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Abstract. The classical Kepler—-Coulomb system in 3 dimensions is well known to be 2nd
order superintegrable, with a symmetry algebra that closes polynomially under Poisson
brackets. This polynomial closure is typical for 2nd order superintegrable systems in 2D
and for 2nd order systems in 3D with nondegenerate (4-parameter) potentials. However
the degenerate 3-parameter potential for the 3D extended Kepler—Coulomb system (also
2nd order superintegrable) is an exception, as its quadratic symmetry algebra doesn’t close
polynomially. The 3D 4-parameter potential for the extended Kepler—-Coulomb system is
not even 2nd order superintegrable. However, Verrier and Evans (2008) showed it was 4th
order superintegrable, and Tanoudis and Daskaloyannis (2011) showed that in the quantum
case, if a second 4th order symmetry is added to the generators, the double commutators
in the symmetry algebra close polynomially. Here, based on the Tremblay, Turbiner and
Winternitz construction, we consider an infinite class of classical extended Kepler—Coulomb
3- and 4-parameter systems indexed by a pair of rational numbers (ki,k2) and reducing
to the usual systems when k; = ko = 1. We show these systems to be superintegrable of
arbitrarily high order and work out explicitly the structure of the symmetry algebras deter-
mined by the 5 basis generators we have constructed. We demonstrate that the symmetry
algebras close rationally; only for systems admitting extra discrete symmetries is polynomial
closure achieved. Underlying the structure theory is the existence of raising and lowering
constants of the motion, not themselves polynomials in the momenta, that can be employed
to construct the polynomial symmetries and their structure relations.
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1 Introduction

A quantum superintegrable system is an integrable n-dimensional Hamiltonian system with
Schrédinger operator

H=A,+V(x),

where A,, = % > i k=1 Ou; (1/997%)Dy, is the Laplace Beltrami operator on a Riemannian mani-
fold, in local coordinates xj, n > 2. The system is required to admit 2n — 1 algebraically
independent globally defined partial differential symmetry operators

Si, j=1,....2n—-1, n>2,

*This paper is a contribution to the Special Issue “Superintegrability, Exact Solvability, and Special Functions”.
The full collection is available at http://www.emis.de/journals/SIGMA /SESSF2012.html
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with S1 = H and [H,S;] = HS; — S;H = 0, apparently the maximum number possible. The
system is of order £ if the maximum order of the symmetry operators, other than the Schrédinger
operator, is £. Similarly, a classical superintegrable system with Hamiltonian

H=> " pipe +V(x)

on phase space with local coordinates x;, pj, where ds®> =Y gjkdxjdack is an integrable system
such that there are 2n — 1 functionally independent functions polynomial in momenta, (easily
provable to be the maximum number possible):

Sj(p,x), j=1,....2n—1,

with S§; = H, and globally defined such that {S;, H} = 0, where

n
j=1 Tj ZPj pj Fxj

is the Poisson bracket. The system is of order £ if the maximum order of the generating constants
of the motion is . As has been pointed out many times [2, 22| such systems are of enormous
historic and present day practical importance. In essence, superintegrable systems are those
Hamiltonian systems that can be “solved” exactly, analytically and algebraically, without re-
quiring numerical approximation. Superintegrable systems are used as the basis for exact and
perturbation methods that underlie planetary motion determination, orbital maneuvering, the
periodic table of the elements, the boson calculus and much of special function theory, [14, 15].

The key property that makes a system “superintegrable” is that, in contrast to merely inte-
grable systems, the symmetry algebra generated by the basis symmetries is nonabelian. This
nonabelian structure can be analyzed and used to deduce properties of the system. Thus in the
quantum case the irreducible representations of the symmetry algebra determine the multiplic-
ities of the degenerate energy eigenspaces and permit algebraic computation of the eigenvalues.

The classical Kepler—-Coulomb system in 3 dimensions is well known to be 2nd order super-
integrable, with a symmetry algebra that closes polynomially in an so(4)-like structure, e.g. [1].
This polynomial closure (though not usually a Lie algebra) is typical for 2nd order superinte-
grable systems in 2D [8, 11] and for 2nd order systems in 3D with nondegenerate (4-parameter)
potentials. However the degenerate 3-parameter potential for the 3D extended Kepler—Coulomb
system (also 2nd order superintegrable) is an exception, as its quadratic symmetry algebra
doesn’t close polynomially [7]. We write it in the form

a B
H=p§+p§+p§+;+§+?, (1.1)

where z, y, z are the usual Cartesian coordinates with conjugate momenta p;, py, p. in phase
space and r = \/x2 + y2 + 22.
The 3D 4-parameter extended Kepler—-Coulomb system is not even 2nd order superintegrable.
We write it in the form
a B
22

gl
H=pp+p,+pi+_+ —

1)
+ =+ . 1.2
G+ (12)
However, Verrier and Evans [28] showed it was 4th order superintegrable, and Tanoudis and
Daskaloyannis [21] showed in the quantum case that, if a second 4th order symmetry is added to
the generators, the symmetry algebra closes polynomially in the sense that all second commu-
tators of the generators can be expresses as symmetrized polynomials in the generators. (Note
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that the 3-parameter potential is not just a restriction of the 4-parameter case, because it admits
symmetries that are not inherited from the 4-parameter symmetries.)

Here we introduce an analog of the TTW construction [23, 24] and consider an infinite
class of classical extended Kepler—Coulomb 3- and 4-parameter systems indexed by a pair of
rational numbers (k1, k2) and reducing to the usual systems when k; = ko = 1. We construct
explicitly a set of generators, show these systems to be superintegrable of arbitrarily high order
and determine the structure of the generated symmetry algebras. We demonstrate that the
symmetry algebras close rationally; only for systems admitting extra discrete symmetries is
polynomial closure achieved. Much of the paper is quite technical but, as this is the first work
devoted to uncovering the structure of the symmetry algebras of 3D superintegrable systems of
arbitrary order, we think it is important to expose the details of computations and concepts
that later may prove to be routine.

For the 4-parameter system in the case k1 = ko = 1, where discrete symmetry is present and
a 6th generator is needed to obtain polynomial closure, we work out the 12th order functional
relationship between the 6 generators.

In Section 2 we review the action angle construction that we employ to show that our systems
are superintegrable and to enable the determination of the structure of the symmetry algebra.
In Section 3 we use the fact that the 3-parameter Kepler-Coulomb system (1.1) separates in
spherical coordinates 7, 61, 02 and, by replacing the angles by k1601, ko6 for ki, ko rational, define
an infinite family of extended Kepler—Coulomb systems, no longer restricted to flat space. We
demonstrate that each of these systems is superintegrable, but of arbitrarily high order. We
use our method of raising and lowering symmetries to determine the structure of the symmetry
algebras generated by these systems. The general construction does not yield generators of
minimum order and we show in Section 3.2 how a limit argument exposes the minimum order
generators. Underlying the structure theory is the existence of raising and lowering constants
of the motion, not themselves polynomials in the momenta, that can be employed to construct
the polynomial symmetries and their structure relations. We show that the symmetry algebra
closes rationally, not polynomially.

