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Abstract. We construct the N-solitons solution in the Novikov—Veselov equation from the
extended Moutard transformation and the Pfaffian structure. Also, the corresponding wave
functions are obtained explicitly. As a result, the property characterizing the IN-solitons
wave function is proved using the Pfaffian expansion. This property corresponding to the
discrete scattering data for N-solitons solution is obtained in [arXiv:0912.2155] from the
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1 Introduction
The Novikov—Veselov equation [3, 9, 34, 41] is defined by

Up = 02U 4 0.U + 30.(VU) + 30.(V*U),
2.,V =0.U, 9.V*=0.U.

When z = z = x, we get the famous KdV equation (U =U =V = V)
Ur = 2Uggs + 120U,

The equation (1) can be represented as the form of Manakov’s triad [24]
H, = [A, H] + BH,

where H is the two-dimension Schrédinger operator
H=0.,0.+U

and
A=3+V0,+0+V0,, B=V.+V;.

It is equivalent to the linear representation

Hip =0, O = Asb.

(2)

We see that the Novikov—Veselov equation (1) preserves a class of the purely potential self-
adjoint operators H. Here the pure potential means H has no external electric and magnetic
fields. The periodic inverse spectral problem for the two-dimensional Schrodinger operator H
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was investigated in terms of the Riemann surfaces with some group of involutions and the
corresponding Prym ©-functions [5, 10, 22, 27, 28, 33, 37]. On the other hand, it is known
that the Novikov—Veselov hierarchy is a special reduction of the two-component BKP hierarchy
[23, 36, 40] (and references therein). In [23], the authors showed that the Drinfeld—Sokolov
hierarchy of D-type is a reduction of the two-component BKP hierarchy using two different
types of pseudo-differential operators, which is different from Shiota’s point of view [37]. Also,
in [26], it is shown that the Tzitzeica equation is a stationary symmetry of the Novikov—Veselov
equation. Finally, it is worthwhile to notice that the Novikov—Veselov equation (1) is a special
reduction of the Davey—Stewartson equation [20, 21].
Let HY = Hw = 0. Then via the Moutard transformation [1, 29, 30, 31]

Ulz,2) — U(z,2) = U(z,2) + 200 Inw,
Y — 0= % /(1/}8&) —wdY)dz — (YOw — wip)dz, (3)

one can construct a new Schrédinger operator H = 0.0, + U and HO = 0. We remark that
the Moutard transformation (3) is utilized to construct the N-solitons solutions of the Tzitzeica
equation [15].

The extended Moutard transformation was established such that U(t, z,2) and V (¢, z, )
defined by [13, 25]

Ut,2,2) =U(t, 2,2) + 200 W (¢, w),  V(t,z,2) = V(L 2 2) + 200 In W (1, w),

where the skew product (alternating bilinear form) W is defined by

W(y,w) = /(1,/}60.1 —wi)dz — (YOw — wo)dZ + [1/)63w — wdp + wd® — PPw

+2(0%YP0w — WI?w) — 2(0*P0w — IPO*w) + 3V (YOw — wdrp)
— 3V (¢0w — wéw)] dt, (4)

will also satisfy the Novikov—Veselov equation.

In [2, 6, 7, 8], the rational solutions and line solitons of the Novikov—Veselov equation (1) are
constructed by the J-dressing method. To get these kinds of solutions, the scattering datum
have to be delta-type and the reality of U also puts some extra constraints on them. In [39],
the singular rational solutions are obtained using the extended Moutard transformation (4);
however, the non-singular rational solutions are constructed in [4].

