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Abstract. Let M be the tensor product of finite-dimensional polynomial evaluation Y (gl )-

N
modules. Consider the universal difference operator ® = 3" (=1)k¥F; (u)e %% whose coef-
k=0
ficients Tp(u) : M — M are the XXX transfer matrices associated with M. We show
that the difference equation ®f = 0 for an M-valued function f has a basis of solutions

consisting of quasi-exponentials. We prove the same for the universal differential operator

N

D = > (—1)*Sp(u)oN—* whose coefficients Sy(u) : M — M are the Gaudin transfer
k=0

matrices associated with the tensor product M of finite-dimensional polynomial evaluation

gl [z]-modules.
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1 Introduction

In a quantum integrable model one constructs a collection of one-parameter families of commu-
ting linear operators (called transfer matrices) acting on a finite-dimensional vector space. In this
paper we consider the vector-valued differential or difference linear operator whose coefficients
are the transfer matrices. This operator is called the universal differential or difference operator.
For the XXX and Gaudin type models we show that the kernel of the universal operator is
generated by quasi-exponentials or sometimes just polynomials. This statement establishes
a relationship between these quantum integrable models and that part of algebraic geometry,
which studies the finite-dimensional spaces of quasi-exponentials or polynomials, in particular
with Schubert calculus.

We plan to develop this relationship in subsequent papers. An example of an application of
this relationship see in [5].

*This paper is a contribution to the Vadim Kuznetsov Memorial Issue ‘Integrable Systems and Related Topics’.
The full collection is available at http://www.emis.de/journals/SIGMA /kuznetsov.html
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Consider the complex Lie algebra gl with standard generators eg, a,b=1,..., N. Let A =
(AW, ... A™) be a collection of integral dominant gly-weights, where A() = (Agi), . ,Agf,))
fori=1,...,n and Ag\if) € Zxo. Let M = Myn) ® -+ ® My be the tensor product of the
corresponding finite-dimensional highest weight gly-modules. Let K = (K,) be an N x N

matrix with complex entries. Let zq,...,z, be distinct complex numbers. For a,b =1,..., N,
set
n 6l()j)
Xap(u, Oy) = Oap O — Kop — e
ab( u) ab Yu ab JZ; u— z

where 0, = d/du. Following [13], introduce the differential operator

DK,M(uvau) = Z (_1)U XlUl (uv 8u) X202(u> &J) to XNO’N(U76U)'

geSN

The operator D y(u, 0,,) acts on M-valued functions in u. The operator is called the universal
differential operator associated with M, K and zq, ..., z,.
Introduce the coefficients So i ar(u), ..., SNk m(w):

N
Dt (u,00) = Y (=1)F Sy e nr (w) )"
k=0

The coefficients are called the transfer matrices of the Gaudin model associated with M, K and
Z1,...,%n. The transfer matrices form a commutative family: [Sy x (), Six m(v)] = 0 for all
k, 1, u, v.

A quasi-exponential is a finite sum of functions of the form e*“p(u), where p(u) is a polyno-
mial.

Theorem 1.1. The kernel of the universal differential operator Dy nr(u,0y) is generated by
M -valued quasi-exponentials. Possible exponents A appearing in the kernel are eigenvalues of
the matriz K. In particular, if K =0, then the kernel is generated by M -valued polynomials.

For K = 0, the theorem was conjectured in [1] and proved in [5].

We describe possible degrees of polynomials p(u) appearing in the kernel further in the paper.

The universal differential operator has singular points at z1, ..., z,. We describe behavior of
elements of the kernel at these points.

The tensor product M may be naturally regarded as the tensor product of polynomial evalua-
tion modules over the current algebra gl [z]. Then the operators X(u), Dk, m(u,0y,) may be
naturally defined in terms of the gly[z]-action on M.

Similarly, the tensor product M may be naturally regarded as the tensor product of polyno-
mial evaluation modules over the Yangian Y (gly). Then one may define a linear N-th order
difference operator acting on M-valued functions in u. That operator is called the universal
difference operator. Its coefficients commute and are called the transfer matrices of the associa-
ted XXX model.

We prove that the kernel of the universal difference operator is generated by quasi-expo-
nentials. We describe the quasi-exponentials entering the kernel and their behavior at singular
points of the universal difference operator.

The paper has the following structure. In Section 2 we make general remarks on quasi-
exponentials.

In Section 3 we collect basic facts about the Yangian Y'(gly), the fundamental difference
operator and the XXX transfer matrices. In Section 3.4 we formulate Theorem 3.8 which
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states that the kernel of the universal difference operator is generated by quasi-exponentials.
Theorem 3.8 is our first main result for the XXX type models.

In Section 4 we prove a continuity principle for difference operators with quasi-exponen-
tial kernel. Under certain conditions we show that if a family of difference operators has
a limiting difference operator, and if the kernel of each operator in the family is generated
by quasi-exponentials, then the kernel of the limiting difference operator is generated by quasi-
exponentials too.

Section 5 is devoted to the Bethe ansatz method for the XXX type models. Using the Bethe
ansatz method we prove the special case of Theorem 3.8 in which M is the tensor product of
vector representations of gly. Then the functoriality properties of the fundamental difference
operator and our continuity principle allow us to deduce the general case of Theorem 3.8 from
the special one.

In Section 6 we give a formula comparing the kernels of universal difference operators asso-
ciated respectively with the tensor products M,a) ® - -+ ® M, () and MA(l)(al) R+ ® MA<n>(
where ay,...,a, are non-negative integers and A(i)(ai) = (Agi) + ag, ... ,Ag\i,) + ai).

In Section 7 we describe the quasi-exponentials entering the kernel of the universal difference
operator and the behavior of functions of the kernel at singular points of the universal difference
operator. Theorems 7.1, 7.2 and 7.3 form our second main result for the XXX type models.

In Sections 8-12 we develop an analogous theory for the universal differential operator of the
Gaudin type models.

Section 8 contains basic facts about the current algebra gly[z], the universal differential
operator and the Gaudin transfer matrices. We formulate Theorem 8.4, which states that the
kernel of the universal differential operator is generated by quasi-exponentials. This theorem is
our first main result for the Gaudin type models.

an)’

Section 9 contains the continuity principle for the differential operators with quasi-exponential
kernel.

Section 10 is devoted to the Bethe ansatz method for the Gaudin type model.

In Section 11 we compare kernels of the universal differential operators associated respectively
with tensor products Mya) ® -+ ® M)x and MA(l)(al) R ® MAW(%).

In Section 12 we describe the quasi-exponentials entering the kernel of the universal differ-
ential operator and the behavior of functions of the kernel at singular points of the universal
differential operator. Theorems 12.1, 12.2 and 12.3 form our second main result for the Gaudin
type models.

2 Spaces of quasi-exponentials

2.1 Quasi-exponentials

2.1.1. Define the operator 7 acting on functions of u as (7f)(u) = f(u+1). A function f(u)
will be called one-periodic if f(u+ 1) = f(u). Meromorphic one-periodic functions form a field
with respect to addition and multiplication.

2.1.2. Let Q be a nonzero complex number with fixed argument. Set Q% = e*"?. We have
Q" = Q"Q.

Let p € Clu] be a polynomial. The function Q"p will be called a (scalar) elementary quasi-
exponential in u. A finite sum of elementary quasi-exponentials will be called a (scalar) quasi-
exponential.

Let V be a complex vector space of finite dimension d. A V-valued quasi-exponential is a
V-valued function of the form ) fo(u)v,, where f,(u) are scalar quasi-exponentials, v, € V,
and the sum is finite.
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We say that a quasi-exponential ) . QUuPvgy is of degree less than k if vy, = 0 for all b > k.

2.1.3. For given End (V)-valued rational functions Ag(u),..., An(u) consider the difference
operator

D=> Ap(u)r " (2.1)

acting on V-valued functions in u.

We say that the kernel of ® 1is generated by quasi-exponentials if there exist Nd quasi-
exponential functions with values in V such that each of these function belongs to the kernel
of © and these functions generate an Nd-dimensional vector space over the field of one-periodic
meromorphic functions.

The following simple observation is useful.

Lemma 2.1. Assume that a quasi-exponential ), QU uPvap, with all numbers Q, being different,
lies in the kernel of © defined in (2.1). Then for every a, the quasi-exponential Qy >, ubvgy lies
in the kernel of ©.

The lemma follows from the fact that exponential functions with different exponents are
linearly independent over the field of rational functions in u.

3 Generating operator of the XXX transfer matrices

3.1 Yangian Y (gly)

3.1.1. Let e, a,b=1,..., N, be the standard generators of the complex Lie algebra gly. We
have gly = n" ® b ®n~, where

N _
nt = Da<t C - eqp, h= D=1 C - eqa, N = ®ep C-egp.

For an integral dominant gly-weight A € h*, denote by M, the irreducible finite dimensional
gly-module with highest weight A.

For a gly-module M and a weight p € h*, denote by M|[u] C M the vector subspace of
vectors of weight .

3.1.2. The Yangian Y (gl ) is the unital associative algebra with generators Tjs}, a,b=1,...,N
and s =1,2,.... Let

ab—éab+ZT{S} = ab=1,...,N.

The defining relations in Y (gly) have the form
(u =) [Tap(w), Tea(v)] = Tep(v) Taa(w) — Tep(w)Taa(v),

for all a, b, ¢, d. The Yangian is a Hopf algebra with coproduct

A Tab Zch ®Tac )

for all a, b.