In Section 4 we apply our method to the 4-parameter Kepler—Coulomb system (1.2) and use
its separation in spherical coordinates r, 61, 2. By replacing the angles by k161, ko0 for ki, ko
rational, we define an infinite family of extended Kepler—Coulomb systems, again not restricted
to flat space. We demonstrate that each of these systems is superintegrable, but of arbitrarily
high order. We use raising and lowering symmetries to determine the structure of the symmetry
algebras generated by these systems. Again the general construction does not yield generators
of minimum order and we show in Section 5 how a limit argument exposes the minimum order
generators. In general, the symmetry algebra closes rationally, but not polynomially. However in
two cases k1 = ko = 1 and k; = ko2 = 1/2 the system admits additional symmetry: the 6-element
permutation group S3. The general construction shows that these systems admit 5 generators
of orders 2, 2, 2, 2, 4, but in Section 5.2 we show that the permutation symmetry implies the
existence of a 6th symmetry of order 4 such that the 6 symmetries are linearly independent.
Then we demonstrate that the algebra generated by these 6 symmetries closes polynomially, in
analogy with the computation for the quantum case in [21]. We go further and work out the
12th order functional relation between the 6 generators.

In Section 6 we present our conclusions and prospects for additional research.

2 Review of the action-angle construction

In [6, 9, 10, 12, 27] it was described how to determine a complete set of 2n — 1 functionally inde-
pendent constants of the motion for a classical Hamiltonian on an n-dimensional Riemannian or
pseudo-Riemannian manifold whose Hamilton—Jacobi equation separates in an orthogonal sub-
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group coordinate system. In the special case n = 3 the defining equations for the Hamiltonian #,
expressed in the separable coordinates ¢i1, g2, g3, take the form

H =1Ly =pt+ Vila) + fil@)La,
Lo = p3 + Va(qe) + f2(q2) L3, L3 =p3+ V3(gs).

The additional constants of the motion can be constructed as

LY = Ni(g2,p2) — Mi(q1,p1), L5 = Na(g3,p3) — Ma(qz, p2).

Here,

Alw_lu/ fi(g5) dg;

J )

2 Lj—Vilgj) — fi(g5)Ljm

N _ 1/ deJrl

7 — 5 ’
2J) VL1 = Vis1(gi+1) — fit1(gj+1)Lite

and £4 = 0. With this construction the functions £1, Lo, L3, £, L), are functionally independent
constants of the motion. The functions L2, L3 are second order polynomials in the momenta and
determine the separation of variables in coordinates q1, g2, ¢3. In general the functions £}, £} are
only locally defined and are not polynomials. The system will be superintegrable only if we can
supplement L1, Lo, L3 with two more polynomial functions such that the full set is functionally
independent. This will be possible only for very special systems In the following we will look at
several candidate systems for superintegrability, show how to construct polynomial constants of
the motion from £/, £ and work out the structure of the symmetry algebra generated by these
constants.

J=12

3 The classical 3D extended Kepler—Coulomb system
with 3-parameter potential

The extended Kepler—Coulomb Hamiltonian is

L
H=pi+=+,
r
where
L3 p gl
Ly =pj ,  L3=p; :
2= Py F sin?(k1601) 3= Pt cos?(kab2) * sin?(ko6s)

Here, Lo, L3 are constants of the motion that determine additive separation of the Hamilton—
Jacobi equation. Further {Ly, L3} =0 so L2 and L3 are in involution.

Applying our action angle construction to get two independent constants of the motion we
note that ¢1 = r, g2 = 61, g3 = 02 and

1 1
= 5> = T 9,1 A = 07
h 72 f2 sin?(k16) fs
« B g
=2 w=0 W= + = ,
Ty 2 57 cos2(kqbs) sin?(kofs)

to obtain functions A;, B;, j = 1,2 such that

mmAlz_Z‘i@“?&X
VA2 7 A3

Sin(/ﬁ@l )pgl

cosh A; = L L
2 — L3
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sinh Ay — i(L3 cos(2k262) + v — 5)’ cosh Ay — — VL3 sin(2ka02) py, |

VB == L3)? =L VB~ L3)? — anLs
sinh By = 7M, cosh By = &’

VoZ T WL, VoZ L,

) 9 .

sinh By = i(2L35 csc (klel) Lo £3)’ cosh By = _2\/ L3 COt(leel)pgl .
L3 — Lo L3 — Lo

Here, k1 = p1/q1, k2 = pa/qo where pi1, q1 are relatively prime positive integers and pg, g2 are
relatively prime positive integers.
From our general theory,

1Aq 1B 1As 189
lei ) 1= = 7> N2:7 ) 2 = - )
2k1v/ Lo 2\/?2 4kor/L3 4k1+/ L3
SO
P1g2 A2 — p2q1 B2, Q@A —p1By

are two constants of the motion such that the full set of five constants of the motion is func-
tionally independent.
We work with the exponential functions, [4], see also [25, 26]. We have, for j = 1,2,

ei = cosh A; + sinh A; = X;/U;,
eBi = cosh B; + sinh B; = Y;/S;,

efAJ' = cosh A] — sinh Aj = YJ/U‘W
e 5i = cosh Bj —sinh B; = 7]'/5]‘,

where

X; = sin(k:191)p91 — 1 £2 COS(k'lel), Yl = Sin(k‘lel)pgl +1 £2 COS(k‘lel),
Xy = —+/L35in(2k262)pg, + i(L3 cos(2kab2) + v — B),
Xo = —+/L35in(2ka02)pp, — (L3 cos(2kabs) + v — B),

Y1:2\/£2pr—i<a+2£r2>, Y1:2\/£2pr+i<a+2ﬁr2>,

Yo = —2v/ L3 cot(k161)pe, + i(2L3 csc?(k161) — Lo — L3),
Yo = —2v/Lscot (k161)pe, — i(2L5 csc®(k161) — Lo — L3),
Ur =L — L3, Uy =+/—(B—~—L3)? + 47L3,

Sy =Va?+4HLy,  So=Ls— L.

Here, X, Y are, in general, not the complex conjugates of X, Y, respectively, unless all of the
g p Jjug p Y
coordinates are real.)
Now note that e?417P1B1 gnd e~ @41+P1B1 gre constants of the motion, where

X"
T orrq1 gpbio
Ul Sl

X"y

B (7)™ = g

(eAl)‘II (efBl)pl e*QlAl‘i’plBl _

Moreover, the identity e?t41-P1Bie=a1A1+P1B1 — 1 can be expressed as
XOX MY = U ST = PL(H, Lo, L3) = (Lo — L£3)1 (o + 4HL,)P,

where P; is a polynomial in ‘H, Lo and Ls.
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Similarly, ePr2242=P20152 g e~P1a2424P20152 gre constants of the motion, where

Xplq2yp2‘h
eP1a2A2—p2q1 B2 _ (eAg)qu (e—Bl)pzcn _ 2 12
UP1Q25;02!]1 ’
2 2
P192y,p2q1
e*quAerpquBz) — (6*A1)P1f12 (eBl)pztn _ %
UP1Q25P2(11 .
2 2

The identity eP19242-P201B2o—Pra2A2+p21B2 — 1 can be written as

XgquYQPNIZszZ(IIEPWH — U22p1q2S§p2q1 = PQ (H, EQ, EB)
— (52 _ 53)2p2q1((ﬁ i 53)2 — 4’)/53)1;1(127

where Ps is a polynomial in ‘H, Lo and Ls.
Let a, b, ¢, d be nonzero complex numbers and consider the binomial expansion

(v Lra + i) (v/Lre +1id)” + (v/Lra — ib)* (v/Lic — id)”
= Z (Z) <§) bfdsaq—fcp—s‘c](chrp*@*S)/z [Z-Z—l—s + (_i)ﬁ—i-s] ) (31)

0<¢<q,0<s<p

Here, either k = 2 or kK = 3 and p, g are positive integers. Suppose p + ¢ is odd. Then it is
easy to see that the sum (3.1) takes the form +/L;Thqq(Lx) where Tpqq is a polynomial in Ly.
On the other hand, if p + ¢ is even then the sum (3.1) takes the form Tiyen(Lx) where Toyen is
a polynomial in L.

