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Abstract. A class of special solutions are constructed in an intuitive way for the ultradis-
crete analog of g-Painlevé II (¢-PII) equation. The solutions are classified into four groups
depending on the function-type and the system parameter.
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1 Introduction

Ultradiscretization [1] is a limiting procedure transforming a given difference equation into
a cellular automaton, in which dependent variables also take discrete values. To apply this
procedure, we first replace a dependent variable z,, in the equation by

Ty = /e, (1)

where ¢ is a positive parameter. Next, we apply € log to both sides of the equation and take the
limit € — +0. Then, using identity

lim ¢log (eX/E + eY/E) = max(X,Y),

e—+40
the original difference equation is approximated by a piecewise linear equation which can be
regarded as a time evolution rule for a cellular automaton. In many examples, cellular automata
obtained by this systematic method preserve the essential properties of the original equations,
such as the qualitative behavior of exact solutions. However, the ansatz (1) is only possible if
the variable x,, is positive definite. This restriction is called ‘negative problem’.

From theoretical and application points of view, it is an interesting problem to study ultradis-
crete analogs of special functions and their defining equations, including the Painlevé equations.
Ultradiscrete analogs for some of the Painlevé equations and their special solutions are discussed,
for example, in [2, 3, 4]. However, the class of solutions for ultradiscrete Painlevé equations has
been restricted because of the negative problem. Some attempts resolving this problem are
reported, for example, in [5, 6, 7]. The authors and coworkers study in [5] an ultradiscrete
Painlevé II equation with sinh ansatz and discuss its special solution of Bi function type.

In order to overcome the negative problem, a new method ‘ultradiscretization with parity
variables’ (p-ultradiscretization) is proposed in [8]. The procedure keeps track of the sign of

*This paper is a contribution to the Proceedings of the Conference “Integrable Systems and Geomet-
ry” (August 12-17, 2010, Pondicherry University, Puducherry, India). The full collection is available at
http://www.emis.de/journals/SIGMA /ISG2010.html
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original variables. By using this method, the authors and coworkers present [9] a p-ultradiscrete
analog of the g-Painlevé II equation (¢-PII),

(2(gm)2(1) + 1) (2(1)2(¢7'7) +1) = (2)

In [9], we also discuss a series of special solutions corresponding to that of ¢-PII written in the
determinants of size N. However, the resulting solutions are reduced to only one solution for the
p-ultradiscrete Painlevé II (udPII) equation. In this paper, we construct other series of special
solutions for udPII and discuss their structure. In Section 2, we introduce the results in [9] for
the p-ultradiscrete Airy equation. Then, we construct special solutions for udPII in Section 3.
These solutions are, from their construction, considered to be counterparts of those of ¢-PII
written by the determinants. Finally, concluding remarks are given in Section 4.

2 Ultradiscrete Airy equation with parity variables
We start with a g-difference analog of the Airy equation
w(qr) — Tw(T) + w(qilT) =0, (3)

which reduces to the Airy equation
d*v

— +sv=0

ds?

in a continuous limit.
In order to ultradiscretize (3), we put 7 = ¢™ and ¢ = e9/¢ (Q < 0). Furthermore, we
introduce an ansatz for p-ultradiscretization,

w(g™) = {s(wm) — s(—wm) "/,

where wy, € {+1, —1} denotes the sign of w(¢™) and s(w) is defined by

1, &=+1,
s<s>:{0 .

Taking the ultradicrete limit, we obtain a p-ultradiscrete analog of the Airy equation

max (Wm—H + S(wm-i-l)a mQ + Wy + S(_Wm)u Win—1 + S(Wm—l))
= max (Wm-H + S(—Wm+1), mQ + Wy + S(Wm)7 Wimn-1+ S(_wm—l)) , (4)

where S(w) is defined by

S(w) = {O, w=+1,

—00, w=—1.