3.1.3. We identify the elements of End (CV) with N x N-matrices. Let E,; € End (CV) denote
the matrix with the only nonzero entry 1 at the intersection of the a-th row and b-th column.
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Let P =3, Eap @ Epa, R(u) = u+ P € End (CV @ CN) and T(u) = 3, , Eap © Tap(u) €
End (CY) @ Y(gly)((v™1)). Then the defining relations for the Yangian can be written as the
following equation of series in ! with coefficients in End (CV) ® End (CV) @ Y (gly),

R (y — v) TU3) () T3 (v) = T3 (0) T (1) RO?) (0, — 0).

3.1.4. A series f(u) in u~! is called monic if f(u) =1+ O(u™1).
For a monic series f(u), there is an automorphism

Xy ¢ Y(gly) — Y(aly), T(u) — f(u)T(u).

The fixed point subalgebra in Y (gl ) with respect to all automorphisms s is called the Yangian
Y (sly). Denote by ZY (gly) the center of the Yangian Y (gly).

Proposition 3.1. The Yangian Y (gly) is isomorphic to the tensor product Y (sly) @ ZY (gly).

See [4] for a proof.

3.1.5. Let V be an irreducible finite-dimensional Y (gly)-module. Then there exists a unique
vector v € V such that

Tab(u) U= 0) a > b,
Tua(u) v = cq(u) v, a=1,...,N,
for suitable monic series ¢,(u). Moreover,

cq(u) _ Py(u+a)
Car1(u)  Pylu+a—1)

a=1,...,N—1, (3.1)

for certain monic polynomials P,(u).
The polynomials P, ..., Py_1 are called the Drinfeld polynomials of the module V. The

vector v is called a highest weight vector and the series ¢1(u),...,cn(u) — the Yangian highest
weights of the module V.
For any collection of monic polynomials Pj,..., Py_1 there exists an irreducible finite-

dimensional Y (gl )-module V' such that the polynomials Pj, ..., Py_1 are the Drinfeld polyno-
mials of V. The module V is uniquely determined up to twisting by an automorphism of the
form x .

The claim follows from Drinfeld’s description of irreducible finite-dimensional Y (s(y)-modu-
les [2] and Proposition 3.1.

3.1.6. Let Vi, V5 be irreducible finite-dimensional Y (gly)-modules with respective highest
weight vectors vy, vg. Then for the Y (gly)-module V; ® V5, we have
Top(u) v ® v2 =0, a > b,
Toa(w) v1 @ vy = ¢ (w) ¢ (u) v) @ vy, a=1,...,N.
Let W be the irreducible subquotient of V; ® V5 generated by the vector v; ® vo. Then the

Drinfeld polynomials of the module W equal the products of the respective Drinfeld polynomials
of the modules V; and V5.

3.1.7. A finite-dimensional irreducible Y (gl )-module V' will be called polynomial if

CN(U)— PN(U+N)

- PN(U+N— 1)‘ (3.2)

for some monic polynomial Py (u).
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For any collection of monic polynomials P, ..., Py there exists a unique polynomial irre-
ducible finite-dimensional Y (gly)-module V' such that the polynomials Pj,..., Py_1 are the
Drinfeld polynomials of V' and (3.2) holds.

3.1.8. There is a one-parameter family of automorphisms

po : Y(gly) = Y(aly),  Tup(u) = Tuplu — 2),
1

where in the right hand side, (u — z)~! has to be expanded as a power series in v ™!

The Yangian Y (gl ) contains the universal enveloping algebra U(gly ) as a Hopf subalgebra.
The embedding is given by the formula ey, — Tb{al} for all a, b. We identify U(gly) with its
image.

The evaluation homomorphism € : Y (gly) — U(gly) is defined by the rule: T a{bl b €pq for
all a, b and Tj,f} — 0 for all a, b and all s > 1.

For a gly-module V' denote by V(z) the Y (gly)-module induced from V by the homomor-
phism € - p,. The module V(z) is called the evaluation module with the evaluation point z.

Let A = (AM,...,A®™) be a collection of integral dominant gly-weights, where A®) =
(Agz)7 . ,Ag\l,)) for i = 1,...,n. For generic complex numbers z1,..., z,, the tensor product of
evaluation modules

Mp(z) = Myqy(21) ® -+ @ My (2n)

is an irreducible Y (gly)-module and the corresponding highest weight series ci(u), ..., cy(u)
have the form
n (1)
u—z; + Ag
= | | _ 3.3
ca(u) 11 u— 2 (3.3)

The corresponding Drinfeld polynomials are

n Afj)

Pa(u):H H (u—zi+s—a)

=1e=Al) 1

fora=1,...,N —1. The Y(gly)-module Mx(z) is polynomial if A%) € Zxo for all . Then the
polynomial Py (u) has the form

n AY
Py(w) =[] -2 +s-N).
i=1s=1

3.1.9. Consider C¥ as the gly-module with highest weight (1,0,...,0).

For any complex numbers z1, ..., z,, all irreducible subquotients of the Y (gl )-module
CN(21) ® --- ® CN(z,) are polynomial Y (gly)-modules. Moreover, for any polynomial irre-
ducible finite-dimensional Y (gly)-module V| there exist complex numbers z1, ..., z, such that
V is isomorphic to a subquotient of the Y (gly)-module CV(21) ® --- @ CN(z,).

The numbers z1, ..., 2z, are determined by the formula

n N a—1
(w—z) =[] [] Palu+ ).
i=1 a=1 s=0

This formula follows from consideration of the action of the center of the Yangian Y (gly) in the
module CV(21) ® -+ @ CN(zy,).
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3.1.10. A finite-dimensional Y (gly)-module will be called polynomial if it is the direct sum of
tensor products of polynomial irreducible finite-dimensional Y (gl )-modules.

If V is a polynomial finite-dimensional Y (gly)-module, then for any a,b = 1,..., N, the
series Typ(u)|y converges to an End (V')-valued rational function in .

3.1.11. Let m: U(gly) — End (CV) be the representation homomorphism for the gly-modu-
le CN. Clearly, for any 2 € U(gly) we have
[T(z)®14+1®z, T(u)] =0. (3.4)
For a non-degenerate matrix A € End (CV), define an automorphism v of Y (gly) by the
formula
(ld@va)(T(w) =Y A ' EgpA® Ty (u).
ab

Let V be a finite-dimensional Yangian module with the representation p : Y (gly) — End (V)
and fi : GLy — End (V) the corresponding representation of the group GLy. The automor-
phism v, induces a new Yangian module structure V4 on the same vector space with the
representation pg = povy. Formula (3.4) yields that for any x € Y(gly),

pale) = i(A) () (A(4) (3.5)

that is, the Y (gly)-modules V and V4 are isomorphic. In particular, if V is a polynomial
irreducible finite-dimensional Y (gly)-module, then V4 is a polynomial irreducible finite-dimen-
sional Y (gl )-module too.

3.2 Universal difference operator

3.2.1. Let Q = (Qqp) be an N x N-matrix. Define

N
Xap(,7) =0ap = Y QacTep(w) 7!, a,b=1,...,N. (3.6)

c=1

If V is a polynomial finite-dimensional Y (gl )-module, then X,;(u, 7) acts on V-valued functions
in u,

N
f(u> — 5abf(u) - Z Qac ch(u)f(u - 1)
c=1

Following [13], introduce the difference operator

D(w,7) = Y (1) Xigy (u,7) Kooy (1, 7) - - Xy (1, 7), (3.7)
ogeSN
where the sum is over all permutations o of {1,..., N}. The operator D (u,7) will be called the

universal difference operator associated with the matrix Q.
Lemma 3.2. Let m be a map {1,...,N} — {1,...,N}. If 7w is a permutation of {1,...,N},
then
D (1) Koy (0, 7) Xy (0,7) - Ko (0 7) = (~1)7 D (w, 7).
gESN
If m is not bijective, then
Z (_1)0 Xﬂ'lo'l (u> 7_) Xﬂzdz (ua T) T XTFNUN (u> 7_) =0.
geSN

The statement is Proposition 4.10 in [6].



8 E. Mukhin, V. Tarasov and A. Varchenko

3.2.2. Introduce the coefficients To(u),. .., Ty (u) of D(u,7):

N
D(u,T) = (—1)*Zp(u) 7 .
k=0

The coefficients T (u) are called the transfer matrices of the XXX type model associated with Q.
The main properties of the transfer matrices:

(i) the transfer matrices commute: [Ty (u), T;(v)] = 0 for all &, I, u, v,

(ii) if @ is a diagonal matrix, then the transfer matrices preserve the gly-weight: [Ty (u),eqq]=0
for all k, a, u,

(iii) if @ is the identity matrix, then the transfer matrices commute with the subalgebra U (gly):
[Tk(u), 2] = 0 for all k,u and x € U(gly),

see [13, 6].
3.2.3. Evidently, Tp(u) = 1. We also have Ty (u) = det Q qdet T'(u), where

qdet T'(u) = Z (=) Tho,(u) Togy(u—1) - Tngp (u— N + 1),

ocESN
and qdet T'(u) = 1+ O(u™1).

Theorem 3.3. The coefficients of the series qdet T'(u) are free generators of the center of the
Yangian Y (gly).
See [4] for a proof.

3.2.4. If V is a polynomial finite-dimensional Y (gly)-module, then the universal operator
D (u,7) induces a difference operator acting on V-valued functions in u. This operator will be
called the universal difference operator associated with @ and V' and denoted by Dg v (u, 7).
The linear operators Ty (u)|y € End (V') will be called the transfer matrices associated with @
and V' and denoted by Tj g v (u). They are rational functions in wu.

