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Abstract. We use the spectra of Dirac type operators on the sphere S™ to produce sharp L?
inequalities on the sphere. These operators include the Dirac operator on S™, the conformal
Laplacian and Paenitz operator. We use the Cayley transform, or stereographic projection,
to obtain similar inequalities for powers of the Dirac operator and their inverses in R™.
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1 Introduction

Sobolev and Hardy type inequalities play an important role in many areas of mathematics and
mathematical physics. They have become standard tools in existence and regularity theories for
solutions to partial differential equations, in calculus of variations, in geometric measure theory
and in stability of matter. In analysis a number of inequalities like the Hardy—Littlewood—
Sobolev inequality in R™ are obtained by first obtaining these inequalities on the compact
manifold S™ and then using stereographic projections to R™ to obtain the analogous sharp
inequality in that setting. See for instance [10]. This technique is also used in mathematical
physics to obtain zero modes of Dirac equations in R3 (see [9]).

In fact the stereographic projection corresponds to the Cayley transformation from S™ minus
the north pole to Euclidean space. Here we shall use this Cayley transformation to obtain some
sharp L? inequalities on the sphere for a family of Dirac type operators. The main trick here
is to employ a lowest eigenvalue for these operators and then use intertwining operators for the
Dirac type operators to obtain analogous sharp inequalities in R™.

Our eventual hope is to extend the results presented here to obtain suitable LP inequalities
for the Dirac type operators appearing here, particularly the Dirac operator on R".

2 Preliminaries

We shall consider R as embedded in the real, 2" dimensional Clifford algebra Cl,, so that for

each z € R™ we have 22 = —||z|?. Consequently if ey, ..., e, is an orthonormal basis for R"

*This paper is a contribution to the Proceedings of the 2007 Midwest Geometry Conference in honor of
Thomas P. Branson. The full collection is available at http://www.emis.de/journals/SIGMA /MGC2007.html


mailto:BalinskyA@cardiff.ac.uk
http://www.cf.ac.uk/maths/people/balinsky.html
mailto:jryan@uark.edu
http://comp.uark.edu/~jryan/
http://www.emis.de/journals/SIGMA/2007/114/
http://www.emis.de/journals/SIGMA/MGC2007.html

2 A. Balinsky and J. Ryan

then
eie; +eje; = —2(52'3'
and

lier,...,en,€1€2,. .. €n1€n,..y€jyen ey €y €1, .. €

is an orthonormal basis for Cl,,, with 1 <r <n and j; < --- < j,.
Note that for each x € R™\{0} we have that z is invertible, with multiplicative inverse ﬁ

Here, up to a sign, 27! is the Kelvin inverse of x. It follows that {A € Cl,, : A = z1 - - - z,,, with
m € Nand z1,...,z, € R"\{0}} is a subgroup of Cl,,. We shall denote this group by GPin(n).
We shall need the following anti-automorphisms on Cl,,:

~:Cly — Cly i ej, ---€j, — €. €

r

and

—:Cl, = Cly e €5, — (=1)"ej, - -ej,.

T

For A € Cl,, we denote ~ (A) by A and we denote —(A) by A. Note that for A = ag+ ---+
ai1.n€1 - en the scalar part of AA is a3 + - +af ,, := | Al

Lemma 1. If A € GPin(n) and B € Cl,, then |AB|| = || Al||| B

Proof. ABAB = B AAB = B||A||*’B = |A||*)BB. Therefore Sc(ABAB) = ||A|*Sc(BB)
| A||2|| B||?, where Sc(C) is the scalar part of C for any C € Cl,,. The result follows.

In [1] it is shown that if y = M (z) is a M&bius transformation then M (x) = (ax+b)(cx+d)~*
where a, b, ¢ and d € Cl,, and satisfy the conditions

(i) a,b,c,d € GPin(n).
(i) aé,éd,db, ba € R™
(i) ad — cé € R\{0}.

In particular if we regard R™ as embedded in R"*! in the usual way, then y = (e 17 +
1)(x + ept1) 7! is the Cayley transformation from R™ to the unit sphere S™ in R"*1. This map
corresponds to the stereographic projection of R™ onto S™\{e,1}.