An ultradiscretized variable is represented by a pair of w,, and W,,, which is denoted as W,, =
(Wm, Wi,) in what follows. It is possible to rewrite the implicit form (4) into explicit forward
schemes

Wm — Wm—1 i Wm + Wm—1
2 2
indefinite, Wm = Wm—1 and F,,, = 0,

sgn(Fy,), wm = —wm—1 or F,, #0,
Wm+1 =
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=max (mQ + Wy, Win—1), wm = —wpm—1 or F, #0,
Wm+1
< Wh—1, Wi = Wmp—1 and Fp, =0,

where Fy, := mQ+ W,,, — W,,_1. Note that we generally have both of unique and indeterminate
schemes depending on given values of (wp,, Wy,) and (wm—1, Wi—1). The explicit backward
schemes are obtained by replacing m + 1 with m F 1, respectively.

We find two typical solutions of (4). One is an Ai-function-type solution for Wy = (+1,0)
and W) = (—|—1,0),

m(m—1)
(™5 70),  m=o,

uAi(m) = (wm, W) = <+17m(m2—1)Q>, m < —1,

and the other is a Bi-function-type for Wy = (+1,0) and W; = (—1,0),

(PUW,O) , m > 0,
uBi(m) = (W, W) = ( m(m + 1) )
+,————7Q), m

They show similar behavior as those of the Ai and Bi functions, respectively.

3 Ultradiscrete Painlevé II equation with parity variables

For the following discussion, we first introduce the results for (2). It has been shown in [10] that

(V) (7)gN+D) (g7
]‘?f (N() )g (N—&I) ) ’ N =0,
Wy =TI (gm)g™+1(7) 5)
(V) (7)g(N+D)
g(me T N er)

gN g (qr) g+ (1)

solves (2) with a = ¢*N*!, where the functions ¢@V)(t) (N € Z) satisfy the bilinear equations

N g™t (g7 1) g M (1) — Vg (1) g™ (gr) + g T (g7)g M (1) = 0, (6)

¢*N g (g7 ) g™ (gr) — PN rgN I (1) g™ (1) + gW D (1) g M (g7 7) = 0 (7)
for N > 0 and

N 2gNY (g )M (gPr) — Mg () g W () + g M (gr)g N () =0, (8)

N2 gD (7L g (gr) — PN gD (1) g (1) 4 gV (1) g M (g ir) =0 (9)

for N < 0. It is also known that ¢g(")(7) are written in terms of the Casorati determinant of
size | N| whose elements are represented by the solutions of (3).

In order to construct ultradiscrete analogs of these equations, we put 7 = ¢, ¢ = eQ/ QR <0)
and a = e/¢. Furthermore, we introduce

2(q"™) = (s(¢m) — s(_Cm))ezm/E7
9O (g™) = (s() = s(—A))e L
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Then (2) is reduced to udPII,

max| Zy 41 + 3% + Zin1 + max{S(Gns1) + S(Gn) + S (Gn-1),

S(_Cerl) + S(Cm) + S(_Cmfl)v S(_Cerl) + S(_Cm) + S(Cmfl)a

S(Cm—H) + S(_Cm) + S(_Cm—l)}a Zm+1 +2Z, + S(Cm—i-l)a

2Zm + Zm—1+ S(Cn-1)s Zm + S(Cn)s Zm + A+ 2mQ + S((n),

Zimi1 +2Zm 4 Zim—1 + mQ + max{S(—Cm+1) + S(Cn-1), S(Cmt1) + S(—=Cm-1) },
Zm+1 + Zm +mQ + maX{S _Cm—i-l) + S(Cm) S(Cm—i—l) + S(_Cm)}a

Z +Zm 1 +mQ+maX{S Cm +S(Cm 1) (Cm) +S<_Cm—1)}i|
— max [Zm+1 +8%m + Zn1 + max{S(—Cmi1) + S(—Cm) + S(—Cm1),

S(Cm-H) + S(_Cm) + S(Cm—1)7 S(Cm—H) + S(Cm) + S<_Cm—1);

S(_Cm—l-l) + S(Cm) + S(Cm—l)}a Zm+1 +2Zm + S(_Cm—l-l)a

2Zm 4+ Zm—1+ S(=Cn-1)s Zm + S(=Cm), Zm + A+ 2mQ + S(—Cm),

Zt1 + 2Zy + Zp—1 + mQ + maX{S(Cm+1) + 8(Gm-1), S(=Cm+1) + S(_Cmfl)}a
Zmt1 + Zm +mQ + maX{S(Cerl) + S(Gm), S(=Cmt1) + S(_Cm)}a