Example 3.4. Let
V= Ma(z) = Myw(21) @+ @ My (2n),

Consider the algebra (U(g[N))®n. For a,b=1,...,N and i = 1,...,n, define

; . i i LI (
) =190 @0y 12070, L0, 2) = b+ —— el

The operator T,p(u) acts on My (z) as

N
Z LW (u—z) L0 (u—zp_1) - LO (u— 2) Lgli(u —21).

Cn—1 Cn—1Cn—2 C2 C1 1
C1yesCn—1=1

Lemma 3.5. If ®¢(u, ) is the universal difference operator associated with the matriz Q@ and
va Y (gly) — Y(gly) is the automorphism defined in Section 3.1.11, then

va(®@q(u, 7)) = D041 (u,7) (3.8)

is the universal difference operator associated with the matriz AQA™!.
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Proof. Consider matrices Q = (Qup), T = (Tap(u)), and X = (Xyp(u, 7)). Then formula (3.6),
defining X, may be read as X = 1—QT'7~!. Formula (3.7) for the universal difference operator
may be understood as the row determinant of the matrix X', ®(u,7) = det X. The definition of
the automorphism v reads as (id ® v4)(T) = A~'T A. Then we have

va(D(u,7)) =det (1 — QA™'TAT™") = det (A7! (1 — AQA'TT 1) A).
Now formula (3.8) will be proved if we were able to write that last determinant as the product:
det (A7 (1 — AQA™'Tr7 1) A) = det (A7) det (1 — AQA™'T'77") det A.

The last formula may be proved the same way as the standard formula det M N = det M det N
in ordinary linear algebra, using two observations. The first is that the entries of A are numbers
and commute with the entries of X. The second observation is Lemma 3.2 describing the
transformations of the row determinant of X with respect to row replacements. |

3.2.5. Let V be a polynomial finite-dimensional Yangian module and i : Gy — GL(V) the
associated G L y-representation. Then formulae (3.5) and (3.8) yield

D aga-1(u,7)lv = (A) Do (u, 7)|v i(A™1).

3.3 More properties of transfer matrices

Let Q = diag (Q1,...,Qn) € GLy. Let A = (AW, ... A") be a collection of integral domi-
nant gly-weights, where A = (Agi)7 . ,Ag\i,)) and Agf,) =0fori=1,...,n

For m = (my,...,my) denote by Ma(z)[m] C Ma(z) the weight-subspace of gly-weight m
and by Sing Ma (z)[m] C Ma(z)[m] the subspace of gly-singular vectors.

Note that the subspace Sing My (z)[m] may be nonzero only if m is dominant integral, i.e.
the integers myq, ..., my have to satisfy the inequalities m1 > --- > my.

Consider the universal difference operator associated with ¢ and M (z). Then the associated
transfer matrices preserve Ma(z)[m] and we may consider the universal difference operator
D0, Ma(2)[m] (U, T) acting on M (z)[m]-valued functions of u. We may write

N
D, MA@ (U 7) = > (1) Tp. 0, Mp () (W) T
k=0

As we know T g a1, (z)jm] (1) = 1, and we have
Th. @M (2)m) (1) = Tho + T + Tpou™> 4 -+
for suitable Ty; € End (Ma(2)[m]).

Theorem 3.6. The followings statements hold.

(i) The operators T1g, Ta0, - .., Tno and T11,%21,. .., TN1 are scalar operators. Moreover, the
following relations hold:

N N

N+ Z Tko:v H x — @),
k=1 i=1

N

N - N m; Q;

1:1 7j=1
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(ii) Fork=1,...,N —1,

TN,Q,Ma(2)im] (W) = <H Qi

k n
~ 1
T M (2)[m) (1) = Tpe(u) H H U—2e—i+1

where Tp(u) is a polynomial in u of degree nk.

Proof. Part (i) follows from Proposition B.1 in [6]. Part (ii) follows from the definition of the
universal difference operator and the fact that the coefficients of the series T (u) belong to the
center of Y (gly). [

3.3.1. Assume that @ is the identity matrix. Then the associated transfer matrices preserve
Sing M4 (z)[m] and we may consider the universal difference operator Dg—_1, sing Ma (2)[m] (%, T)
acting on Sing My (z)[m/]-valued functions of u. We may write

N
D=1, Sing Ma ()] (1, T) TV =D (= (r—1)N* (3.9)
k=0

for suitable coefficients Gy (u).
Note that the operators Gy (u) coincide with the action in Sing Mj (z)[m] of the modified
transfer matrices Si(u) from formula (10.4) of [6].

Theorem 3.7. The following three statements hold.
(i) We have So(u) = 1.
(ii) For k=1,...,N, the coefficient Sy (u) has the following Laurent expansion at u = co:
Splu) = Spou ¥+ Spau T+
where the operators &1,...,6 N0 are scalar operators.
(i4i) For all d we have

N—-k-1

N N
Y (=1Fere J] @-5)=]]d—-ms—N+s).

k=0 §=0 s=1

Proof. Part (i) is evident.
Since @ is the identity matrix, formula (3.6) reads now as follows

X (1) = O — Tap(u) 771 = (8 (1 — 1) = Tjp u™ = O(u2)) 771, (3.10)

Then part (ii) is straightforward from formulas (3.9) and (3.7).

Let v be any vector in Sing M (z)[m| and d any number. To prove part (iii) we apply the
difference operators in formula (3.9) to the function vu?. The expansion at infinity of result of
the application of the right side is

ut=N Z(—l)k H (d—j) 6k7ov+0(u_1)
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So it remains to show that

N
D Q=1,Sing Ma (2)[m] (U, T) Nyud = 4N ( [H(d —ms— N +5)

s=1

v+ O(u1)> :

as u goes to infinity. Since 7Nud = ud(l + O(u‘l)), the last formula is equivalent to

N
D=1, Sing Ma (2)[m] (U T) vud =N ([H(d —ms—N+s)|v+ O(u_1)> . (3.11)

s=1

To prove (3.11), observe that according to formula (3.10) we have
Xy (uw) vud = 4471 ((d Sab — ijl}(u)) v+ O(u_l)).
Applying this remark to formula (3.7) we get

D Q=1, Sing Ma (2)[m] (U, T) V u?

=ul N N (1T (A= N+ 1) b1, — T{H) o (A gy — TS ) v+ O(u™)

o1
ocESN

n .

Each element ijl } acts as 2622 in Ma(z), which corresponds to the standard gly-action in
1=

the gly-module M. Since v is a gly-singular vector of a gly-weight (mq,...,my), we have

V.

N
S (1)7((d =N +1)b10, T - (d0noy — THS v = [H(d —ms— N +35)

geSN

s=1

Indeed only the identity permutation contributes nontrivially to the sum in the left side. This
proves part (iii) of Theorem 3.7. [ |

3.4 First main result

Theorem 3.8. Let V' be a polynomial finite-dimensional Y (gly)-module and Q € GLy. Con-
sider the universal difference operator ®q v (u,T) associated with Q and V. Then the kernel of
Do,v(u,T) is generated by quasi-exponentials.

The theorem will be proved in Section 5.

4 Continuity principle for difference operators
with quasi-exponential kernel
4.1 Independent quasi-exponentials

Let V be a complex vector space of dimension d. Let p € C[u] be a monic polynomial of degree k.
Consider the differential equation

p<dci) flu)=0

for a V-valued function f(u). Denote by W, the complex vector space of its solutions. The map
5 = Wy — VI w s (w(0),w(0),...,w*D(0)),

assigning to a solution its initial condition at w = 0, is an isomorphism.
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Let A1, ..., A; be all distinct roots of the polynomial p of multiplicities k1, ..., k;, respectively.
Let vy,...,vq be a basis of V. Then the quasi-exponentials

ity Sy, j=1..,l, a=0,...,k; -1, b=1,...,d, (4.1)
form a basis in W),

Lemma 4.1. Assume that A\, — \p & 2707 for all a # b. Then the kd functions listed in (4.1)
are linear independent over the field of one-periodic functions.

4.2 Admissible difference operators

Let Ao(u),...,An(u) be End (V)-valued rational functions in u. Assume that each of these
functions has limit as u — oo and Ap(u) = 1 in End (V). For every k, let

Ap(u) = A7 + AR u™ + AQu ™ + -
be the Laurent expansion at infinity. Consider the algebraic equation
det (AN70 + JZAN_LO +---+ JINflAl,() + a:N) =0 (4.2)

with respect to variable x and the difference operator

acting on V-valued functions in u. Equation (4.2) will be called the characteristic equation for
the difference operator .

The operator ® will be called admissible at infinity if det Ay o # 0, or equivalently, if =0
is not a root of the characteristic equation.

Example 4.2. Let V be the tensor product of polynomial finite-dimensional irreducible Y (gl )-
modules and Q € GLy. Let D¢ v(u,T) be the associated universal difference operator. Then
Dq,v(u,7) is admissible at infinity, see Sections 3.2.3 and 3.3.

Lemma 4.3. Assume that ® is admissible at infinity and a nonzero V -valued quasi-exponential
Q" (uvg + ulvg_1 + --- + vg) lies in the kernel of ®. Then Q is a root of the characteristic
equation (4.2).

4.3 Continuity principle

Let Ag(u,€),...,An(u,€) be End (V)-valued rational functions in u analytically depending on
e €]0,1). Assume that

N
e for every ¢ € [0, 1) the difference operator D, = > Ap(u,e)7 "

k=0

is admissible at infinity,

e for every € € (0,1) the kernel of ©. is generated by quasi-exponentials,
e there exists a natural number m such that for every e¢ € (0,1) all quasi-exponentials

generating the kernel of ®. are of degree less than m.