Similarly, consider the binomial expansion

[(VEka+ )" (VLxe +id) — (VExa— i) (v/Lye — id)'|
L rlatp—t=s)/2 . ‘
= Z <Z> (i) Vdsad teps =k ; [z“s — (—z)”s]. (3.2)
0<4<q,0<s<p

Suppose p + ¢ is odd. Then the sum (3.2) takes the form V,qq(Lr) where V,qq is a polynomial
in L. On the other hand, if p+ ¢ is even then the sum (3.2) takes the form /L Veven(Lr) where
Veven 18 @ polynomial in L.

A third possibility is

(a +iv/Lib) ! (VLre +id)’ + (a — /Lib)* (v Lie — id)”
_ Z <Z> <§) bfdsaq—fcp—sEl(chrp*S)/Q [i€+s + (_i)f—&-s] ]

0<¢<q,0<s<p

Then we must have p even to get a polynomial in L. If p is odd the sum takes the form
VLT (L)) where T is a polynomial.
A fourth possibility is

(a+ i\/fkb)q(\/?kc + id)p —(a— \/Egb)q(\/agc —id)?
= Z <(é> <§> bfdsaq—fcp—SEI(f'i‘P—S)/?[iﬁ—i-s _ (—i)é—i_s].

0<0<q,0<s<p

Then we must have p odd to get a polynomial in Li. If p is even the sum takes the form
VLT (L)) where T is a polynomial.
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We define basic raising and lowering symmetries
g g sy
Jr=Xxr", g =Xy, Kt =XxPenmt K0 =Xy

At this point we restrict to the case where each of pi, g1, p2, g2 is an odd integer. (The other
cases are very similar.)

Let
1
T = T(J +J), JZ:Q(J*—W),
KKy = ! (K- —KT), Ky=K +KF.

ivVL3
Then we see from the explicit expressions for the symmetries and the preceding parity argu-
ment that J1, Jo, K1, Ko are constants of the motion, polynomial in the momenta. Moreover,
the identities
JTT =P, KK~ =P,

hd%he following relations are straightforward to derive from the definition of the Poisson
bracket:

{L3, X1} = {L3, X1} = {L3, Y1} = {L3,V1} =0,

{Lo, Y1} = {L2, Y1} = {L3,Y2} = {L3,Y2} =0,

(L2, X1} = =2iki/L2X0,  {L2, X0} = 2iki/La X0,

(L3, Xo} = —diko\/L3Xa,  {L3,Xo} = dikar/L3Xo,

4zk — dikor/L3 —
{L£2, X0} = 2 \/ 3Xo, {L2, Xo} = ?k 7 )Xz,
1
4Zk1 — 41](31\/ —
Ly, :—7VY, L5V} = —AVES 3
{£e, 12} sin?(k1601) 2 {£2, Y2} = sin?(k1601) 2
4iki1/L — 4ik \/ —
{H,Xl}Z%Xla {H, X1} = ——3 72X,
4ikor/L3 - 47,k2
H, Xy} = —2VES "X, = VE ,
{ 2} r2 sin?(k161) 2 { 2} = r2sin?(k6;) (k:101) Xz
2iv/ L — i/ Lo—
{Hayl}:T2H7 {H’H}:_%va
4dik1/ L — 4ik1/ L
{H7Y2} = e > }/2, {Hvyé} = : Y—27

r2 sin?(k161) r2sin?(k 91)

From these results, we find
{£3,T5} =0,  {Ls, T} = F2ip1V/L2T ™,
{L2,KF} =0,  {L3,KF} = Fipip2/L3K*.
Thus we obtain
{Lo, To} = —i(2ip1/ L2T ~ + 2ip1/L2T ) = 2p1 L2T1,
1 , _ .
{L2, 1} = ——=2ip1/L2T ™ = 2ip1\/L2LT) = =2p1 T, {L3, 1} ={L3, T2} = 0.
VLo
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Similarly,

{L3, K2} = —4p1p2L3Ky, {L3,K1} = 4p1p2KKo, {La, Ko} ={L2, K1} =0.

Since

Ji = glz (TP +2T7T7" + ()], JE=-[T)P-207T +(T7)], (33

we have JF + LoJ2 = 4T T~ = 4Py, so
Js = —La2JE +4P1(H, Ly, L3).

Further,

(THT} = {Jt f;i} —(TH YT P}

= (67)1 {77 Lo} + 57 0Py TR ﬁ3}>
SO
0
(TH. T} = 2¢p1\/fza—721.
2
To evaluate {72, J1} we have
+ —
N
1
== —g(ﬁz)*i”/Q(J* T WL, T =T} + (L) VT - T T+ T}
oP1

__ P +
= (T +JTT)? 418E2-

Then, using (3.3), we conclude that

8771

{Foy 1} = —p1TE — 4p1 = 0Ly

Similarly, we have the K-related identities

1
Ki = -4 [(K7)? = 2K7K + (K7)?,
3
K3 = [(K*)? +2K7K™ + (K7, K3 = —L3KT +4Pa(H, Ly, L),

87’ P
{(K*, K™} = dipipo/La==2, {K2, K1} = —2p1p2K3 + 8171]3287&-

Commutators relating the J and K symmetries are somewhat more complicated to compute.
We have

2kor/Ls cot? (k10
(X1, Xp} = -2V =8 (k1 1)X2,
sin(k1601)v/ Lo
2k1+/ L3 cot (k160 )
{X1,Ys} = \}78?;;0(]21911)1) 5 — 2k1\/ L2 X1 + k1 (cos(klﬁl)pgl + i/ Lo sm(k191)>

‘ 2/ L3po 4iL3 cos(k161) )
2v/ L3 cot(k101)) — ki sin(k16 : 7
x V/Ls cot(ky 1)~ kasin(kan) (Sin2(k191) * sin® (k161)
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— 4ap, 8 kov/L3
X0, Y7} = _ %) fevEs
X 11} (\/5 7“) sin?(k161)

Now we can determine the nonpolynomial constant of the motion {7+, K" }:

(T} = {XPVPT, xpeyp )
= auX{ VP {0 XPEVPT L 4 XYYV XD e )
=Xty (p1Q2X§1q2_1W{X1, Xo} + p2Q1X§1q2W{X1,E}>
+p XIyP ! (pquXgquW{ﬁ, Yo} + p1ge X512 YT, X2}> ,

where the last term in braces vanishes identically. We conclude that

{7, Kt} 21(11191192 Ts 4 /Z3)
JtK+ Lo —L 2t

Once we have {J T, IC+} explicitly, we can obtain the remaining Poisson relations between
the J and K symmetries with little additional work. We use the fact that 777~ = P; and
KTK~ = P,. Then we have

s

___h + P1Ps + gt P + x+
= e P et KT - et R
P 0Py, PPy Lo Py 0P .
= e 5 AT ol e (T K - g (LK)
_ 2ip1V/LoPy 0P P1P; (7K 4+ 4ip1pav/ L3Py 0P

T 0Ly | (THR(H2Y T+ L3

We can write this relation in the more compact form

K} VEa+VEs (T
T K- ey P—_ S T
Similarly, we have
FAR o VL (Tt K
T— 41p1p2 Ly — L3 THCE
{(v—. k% . VL {J. KT}