T + Zon1 + mQ + max{S(Gn) + S(Gm1), S(—Cm) + S(—gm,l)},mcg} : (10)

For (6) and (7), we have their ultradiscrete analogs

max [ZNQ + G L M) 4 max {S(fy,(n]\’j”) +S(3,), S(— D) S(—v,(,ﬁ?g)} :

(N +m)Q + GN+D 4 ),
Fmax {SOI) +5(), S ) + S () |
GO + G+ max {S(GANEY) + S S () + 5(-249)}]

= max [ 2NQ+ G+ Gt max { S (1) + 8(—7 (), S (-2 0) + S (1) }
(N +m)Q + GN+D 4+ a\)
+ max {S(V&N“)) +S(vah) (=) + 5 (- 77(321)}
G+ GO+ max {S(ITEY) + 5(—@), 8(— 05 +5(EN a

and

max|2NQ + GAY + GO+ max { (1Y) + S(102), S (—vantY) + (- |
(2N +m)Q + G+ 1 (V)
Fmax {SHID) + (=), 5 () + S0 |
G+ GO+ max {8 (D) + S, S (=) + S(—2) |

_ maX[QNQ + G0 g
Hmax {S(LTY) + (=), 8 () + 5 0L
2N +m)Q + G+ 4+ G(»
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e {SOL) + 507, S( ) + S0}
Gfﬁ:&l) + Gml + max {S('y?(n]\fll)) + S(—’YilN,)l)7 S(—vﬁﬁl)) + 3(77(71]\91) }] ) (12)
respectively. For (8) and (9), we have
max [2(N +1H)Q+ G<N+1) + Gfﬁg
max {7 + S(10). 5 (0% + 5(100) )
(N +m+1)Q+GN+D 4+ al)
“+ max {S(’y,(ﬂNH)) + S(—’yﬁﬁ)l)v S(_%(nNH)) + S(’Yﬁnj\j—)l)} )
G + GO+ max {S(GAAY) + S0), (-1 0557) + 5 }]
_ max[ ( )Q + G(N—I—l) + G7(n-22
Fmax {S(Y) +5(—100). 5 (05 + 5 () )
(N +m+1)Q + GV 4+ al)
+ max {S(’y,(nNH)) + 5(7,(”]\21) S(—’Yr(nNH)) + S(_'an]\jr)l)} )
G%V:ll) + G%V) + max {S(’yr(n]itl)) + S(—%(nN)), S(_’Yr(n]\fil)) + S(V&N)) }] (13)
and
max[ (N+1)Q+ GV 4 et
+ max {S(’y,(anl)) + S(’V,(n_gl), S(— ’Yr(nN—iil)) + S(_'Yv(n]\jr)l)} ;
2N +m+1)Q + GL Y + GV
+ max {S( (NH)) + S(—%(nN)), S(—’Y&NH)) +S(v, (N))} ;
G%V:ll) + G( )1 + max {S(vﬁﬁtl)) + S("}/T(nN_)l)a S(- 'anl\j:l)) + S(_%(nN—)l) }]
= max[ (N+1)Q+G,, NH) + G£n£1
+ max {S(%SINJEI)) + S(*’Y,(nJr)l), S( V(NH)) + S( ﬁrrl*)l)}
2N +m+1)Q + G + GV
+max { S (1) + S(4), S(—2 D) + (=) |
G%V:ll) + Gin )1 + max {S(vfnﬁtl)) + S(—%(nj\],)1), S(_%(n]\ﬁl)) + S('Vr(n]\i)l) }] J (14)
respectively. Finally, the transformations (5) are reduced to
G = A AT, (15)
7N — W) foz\il) — QW+ Ggé\i)l - NQ (16)
for N > 0 and
Cy(nN) 7(n ) fnj\fl)%(nNH) 7(711\21’ (17)
7N = g 4 NI _ gD _ g (v 4 1)Q (18)
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for N < 0. If we find solutions for the ultradiscrete bilinear equations, special solutions for
udPII are obtained through (15)—(18).