The Dirac operator in R" is 2?21 ej%. Note that D?> = —/\,,, where 2\, is the Laplacian

in R", and D* is the bi-Laplacian A2.

3 Eigenvectors of the Dirac-Beltrami operator on S"

We start with the Dirac operator D, 1 = Z?ill eja%j in R"*1. For each point in x € R\ {0}

this operator can be rewritten as 'z D,, ;1. Now 2D,,41 = tADy, 1 —x-Dy1. Now tADy 1 =
D 1<jck<ntl eiej(a:ja%k - xk%) and x - Dy41 is the Euler operator Z?Ll xja%j = r% where
r = ||z||. It is well known and easily verified fact that if p,,(x) is a polynomial homogeneous
of degree m € N then x - Dpp,(z) = mpp(z). So in particular if Dypi1pm(x) = 0 then = A
Dypi1pm(z) = —mpm(x). So pp(z) is an eigenvector of the operator x A Dy 1.

Further it is also easily verified that if ¢, (z) is homogeneous of degree m € —N then
2 Dpi1gm(x) = mgm(z). So if Dpy1g = 0 then x A Dyp11¢ = mqg and ¢ is an eigenvector
of x A Dpy1.
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Now let us suppose that p,, : R"*! — Cl,,1 is a harmonic polynomial homogeneous of
degree m € N. In [12] it is shown that p,,(z) = pm1(x) + 2pm—1,2(z) where Dy y1pm1(z) =
Dy y1pm—12(x) = 0, with py, 1(2) homogeneous of degree m and py,—12(x) homogeneous of
degree m — 1.

Definition 1. Suppose U is a domain in R"*! and f : U — Cl,41 is a C! function satisfying
Dy+1f =0 then f is called a left monogenic function.

A similar definition can be given for right monogenic functions. See [4] for details.

In [14] it is shown that if U is a domain in R**1\{0} and f : U — Cl,,41 is left monogenic
then the function G(z)f(2z~!) is left monogenic on the domain U~! = {z € R"*! : z~! € U}
where G(z) = H$”++1 Note that on S™ N U~! for any function g defined on U the functions
G(z)g(z~t) and zg(x~ 1) coincide.

Let H,, denote the restriction to S™ of the space of Cl, valued harmonic polynomials ho-
mogeneous of degree m € N U {0}. This is the space of spherical harmonics homogeneous of
degree m. Further let P, denote the restriction to S™ of left monogenic polynomials homo-
geneous of degree m € N U {0}, and let @, denote the restriction to S™ of the space of left
monogenic functions homogeneous of degree —n — m where m = 0,1,2,.... Then we have il-
lustrated that H,, = P, ® @Qp,. This result was established in the quaternionic case in [15] and
independently for all n in [14].

As L%(S™) = >°°°_ H,y, then it follows that L*(S™) = Y0 Py, @& Qpn, where L*(S™) is the
space of Cl,,4+1 valued square integrable functions on S™. Further we have shown that if p,,, € Py,
then p,, is an eigenvector of the Dirac—Beltrami operator I'y,, where I, is the restriction to S™ of
A Dyp1q. Here w € S™. Further p,, has eigenvalue m. Also if ¢, € @y, is an eigenvector of I,
with eigenvalue —n — m. Consequently the spectrum, o(T'y,) of the Dirac-Beltrami operator T',,
is {0} UNU{-n,—n —1,...}. As 0 € o(T'y,) the linear operator I',, : L?(S™) — L?(S™) is not
invertible.

Further within our calculations we have also shown that if i : S™ — Cl,41 is a C! function
then I'ywh(w) = —nwh(w) — wlyh(w). By completeness this extends to all of L?(S™).

4 Dirac type operators in R® and S™ and conformal structure

The Dirac type operators that we shall consider here in R™ are integer powers of D. Namely D™
for m € N. In [3] it is shown that if y = M (z) = (ax+b)(cx+d)~! is a Mobius transformation and
f:U — Cl, is a C* function then D¥Jy,(M,z)f(M(z)) = J_r(M,z)D* f(y), where J,, (M, z) =

cx+d 1

el for m an odd integer and J,, (M, x) = Teadm for m an even integer. This describes

intertwining operators for powers of the Dirac operator in R™ under actions of the conformal
group.