=4 —
T-K+ 1q1P1P2 Ly — L3 THCT
Set {J+,K*} = QJTK*t. Then

I+ I K- IC+ + o= et
{N,K1} = { NP } m{j LT — K
_ 4lp1p2ql s B o
‘m( Ly— L3 [ﬁ(j ~INK™ +VLs(K™ + K0T
LT T+ /c+)g),
where

21
0= Zjlf)llb (\/74_\/7)
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Thus,

2q1p1p2
T K1) =
K} VLaLs(Ly — L3)

x [—(\/ngr VL) (T K™+ T + (VLo — VLs3) (T KF +j+lC*)} :

In summary:
j+j7 - Pl; ICJr]Ci = 7)27 Pl(Ha £27 £3) = (£2 - £3)2q1 (az + 4H£2)p1
Pa(H, Lo, L3) = (L2 — L3)*P1((B — v — L3)* — 4yL3)?,
{L5,T5} =0, {La, TEY = F2ip1\/L2T*,
{527 IC:I:} = 07 {537 IC:I:} = ?4’5191172 V £3Kia

0 0
R R R N O R
(gt K7} _ {T K"} 2igipipe(VL2 — \ﬁ)
j+]<:_ N j_]C+ N EQ — /:,3
(7.7} _ {THKY} _ 2igipipa(VEs + \ﬁ)
JK- N JHK+ N Lo — L3

These relations prove closure of the symmetry algebra in the space of functions polynomial
in J*, K%, rational in Lo, £3, # and at most linear in /L2, v/L3.

3.1 Structure relations for polynomial constants of the motion

Since,
- :%(\/'?2\714-1172)7 \7+:%(\/Z2~71_i\72)’
- = %(i\/@cl +Ky), Kt= %(_i\/ESICl + Ka),
we have

2
{7, K1} = lepo (=T Ke + J2K1).

Similar computations yield

2 2
(o, Ky} = 2PLD2 (j Ko+ LodiK1),  {Th. Ko} = 2802 (poje 4 TCy),
Loy — Lo — L3

2
(o, Ko} = q1p1p2 (L3 oK1 — LaThKCn).
Ly — L3

Note: It can be verified that the numerators are divisible by Lo — L3, so that {71, K1}, {J2, K1}
{J1,K2} and {J2, K2} are true polynomial constants of the motion, although not polynomial in
the generators.

3.2 Minimal order generators

The generators for the polynomial symmetry algebra that we have produced so far are not of
minimal order. Note that £y, Lo, L3 are of order 2 and the orders of J;, K1 are one less than the
orders of Ja, Ko, respectively. We will construct a symmetry g of order one less than K. Note
that the symmetry K9 is a polynomial in £3. The constant term in this polynomial expansion
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is Pra2tr2a LR (o — B)Pra2((—1)P192 4 (—1)P291)  itself a constant of the motion. In the case we
are considering p1, q1, P2, g2 are each odd, so the constant term is

Do(L2) = 2(_1)(P1Q2+P2Q1)/2+1£1202Q1 (y — B)Prez.

Thus

 Ko—Dy

Ko o

is a polynomial symmetry of order two less than Ky. We have the identity

Ko = L3Ky + Ds. (3.4)
From this, {L3,Ka} = L3{L3,Kp}. We already know that {L3, o} = —4p1p2L3K; so

{L3,Ko} = —4p1p2Ky, {L2, Ko} = 0.

The same construction fails for J>. It is a polynomial in Lo, but the constant term in
the expansion is not a constant of the motion. Indeed, in the special case k1 = ko = 1, the
symmetry J; is of minimal order 2, so J; cannot be realized as a commutator.

Now we choose L1, Lo, L3, J1, Ko as the generators of our algebra. We define the basic
nonzero commutators as

Ri={L2, 1} = —2m >, Ra = {L3,Ko} = —4p1p2K1, Rz ={J1,Ko}.
Then we have

R2

5 =J3 = —L2JF + 4P,

4py
a polynomial in the generators. Further,

R3
16pip3

—(L3ko + D2)2 + 4P,

e
L3

which again can be verified to be a polynomial in the generators. Note, however, that R1Re =
8p?p2J2K1, a product of Poisson brackets of the generators, is not a polynomial in the generators,
although (R1R2)? is such a polynomial. Using the identity (3.4) and the expression for {7, K2},
it is easy to see that R is rationally related to Ra. It is clear that all additional commutators
can be expressed as rational functions of the constants of the motion already computed.

We conclude that the polynomial symmetry algebra generated by the 5 basic generators and
their 3 commutators closes rationally, but not polynomially.

4 The classical 3D extended Kepler—Coulomb system
with 4-parameter potential

Now we consider the Hamiltonian

a L
H=p>+=+ 2,
T T

where

L3 4]

N B Y
sin?(k16y)  cos?(k161)’

Ly =pp + + :
2 = Po, cos?(kab2)  sin?(kabo)

L3 =p;, +
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Here Lo, L3 are constants of the motion, in involution. They determine additive separation in
the variables r, 8, ¢.

Applying our usual construction to get two independent constants of the motion we note that
@ =r,q2="01, g3 =02 and

1

1
-, -, —0,
h 72 sin?(k1601) s
« d p Y
T S R ,
Ty cos?(k161) 37 cos2(kaby) * sin? (ko62)

to obtain functions A;, B;, j = 1,2 such that

’i(—ﬁg COS(leel) -+ 6 — £3)

sinh 4, = 7
VL3 2Ls(Ly + 6) + (L2 0)?
cosh Ay = V/Lasin(2k161)py, |
VLE—=2L5(Ls+6) + (L2 — 6)?
sinh Ay = i(L3 cos(2kals) + v — 5)7 cosh Ay — — VL3 sin(2k262)py, |
\/<B_7_£3)2_47£3 \/(6_7_£3)2_47£3
sinh By = _M, cosh B; = 2\/?—21)7“’
Vit 4L, VaT T 1L,
sinh BQ = _21\/?3C0t(k161)p91 ’
VL2 —2L3(0 + L3) + (L3 — 0)2
_ 2 L
cosh By — —2L3 0t (k101) + (L2 — L5 — 9)

VELE = 2L3(6 4 Lo) + (L2 — )2

Here, k1 = p1/q1, ko = p2/q2 where p1, q1 are relatively prime positive integers and py, g2 are
relatively prime positive integers.
From our general theory,

_ 1A Mo 1B Ny — 1As _ 185
Ak Ly W 2T Yo/ L3

N1 =
SO
P1g2 A2 — p2q1 Ba, @A —2p1 By

are two constants of the motion such that the full set of five constants of the motion is func-
tionally independent. We have

edi = cosh Aj+sinh A; = X;/Uj, e A = coshA; —sinh A; = Yj/Uj,

eBi = cosh Bj +sinh B; =Y}/5;, e Bi = cosh Bj —sinh B; = ?j/Sja
where

X1 = \/L28in(2k101)pg, + i(—Lo cos(2k101) + 6 — L3),

X1 = \/Losin(2k101)pg, — i(—Ly cos(2k1601) + 6 — L3),

Xy = —/L3sin(2ka02)pg, + i(Ls cos(2kaby) + v — ),

Xy = —\/ngin(2k202)p92 — i(L3 cos(2keb2) + v — 1),

Y1—%/B}%«—i<a+2%>, Y1—2\/£2pr+i<o¢+2£:>,
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Yo = —2L3 COt2(k1¢91) + (EQ — L3 — 5) — 2i\/L3 COt(klel)pgl,
Y, =—-2L5 cot2(k191) + (L2 — L3 — 0) + 2i\/ L3 cot(k161)pe,,

Ur = £}~ 2L5(L2 +0) + (L2 —0)%.  Up=+/(B—7— Ls)? — L.
S1= Va2 AHLs, Sy =\[L3—2L(La+0) + (L2~ b)2.