Hereafter we consider only the case of A = (2N +1)Q in (10), which corresponds to a = ¢V +!
in the discrete system. Firstly, we present the results reported in [9], that is, the Ai-function-
type solutions for N > 0. Solutions of (13) and (14) are given by g = (yﬁnN) LGV ) for
N =0,1,2,..., where

N m(m—1)N
L) WD mzo,
" (()N)7 m S _17
N(N -1
mN (N~ 1) )Q—l-G(()N), m >0,
G = 2
" mN(m+ N —2)

Q+G, m<-1.

2

Since G%V ) 5 o0 as m — —oo in the same way as the uAi function, we call these solutions
the Ai-function-type solutions. From these solutions, we have only one special solution of udPII
with A = (2N +1)Q for N =0,1,2, ...

(N) ((=1)"™,0), m =0,
(CN Zn ) {(—i—l,mQ), m < —1, (19)

which does not depend on N. We note that Z,(nN) — 00 as m — —00.

Secondly, we investigate Bi-function-type solutions for N > 0. We find that gﬁS) = (+1,0)
and GiY = uBi(m) solve (11) and (12) with N = 0. By using this result, we inductively
construct solutions g,SlN“) of the equations with NV > 1 for a given function g,SlN) and assigned
(N+1) and Q§N+1). We further assume that QONH and Q§N+1)

values of G, are chosen so that
for any m are uniquely determined in (11) and (12). Then we have the following solutions

(N+1)
G _ (4 G

,Gm, '), where

(1) A, mz -1,
. (_1)(m—Z)(m;ll)m(m-H)’y(()N)’ 9> m>—2N — 1N : even,
,-y - m(m m m—<
" L) RGO (N) 95> 9N — 1, N : odd,
Yo
N(N-1
(—1)" M, m< —2N -2,
N(N -1
mNN =g o, m> -1
N(N -1 —9)m(2m + 1
mV( ) 4 (m = 2)m(2m + )Q+G(()N), m=—2,—4,...,—2N,
aN) — 2 24
" N(N -1 -1 1)(2m — 3
m (2 )Q+(m )(m;r4 )(2m >Q+G8N)’ m— 8 5. —9N—1,
N(m+ N N(N —1)(4N +1
_n (";Jr Jo - M é( Dore®™, < on -

Since G%V ) s 00 as m — —oo in the same way as the uBi function, we call these solutions the
Bi-function-type solutions.
By substituting these solutions into (15) and (16), we obtain special solutions of udPII,

N) _ (C(N’ Z(N>) _ {((—1)’”‘1’0) ; m > —2N —1, (20)
e (+1,—(m+2N +1)Q), m < —2N —2.
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We notice that (19) and (20) have different asymptotic behavior in Z™) for m — —co and in
the phases for m > 0. Furthermore, we remark that (20) have N-dependence.

Thlrdly, we study Ai-function-type solutions for N < 0. We find that Q(O) (+1,0) and
g = uAi(m — 1) solve (13) and (14) with N = —1. Starting from these simple solutions, we
inductively find the solutions g,(nN) = ('yﬁnN), G%V)) for N =0,—1,—-2,..., where

(m4N)(m+N-1)N (N

L) (-1 2 ", mz=-N,
m ’Y%N), S N
N(N+1)(m+N—1)Q+G(N) m> N
G(N) _ 2 1 9 - )
" —N(m+ N —1)(m—1)

Q+G™M, m<-N.

2

Substituting these i) into (17) and (18), we have special solutions of udPII with A =
(2N +1)Q for N = —1,-2,...,

— <C(N) Z(N)> — ((_1)m_1v0)’ m > —N, (21)
" (+1,-(m+2N +1)Q), m<—-N—1.

Typical behavior of these solutions is shown in Fig. 1. They converge to 0 as m — —oo and
oscillate for m > —N. It is interesting to note that (21) constructed from the uAi function has
essentially the same structure as (20) constructed from the uBi function.

G enzy ) ez )

10- 10+

(a) ~10} (b) —10}

Figure 1. Behavior of special solutions (21) with @ = —1. (a) and (b) are for N = —1 and N = —4,
respectively.

|
[

|
N

|
!