Theorem 4.4. Under these conditions the kernel of the difference operator ®.—q is generated
by quasi-exponentials.
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Proof. For every € € [0,1), the characteristic equation for ®, has Nd roots counted with
multiplicities. As € tends to 0 the roots of the characteristic equation of ©. tend to the roots of
the characteristic equation of ®.—g. All these roots are nonzero numbers. For small positive ¢
the set of multiplicities of roots does not depend on e.

The following lemma is evident.
Lemma 4.5. There exist

o a number € with 0 < € < 1,

e for any e, 0 < € < €, a way to order the roots of the characteristic equation of D, (we
denote the ordered roots by QY. .., Q%)

e a way to assign the logarithm q; to every root Q;
such that for every j the number q5 continuously depends on € and G =q whenever Q; = Q.

Let m be the number described in Section 4.3. For every €, 0 < € < €, we define p. € C[u| to
be the monic polynomial of degree k = mNd, whose set of roots consists of m copies of each of
the numbers ¢f, ..., ¢ -

Let W, be the kd-dimensional vector space of quasi-exponentials assigned to the polyno-
mial pe in Section 4.1. By assumptions of Theorem 4.1, for every €, 0 < € < €, the space W,
contains an Nd-dimensional subspace U, generating the kernel of ®.. This subspace determines
a point in the Grassmannian Gr(W,, , Nd) of Nd-dimensional subspaces of W), .

The map pp, : Wy, — V& identifies the Grassmannian Gr(W,,_, Nd) with the Grassmannian
Gr(V®% Nd). The points pp (Uc) all lie in the compact manifold Gr(V®* Nd) and the set
of all such points has an accumulation point U € Gr(V®* Nd) as e tends to zero. Then
Pp. 1=0 (U ) C Gr(W,,__,, Nd) is an Nd-dimensional subspace of V-valued quasi-exponentials. Using

Lemma 4.1, we conclude that the space p,, 1:0((7 ) generates the kernel of .. |

5 Bethe ansatz

5.1 Preliminaries

Consider CV as the gly-module with highest weight (1,0,...,0). For complex numbers z1,...,
gzn, denote z = (z1,...,2,), and

M(z) =CN(z1) @+ & CN(zn),
which is a polynomial Y (gly)-module. Let
M(Z) = @ml,...,mNM(Z)[ml, R ,mN}

be its gly-weight decomposition with respect to the Cartan subalgebra of diagonal matrices.
The weight subspace M (z)[my,...,my] is nonzero if and only if my, ..., my are non-negative
integers.

Assume that Q = diag (Q1, ..., Qn) is a diagonal non-degenerate N x N-matrix with distinct
diagonal entries, and consider the universal difference operator

N

Do, m(z) (4, 7) = Z(—l)k Thom(z) (W) 7",
50

associated with M(z) and Q. Acting on M (z)-valued functions the operator Dg rr(z)(u,7)
preserves the weight decomposition.

In this section we shall study the kernel of this difference operator, restricted to M (z)[m, ...,
my]-valued functions.
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5.2 Bethe ansatz equations associated with a weight subspace

Consider a nonzero weight subspace M (z)[m1,...,my]. Introduce l = (I1,...,In—1) with [; =
mjy1+---+my. Wehaven >0 > --- 2 Iy_120. Set lp =y =0and |l =11 +---+Iy_1.
We shall consider functions of [ variables

1 1 2 2 N—-1 N-1
t= (", DY )y,

The following system of [ algebraic equations with respect to [ variables ¢ is called the Bethe

ansatz equations associated with M (z)[my,...,my] and @,
l1 l2
O H 9~z 1) T (19 -0 1) TT (11 - ) (5.1)
=1 =1
o ’
n 1 l2
= Q[T (¢ — =) TT (& ¢V + ) TT (" ¢ — 1),
s=1 = =1
= J
la—1 la lat1
Qo [T (8 — o7V 1) TT (24 — ¢ — 1) T (24 = ¢4+9)
j'=1 i'=1 1
i'#i
T @ ey T (@ @ o) T (@ et
a a— a a a a+
= Qurr [ (57 =67 T &5 =657+ 1) [ (557 —¢ 1),
j/_l j/:1 Jl_
i
T @ ey 1T (@@
Qo T (B =57V +1) TT (7 = —1)
! 1 ‘/:1
=
lN 2 N
— QN H t(a) t(a 1)) H (tga) ( )+ 1)
J'= J'=1
i'#i

Here the equations of the first group are labeled by j = 1,...,l;, the equations of the second
group are labeled by a =2,..., N —2, j =1,...,l,, the equations of the third group are labeled
byj=1,...,In-1.

A Solutlon t of system (5.1) Wlll be called off-diagonal if t 7& t ) for anya=1,...,N—1,

1<j<j < loyand £ #£ 157 for any a = 1, N—2,j:1,...,la,j’:1,...,la+1.

5.3 Weight function and Bethe ansatz theorem

Denote by w(t, z) the universal weight function associated with the weight subspace M (z)[m1,
.,mpy]. The universal weight function is defined in formula (6.2) in [6], see explicit for-
mula (5.2) below. At this moment, it is enough for us to know that this function is an

M(z)[mq,...,my]-valued polynomial in ¢, z.
If ¢ is an off-diagonal solution of the Bethe ansatz equations, then the vector w(t,z) €
M(z)[mi,...,my] is called the Bethe vector associated with t.

Theorem 5.1. Let Q be a diagonal matriz and t an off-diagonal solution of the Bethe ansatz
equations (5.1). Assume that the Bethe vector w(t, z) is nonzero. Then the Bethe vector is an
eigenvector of all transfer-matrices Ty, g ar(z)(u), k=0,..., N.

The statement follows from Theorem 6.1 in [6]. For k = 1, the result is established in [3].
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The eigenvalues of the Bethe vector are given by the following construction. Set

n u_25+1 Iy u—t(l)—l

Xl(uvtaz):QIH u— 24 H _] n

Xa(u7t,z) = Qa H uu__j — H 7 (1) )

Then
Tk, M(2) (w)w(t, z) = \p(u, t, 2) w(t, z)

for k=0,...,N, see Theorem 6.1 in [6].

5.4 Difference operator associated with an off-diagonal solution
Let ¢ be an off-diagonal solution of the Bethe ansatz equations. The scalar difference operator

N
Qi(ua T) = (_1)k )\k(u,i,Z) T_k
k=0

will be called the associated fundamental difference operator.

Theorem 5.2. The kernel of ©;(u, 7) is generated by quasi-exponentials of degree bounded from
above by a function in n and N.

This is Proposition 7.6 in [9], which is a generalization of Proposition 4.8 in [8].

5.5 Completeness of the Bethe ansatz

Theorem 5.3. Let z1,...,2, and Q = diag (Q1,...,Qn) be generic. Then the Bethe vectors
form a basis in M(z)[my,...,my].

Theorem 5.3 will be proved in Section 5.6.
Corollary 5.4. Theorems 5.3 and 4.4 imply Theorem 3.8.

Proof. Theorems 5.2 and 5.3 imply that the statement of Theorem 3.8 holds if the tensor prod-
uct M(z) is considered for generic z and generic diagonal ). Then according to the remark
in Section 3.2.5, the statement of Theorem 3.8 holds if the tensor product M (z) is considered
for generic z and generic (not necessarily diagonal) ). Then the remark in Section 3.1.9 and
Theorem 4.4 imply that the statement of Theorem 3.8 holds for the tensor product of any
polynomial finite-dimensional irreducible Y (gly)-modules and any @) € GLy. Hence the state-
ment of Theorem 3.8 holds for direct sums of tensor products of polynomial finite-dimensional
irreducible Y (gl )-modules and any Q € GLy. [
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5.6 Proof of Theorem 5.3

5.6.1. For a nonzero weight subspace M (z)[m1,...,my| C M(z) denote by d[mi,...,mn] its
dimension. Let n > 11 > --- > Iy_1 = 0 be the numbers defined in Section 5.2.

A vector @ = (ay,...,a,) with coordinates a; from the set {0,2,3,..., N} will be called
admissible if for any j =1,...,N —1 we have [; = #{a;|i=1,...,n,and a; > j} In other
words, a is admissible if m; = #{a; |i=1,...,n, and a; = j}.

If a = (a1,...,a,) is admissible, then for j = 1,..., N — 1, there exists a unique increasing
map pa;i : {1,....5;} — {1,...,n} such that #p;i(j) =1ifa; >iand #p;;(j) =0ifa; <.

We order admissible vectors lexicographically: we say that @ > a' if ay = d/y, ay—1 = d/y_q,

.., a; = a, aj—1 > a;—; for some i.

5.6.2. Let v = (1,0,...,0) € CV be the highest weight vector. Consider the set of vectors
€qV = €4, 1V ® -+ ® €q, 1V € M(z) labeled by admissible indices a. Here e, jv denotes v if
a; = 0. Then this set of vectors is a basis of the weight subspace M(z)[m1,...,my]. In
particular, the total number of admissible indices equals d[m, ..., my].

5.6.3. For a function f(uq,...,ux) set

Symuy, oy fur, ) = Z fuoy, - Ugy ),

€Sk
where the sum is over all permutations o of {1,..., k}.