In [13] the Cayley transformation C(z) = (ep+17 + 1)(x + en41) ! is used to transform the
euclidean Dirac operator, D, to a Dirac operator, Dg, over S™. This Dirac operator is also
described in [2, 5] and elsewhere. In [7] a simple geometric argument is used to show that
Ds = w(l'y, + %). Using the spectrum of I', it can be seen that on L?(S™) the operator Dg
has spectrum o(Dg) = o(I'y,) + § which is always non-zero. In fact o(Dg) = {§ +m : m =
0,1,2,...} U{—=5 —m:m =0,1,2,3,...}. Consequently Dg has an inverse Dgl on L?(S™) and
following [6] the spherical Dirac operator has as fundamental solution C(w,y) := Dgl * 0y for
each y € S". Here ¢, is the Dirac delta function. In [13] it is shown that Ci(w,y) = iﬁ
where wy, is the surface area of the unit sphere in R™. See also [11].

In fact one can for each a € C introduce the Dirac operator D, := w(I' 4+ «). Provided —a is

not in o (') then D, is invertible and has fundamental solution D' * ,. See [16] for further
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details. A main advantage that the Dirac operator Dg has over D, for a not equal to 3 is
that Dg is conformally invariant. We shall use this fact to obtain our sharp inequalities in R".
By applying Dg to Ca(w,y) := (nié)wn ||w—g}||"*2 it may be determined [11] that DgCh(w,y) =
Ci(w,y) — wCs(w,y). Consequently Dg(Dg — w)Ca(w,y) = dy.
It is well known that in R®*! the Laplacian in spherical co-ordinates is

&  no 1

oz ror  r?
where A, is the Laplace-Beltrami operator on S™. It follows from arguments presented in [15]
that Ay = ((1 = n) — T'y)T'y. Using this fact we can now simplify the expression Dg(Dg — w)
as follows:

Ay,

Dg(Dg —w) = D% — Dgw.
But

Dgwzizj(lijrﬁ)w:w2 (—Fw—nJrg) = —wDg.

So
g) + wDg = —wDg (Fw n g) + wDs

2

D% — Dgw = D% + wDg = Dgw (Fw n

n n n n n
= (fot5) (Pot3) = (Tot5) =Th+nlo—Tut 7 -3
n? —2n n(n—2
— _A — A, +— .
ot w+2( . )

This operator is the conformal Laplacian Ag on S™ described in [2, 5] and elsewhere.

One may also introduce generalized spherical Laplacians of the type A, g3 = (I'y +)(T'w+5)
where o and § € C. Provided —a and —f do not belong to o(I'y,) then the Laplacian is invertible
with fundamental solution A;lﬁ % 0y. In [11] it is shown that A, _q—pn41 is a scalar valued
operator. This operator is invertible provided « does not belong to o(T'y,). Further, explicit
formulas for this operator are presented in [11].

Again a main advantage of the conformal Laplacian, AAg over the other choices of Laplacians
presented here is its conformal covariance. We shall see the advantage of this in the next section.

In [11] we introduce the operators

D¥ = Dg(Dg —w)- - <DS G ; 1)w>

for k odd, k£ > 0, and

k
for k even and k > 0.
When k& = 1 we obtain Dg, when k = 2 we obtain Ag and when k = 4 the operator

Dgl) = Ag(Dg — w)(Dg — 2w). Moreover
(Ds — w)(Dg — 2w) = D% —wDg — 2Dgw — 2 = D%+ wDg — 2 = —Ag — 2.