Finally, we study Bi-function-type solutions for N < 0. We find that Gl — (+1,0) and
ghh = uBi(m — 1) solve (13) and (14) with N = —1. We construct solutions G\ of the
1)

equations with N < —2 for a given function gmN and assigned values of g (N) and QQN
further assume that g§N) and g§ ) are chosen so that gm N) for m < 0 are uniquely determined

n (13) and (14). We again inductively obtain the solutions gl) = ( ,(nN), felsy )), where

N(N+2
(8 ) (N)

(-1) RS m>3—N,N :even,
,yﬁnN) _ (_1)(m+N—3)2(m+N—4)+(N—1)8(N—3)+17§N)’ m>3— N, N Odd,
(—1)pnmy ), N-1<m<2-N,
(—1) (N+2)(N+3%ELN+4)(N+5)+17§N)’ m<N_2.
(m—N-=3)(m—N—4)(m—N —5)(m—N —6)
PNm = 94

(N +2)(N + 3)(N +4)(N +5)
+ 24 ’
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—1)N(N +1 N(N+2)2N -1
(m =N+ 1) NN 1), o)
2 24
m >3 — N, N : even,
N —-1)(N+1)(2N

(VDN DEN£8) o
24
m >3— N,N :odd,
(m—2)m(2m+1)

24
N-1<m<2-—N,m:even, N :even,
(m—2)m(2m+1)+6 (N)
1 Q+Gy,

N—-1<m<2—-N,m:even, N : odd,

(m —1)N(N + 1)
2

Q_

(m —1)N(m + 3N +2)
4

N
Q-+ Q+a™,

(m—1)N(m+ 3N + 2)
4

Q+

—1)N N +2 -1 1)(2m —
(m-ON(m+3N+2), | (m-Dm+DEm=3), , o)
4 24
N—-1<m<2-N,m:odd,
N N N(2N? — 15N — 14
2 24
m < N —2,N : even,
N N N +1)(2N2 — 17N + 3
m (T;Hr )+ VA - 304,

m< N —2 N :odd.

From these solutions, we have special solutions of udPII,

(g(N)7 Z )
((_1)771’0)’ m 2 —N — 1,
m— N
(‘UTN,m—; Q)y |m| < —N —2,m — N : even,
22)
moN- N+1 (
(_1)517m+2+Q>, m| < —N —2,m — N :odd,

Typical behavior of these solutions is shown in Fig. 2. Note that (21) and (22) have different

asymptotic behavior in Z,

(N)

as m — —oo and in the phases for m > —N. We also comment

that, although (22) is similar to (19), (22) has more complicated internal structure.

¢ Vexp (™) e ®)
20| 1501
100
15[
/\\mi
10} P Y A | m
5|4 3/ 2 1 ¥ 2 3 6
_sol
50
_100l
. . . N S
(a)% -2 -1 \O/ 2 e 4 e (b) —150 F

Figure 2. Behavior of special solutions (22) with @ = —1. (a) and (b) are for N = —1 and N = —6,

respectively.
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4 Concluding remarks

In this paper we have presented a class of special solutions for the p-ultradiscrete analog of ¢-PII.
The solutions are classified into four groups; Ai-function-type and Bi-function-type solutions for
the system parameter N > 0, and those for N < 0. In the preceding paper [9] are given only
the Ai-function-type solutions for N > 0, which do not depend on N. Three other groups which
are newly given in this paper do depend on N. Moreover, the solutions of each group have
different structures. For example, we observe differences between the Ai- and Bi-function-type
solutions in their asymptotic amplitude and phases, which may reflect the structure of solutions
of difference and continuous equations. The Bi-function-type solutions for N < 0 have fairly
complicated internal structure, although we do not know the origin of these structures yet. At
any rate, these results may indicate the richness of solution space of the ultradiscrete equation.

For the continuous and discrete Airy equations, linear combination of Ai and Bi functions give
their general solutions. In the ultradiscrete case, max(f, g) corresponds to the linear combination
of functions f and g. Hence, we believe that the cases we treated in this paper cover quite wide
class of special solutions of the ultradiscrete equations.

Our method of constructing solutions is intuitive and purely based on the ultradiscrete equa-
tions. We believe that the solutions we obtain correspond to those of ¢g-PII represented by the
Casorati determinant of size |N| whose elements are given by the g-difference Ai or Bi function.
It is a future problem to clarify the relationship between discrete and ultradiscrete solutions
through a limiting procedure. It is also a future problem to construct p-ultradiscrete analogs of
other Painlevé equations and their special solutions.
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