Here, 1141727181 gnd e~0141+P1B1 gre constants of the motion, where

b (oo ey KTV
Ul Sl
e~ N A1+2p1B1 _ (e—Al)‘h (631)21’1 — lelli;lji)l'
Ul Sl

The identity e?41—P1Bre—a141+71B1 — 1 can be expressed as
Xi]lflthfpl?lZm _ U12Q1 Silpl = P\(H, Ly, L3)
= [£3 —2L3(L5 +6) + (L2 — 8)%] " [a? + 4H L) ",

where P; is a polynomial in ‘H, Lo and Ls.
Similarly, ePr@242=P2@1 B2 o=p1a242+p201B2 ar6 constants of the motion, where

XP1Q2Y P2q1
eP1azA2—p2q1 B2 _ (eAz)qu (e—Bl)pzth _ 2 T2
Up1q25p2q1 )
2 2
P192v,p2q1
e—p1q2A2+P2q1B2) — (e—A1)P1Q2 (eBl)pzth _ %
UPlQQsPZQl :
2 2

The identity eP19242-P201B2o=Pra2A2+p21B2 — 1 hecomes

Xglqzzquygzqu?zpzm _ ngquSSPﬂ]l = Py(H, L2, L3)
— [(ﬁ —y - 53)2 - 47[’3]1)1612 [ﬁ§ —2L3(Ly +0) + (Lo — 5)2]pzq17

where P is a polynomial in H, Lo and Ls.
We define basic raising and lowering symmetries

72 _ PR— — _ PR
j+ — Xi}l}/l Pl7 j _ X1q1}/12p1, ’C+ — XgquYQqu, IC _ X2p1q2Y2p2q1.

Further, we restrict to the case where each of p1, g1, p2, g2 is an odd integer. The other cases
are similar.

Let
T= (T 4T, B=g —Th
Ki= —— (K~ +KY),  Ka= (k- — K.

~

VL3

Then we see from the explicit expressions for the symmetries that J1, Jo, K1, Ko are constants
of the motion, polynomial in the momenta. Moreover, the identities

JtT =Py, KtK™ =P,

hold. Note that the definitions of the K-symmetries differ from those for the 3-parameter
potential.
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The following relations are straightforward to derive from the definition of the Poisson
bracket:

{Ls, X1} ={L3, X1} ={L3, Y1} = {L3, Y1} =0,
{L2,Y1} = {L2, Y1} = {£3, Y2} = {£3, Y2} =0,

{Lo, X1} = —diky\/LoX1,  {L2, X1} = diky/Lo X1,
{L3, Xo} = —diky\/L3Xo,  {L3,Xa} = diko\/L3Xo,

{L2, Xo} = 4Zk2 fXZa {L2, X2} = %&,
{£2, Y2} = _%YQa {L2,Y2} = Sﬁkt;:/l;)ﬁ,

prxg =By gy = e

", Xo} = 2 séZkQ \ﬁX% {#. X2} = 7”248)Z1]1f12\(/k?;1)X27
{(H,v1} = —%Eyl, {H, 11} = %;/2516,

Hy = - RVEs gy gy o SRvEs o

2 sin? (k161 ) r2 sin? (k161 )

From these results, we find

{53“7:‘:}20, {£27t7i}::|:4ip1\/£2jia
{£2, K%} =0, (L3, Kt} = Fdipipar/L3K*.

Further,

whay={7 =@ gt ey

0 0
=(H™! ( P1{~7+ Lo} + PI{J+ 53})
SO
15
(75T = inVE g L
2
Similarly

(977
(K, K7} = dipipa/ Lo

Commutators relating the 7 and K symmetries are somewhat more complicated to compute.
We have

4kor/L3 /.
{X1, X0} = — \2/f 3 (z cot(k161)pg, + /L2 cot2(k191)) Xo,
2
— 4ik1v/ L3 Dy 22)
Y, Y5 = Y
1, ¥2} sin?(k161) <\/f2 r Z

4ik¢1 vV ,Cg (sin(2k191 )p@l

X1,Ys} = diki\/ Lo X —1 2k101) | Yo
{X1, Y2} k1 Lo A1 + 2 (1 0,) W/ i cos(2k; 1)) 2
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+ 8ky cot?(k10y) (Z £ols sin(2ki1)

B0, s - VEiG)

4ikor/L3 < +2i>X
sin?(k101) \VLz T 2

Now we can compute the nonpolynomial constant of the motion {7+, K" }:

{Xo, Y1} =

(T K = {th y2n XplQ2yp2Q1}

= q1X¢111—1Y12p1 {Xh X§1Q21/2P2¢J1} + 2P1X111W {717 X?”W}
= XP Ty <p1Q2X§1q2_1W{X1,X2} +p2Q1X§mW{X1,E})
+2p XY (pquxglq%m“*l{?l, Yo} + prgp XD 2 1Y PRO (] XQ}) ,

where the last term in braces vanishes identically. We conclude that

{T, K"} 4ZQ1P1P2(F—\ﬁ)(£2+2\/1327/3—|—£3—5)

TTT (L3 — L2 — 0)2 — 40L5

Once we have {J T, K"} explicitly, we can obtain the remaining Poisson relations between
the J and K symmetries with little additional work. We use the fact that JTJ7~ = P; and
KtK~ =P,. Then we have

B2 Byl 2 0E)

- _ P + 7317)2 + x+ P +
P 8772 v 731772 T T .
Aip1V L P 57’2 731732 (7 K+ 4ip1p2v/L3Po 3731
JTKT 0Ly (TH)2(K+)? JTKt  9Ls

We can write this relation in the more compact form

WK g (VB = VED (Lo +2VEals + L5 = 8) | {THKH)
JoK- e (L3 — L2 — 0)2 — 40L3 T
Similarly, we have
{7,k }—81 VEo(—=Ls + Ly — ) _{j*,lC*}
T~ N2 — 82— 4Ly JYKT
{7-,K*} _ g VEL3(—Ls + L3+ ) _ {TT, KT}
gt R e T2 —46Ly, TR
Thus,
{(gH,. Kty {T K7} digippa (VL2 — VE3) (L2 + 2V L2 L5 + L3 — 0)
VAT S o S (L3 — Lo —6)2 —40L, ’
(gt K7} {T K"} digipipe(VL2 + V/Ls) (L2 — 2¢/LaLs + L3 — )
JtKk- J Kt (L3 — Lo — 0)2 — 40L

In summary:

J T =P, KYK™ = Ps,
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Pi(H, La, Ls) = [£3 = 2L3(Ls + 6) + (L — 6)2] " [0 + 4HL] ™",
Po(H, Lo, L3) = [(5 —y = L3)* - 4753]1?1% [,c?,, —2L3(Lo2 4+ 9) + (L2 — 5)2}172@717
(L0.T*} =0, {La,T*) = Flipry/EaT*

{L2,KF} =0,  {L3,KF} = Fdipip2/L3KT,

P P
(74T} =dimVEagy e, KN K} = dipme VLo

(gt Kty {T.K7} _ digpipa(VLe — VE3) (L2 +2\/£2£3 + L3 —6)

VAT S o S (L3 — Lo —6)2 —40L, ’
(gt K7} {T K"} digipipe(VL2 + V/Ls) (L2 — 2¢/LaLls + L3 — )
JtKk- J Kt (L3 — Lo — 0)2 — 40Ls

These relations prove closure of the symmetry algebra in the space of functions polynomial
in J*, K*, rational in £, £3, H and at most linear in v/La, v/L3.