Consequently Dgg = —Ag(Ags+2). When n = 4 this operator becomes —Ag(Ag + 2) is the
Paenitz operator on S* described in [2] and elsewhere. As 2 € ¢(Dg) when n = 4 it may be
seen that 0 is in the spectrum of Dg — 2w. Consequently when n = 4 zero is in the spectrum of
the Paenitz operator and so this operator is not invertible on L?(S4). It is easy to see that it is
invertible in all other dimensions.
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5 Some Sharp L? inequalities on S™ and R"

Theorem 1. Suppose that ¢ : S™ — Cl,41 is a C' function. Then

n
|Ds|lp2 > §H¢||L2-

Proof. As ¢ € C*(S™) then ¢ € L?(S™). It follows that

=Y S S Y

m=0 pm €Pp m=0 gm € Qm

where p,, and q,, are eigenvectors of I'y,. Further the eigenvectors p,, can be chosen so that
within P, they are mutually orthogonal. The same can be done for the eigenvectors g,,. More-
over as ¢ € C! then Dg¢p € C°(S™) and so Dg¢ € L?(S™). Consequently

o0 o0

po=u (S (n+) X mr X (hom) X w

m=0 PmEPm m=0 gm€EQm
But wpp,(w) € @Qn, and wgy,(w) € P,,. Consequently

Dgs¢ = Z(m—l— ) Z qm—i-Z(———m) Z Dm.-

qmEQm PmEPm

It follows that

oo
n
IDsoliz =3 (m+2) 2 uqmumz(—f—m) > lpmli3:
m=0 qm€ Qm PmEPm
2 [ 2 «— 2
> () X IomlZa+ > Y lamlie
m=0 py, € Py m=0 gm € Qm

as =5 are the smallest eigenvalues of I'y, + 5. That is &5 are the eigenvalues closest to zero.
Therefore

n\ 2
1Ds6l2 = (5) 91132
The result follows. n

It should be noted from the proof of Theorem 1 that this inequality is sharp.

In the proof of Theorem 1 it is noted that the operator Dg takes P,, to @, and it takes @,
to P,,. This is also true of the operator Dg + aw for any a € C. As Ag = Dg(Dg + w) it now
follows that the spectrum, o(Ag), of the conformal Laplacian, Ag, is {—(§ +m)(5 +m + 1),

—(5+m)(5+m—1):m e NU{0}}. So the smallest eigenvalue is n(24_"). We therefore have
the following sharp inequality:

Theorem 2. Suppose ¢ : S™ — Cl,1 is a C? function. Then

( 2)

|Asll L2 > 1] -

We now proceed to generalize Theorems 1 and 2 for all operators ng) . We begin with:
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Lemma 2. (i) For k even the smallest eigenvalue of DY is

n2—n)---(n+k—2)(k—n)
2k

and
(ii) for k odd
nn+2)(2-n)---(n+k—-1)(k—1—n)
2k '
Proof. Let us first assume that k even. As Dg+ aw : Py, — @ and Dg + aw : @, — Py, for
any o € R then

m+2m)(2—n—2m)---(n+k—2+2m)(k—n—2m)

2k
and
Cm—n)(n+2+2m)---(k—2—n—-2m)(n+k+2m)
ok
are eigenvalues of ng) for m =0,1,2,.... But for any positive even integer [ the term (n 41 —
2+ 2m)(l —n —2m) is closer to zero than (I —2—n —2m)(n+ 1+ 2m). The result follows for k
even. The case k is odd is proved similarly. |

It should be noted that when n is even and k > n then 0 is an eigenvalue of ng). Consequently

in these cases ng) is not an invertible operator on L?(S™).

From Lemma 2 we have:
Theorem 3. Suppose ¢ : 8™ — Cl,.1 is a C* function. Then for k even

n(2—n)---(n+k—2)(k—n)|

k
107612 = o

ll2

and for k odd

In(n+2)2—-n)---(n+k—-1)(k—1—-n)

|
. Il 22

k
1D | 2 >

Again these inequalities are sharp.

When n is odd then of course % is not an integer. It follows that in odd dimensions zero is

not an eigenvalue for the operator ng). In the cases n even and k£ > n the smallest eigenvalue is
zero so for those cases the inequality in Theorem 3 is trivial. This includes the Paenitz operator

on S*. It follows that none of these operators have fundamental solutions. The fundamental

solutions for ng) for all £ when n is odd and for 1 < k < n when n is even are given in [11].