Next, we construct Pfaffian-type solutions. Given any N wave functions 1,9, 93, ..., 9N
(or their linear combinations) of (2) for fixed potential U(z, z,t), the N-step extended Moutard
transformation can be obtained in the Pfaffian [1, 31] (also see [12, 35])

vaf(iﬂlawZﬂﬁs,---,wN) if N even,
Pf(1, 92,43, ...,¢y) if N odd,

PE(1, P, 03, 0N) = Y €(0)Wor0,Wogos - Won_yons (5)

g

ﬁ(¢17 ¢2> w3a o 7¢N) = Z E(U)W0102W0'304 te WUN720N71wUN7 (6)

[

where W0, = W (¥o(i), ¥o(j)) is defined by the skew product (4). The summations o in (5)
and (6) run from over the permutations of {1,2,3,..., N} such that o1 < 09, 03 < 04, 05 < 0%,

.and 01 < 03 < 05 < 07 < ---, with €(0) = 1 for the even permutations and €(c) = —1 for
the odd permutations. Then the solution U and V' can be expressed as [1]

U= UO + 285[IDP(¢17¢27¢37- . '7¢N)}7 V= ‘/0 + 288[lnp(¢17¢27¢37 cee )wN)]a

P(¢1a¢2,¢3,...,¢N):{
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and the corresponding wave function is

P(Y1,12,93,...,9N,V)
P(1, 2,93, ..., 0N)

where ¢ is an arbitrary wave function different from 1, 1o, 93, ..., ¥nN.

The paper is organized as follows. In Section 2, we obtain the N-solitons solutions using
the extended Moutard transformation and the Pfaffian expansion. Several examples are given.
In Section 3, the N-solitonic wave function is derived using (7) and the Pfaffian expansion.
Section 4 is used to prove a special property to characterize the N-solitons wave function.
Section 5 is devoted to the concluding remarks.

(7)

2 N-solitons solutions

In this section, one uses successive iterations of the extended Moutard transformation (4) to
construct N-solitons solutions.

To obtain the N-solitons solutions, we assume that V = 0 in (1) and recall that 90 = iA.
One considers U = —e # 0, i.e.,

D0p =€p, Pt = Prrs + P23, (8)

where € is non-zero real constant. The general solution of (8) can be expressed as
3
o(z,2,t) = / (IN)z+ (i) t+ LAz-l-( )\) l/()\)d)\, 9)
r

where v(\) is an arbitrary distribution and I' is an arbitrary path of integration such that the
r.hs. of (9) is well defined.

Next, using (5) and (9), one can construct the N-solitons solutions. Let’s take v, (\) =
d(A — pm) and v, (A) = and(\ — qpn), where p,, ap, g, are complex numbers. Then one defines

©(qn) _ Gn oFan)

_elem) _ 1 g _
Om \/g —\/ge P ) Yy = Qp—7=> \f \[ ,

where

3

F(\) = (iN)z 4 (iM)3t + az + (z)\)

Then a direct calculation of the extended Moutard transformation (4) can yield

dn — Pm F(pm)+F(an) — ;Pn " Pm F(pm)+F(pn)
mo n Zan mos n -
4 (wnw wn) = iQman Zi‘i‘ Zm €F(qm)+F(qn). (10)

The N-solitons solutions are defined by
U(z,2,t) = —e +200InTyn(2, 2, 1), V(z,z,t) =200 In1N(z, 2, 1),
and then

U(z,z,t) — —€ as 2z — 00,
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where t is fixed. The 7-functions are defined as follows. For simplicity, let’s denote

W(pm; Qn) = W(¢m7 an)» W(pmapn) = W(d)mv ¢n)7 W(Qma Qn) = W(¢m> wn)a (11)
and notice that F'(—=\) = —F(\). The 7y is defined as
TN(Zv z, t) = Pf(_pla q1, —P2,42, —P3,43,..., —PN, QN)a (12)

where

(_pma _pn) = W(_pmy _pn)a (_pm7 Qn) = W(_pma Qn) + dmn,
(Qma Qn) = W(Qma Qn)- (13)