Lemma 5.5. The universal weight function w(t, z) is given by the rule

n L N—1l-1 I \ .
! ~1
e =TT =) T I ) o
s=1j=1 b=2 i=1 j=1
n 1 s—1 tE)l—)l (S) - Z’I‘ + 1
% Z Sym,@ - Symyov-n oven [ H < (1) H akll) )
1 oty 1 by - ¢ _ L . —.
a s=1 —1 (S) s r=1 p—l (S) r
as>1 a,l a,l
N-1 n s—1 t(bjl _ t(11—11) 1
X H 1 H Pap(s)  Pgp_1(T) -
A0 (-1 (0 6D av,
b2 oo N T @ 7S b )

where the sum s over all admissible a .

The lemma follows from formula (3.3), formula (6.2) in [6], and Corollaries 3.5, 3.7 in [14].

5.6.4. Let z1,...,z, be real numbers such that z;y; — z; > N. Assume that Q = diag (1,q, ...,

¢V1), where ¢ is a nonzero parameter. Then the Bethe ansatz equations (5.1) take the form
T (0 T W) T (0,
1 1 1 1 2
T —z+1) [T &7 -6 =) I " -+7) (5.3)
s=1 j'= j'=1
J'#i
n I l2
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la_1 la lat1
IT (4 —dbs=V 1) TT (42 =o' — 1) T (4 — el
Jj'=1 §'=1 Ji=1
i1
lafl 1 la la+1 1
= ¢ JT (&2 — o) TT (62 ¢l 1) TT (642 — el — 1),
j'=1 §'= j'=1
%
M@ e, T )@ N2 @ ey BT @) @
& =677+ ] & -6 1) =q [] " —677) ] & -t +1).
j'=1 §'=1 j'=1 j'=1
J'#i 3'#i

For ¢ = 0 the right hand sides of equations (5.3) equal zero and to solve the equations for ¢ = 0
one needs to find common zeros of the left hand sides. ‘
Let @ = (aq,...,an) be an admissible index. Define t(a,0) = (fg.z)(a, 0)) to be the point in

C! with coordinates ty) (a,0) = 2,, ,(jy — i for all i, j. Then t(a,0) is an off-diagonal solution of
system (5.3) for ¢ = 0. That solution has multiplicity one.

Hence for every small nonzero ¢, there exists a unique point t(a, q) = (téi)(a, q)), such that

e t(a,q) is an off-diagonal solution of system (5.3) with the same ¢,
e t(a,q) holomorphically depends on ¢ and tends to t(a,0) as ¢ tends to zero.

Therefore, for all ¢, j, we have
£9(a,q) = 25,y — i+ O(q)- (5.4)
Lemma 5.6. As q tends to zero, the Bethe vector w(t(a, q), z) has the following asymptotics:
w(t(a,q),z) = Cqequ+0(q) + -,

where Cq is a nonzero number and the dots denote a linear combination of basis vectors eqv
with indices a’ lexicographically greater than a.

The lemma follows from formulae (5.4) and (5.2).

Lemma 5.6 implies Theorem 5.3.

6 Comparison theorem

6.1 The automorphism Xy and the universal difference operator

Let f(u) be a rational function in u whose Laurent expansion at u = oo has the form f(u) =
1+ O(u™'). Then the map xs : T(u) — f(u)T(u) defines an automorphism of the Yangian
Y (gly), see Section 3.1.4.

For a Yangian module V', denote by V7 the representation of the Yangian on the same vector
space given by the rule

Xlvr = O (X))l
for any X € Y(gly).

Lemma 6.1. Let V' be an irreducible finite-dimensional Y (gly)-module with highest weight
series c1(u),...,cn(u). Then the Yangian module V7 is irreducible with highest weight series

fwer(u), ..., flu)en(u).
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Lemma 6.2. Let V' be a finite-dimensional polynomial Y (gly)-module. Then the corresponding
transfer matrices satisfy the relation

Ta(Wlyr = f(u) - flu—a+1)Ta(u)ly

fora=1,...,N.

6.2 Comparison of kernels

Let V be a finite-dimensional polynomial Y (gly)-module. Consider the universal difference
operators Dq v (u,7) and Dy (u, 7). Let C(u) be a function satisfying the equation

C(u) = f(u)C(u—1).

Then a V-valued function g(u) belongs to the kernel of ®¢g v (u,7) if and only if the function
C(u)g(u) belongs to the kernel of D) yr(u, 7).

6.2.1. Let A = (Ay,...,Ax) be a dominant integral gly-weight and a a complex number.
Denote A(a) = (A1 +a,...,Axy +a). Let V = Mj(z) be an evaluation module and

u—=z

fu) =

Uu—2z—a

Then V/ = M (a)(z + a), see Section 3.1.8.
Let A = (AM,...,A™) be a collection of integral dominant gly-weights, where A®) =

(Agi),...,A%)) for i = 1,...,n. Let a = (a1,...,a,) be a collection on complex numbers.
Introduce the new collection A(a) = (AN (ay),..., A (a,)).
For complex numbers z1, ..., z,, consider the tensor products of evaluation modules

Ma(2) = Mya)(21) ® - @ My (2n),
MA(a)(z + a) = MA(l)(al)(Z’l + al) K- & MA(n)(an)(Z’n + an).

Let V = M (z) and

Fu) = H&

U — Zs — Qg
s=1

Then VI = My (q)(z + a).

Theorem 6.3. An M (2z)-valued function g(u) belongs to the kernel of D ary () (u, T) if and
only if the function C(u)g(u) belongs to the kernel of @QyMA(a)(ZJra) (u, ), where

B - I(u—2zs+1)
C(u)_szl_[l IMu—zs—as+1)

6.2.2. Assume that M (z) is a polynomial Yangian module and a = (ay,...,ay) are non-
negative integers. Then C(u) is a polynomial and My 4)(2 +a) is a polynomial Yangian module.
In this case Theorem 6.3 allows us to compare the quasi-exponential kernels of the difference

operators D rr, (z)(u, 7) and @Q,MA(G)(era) (u, 7).
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7 The kernel in the tensor product of evaluation modules

7.1 The second main result

Let Q = diag (Q1,...,Qn) € GLy. Let A = (A( ). A(”)) be a collection of integral dominant
aly-weights, where A = (Agi), . ,A(l)) and Agv) =0fori=1,.

Choose a weight subspace M (z)[m1,...,my]| C Ma(2z) and con81der the universal difference
operator Do nr, (z)[m] associated with Q and Mp(z)[mi,...,my].

Theorem 7.1. Assume that the nonzero numbers Q1,...,QnN are distinct and the argument of
each of them is chosen. Then for any i =1,...,N and any nonzero vector vg € M (z)[m1,...,
mpy]|, there exists an Ma(z)[m1,...,my]-valued quasi-exponential

QY (vou™ + v u™ T 4 oy, (7.1)
which lies in the kernel of D g vy (z)jm)- Moreover, all such quasi-ezponentials generate the kernel
of DM @)m)-

Proof. On one hand, by Theorem 3.8, the kernel of D¢ 17, (2)[m] 1S generated by quasi-exponen-
tials. On the other hand, by Lemma 4.3 and part (i) of Theorem 3.6, any quasi-exponential
lying in the kernel of D r7, (z)(m] must be of the form (7.1), where v is a nonzero vector. Since
the kernel is of dimension N - dim Ma (z)[m], there exists a quasi-exponential of the form (7.1)
with an arbitrary nonzero vy. |

7.1.1. For i =1,...,n, denote S; = {z; — 1, zi—A%)_l —2,...,zi—A§i) — N}

Theorem 7.2. Assume that index i is such that z; — z; ¢ 7Z for any j # i. Let f(u) be an
M (z)[m]-valued quasi-exponential lying in the kernel of Dq ary (z)m)- Then

(i) f(u) is uniquely determined by its values

oy = f(zi — 1), vy—1 = f(zi —Ag\i,)f1 —2), e, V= f(zi —Agi) —N) € Ma(z)[m]
at the points of S;.
(i) If vy = vy—1 = -+ = vj = 0 for some j > 1, then f(z; — k) =0 for k = 1,2,...,

AP N -t
(i1i) For any vectors vn,vN-—1,...,v1 € Ma(z)[m], there exists a quasi-exponential f(u) which
lies in the kernel of D g ary (z)(m] and takes these values at S;.

Proof. Consider the polynomial difference operator
N-1
(u—2s—3j+1) QQ,MA(Z)["”]

I
=

)
1

—

vl
I

.

=

Il
=

n N-—1
w—z—j+ D)+ [[ [[w—2-i+ D@7+
s=1 j=2

1 1

@
Il
S .
Il

+ [ =2 = N+2) Ty () 7 V2 + Ty oy () 7 N
s=1
N-1

N n
DN TT@ T I (w2 + A — it 1)r Y

i=1 s=1 i=1

see notation in part (i) of Theorem 3.6. We have (D f)(u) =
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Condition (Df)(z + N —2) = 0 gives the equation f(zi — 2) = const f(z; — 1) and thus the
value f(z; —1) determines the value f(z; —2). Condition (D f)(z;+ N —3) = 0 gives the equation
f(zi —3) = const f(z; — 2) and hence the value f(z; — 2) determines the values f(z; —3). We
may continue on this reasoning up to equation f(z; — Ag\l,) 1 — 1) = const f(z; — Ag\zf)_l) which
shows that the value f(z; — Ag\i,)_l) determines the value f(z; — As\,)_l —1).