4.1 Structure relations for polynomial symmetries
of the 4-parameter potential

Note that
i(f Ji + i),
K~ = 1(@/62+\/>IC1) Kt

Thus we have

(\/>\71—Zg72)
=-(- zIC2+\/>IC1)

N)\HL\D\

[T +Tt K +KT 1 el
4
- (L3 — £2qip(1§];22 — 46L5 [(J1K2(L2 — L3+ 0) + ToK1 (Lo — L3 —6)] . (4.1)
Similarly,
_ 4q1p1p2
{N, K} =— (Ls— Lo— 0)2— 43L [(TIK1L3(Ly — L3+ ) + ToKao(—Lo+ L3+ 6)], (4.2)
4
{J2, Ko} = — T Ezqip(;;j;_ L, [(J1KaLo(Ly — L3 —6) + ToK1L3(Lo — L3+ )], (4.3)
4
{._72, ICl} = — 4Q1p1p2 [jllclﬁg(ﬁz — L3 — 5) + jQICQ(—EQ + L3 — 5)] . (4.4)

(L3— La— 0)2— 40L5

Straightforward computations yield

{L2, T2} = 4p1 L2, {L2, 1} = —4p1 T2, {Ls3, 1} ={L3, T2} =0,
{L3, K2} = 4p1paL3Ky, {L3, K1} = —4p1p2KCa, {La, Ko} = {L2, K1} =0,
j22 = *£2j12 + 4P (H, '627 [’3)3 IC% = 7[’3,C% + 47)2(7_[’ 'CQ’ £3)

oP; 0Py
{1, P} = =201 T + 8p1 =~ 0Ly’ {K1,K2} = —2p1paKT + 8p1p2 - oc,

5 Minimal order generators

The generators for the polynomial symmetry algebra that we have produced so far are not of
minimal order. Here L1, L9, L3 are of order 2 and the orders of J;, K1 are one less than the
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orders of Ja, Ko, respectively. We will construct symmetries Jg, Ko of order one less than J7, K1,
respectively. (In the standard case k1 = ko = 1 it is easy to see that J; is of order 5 and J5 is
of order 6, whereas Iy is of order 3 and K5 is of order 4. Then Jy, Ky will be of orders 4 and 2,
respectively, which we know corresponds to the minimal generators of the symmetry algebra in
this case, [21, 28].) The symmetry [J> is a polynomial in £ with constant term

Dy = 2(—1) @7 N/2(§ — £3)1 2P,

itself a constant of the motion. Thus

:j2—731

Jo s

is a polynomial symmetry of order two less than J>. We have the identity
J2 = L2Jo + D1.
From this, {L2, o} = Lo{L2, To}. We already know that {Lo, Jo} = 4p1 LT so
{L2, Jo} = 4p1J1, {£3,J0} = 0.
The same construction works for ICo. It is a polynomial in L3, with constant term
Dy = 2(—1)Pr@2+D/2(y _ gypraz(£, — g)P2ar,

Thus

Ko —Dy

Ko o

is a polynomial symmetry of order two less than Ky and we have the identity
Ko = L3Ko + Do.

Further,
{L3, Ko}t = dp1p2K, {L2, Ko} = 0.

Now we choose L1, Lo, L3, Jo, Ko as the generators of our algebra. We define the basic
nonzero commutators as

Ri1={L2, Jo} = 4p1J1, Ro ={L3,Ko} = 4p1p2K1, Rs = {Jo, Ko}

Then we have

R% 2 2 4771 - D2
= g2 = _[,T%—2D - L 5.1
1657 Ji 20 1Jo + o (5.1)
where the last term on the right is a polynomial in the generators H, Lo, £3. Further,
= K7 = —L3K§ — 2D Ky + ————=, (5.2)
16p2p3 ! 0 L3

which again can be verified to be a polynomial in the generators. Note that this symmetry
algebra cannot close polynomially in the usual sense. If it did close then the product RiRa
would be expressible as a polynomial in the generators. The preceding two equations show that
R%R% is so expressible, but that the resulting polynomial is not a perfect square. Thus the only
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possibility to obtain closure is to add new generators to the algebra, necessarily functionally
dependent on the original set.
We see that

(L3 — Lo —0)* —46Ls]R3

4
= - qgfgf? [T1(L3K0 + D) La(Ls — L3 — 8) + (LaTy + D1)K1Ls(Lz — L3 + )]
4 D oD
(L = Lo = 8)? = 40Ls] | L2152 —paLaKa 57k | = ATy + BKy (5.3)
LoL3 L3
where A and B are polynomial in the generators, so
(L3 — L2 —0)* — 46L5]{Ls, R3}
= Ap1 A(L2Jo + D1) — 16q1pTpa (L2 — L3 + 6)T1K1, (5.4)
(L3 — Lo —0)* —46Ls]{L3, R3}
= —4p1p2 B(L3Ko + D) — 16q1pips(La — L3 — 6) 1K1 (5.5)
Similarly
1 1
4—})1{/:2,721} ={Lo, N1} = —4Ap1 T2 = 4p1(L2Jo + D1), 4791{53,731} =0, (5.6)

and

1 0Py 0 Dy 2
7{g70,731} ={J, N} = <2p1j1 8p1a£ >+2 18/: ( >72+4P1Z%> (5.7)

a polynomial in the generators,

1 4q1p1p2
(Ko, Ry} = (Ko, T} =
4p1{ 0 Ra} = {Ko, i} L3[(L3 — L3 — 0)2 — 40L5)]
oD
X (NWK1L3(Lo — L3+ 0) + ToKo(—Lo+ L3+ 6)) +4 12352 (5.8)

Continuing in this way, it is straightforward to show that £y, Lo, L3, Ko, Jo generate a sym-
metry algebra that closes rationally. In particular, each of the commutators R1, Ro, R satisfies
an explicit polynomial equation in the generators.

5.1 Stackel equivalence of Kepler—-Coulomb
and caged isotropic oscillator systems

Consider the Hamiltonian for the caged isotropic oscillator

L
/lep%%-i-a/RQ'i‘R*%, (59)
where
/ 5/ /6/ ,y/
Lh=p3 + SEEEEE ., Lh=p2 + —+ .
27 P00 T G2 (jrgy) | cos(judn) 3P0 T o2 (joda) | sin(jaga)

Here L5, L} are constants of the motion, in involution. They determine additive separation in the
pherlcal coordlnates R, ¢1, ¢p2. Also, j1, jo are nonzero rational numbers. If j; = jo = 1, then
in terms of Cartesian coordinates we have H' = p2 +pZ +p?+a'R*+ ' /z* ++'[y* +6'/2*. Note
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that system (5.9) can be considered as the 3-variable analog of the TTW system [23, 24]. (Note,
however, that this is a flat space system only if j; = 1.) Now consider the Hamilton—Jacobi
equation H' = E’ and take the Stickel transform that corresponds to dividing by R?. Then,
making the change of variables r = R2, 2¢1 = 61, 2¢2 = 65, we obtain the new Hamilton-Jacobi
equation ‘H = E where

a L
H=pl+—+—=
with
L 5 B
Lo =pj + - Ls = pj, + .

+ ) + 1 ’
sin?(k161)  cos?(k16y) cos?(kaba)  sin®(kobs)
FE = —a//4, a = _E//4’ /8:6//47 7:7//4) 5:5//47 kl :j1/2’ kz :j2/2

In other words, we obtain the extended Kepler—-Coulomb system. Since the Stéckel transform
preserves the structure of the symmetry algebra of a superintegrable system [3, 13, 19, 20], all
of our structure results apply to the caged isotropic oscillator. Note, however, that the standard
case k1 = ko = 1 for Kepler—Coulomb corresponds to j; = js = 2 for the oscillator. Further, only
for the cases k1 = 1 and j; = 1 is the manifold flat. The similar analysis in two dimensions [19]
is always restricted to flat space, but here the manifolds depend on k; and j;.