To get the expansion of (12), we use the following useful formula [14, 38]

f(A + B) ZZ 1)1*1=" Pf(A4) Pf(Bge), (14)

r=0 acly}

where A and B are m x m matrices and s = [m/2] is the integer part of m/2; moreover, we

denote by a¢ the complementary set of « in the subset {1,2,3,...,m} which is arranged in
increasing order, and |a| = a1 + ag + - -+ + ag, for a = (a1, a9, ..., a9). For the case (12), one
has
[ 0 (=p1,q1) (=p1,—p2) (=p1,q2) -+ (=p1,qn)]
(q1,—p1) 0 (q1,—p2)  (q1,42) - (q1,an)
An(z,2,t) = |(=p2,—p1) (=p2,@1) 0 (=p2,q2) -+ (=p2,4n)
| (gn,—p1)  (av, @) (av,—p2)  (aw,q2) -+~ 0 |
and
[0 1 0 0 0]
-1 0 O 0 0
0O 0 O 1 0
By=|0 0 -1 0 0|
0O 0 O o --- 1
00 0 - -1 0

where A and By are 2N x 2N matrices. Hence by (14) one can have the expansion of (12),
ie.,

N
ESEDYS TS > fofefon I Pue | (15)
=1

m=2 \1<l;<lo<---<lyy <N 1<j<k<m
where
fy = iag P F @) Fp), Py, = (pe; —pa) (e, — 20) (e, + 90.)(ae; + o)
Qe — pe (pe; + o) (qe; + qe,)(Pe; — qu,)(qe; — Pry.)
Here we have utilized the formula that if C is a 2N x 2N matrix with (4, j)-th entry ZZ+ZJ , then

one has the Schur identity [32, 36]

piC)= ] <m> . (16)

1<i<j<2N
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Next, we illustrate the formula (15) (or 12) with several examples.
(1) One-soliton solution:

_ 0 (—p17q1)} [ 0 1]
A(z,Z,t) = , B, = .
1(z:20) (q1,—p1) 0 10

Then
T = Pf(Al + B1) =1 + ia17q1 +p1 eF(ql)fF(pl).
q1 —Pp1
(2) Two-solitons solution:
0 (—=p1,q1) (=p1,—p2) (—D1,q2)
> (q17 _pl) 0 <q17 _p2) (QIv q2)
As(z,z,t) =
2( ) (=p2,—p1) (—p2,q1) 0 (—p2,92)
(g2, —p1)  (@2.¢1) (g2, —p2) 0
0O 1 0 0
-1 0 0 O
B2=10g 0 0 1
0O 0 -1 0

Then

T =Pf(Ay +By) =1+ Z'almeF(m)—F(m) + m2weF(qz)—F(pz)
q1 — D1 a2 — p2

2P1 T2+t @p—DP1@—aprt+@ep+aq F (@)= F(p1)+F(2)—F (p2)
QL —P1q2—pP2P2+P1q2+q1q —pP1p2—q1

+ 1a1ta
or

72 =1+ fi + fo + Piafifo, (17)

where

fi= ml}meF(ql)*F(m)7
q1 —P1

Py = PL—P2q1 —@pP1t+qq +p2.

P1L+DpP2q1+q2p1 —q2q1 — P2

fo = ia2p2 + @ eFla2)=F(p2)
q2 — P2

The 75 soliton (17) is also found in [2] using the d-dressing method.
(3) Three-solitons solutin:

[0 (=p1,q1) (=p1,—p2) (=p1,q2) (=p1,—p3) (—p1,q3)]
(((h,—pl)) ( 0 ) (q1, —p2) ((Q1,Q2)) ((fh,—p:s)) ((Q1,Q3))
—p2,—p1) (—P2,¢1 0 —p2,q2) (—p2,—Dp3) (—p2,q3
Az 2,1) (q2,—p1)  (q2,q1)  (q2,—p2) 0 (q2,—p3)  (q2,43)
(—=p3,—p1) (=p3,q1) (—=p3,—p2) (—p3,q2) 0 (—p3,3)
L (g3,—p1)  (@3,¢1)  (g3,—p2)  (@3,42) (g3, —p3) 0 |
0 1 0 0 0 O]
-1 0 0 0 0 O
0O 0 O 1 0 O
Ba=19 0 210 0 o0
O 0 0O o0 o0 1
0 0 0 0 —1 0
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Then
3 = Pf(A3 + B3)
=14 fi+ fo+ f3 +Piafifo +Pisfifz + Pasfafz + P1aP13Pas f1f2 f3, (18)
where
£ = iay PP Fa)-F) gy =, P2 )P ()
qg1—P1 q2 — P2
= ia3p3 +a3 eFa8)=F(ps). Py = PL=—P2q1 —@p1t@q +p2’
q3 — D3 DP1+D2q1+Gq2P1 —Qq2q1 — P2
P, = 2 +q3q1 +Dp3P1—P3q1 — g3 P — P2 +G43q2+Dp3p2—P3qe— g3
13 = ; 23 = .
P1—43q1 —Pp3p1+P3q1+43 P2 —q3q2 —Pp3p2+P3q2+g3