Condition (D f)(z + N — Ag\i,) 1 —2) = 0 does not determine the value f(z; — (Z) —2), since
fzi— Ag\,) 1 —2) enters that condition with coefficient 0. But condition (’Df)(zz—i—N A(Z) 3)=0
gives the equation f(z; — A() — 3) = const f(z; — Ag\zf)_l — 2) which shows that the value
f(zi — A%)_l — 3) is determined by the value f(z; — A%)_l —2).

Now we may continue on this reasoning up to the equation f(z; — Ag\i,)i2 — 2) = const f(z; —
A%) 5 — 1) which determines f(z; — A(i) —2)if f(zi— A(i) 2~ 1) is known. Condition (D f)(z; +
N — Agv) 5 — 3) = 0 does not determlne the value f(z; — A%)_Q — 3), but condition (Df)(z; +
N — Ag\l,) 5 —4) = 0 gives the equation f(z; — S\z,) 5 —4) = const f(z; — A%)_Q — 3) and so on.
Repeating this reasoning we prove parts (i) and (ii) of the theorem.

The same reasoning shows that if f(u) = 0 for u € S;, then the quasi-exponential f(u)
identically equals zero. Since the kernel of © is generated by quasi-exponentials, we obtain part
(iii) of the theorem. [

7.1.2. Assume that @ is the identity matrix. Consider the subspace Sing Ma (z)[m]|C M (z)[m]
of gl-singular vectors and the associated universal difference operator D g_1, sing 1 (2)[m] (u, 7).

Theorem 7.3. For any i = 1,...,N and any nonzero vector vy € Sing Ma(z)[m1,...,mn],
there exists a Sing Ma(z)[my, ..., my]-valued polynomial
V0 wmitN= V1 WMt Ny Um;+N—i (7.2)

which lies in the kernel of ®g—1, sing M, (z)jm]- Moreover, all such polynomials generate the kernel
OfQQ:LSing Ma(2z)[m]-

Proof. On one hand, by Theorem 3.8, the kernel of D g1 ging My (2)[m] IS generated by quasi-
exponentials. On the other hand, by part (i) of Theorem 3.6, any quasi-exponential lying
in the kernel of Dg_1 sing 1, (2)[m] Must a polynomial. By Theorem 3.7 such a polynomial
has to be of the form indicated in (7.2), where vy is a nonzero vector. Since the kernel is of
dimension N -dim Sing My (z)[m], there exists a polynomial of the form (7.2) with an arbitrary
NONZEero vg. |

7.2 Kernel of the fundamental difference operator associated
with an eigenvector

Assume that v € M (z)[m] is an eigenvector of all transfer matrices,
TQ, Ma(2)[m) (W) v = Ao (u) v, k=0,...,N.

Then the scalar difference operator

N

Dv(uvTu):Z( ) )\kv( ) L

k=0

will be called the fundamental dif ference operator associated with the eigenvector v.
Theorems 7.1, 7.2 and 7.3 give us information on the kernel of the fundamental difference
operator.
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Corollary 7.4.

(i) Assume that Q € GLy is diagonal with distinct diagonal entries. Then the kernel of
Dy(u, ) is generated by quasi-exponentials Qipi(u), ..., Q%pn(u), where for every i the
polynomial p;(u) € Clu| is of degree m;.

(i) Assume that @ is the identity matriz and the eigenvector v belongs to Sing Ma(z)[m].
Then the kernel of ©,(u, T,) is generated by suitable polynomials p1(u), . ..,pn(u) of degree
mi1+ N —1,...,my, respectively.

Corollary 7.5. Assume the index i is such that z; — z; ¢ Z for any j # i. Let f(u) be a quasi-
exponential lying in the kernel of ©,(u,,). Then

(i) f(u) is uniquely determined by its values

UN = f(ZZ — 1), UN—-1 = f(ZZ — A%)fl — 2), ey v = f(ZZ — Agz) — N)
at the points of S;.
(i) If vy =vn—1 = --- =v; =0 for some j > 1, then f(z; — k) =0 for k = 1,2,...,A§21+
N—j+1.
(iii) For any numbers vn,vN_1,...,v1 there exists a quasi-exponential f(u) which lies in the

kernel of ©,(u, T,) and takes these values at S;.

If v is a Bethe eigenvector, then these two corollaries were proved in [8] and [9].

8 Generating operator of the Gaudin transfer matrices

8.1 Current algebra gly[x]

8.1.1. Let gly[z] be the Lie algebra of polynomials with coefficients in gl with point-wise

commutator. The elements eC{L‘Z} = eqpr® with a,b = 1,...,N, s = 0,1,..., span gly[z]. We
have [eiz}, eis}} = 5bceig+s} - 5adeig+s}. We shall identify gly with the subalgebra of gly[z] of

constant polynomials.
For a,b=1,..., N, we set

Lap(u) = Z eéj}u_s_l
s=0

and L(u) =", , Eap @ Lap(u) € End (CY) @ gly[z]((u™h)).

Let V be a gly-module. For z € C denote by M(z) the corresponding evaluation gly[z]-
module on the same vector space, where we define eiz}|v = z%ey, for all s,a,b. Then the series
Lay(u)|y converges to the End (V)-valued function (u — z)~ley,, which is a rational function
in u.

Let A = (Ay,...,An) be an integral dominant gly-weight, My the corresponding irreducible
highest weight gly-module, My (z) the associated evaluation gly[z]-module. Then the module
M (z) is called polynomial if Ay is a non-negative integer.

8.1.2. Let A = (A, ... A1) be a collection of integral dominant gly-weights, where A =
(Agl), . ,Ag\l])) fori =1,...,n. For z1,...,2, € C, we consider the tensor product of gly|x]-
evaluation modules:

MAa(z) = My (21) @ -+ @ My (2n)-
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For any a, b, the series Ly, (u) acts on M (z) by the formula

n ©)

e
Lop(W) | pp(z) = >, —2%—

= U —zj
If z1,..., 2y are distinct, then M4 (2) is an irreducible gly|[z]-module. Let

Mya) @+ @ M) = &a Ma

be the decomposition of the tensor product of gly-modules into the direct sum of irreducible
gly-modules. Then for any z € C,

Mpyay(2) ® -+ @ My (2) = ©a Ma(2)

is the decomposition of the tensor product of evaluation gly[z]-modules into the direct sum of
irreducible gly[z]-modules.

8.1.3. Consider CV as the gly-module with highest weight (1,0,...,0). Let A = (Aq,...,Ay)
be an integral dominant gly-weight with Ay € Z>q. Then there exists k € Zx such that (CV)®*
contains My as a gly-submodule.

The previous remarks show that for any z1,...,2, € C, all irreducible submodules of the
gly[z]-module CN(z1) ® --- ® CN(z,) are tensor products of polynomial evaluation gly[x]-
modules. Moreover, if V' is a gly[z]-module which is the tensor product of polynomial eval-
uation gly[z]-modules, then there exist z1, ..., 2, such that V is isomorphic to a submodule of
the gly[z]-module CV(z1) ®@ -+ ® CN(z,).

8.1.4. Let 7 : U(gly) — End (CV) be the representation homomorphism for the gl-module C.
Clearly, for any = € U(gly) we have

[T(z)®1+1®x, L(u)] =0. (8.1)

For a non-degenerate matrix A € End (C"), define an automorphism v of gly[z] by the
formula

(id®@va)(L(u) = A'EpA® Lap(u).
ab

Let V' be a finite-dimensional gly[z]-module with the representation p : gly[z] — End (V)
and i : GLy — End (V) the corresponding representation of the group GLy. The auto-
morphism v4 induces a new gly[z]-module structure V4 on the same vector space with the
representation 4 = powvy. Formula (8.1) yields that for any x € gly|[x],

pa(z) = f(A) ple) (A(A)

that is, the gl [z]-modules V and V4 are isomorphic. In particular, if V is the tensor product of
polynomial evaluation gly[z]-modules, then VA4 is the tensor product of polynomial evaluation
gl [z]-modules too.

8.2 Fundamental differential operator

Let K = (Kg) be an N x N matrix with complex entries. For a,b = 1,..., N, define the
differential operator

Xab(ua au) = 5ab au — Kup — Lab(u)7
where 0, = d/du.
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Following [13], introduce the differential operator

D(“a au) = Z (_1)0 X101 (uv 6u) X202(u>8u) o 'XNUN (u’ au)a

ogeSN

where the sum is over all permutations o of {1,..., N}. The operator D(u,d,) will be called
the universal differential operator associated with the matrix K.

Lemma 8.1. Let m be a map {1,...,N} — {1,...,N}. If w is a permutation of {1,...,N},
then

Z (_1)(7 X7r101 (uv T) X7r202 (u7 T) o 'XWNUN (u7 T) = (_1)77 D(“? au)'

oESN

If 7 is not bijective, then

Z (_1)0 X7r101 (uv T) X7r202 (ua T) T X?TNUN (u7 T) =0.

c€eSN

The statement is Proposition 8.1 in [6].
8.2.1. Introduce the coefficients So(u),...,Sny(u) of D(u,dy):

N
D(u,dy) =Y (—1)*Sp(u) oV,
k=0

in particular, Sp(u) = 1. The coefficients Si(u) are called the transfer matrices of the Gaudin
type model associated with K.
The main properties of the transfer matrices:

(i) the transfer matrices commute: [Si(u),S;(v)] =0 for all k, [, u, v,

(i) if K is a diagonal matrix, then the transfer matrices preserve the gly-weight: [Sk(u), €4q]=0
for all k, a, u,

(iii) if K is the zero matrix, then the transfer matrices commute with the subalgebra U(gly):
[Sk(u), z] = 0 for all k,u and = € U(gly),

see [13, 6].