5.2 The special case ky = ks = 1

In the case k1 = k2 = 1 we are in Euclidean space and our system has additional symmetry. In
terms of Cartesian coordinates

T = rsin #q cos Oy, y = rsin 6y sin O, z =rcosb,

the Hamiltonian is

a B
72

g
H=p+p,+pi+—+ —

L2140
y? o 22

Note that any permutation of the ordered pairs (z,f), (y,7), (2,0) leaves the Hamiltonian
unchanged. This leads to additional structure in the symmetry algebra. The basic symmetries
are

Lo = (zpy — ypa)® + (yps — 2py)* + (2pz — 2ps)*
2 2 2 2 2 2 2 2 2
e+ yc+z e+ Yt + 2 Oz +y=+ 2
N B( .1/2 ) n 5( zg ) n ( 3/2 )
z
B +y?) | (= +y?)
2 + 2 :
x y

)

£3 = Iacy = (xpy - yp;t)2 +

Note that the permutation symmetry of the Hamiltonian shows that Z,., Z,. are also constants
of the motion, and that

Lo=Tpy+Lps +TLys — (B+7+9).
The constant of the motion g is 2nd order:

Ko =4Z,, +2L3 —2(Lo + B+ v +0) = 2(Zy. — Lyz),
and Jj is 4th order:

(xpe + ypy + 2D
22

5 2
jO—_16<M§+ ) >+8H(Imz+Iyz_/B_’Y_5)+2a27
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where

M3 = (yp= — 2py)py — (2Px — Tp2)ps — 2 (; + g + % + ;) :
If 6 = 0 then M3 is the analog of the 3rd component of the Laplace vector and is itself a constant
of the motion.
The symmetries H, Lo, L3, Jo, Ko form a generating (rational) basis for the constants of the
motion. Under the transposition (x,3) <> (z,0) this basis is mapped to an alternate basis H,
5, L4, Jg, Kfy where

1 1 1 B+~+9
Co=Lo,  Lh= Ko+ gl L+ D050
1 5
6=§’C0—£2+3£3—(,3+’Y+5), R’1={£2,k76}, RIQI{ﬁ/,Ké}:—Z'RQ,
Ry = {J, Ko} = 2Ry — 2{L3, To}, (5.10)

since {L3, Jj} = 0.

All of the identities in Section 4.1 hold for the primed symmetries. It is easy to see that
the K’ symmetries are simple polynomials in the £, K symmetries already constructed, e.g.,
K = %{L’g, 0= —%Kl. However, the 7' symmetries are new. In particular,

2
J52—16<M%+5(xpw+ypy+zp2) >+87—[(Ixy+zm—,8—'y—5)+2a2,

$2
where

Q@ I3 ~ )
My = (ypa: - xpy)py - (xpz - pr)pz - <2T + ? + ? + 22> .
Note that the transposition (y,v) <> (z,d) does not lead to anything new. Indeed, under the
symmetry we would obtain a constant of the motion

+ ypy + 2p.)*
J) =16 <M§+ Nepe Py P:) )+8H(Izy+1yz —B =7 —0)+2°

Y
where
a B v 6
My = (Zpy - ypz)pz - (ypx — a:py)px -y <2T + ﬁ + ? 4 ZQ) )
but it is straightforward to check that
Jo+ To+ Ty = 2a%, (5.11)

so that the new constant depends linearly on the previous constants.

For further use, note that under the transposition symmetry (z,8) <+ (y,) the constants of
the motion Ly, L3, Jo, J1 are invariant, whereas Ko, K; change sign. The action on Jj is more
complicated. Under the transposition jé and jé’ switch places. Thus from expression (5.11) we
see that

To— Ty =20% = T — T

In the paper [21], Tanoudis and Daskaloyannis show that the quantum symmetry algebra
generated by the 6 functionally dependent symmetries H, L2, L3, Jo, Ko and J| closes poly-
nomially, in the sense that all double commutators of the generators are again expressible as
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polynomials in the generators, very strong evidence that the classical analog also closes polyno-
mially. (However, they did not address the issue of determining the functional indenpendence
explicitly.) Keys to understanding the polynomial closure are the rational structure equations
(5.3)—(5.8) and the terms [J;1K; and

Q= (L3—Ly—06)?—46Ls.

If 1K1 can be expressed as a polynomial in the generators then, with this result substituted in
the rational structure equations, we will obtain polynomial structure equations. The requirement
that the rational structure equations become polynomial is a strong restriction on the polynomial

Jllcl = P(H; £2,£37 jO,IC[)? \70,)

Let’s focus on equation (5.8). Note that the left hand side of this equation is of order 6 in the
momenta and J1/C; is of order 8. What can we say about the polynomial P in order that its
substitution into (5.8) turns the right hand side into a polynomial structure equation?

First note that the polynomial is not determined uniquely by this requirement. Indeed,
if P;, P, are two solutions their difference is of the form SQ where S is a polynomial in the
generators of order < 4 in the momenta. Similarly, we can add such a §Q to any solution and get
another solution. A straightforward computation using the polynomial and degree conditions
alone yields the result

1
JiKy = §[£2 + L3 — 8] JoKo + a*[Ly — 3L3 — §]Ko

+ (8= 7)BL2 — L3+ 8] +20%(y — B)[La + L3 — 5] + SQ, (5.12)
{Ko, 71} = 3 (Ko, Ra} =~ {£2,R)
= —2[2(y — B) + Ko} [Jo — 20%] + 4(L2 — L3+ 6)S, (5.13)

where
S =c1Jo + c2dy + Si,

c1 and cg # 0 are parameters, and Sy (H, L2, L3, Ko) is a polynomial of order < 2 in its arguments.
Under the transposition (z, 5) <> (y, ) the left hand sides of equations (5.12) and (5.13) change
sign. Since Q is invariant, S must change sign. With all of these hints it is fairly easy to compute
the exact result. It is

S = —TJo—2J4 + 202,

in agreement with all our conditions. To determine the functional relationship between the
6 generators we can use the identity F' = J2K? — (J1K1)? = 0, where the first term is obtained
from (5.1) and (5.2) and the second term from (5.12). The result is a polynomial in the momenta
of order 16, and of the simple form

F =0 (AT + ATy To + As(Jo)? + AsTf + AsTo + Ag) = 0,

where A; = A;(H, Lo, L3,Kp). Since Q factors out of the equation, the basic identity is of
order 12:

AL(TD? + AT To + As(Jo)? + AaTg + AsTo + Ag = 0.
The leading coefficient is A; = —4Q, and

As = 8LaL3 + 2LoKo + 2K L3 — 4L5 — ALS + 4(—b + ¢+ 2d) L3 + (120 — 12¢ + 8d) Lo
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Az =

Ay =

Ag =

— 2dICo — ded + 4bd — 4d?,

—2L9L5 + LokKo — L3 — L3+ KoLs — i/cg +2(=b+c+d)L3+2(Tb+c+d)Ls
4+ (b—c—d)Ko—b* = — d? + 2bd + 2bc — 2cd,

