 01). (A.9)
— —

= Res PYO(a, 3,2, t,u, 2)S(8;)

(a)

Differentiating the bilinear identity to u;  gives that

8P+(O) (OZ, ﬁa z, ta u, Z) R+
8u§a)
X (P_(O) (77 57 Y,s,0, 7Z)R_(O) (77 67 *Z)Q_(Sv 7Z)e_yOZ)T

<8P+(1)(oz,ﬂ,a:,t,u, 2)
8u§a)

(O)(a, B,2)QT(t, z)e"™0*

Res
zZ

= Res
z




28 H. Aratyn and J. van de Leur

X QJr(u? Z)exlz(Pi(l) (77 67 Y,s,0, _Z)Ri(l) (77 5) _Z)Qi(z% _Z)eiylz)T‘
Using the Lemma and next choosing, a =, 6 =46, s =t, u = v and x1 = y; we obtain

OPtO)(a, B, 2,t,u, 0p)
Ouga)
—ReszJPJr ( Bx, b u, 2)Ego Oy 1p- (1)( Bzt u, —2)T (A.10)

PO (a, 8,2, t,u,8) "

In particular taking 7 = 1 one obtains
oP*T O (a, B, z,t,u,dp)

8ug %)
= — P;r(l)(a, ﬂ,a:,t,u)Eaaao_lPl_(l)(a,ﬁ,x,t,u, )T. (A.11)

P+ ( 67$tua0)

(a)

Since we have replaced in the wave matrices u; ’, by uﬁ“) + x1, (A.11) implies
oP*+ O (a, B, x,t,u, )
83:1
= —P+ (o, B, 2, t u)@&le(l)(a,ﬁ,x,t,u,)TP+(0)(oz,ﬁ,x,t,u,80) (A.12)

which is equivalent to (4.9).
n
Using the Lemma in the other way one deduces for vy —a =6 — = ) ¢, that
i=1

<<8P+ (o, 8,2, t,u,01) + Pt (a, B, 2, t,u, 1) Eaa>5(31)

8u§a)

x p~(®) <oz+zn:6i,ﬂ+zn:ei,x,t,u,81> ) =0.

Now, using (4.6) one deduces the Sato—Wilson equations (4.8). A special case of (4.8), viz j =1
states that

ZOP+ N, B, x,t,u,0;)

i=1 8’1143 )

- [alv PJr(l)(aa/B?m)ta u781)]'

Acknowledgements

This work has been partially supported by the European Union through the FP6 Marie Curie
RTN ENIGMA (Contract number MRTN-CT-2004-5652) and the European Science Foundation
Program MISGAM.

References

[1] Aratyn H., Gomes J.F., Zimerman A.H., Integrable hierarchy for multidimensional Toda equations and
topological-anti-topological fusion, J. Geom. Phys. 46 (2003), 21-47, Erratum, J. Geom. Phys. 46 (2003),
201, hep-th/0107056.

[2] Aratyn H., Gomes J.F., Zimerman A.H., On negative flows of the AKNS hierarchy and a class of defor-
mations of bihamiltonian structure of hydrodynamic type, J. Phys. A: Math. Gen. 39 (2006), 1099-1114,
nlin.SI/0507062.

[3] Cecotti S., Vafa C., Topological-anti-topological fusion, Nuclear Phys. B 367 (1991), 359-461.


http://arxiv.org/abs/hep-th/0107056
http://arxiv.org/abs/nlin.SI/0507062

Clifford Algebra Derivations of Tau-Functions 29

Chen M., Liu S-Q., Zhang Y., A 2-component generalization of the Camassa—Holm equation and its solutions,
Lett. Math. Phys. 75 (2006), 1-15, nlin.SI/0501028.

Dubrovin B., Geometry and integrability of topological-antitopological fusion, Comm. Math. Phys. 152
(1993), 539-564, hep-th/9206037.

Date E., Jimbo M., Kashiwara M., Miwa T. Operator approach to the Kadomtsev—Petviashvili equation.
Transformation groups for soliton equations. III, J. Phys. Soc. Japan 50 (1981), 3806-3812.

Harnad J., Orlov A.Yu., Fermionic construction of partition functions for two-matrix models and perturba-
tive Schur function expansions, J. Phys. A: Math. Gen. 39 (2006), 8783-8809, math-ph/0512056.

Jimbo M., Miwa M., Miwa T., Solitons and infinite dimensional Lie algebras, Publ. RIMS, Kyoto Univ. 19
(1983), 943-1001.

Kac V.G., van de Leur J.W., The n-component K P hierarchy and representation theory, J. Math. Phys. 44
(2003), 3245-3293, hep-th/9308137.

ten Kroode F., van de Leur J., Bosonic and fermionic realizations of the affine algebra éln, Comm. Math.
Phys. 137 (1991), 67-107.

van de Leur J., Twisted G L, loop group orbit and solutions of the WDVV equations, Int. Math. Res. Not.
11 (2001), 551-574, nlin.SI/0004021.

van de Leur J.W., Martini R., The construction of Frobenius manifolds from KP tau-functions, Comm.
Math. Phys. 205 (1999), 587-616, solv-int/9808008.

Liu S-Q., Zhang Y., Deformations of semisimple bihamiltonian structures of hydrodynamic type, J. Geom.
Phys. 54 (2005), 427-453, math.DG/0405146.

Okounkov A., Infinite wedge and random partitions, Selecta Math. (N.S.) 7 (2001), 57-81,
math.RT/9907127.

Ueno K., Takasaki K., Toda lattice hierarchy, Adv. Stud. Pure Math. 4 (1984), 1-95.


http://arxiv.org/abs/nlin.SI/0501028
http://arxiv.org/abs/hep-th/9206037
http://arxiv.org/abs/math-ph/0512056
http://arxiv.org/abs/hep-th/9308137
http://arxiv.org/abs/nlin.SI/0004021
http://arxiv.org/abs/solv-int/9808008
http://arxiv.org/abs/math.DG/0405146
http://arxiv.org/abs/math.RT/9907127

	1 Introduction
	2 Semi-infinite wedge space and Clifford algebra
	3 Tau functions as matrix elements and bilinear identities
	4 Wave functions and pseudo-differential equations
	5 First reduction and the generalized AKNS model
	6 AKNS and the two-component Camassa-Holm model
	7 A second reduction and the Cecotti-Vafa equations
	8 Homogeneity
	9 Explicit construction of solutions in the AKNS case
	10 Explicit construction of solutions in the Cecotti-Vafa case
	A Appendix
	References