We shall denote them by Ci(w,y).
As n(n+2)(2—n)---(n+k—1)(nk—1—n)
2k

is the smallest eigenvalue for ng) for k odd then
_9k
nn+2)(2—-n)---(n+k—-1)(k—14n)
is the largest eigenvalue of ngk)_l for n odd or for 1 < k <n — 1 when n is even.
Similarly for k£ even and n odd and k even with 1 < k <n — 1 for n even
ok
n2—n)---(n+k—2)(k—n)

is the largest eigenvalue of ng)_l.

Similarly to Theorem 3 we now have the following sharp inequality:
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Theorem 4. Suppose ¢ : S™ — Clpy1 is a continuous function. Then for n odd and k even
and for n even and k even with 1 < k <mn

2k
(2=n)---(n+k—2)(k—n)
and for n odd and k odd and n even and k odd with 1 <k <n—1

IC(w,9) % 6z < I

2k
Inn+2)(2-=n))---(n+k—1)(k—1—n)

1Ck(w, y) * p(w)]| 2 < 16l 2-

Let us now turn to R™ and retranslate Theorems 3 and 4 in this context. In [11] the Cayley
transformation C(x) = (ep41 + 1)(2 + e,41) 7! is used to show that

D¥ = J (C )" D*J(C, 1), (1)
n—k n—k
where Ji(C,z) = Lm when k is odd and Ji(C,z) = —2>—— when k is even.
(I1+l2) 2 (I+[l)?) 2

Note that Ji(C,z) € GPin(n 4+ 1). By applying Lemma 1 we now see that on R™ the Cayley
transformation can be applied to Theorem 3 to give:

Theorem 5. Suppose ¢ : R® — Cl,41 is a C* function with compact support. Then for each
k €N forn odd and fork=1,...,n—1 for n even

1

</Rn I DFp(z)|*(1 + ||$”2)kdx"> 2

R T =~

n (L [lz]?)
for k odd, and

1

</Rn ||A§¢($)H2(l + ||$||2)kdx”> >

Sl N\
>n2—-n)---(n+k—2)(k—n) </[Rnwdxn>

for k even.

Proof. For any Mdbius transformation M(x) = (ax + b)(cx + d)~! the associated Jacobian

over a domain in R"” is m. Consequently for ¢ : S — Cl, 41 a C* function the integral
Jn HDEgk)w(w)HQdo(w) by equation (1) becomes
2 dx™
1-#(C,2) ' D* I (C, 2) b (C@N I Az
/IR” (L flz[*)™

By Lemma 1 this expression becomes
1

Further

(L + ll2*)*ID* Ji(C, )9 (C (2)) | da™.

9 B N2 2" dx™
[ liPdet@) = [ @) s

= [ 1€ Il

(1 + [l
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By Lemma 1 this last expression becomes

2 [ IOl P+ )

On placing Ji(C, z)y(C(z)) = ¢(x) Theorem 3 now gives the result. [

In [11] it is shown that the kernel Ck(w,y) is conformally equivalent to the kernel Gy (x — )
in R", where Gy(z —y) = %= —2=Y__ when k is odd and Gj(z — y) = C’“m When k is

wn [Jz—y|n =k wn [lz—y]

even. Here C}, is a real constant chosen so that DG, = Gj_1 for k > 1 and with Cy =
As J_x(C, x)*le(gk)Jk(C,x) D¥ then D= = J.(C,z)~ 1Dg€)_1J_k(C, x). Consequently:

Theorem 6. Suppose h : R" — Cl, 41 is a continuous function with compact support. Then for
n odd and k odd and for n even and any odd integer k satisfying 1 < k <n

St
(/ ) A+ ol ™ )

1 2 2Nk 3.1 %
< e oo L @R e )

and for n odd and k even and for n even and k an even integer satisfying 1 < k <mn

. :
(/ . G+ o™ )
1

T 2 x2kxn 2
< e e L @I )