8a’L3 — 12a°KoL3 + 8a L3 — 16a*LoLy + 4a*Ko Lo + 8a?(—b+ ¢ — 2d) Lo

— 4a?dCo + 8a*(—b + ¢ — 2d) L3 + 8a*d* — 40a*cd + 40a*bd,

+4a% L3 4 2002 L3 — a®K2 — 84’ LoL3 — 8a’KoL3 + 8a?(—2b + 2¢ — d) Lo

— 8a?(4b + 4c¢ + 3d) L3 — 4a® (b — ¢)Ko + 4a?d* + 12a*b* + 16a°cd — 24a°be

+ 12a2¢? + 4842bd,

—4a L3 — 360 L3 + 12842 L3L3H — 2560 LoL3H — 512dL3L3H? — 512L5L5H>
+ 256L3L3H? — 256a2dLo LM — 4a*d? + 8atdLy — 24a*dLs + 24a* LoLs — 36a*d?
— 36a’c? — 24a*bLy — 40a Lo — 256a%(b + ) LIH — 512(b + ¢) L3H? + 724 bL3
+ 56atcLs 4 T2abe — 512(b? + ¢?) L3H? +128a* L3H + 5120 (b + ¢) L2 L3H
+1024(b + ¢) L3L3H? — 25602 (0% + ) LoH + 512a2be Lo + 1024beLIH?

— 256a%(+¢)bLIH + 256 Lo L3H2 — 512(b + ¢) Lo LIH? + 12802 (b — ¢)? L3 H
+256(b — ¢)?LoLaH? — a* K3 + 24a*bd + 104acd + 12a* (¢ — b)Ky — 4a* L2Ky
+ 512a*bdLoH + 128a2cLokoH + 512a%bedH + 128a*bdICoH — 128a*bLoKoH
— 128a%cdlCoH + 1024bed LoH? + 256d(b — ¢) LokKoH? + 512a%cLoH

+ 1024d(b + ¢) L3H? — 256a%d(b> + ¢ + be + cd)H + 256¢L2KoH?

— 512d(b* + ¢ + bd + cd) LaH? — 256bLIKCoH? + 4a’dCo — 256 La’dL3H

— 512dLoL3H? + 12802 d> LaH + 256d% LoLaM? — 32a%L3KEH — 64Lo LK H?
+12a*£3Ko + 512a2d(b + ¢) L3H + 1024d(b + ¢) L2 L3H2.

By substituting (5.13) into expressions (4.1)—(4.4) and (5.4)—(5.7) for k; = ko = 1, and

simplifying, we can recast each of these relations into polynomial structure equations in the
generators. Further by squaring (5.3), substituting the structure equations for R?, R3 and
R1Ro into the result and simplifying, we obtain the polynomial structure equations for R%
Multiplying (5.3) by R1 substituting the structure equations for R and RqRs into the result and
simplifying, we obtain the polynomial structure equations for R;R3. Similarly, multiplying (5.3)
by Re we can obtain the polynomial structure equations for RoR3.

This entire construction carries over easily for the primed symmetries and their basic com-

mutators (5.10). The only gap remaining to prove polynomial closure is consideration of the
basic commutator Ry = {Jo, Jy} and double commutators involving Joy, J§ simultaneously. An
important observation here is that under any variable-parameter transposition Ry changes sign
and R3 is invariant. Using this observation, we have verified that

R% = 65536H" ToyZo:Ty — BLyz(Loy + Loz) — Yoz (Zay + Zy2)

— 0Ly (To> + Iy:) — B}, — VT2, — 62, + (B(B + 3y + 30) + 76) Ty
+ (v(y+ 36 +38) +68)Ly. + (6(6 + 38+ 37) + B7)Luy
= 2(B° + B2y + B6% + %6 + 6% +4°5) .

In terms of our standard basis this is

R2 = 4096H* <—IC§£3 —4BKoLy + 485K + 4L — 40Ky + 4vKo Lo — 8BLS — 8yL3
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+4L3L3 — 8L3Ly +4B% L3 — 8BLA + 4y L3 — 8L — 86L3 + 46° L3 + 16870
+1670Ls + 1686Ls + 168vLs — 882 Lo + 168L3Ls — 8Y2 Lo + 167L3L
— 80L3Lo — 8BvLs — 83628 + 1636L3 — 8728 + 1676 L3 — 8362 — 8752).

A simple consequence is {L2,Ro} = 0. The expression K3R2 is a perfect square in the 6 gene-
rators and gives

KiRo = —Ko?Ls — 48K Lo + 480K + 4L5 — 470K + 4KoYLo — 8L2%b — 8Lo
+AL3Lo% — 8L5% Lo +AL35% — 8L32B + AL3y? — 8L3%y — 8L32%6 + 4L362
+ 16537 + 16L26v + 16L203 + 16L23y — 8L23” 4 16L3Ls3 — 8Loy* + 16L3LoY
— 8L3L98 — 8L387 — 8582 + 16L303 — 8572 + 16L36y — 8628 — 852,

where the sign is determined by comparing the highest order terms. The expression J£R3 is
not a perfect square, but we can make it so by adding an appropriate, uniquely determined,
multiple of the functional relation: (J1R0)? = JZR2 — 64>°H*F. We then obtain

JiRo = 3242 [(—2(,c2 — L)+ (Lo + L3)Ko) Jo — 4(La — L3)2T,
+ (=67 +48) Lo +2(—=B +~ + 20) L3 — 6Ko)To + ((68 + 46) Lo + 85L3) T
+25(8 =7 = 8)Jo — 42T + o (4(L2 — L3)* + (2L — 6L3)Ky)
a2 (—4(8 — y + 20)(La + L3) — 26K0) + 4a25(58 — 5y + 5)] ,

where the sign is determined by comparing highest order terms.
Note that

(T, o} = —2T3 + 128H?(3L3 + L3 — 40Ls — 20L3 — 4LsL3 + 62)
+ 1280*H(Ly — L3 — 6) + 8a’.

The problem of computing the double commutator {7y, Ro} is greatly simplified by noting
that it changes sign under the transposition symmetry (z, 8) <> (y,7v). We find

{Jo,Ro} = 512H* (T Ty> — TYLez) + 6(T5 — T3)

- 7\76 + ﬁj(;/ + 2a2(Ixz _IyZ) - 2a2(/8 - 7) .

All other commutators and products can be obtained from the preceding results by use of the
discrete transposition symmetries. Thus the symmetry algebra closes polynomially, and the
6 generators obey a functional identity of order 12.

6 Final comments

We have studied families of Hamiltonians that generalize the 3- and 4-parameter extended
Kepler—Coulomb systems, found explicit generators for the symmetries that show these systems
to be superintegrable, and worked out the explicit structure equations for the symmetry algebras
determined by taking repeated Poisson brackets of the generators. We found it amazing that
the structures could be computed exactly! This analysis strongly suggests that for higher order
superintegrable systems in n > 3 dimensions, polynomial closure of the symmetry algebra is
relatively rare and dependent on additional discrete symmetry. Rational closure seems to be
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common. The structure analysis shows the fundamental importance of raising and lowering sym-
metries for these systems, [5, 18]. These are nonpolynomial constants of the motion. However,
all of the polynomial constants can be formed from them. We have no proof that the generators
found by us are of minimal order in all cases. However, it is clear that all such generators must
be expressible in terms of the basic rational raising and lowering symmetries.

An obvious issue is that of quantum analogs of the classical constructions. How is the
problem to be quantized? What are the operator analogs of raising and lowering symmetries
and of rational closure? We will give results on this in a second paper.

In recent papers [16, 17] a new and very interesting approach to classical superintegrability
has been developed, based on the Galois theory for differential equations. It remains to be
understood how this approach relates to the techniques in the present paper.
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