8.2.2. If V is the tensor product of evaluation finite-dimensional gly[z]-modules, then the
universal operator D(u,d,) induces a differential operator acting on V-valued functions in w.
This operator will be called the universal differential operator associated with K and V and
denoted by Dk v (u,d,). The linear operators Si(u)|y € End (V) will be called the transfer
matrices associated with K and V' and denoted by Sy kv (u). They are rational functions in w.

8.2.3. If Dg(u,7) is the universal differential operator associated with the matrix K and
va : gly[z] — gly[z] is the automorphism defined in Section 8.1.4. Then Lemma 8.1 implies
that

va(Dk(u,04)) = Dag a1 (u,0u)

is the universal differential operator associated with the matrix AKA™!, cf. Lemma 3.5.
Let V be the tensor product of finite-dimensional evaluation gly[z]-modules, and i : Gy —
GL(V) the associated GLy-representation. Then

Daga—1(u,0,)lv = i(A) Dic (u, 8u)|v i(A71).
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8.3 DMore properties of the Gaudin type transfer matrices

Let K = diag (K1,...,Ky). Let A = (A ... A®™) be a collection of integral dominant
gl y-weights, where A = (Agl), o ,A(i)) and ASV) =0fori=1,.
For m = (my,...,my) denote by Ma(2z)[m] C Ma(z) the welght subspace of the gly-
weight m and by Sing M (z)[m]| C Ma(z)[m] the subspace of gly-singular vectors.
Consider the universal differential operator

N
Di, Ma(z Z V¥ Spke M () (w) ON F
k=0
associated with K and M (z). We have Sy g a1, (z)(m](u) = 1 and
Spe, ke, Ma (2)fm) (1) = Sko + Spru™" + Spou ™ +
for suitable Sk; € End (M (2)[m]).
Theorem 8.2. The following statements hold.

(i) The operators Sio,S20, - -.,Sno and S11,S21, - ..,SN1 are scalar operators. Moreover, the
following relations hold:

N N
.TN + Z Skoiv H
k=1 i=1
N N N
J
() e
=1 =1 7j=1
(ii)) Fork=1,...,N —1, we have
n
Sk,QMa(2) H (=) (8.2)

where S‘k(u) s a polynomial in u of degree nk. Moreover, the operators

s:l,s;ﬁr
are scalar and
N _ Nr-1 N
(~1"Ses [T (@—5)=]](d— A" — N +4). (8.3)
k=0 =0 i=1
Proof. Part (i) follows from Proposition B.1 in [6]. The existence of presentation (8.2) follows

from the definition of the universal differential operator. To prove equation (8.3) it is enough
to notice that the leading singular term of the universal differential operator at u = z, is equal
to the leading singular term of the universal differential operator associated with one evaluation
module M) (z), which in its turn expresses via the quantum determinant. |
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8.3.1. Assume that K is the zero matrix. Then the associated transfer matrices preserve
Sing M (z)[m] and we may consider the universal differential operator

N
D=0, Sing Ma (2)[m] (U Ou) Z qiv_k
k=0
acting on Sing M (z)[m]-valued functions of u.

Theorem 8.3. For k =1,...,N, the coefficients Si(u) have the following Laurent expansion
at u = 00:

Sk(u) = S;wu_k + Skvlu_k_l + -

where the operators S1,...,SN,0 are scalar operators. Moreover,
N N—k—1 N
D (D Sko [ (d=5)=][(d=m:—N+s).
k=0 =0 s=1

The proof of Theorem 8.3 is similar to the proof of Theorem 3.7.

8.4 First main result in the Gaudin case

Theorem 8.4. Let K be an N x N-matriz and Mx(z) the tensor product of polynomial
gly[z]-modules. Consider the universal differential operator Dy s, (z)(u, Ou) associated with K
and Ma(z). Then the kernel of Dy pmy(z)(u, Ou) is generated by quasi-exponentials.

A statement of this type was conjectured in [1]. Theorem 8.4 will be proved in Section 10.

9 Continuity principle for differential operators
with quasi-exponential kernel

9.1 Quasi-exponentials

Let V be a complex vector space of dimension d. Let Ag(u),..., Anx(u) be End (V)-valued
rational functions in u. Assume that each of these functions has limit as © — oo and Agp(u) = 1
in End (V). Then the differential operator

N
D= Ap(u)o)F,
k=0

acting on V-valued functions in u, will be called admissible at infinity.
For every k, let Ay (u) = A 0T AR ut AR 2u - be the Laurent expansion at infinity.
Consider the algebraic equatlon

det ($N + $N_1A1,(] + -+ J;AN—LO + AN,O) =0 (9.1)
with respect to variable x.

Lemma 9.1. If a nonzero V-valued quasi-exponential e’ (u®vg + u?lvg_1 4 -+ + vg) lies in
the kernel of an admissible at infinity differential operator D, then X is a root of equation (9.1).
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9.2 Continuity principle

Let Ag(u,e€),...,An(u,€) be End (V)-valued rational functions in u analytically depending on
€ €[0,1). Assume that

N
e for every e € [0, 1) the difference operator D, = 5. Ax(u,€) Y% is admissible at infinity,
k=0

e for every € € (0,1) the kernel of D, is generated by quasi-exponentials,

e there exists a natural number m such that for every e¢ € (0,1) all quasi-exponentials
generating the kernel of D, are of degree less than m.

Theorem 9.2. Under these conditions the kernel of the differential operator D.—qg is generated
by quasi-exponentials.

The proof is similar to the proof of Theorem 4.4.

10 Bethe ansatz in the Gaudin case

10.1 Preliminaries

Consider CV as the gly-module with highest weight (1,0,...,0). For complex numbers z1,...,
Zn, denote

M(z) =CY(z1) @ - @ C¥(zn),
which is the tensor product of polynomial gly[z]-modules. Let
M(2) = Sm > zmy >0 M(z)[m]

be its gly-weight decomposition with respect to the Cartan subalgebra of diagonal matrices.
Here m = (mq,...,my).

Assume that K = diag (K1,...,Ky) is a diagonal N x N-matrix with distinct coordinates
and consider the universal differential operator

N
D, m(z)(u, Oy) = (—1)* Sk, i, M(2) (W) oy F.
k=0
associated with M(z) and K. Acting on M(z)-valued functions, the operator Dg, rq(z)(u, Ou)
preserves the weight decomposition.
In this section we shall study the kernel of this operator restricted to M(z)[m]-valued func-
tions.

10.2 Bethe ansatz equations associated with a weight subspace

Consider a nonzero weight subspace M(z)[m|. Introduce I = (ly,...,Iy_1) with I; = mj;1 +
ce-+my. Wehaven >0 > --->2Ilny_1>20. Setlpg=Iy=0andl =101 +---+Iy_1. In what
follows we shall consider functions of [ variables

t= (", P DY ),
The following system of [ algebraic equations with respect to [ variables t is called the Bethe
ansatz equations associated with M(z)[m] and matrix K,

n

1 fa 1 b 2
2 Y o m e (10.1)
] J/ /

(1)
=1ty — s gy i=1"Y j

3'#3
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lat1 la—1 la 5
2 t<a> 2 t(a 5 2 e~ Ken — Ko
j'=1 le j 3
J'#i
IN—2 1 In—_1 5
Z V=1 4 (N=2) N Z (=1 L (N-T) = Ky — Kn-1.
=15 oy i'=1"j by
J'#i

Here the equations of the first group are labeled by j = 1,...,[;, the equations of the second
group are labeled by a =2,...,N—2, j =1,...,l,, the equations of the third group are labeled
byj: 17---7ZN—1'

10.3 Weight function and Bethe ansatz theorem

We denote by w(t,z) the universal weight function of the Gaudin type associated with the
weight subspace M(z)[m]. The universal weight function of the Gaudin type is defined in [12].
A convenient formula for w(t, z) is given in Appendix in [11] and Theorems 6.3 and 6.5 in [11].

If  is a solution of the Bethe ansatz equations, then the vector w(t, z) € M(z)[m] is called
the Bethe vector associated with t.

Theorem 10.1. Let K be a diagonal matriz and t a solution of the Bethe ansatz equations
(10.1). Assume that the Bethe vector w(t, z) is nonzero. Then the Bethe vector is an eigenvector
of all transfer-matrices Sy, g am(z)(u), k=0,...,N.

The statement follows from Theorem 9.2 in [6]. For k = 1, the result is established in [10].

The eigenvalues of the Bethe vector are given by the following construction. Set

(UtZ K1+ZU—ZS_Z 1(1)7

i—1 u—t;
la
) - K Y o3
Zlu_t i=1 U — tz

for a =2,..., N. Define the functions A (u,t, z) by the formula

N
(8u—xl(u,t,z))---(8u—x (u,t,2)) Z DR Ne(u, t, 2) ONF,
k=0
Then for £k =0,..., N,
Sk:QM ( )w( ,Z) Ak(ufi:? z) w(ivz)v
see Theorem 9.2 in [6].

10.4 Differential operator associated with a solution
of the Bethe ansatz equations

Let t be a solution of system (10.1). The scalar difference operator
N

Dy(u,7) =Y (=% \e(u,t,2) 9+
k=0

will be called the associated fundamental differential operator.

Theorem 10.2. The kernel of Di(u,T) is generated by quasi-exponentials of degree bounded
from above by a function inn and N.

This is Proposition 6.4 in [9], which is a generalization of Lemma 5.6 in [7].
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10.5 Completeness of the Bethe ansatz

Theorem 10.3. Let z1,...,2, and K = diag (K1,...,Ky) be generic. Then the Bethe vectors
form a basis in M(z)[m].