6 Dirac type operators in R"

Gz — y)h(x)dz")
Rn

Gi(x — y)h(z)dx"
R’FL

1

In this section we demonstrate a somewhat alternative approach to obtained Theorems 5 and 6.
We have prev10usly seen that Dspm, = (m + §)pm for pm € Py, that Dsqn = (=5 — m)gm
for gm € Qp and J=}(C,2)DJ;(C,z) = Dg. Consequently

DI(C.a)pu(C@) = s (m+ 5) ACo)palCla)
and
2 n
DJ(C,x)gm(C(z)) = T <—§ — m) J1(C, 2)gm (C(z)).
Further:

=~

(C, )Y (C(x)) € L2(R™). Further if
1(C,2)¢(C(x)) for ¢ and ¢ € L*(S™)

Proposition 1. ¢(w) € L?(S™) if and only zf T ”2)%
W (2) = ———1J1(C,2)p(C(x)) and ¢/(z) = —1

(1+]|]|2) 2 <1+||a:||2>%

<

then
| Fwyw)do(w) = | &)y (x)da"

This leads us to:
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Theorem 7. Suppose h : R" — Cl, 1 is a smooth function with compact support. Then

([ 1oniea+ uxu?)dwf ([ w dxn>; |

In [11] it is shown that J_o(C,x) 1 AgJ2(C,x) = /\,. Proposition 1 can easily be adapted
replacing J1(C, z) by Jo(C,z) and H”%BHQ by (HH‘i”Q)Q. From Theorem 2 we now have:

Theorem 8. Suppose that h is as in Theorem 7. Then

</Rn [ Aph(2)|]* (1 + H:EHQ)Qd;r”)é > n(n — 2) </Rn mdﬂ); |

Using Lemma 2 we also have

Theorem 9. Suppose h is as in Theorem 7. Then for n odd and k even and for n even and k
an even integer belonging to {1,...,n — 1}

</Rn HA%h(CIJ)HQ(l + Hx|!2)kdx”> 2

Y
> —n)(n+k—2)(k - n) (/ﬂ{%dm”)

and for n odd and k odd and for n even and k belonging to {1,...,n — 1}

</R | D*h(a)|2(1 + ||a:||2>’€>d£>é

NN
Z]n(n+2)(2n)~-(n+k1)(k1n)]</Rn(1”j_L(Hx)|H2)kda:"> .

Theorem 10. Suppose h : R* — Cl, 11 is a continuous function with compact support. Then
for k odd and n odd and for n even and k odd and satisfying 1 <k <n—1

(L. ”gg*‘(j@)‘f w)’
1

)12 $2k$n 2
< e e UL @I e

and for n odd and k even and for n even and k even and satisfying 1 < k <n

</ R >
1 T 2 kaxn 2
S\n(n+2)(2_n)...(n+k_2)(]{_,”)‘ (/Rn”h( M=+ [[z]]%)"d )

7 Concluding remarks

Let us consider the Paenitz operator on S°. Via the Cayley transform this operator stereograph-
ically projects to the bi-Laplacian, A2 on R®. If we restrict attention to the equator, 5S4, of S we
see that the restriction of the Paenitz operator in this context stereographically projects to the



10 A. Balinsky and J. Ryan

restriction of AZ to R*. This operator is the bi-Laplacian A% in R%, while the restriction of the
Paenitz operator on S° to its equator, S*, is the Paenitz operator on S*. The Paenitz operator
on S has a zero eigenvalue. Consequently there is no real hope of obtaining inequalities of the
type we have obtained here in R” for the bi-Laplacian in R*. This should explain the breakdown
of the Rellich inequality, described in [8], for the bi-Laplacian in R*. The same rationale also
explains similar breakdowns of inequalities for D* in R™ for n even and k > n.

It should be clear that similar sharp L? inequalities can be obtained for the operator Dg + aw
provided —a is not in the spectrum of wDg. These operators conformally transform to D+ﬁ
in R™. When —« is in the spectrum of wDg then we obtain a finite dimensional subspace of the
weighted L? space L?(R™, (1 + ||z]|?)~2), with weight (1+ ||=||?) 2, consisting of solutions to the
Dirac equation Du + ﬁu =0.

All inequalities obtained here are L? inequalities. It would be nice to see similar inequalities
for other suitable LP spaces.
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