Theorem 10.3 will be proved in Section 10.6.
Corollary 10.4. Theorems 10.3 and 9.2 imply Theorem 8.4.

Proof. Theorems 10.2 and 10.3 imply that the statement of Theorem 8.4 holds if the tensor
product M(z) is considered for generic z and generic diagonal K. Then according to the remark
in Section 8.2.3, the statement of Theorem 3.8 holds if the tensor product M(z) is considered
for generic z and generic (not necessarily diagonal) K. Then the remark in Section 8.1.3 and
Theorem 9.2 imply that the statement of Theorem 8.4 holds for the tensor product of any
polynomial finite-dimensional gly[x]-modules and any K. |

10.6 Proof of Theorem 10.3

10.6.1. For a nonzero weight subspace M(z)[m] C M(z) denote by d[m] its dimension. Let
n>1l > -->1Iy_1 =0 be the numbers defined in Section 10.2.

A vector a = (ay,...,a,) with coordinates a; from the set {0,2,3,..., N} will be called
admissible if for any j =1,...,N —1 we have [; = #{a; | i=1,...,n, and a; > j}. In other
words, a is admissible if m; = #{a; | i=1,...,n, and a; = j}.

If a = (a1,...,a,) is admissible, then for j = 1,..., N — 1, there exists a unique increasing
map pa; : {1,...,l;} — {1,...,n} such that #p;;(j) =1ifa; >iand #,o;li(j) =0ifa; <.

Let v = (1,0,...,0) € CV be the highest weight vector. The set of vectors eqv = €4, 10 ®
-+ ® eq,,10 € M(z), labeled by admissible indices a, form a basis of M(z)[m].

10.6.2. Let z1,..., 2z, be distinct numbers. Assume that K = diag (1/¢,2/q,...,N/q), where ¢
is a small nonzero parameter. Then the Bethe ansatz equations (10.1) take the form

n l2 Iy
1 1 2 1
PELIENE S S o S R (102)
(1) (1 _ 42 1 _ L ’
s=1 t] — Zs j'=1 t] — tj/ j/il t] — tj, q
J'#j
la+l la—l la
1 1 2 1
Z @) (atD) + Z J@) _a-1) ORI ORI
=1 ' i=1t Tty A
J'#i
lN_2 lN—l
Y T~ L T g
(N-1) (N-2) (N-1) (N=-1) — 4~
j=rtp j=1t Tty 1
J'#5
Lemma 10.5. For any admissible index a = (ay,...,an) and small nonzero q, there exists
a solution t(a,q) = (ty)(a, q)) of system (10.2) such that
i
~(7 q
i(a,0) = 25,00 + Y —— +O(c") (10.3)

=1 Bpaii) — K
for every i, j.
Lemma 10.6. As q tends to zero, the Bethe vector w(t(a,q), z) has the following asymptotics:
w(t(a,q),z) = Caqlequ + O(q71),

where Cq 1S a nonzero number.
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The lemma follows from formula (10.3) and the formula for the universal weight function
in [11].

Lemma 10.6 implies Theorem 10.3.

11 Comparison theorem in the Gaudin case
11.1 The automorphism X s and the universal differential operator

o0
For a series f(u) = Y fsu~*"! with coefficients in C we have an automorphism
s=0

f(f : g[N[x] - Q[N[$]u eiz} = €§Z}+f56ab‘

For a gly[r]-module V, denote by V/ the representation of gly[z] on the same vector space
given by the rule

Xlvr = (X))l
for any X € gly[x].

Lemma 11.1. Let A = (Aq,...,An) be a dominant integral gly-weight and a a complex number.
Denote A(a) = (A1 +a,..., Ay +a). Let V = My(z) be an evaluation module and f(u) = 2.
Then VI = M4 (2).

11.1.1. Let A = (AM ... A(™) be a collection of integral dominant gl,-weights, where A() =

(Agi),...,A%)) fori = 1,...,n. Let a = (ai,...,a,) be a collection on complex numbers.
Introduce the new collection A(a) = (AW (ay),..., A (a,)).
For complex numbers z1, ..., z,, consider the tensor products of evaluation modules

Ma(z) = My (21) @ -+ @ My ) (2n),
Mp(a)(2) = Mpa)(,)(21) ® - ® My (q,,)(2n)-

Theorem 11.2. For any matriz K, an Ma(z)-valued function g(u) belongs to the kernel of the
differential operator Dy amp,(z)(u, Ou) if and only if the function C(u)g(u) belongs to the kernel
of the differential operator Dk, Mpa)(2) (u, 0y), where

n
Cu) =[] (w— =)
i=1
11.1.2. Assume that Ma(z) is the tensor product of polynomial gly[z]-modules and a =
(a1,...,ay) are non-negative integers. Then C(u) is a polynomial and My (4)(2) is the tensor
product of polynomial gly[z]-modules. In this case Theorem 11.2 allows us to compare the
quasi-exponential kernels of the differential operators Dy aq, (z)(u; Ou) and Dy aq, () (u, 0y).

12 The kernel in the tensor product of evaluation modules
in the Gaudin case

12.1 The second main result in the Gaudin case

Let K = diag(Ky,..., Ky) be a diagonal matrix. Let A = (A, ..., A®™) be a collection of
integral dominant gly-weights, where A®) = (Agl)7 e ,AS\Z,)) and Ag\lf) =0fori=1,...,n.
Choose a weight subspace Mx (z)[m] C Ma(z) and consider the universal differential oper-

ator Dy, pma (2)[m] (U, Ou) associated with K and My (z)[m].
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Theorem 12.1. Assume that the numbers K1, ..., Ky are distinct. Then for anyi=1,...,N
and any nonzero vector vg € Ma(z)[m], there exists an M (z)[m]-valued quasi-exponential

K.

Bt (pou™ 4+ viu™i Tt +

o+ U, (12.1)

)
which lies in the kernel of D aq, z)[m (u, Ou). Moreover, the C-span of all such quasi-exponen-
tials is the kernel of D, p (2)fm) (U Ou)-

Proof. On one hand, by Theorem 8.4, the kernel of Dy aq, (z)im] (%, Ou) is generated by quasi-
exponentials. On the other hand, by Lemma 9.1 and part (i) of Theorem 8.2, any quasi-
exponential lying in the kernel of Dy ay, (2)[mj(t, On) must be of the form (12.1), where vy is
a nonzero vector. Since the kernel is of dimension N - dim Mx (z)[m], there exists a quasi-
exponential of the form (12.1) with an arbitrary nonzero vy. |

Theorem 12.2. Fori=1,...,n, j=1,...,N, and any nonzero vector v € Mx(z)[m], there
exists an Ma(z)[m]-valued solution f(u) of the differential equation Dy, (z)im) (U, Ou) f(u) =0
such that

fu) =v(u— Zz‘)Agi)+N_j +O((u— zi)A§'i>+N—j+1).

The proof easily follows from part (ii) of Theorem 8.2.

12.1.1. Assume that K is the zero matrix. Consider the subspace Sing M (z)[m] C M (z)[m]
of gly-singular vectors and the associated universal differential operator Dy —g sing M (z)[rm] (>0u)-

Theorem 12.3. For anyi=1,...,N and any nonzero vector vy € Sing Ma(z)[m1,...,mn],
there exists a Sing M (z)[m]-valued polynomial

m;+N—i

vo u Fogu™ TN Ly (12.2)

which lies in the kernel of Dx—o sing Ma (2)[m] (u,0y). Moreover, the C-span of all such polyno-
mials is the kernel of ® g —o Sing Ma (2)[m] (U Ou)

Proof. On one hand, by Theorem 8.4, the kernel of Dy —g ging My (2)(m] (U, Ou) is generated
by quasi-exponentials. On the other hand, by part (i) of Theorem 8.2, any quasi-exponential
lying in the kernel of Dy —_g ging My (2)(m] (¥, Ou) must a polynomial. By Theorem 8.3 such a
polynomial has to be of the form indicated in (12.2), where vy is a nonzero vector. Since the
kernel is of dimension N -dim Sing M (z)[m], there exists a polynomial of the form (12.2) with
an arbitrary nonzero vg. |

12.2 Kernel of the fundamental differential operator associated
with an eigenvector

Assume that v € My (z)[m] is an eigenvector of all transfer matrices,

SKMA(z)[m](u)U:)\kvv(u)v, k=0,...,N.

Then the scalar differential operator
Dy(u, 8u) = Y (=1 Apu(u) 07"

will be called the fundamental differential operator associated with the eigenvector v.
Theorems 12.1, 12.2 and 12.3 give us information on the kernel of the fundamental differential
operator.
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Corollary 12.4.

(i) Assume that K is diagonal with distinct diagonal entries. Then the kernel of Dy (u,dy,) is
generated by quasi-exponentials eX1py(u), ..., XNy (u), where for every i the polyno-
mial p;(u) € Clu] is of degree m;.

(ii) Assume that K is the zero matriz and the eigenvector v belongs to Sing M (z)[m]. Then
the kernel of Dy, (u, dy) is generated by suitable polynomials p1(u), ..., pn(u) of degree mq+
N —1,...,mp, respectively.

Corollary 12.5. Fori=1,...,n, j =1,...,N, there ezists a solution f(u) of the differential
equation Dy(u,dy) f(u) = 0 such that

Fu) = (u—2z) VT 4 O((u — 2N N+

If v is a Bethe eigenvector, then these two corollaries are proved in [7] and [9].
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