3 The wave functions

In this section, one uses (7) to construct the corresponding wave function of the 7 function (15).
From (7), one knows that the corresponding wave function of the N-solitons (15) can be
written as

P(eo(—m) wlq1) w(=p2) ¢(g2) e(=pn) elan) M)
SON: \/3 ) \/’7 \/g ’ \/g 3ty \/g ’ 3 \/g .
TN

Using the notations in (11), (12) and (13), we can express ¢n as

P(— ) y T P2y yery T 3 7)\
oy — (=p1,q1,—p2 ijv PN+ ANs A) (19)

But we notice that

where (-)* means there is 1o ,,, here when compared with (13). Now, let’s compute P(—p1, q1,
—Pp2,q2,--., —DPN,qN, \) using (14). In this case,

P(_pla q1, —P2,42,.-., —PN, 4N, )\) = Pf(MN + QN)a
where
' (=p.0) E]
A w(q1)
AN(szvt) (ql ) \/?:
My = : :
(gn,A) £
(A —=p1) (Aq) (A an) 0 %
_el=p1) _ela) _wlan) o)
N V3 V3 VB i
and
_ 0 0
0 0
By .
QN = -
0 0
0O 0 - 000
0 0 - 0 0 0]
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Using (16), a simple calculation yields

Pf(My + Qn)
N N
=6 [1+D h(N)+ ) > hoshey e, [ Poe
=1 m=2 \ 1541 <la<l3<--<bm<N 15j<k=m
= XN (M), (21)
where
P(A) Pt ape A=A pig)—Fpe) Pet+Age—A
= —, h )\ =1a e qe Pre — ,
¢ V3 e Y9 —pipi—Aqr+ A fzpe—quJr)\
N N
AN =14 he(\) + > hehey - e, [ Pee | s
(=1 m=2 \ 154y <lo<l3<-<ly <N 1<j<ksEm

and Py, is defined in (15).
We give several examples here.
(1) The one-soliton wave function:

i (—p1, A) e(=p1) 7
Ay(2,2,1) (ﬁ) 5 00
(a0  £% oo
M= A
(A =p1) (A ar) 0 3
_pl=p1) _wla1) o(\) 0 00 0 O
RV Vi T8 |
Then
oy = P(—p1,q1,\) _ Pf(M; + Q1) _9 <1 i ialpl +qap1it+Aq— )\eF(‘h)—F(pl)) .
T1 T1 T @ —Pp1pr—Aq+ A

We remark that
TR ZalPl_)“h"')‘fl 1+ fi AV T g+ A h
(1—|—f1)-|-2m1( p1 _tn/\)eF(ql)_F(pl)]

P1—A @i+
1+ f1

F(q1)—F(p1)
. y4! q1 e
= 1-2 . 22
¢[ ’La1<>\_p1+)\+q1> - ] ( )

=¢

This is the one-soliton wave function in [2, p. 9].
(2) The two-soliton wave function:

(—p1, \) w(\;gl)
(q1,\) »(q1)
Aa(z, 2, t) V3
(—p2, A) o(=p2)
My = ) 73 ,
(Q27 )\) 90\(}%2)
()\7 _pl) ()\,q1) ()\, —p2) ()\7q2) 0 %
_e(=p1)  _ela) _el=p2) _ ele) o) )
V3 V3 V3 V3 — 5 ]
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By
Q2 =

O O O O oo
O OO o oo

0 00O
000 0
Then using (21), one has
_ P(=p1,q1,—p2,¢2,A) _ PE(Ma+Q2) ¢
i T2 T2 p
[ (1 n mlpl +taprt+Aq — AeF(ql)—F(pﬂ n m2p2 +qap2+ g2 — /\eF(qQ)_F(pZ)
T2 a—pipr—Aqa+A G2—p2p2—A@+A
ot A —Ap2+@p2+Ag— /\eF(ql)+F(q2)_p(p1)_p(p2)>
QPP AQ+A@—p2p2—Ag+ A

[+ Rh1(A) + h2(A) + Pr2hi (A)ha(N)]

+ 1a1ta

(3) Three-solitons wave function:

(—p1,\) @(%1)
(q17 )‘) Lp\(}%)
(—p2, A) o(=p2)
As(z,2,1) Vs
(g2, \) v(g2)
Ms = ’ V3ol
(—ps, A) @(:/gs)
(g5, 2)
A =p) Aa) (h—p2) (ha2) \—ps) (\as) 0 25
_ol=p)  _ela)  _el=p2)  _elez)  _e(=p3) _plas) IO I
V3 V3 V3 V3 V3 V3 3 ]
_ 0 0
0 0
Bs 0 0
0 0
Q3 = 0 0
0 0
00 00 O0O0O0TO0
0000000 0]
From (21), we get
_ P(_p17 q1, —P2,492, —P3, 43, )\) _ Pf(M?) + Q3)
¥3 Py .
= Z[l + hi(A) + ha(X) + hg(A) + Piahi (M) ha(X) + Pighi(A)h3(A) 4+ Pagha(X)ha(N)
+ P1oP13Pazhi (A)ha(A)h3 ()],
where
hy = iy 2T A —Api+aq Fa)-Fo)  p P2 A —Ap2+ @2 ¢Fla2)—F(p2)
PL—Aq+Aq1—p1 P2—Aq@+Ag2—p2
hy = iaz B TABAPIE B p(g)-F i)

P3—Ags+Ags—p3
and ]P)12, Plg and ]P23 are defined in (18)
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4 A property of N-solitons wave function

In this section, we will express the wave function (19) as another form to generalize the equa-

tion (22) to N-solitons case.
Firstly, according to the Pfaffian expansion in [11], it is not difficult to see that

PNf(bla b2) b37 b47 ey b?n—la b2n7 b2’n+1)
2n+1 ) N A .
= Z (—1)J+m(bj, b )PE(b1, b2, . by o by bon, bang ), (23)
m=1

for 7=1,2,...,2n+1,

where l;j and Bm mean these two terms are omitted.
Secondly, noticing (10) and letting A = —py or A = qo, @« = 1,2,...,n, we have

f)vf(—pl,th, —P2,42; -+ —Pa> da, —Pa+1;Ga+1s - - -, ~PN, IN, —Pa)

= PE(—p1, 1, —D2, 42, - -, —Pas —Pact1s Gat1s - - -, —PN> AN) = H(—Pa) XN (—Pa),
f)vf(—pl,(h, —D2,G2s -+ s qa—1, —Pas das —Pa+15qa+1s - - - » ~PN> AN o)

= PE(—p1, q1, —P2, 42+ - - -, Ga1s Gas —Pat1s Gatls - - - » —PN+ AN) = Gad(da) XN (¢a)- (24)

They can be seen as follows. By (23), one has

ﬁ(—m,qh—m,(p,.--,—pa,Qa,—paH,QaH,u-7—PN7QN,—poc)
= —(qas —pl)ﬁ(m, —P2,42, -+ —Pa—1,9a—1, —Pas —Pa+1s - s —PN,INs —Da)
+ (Go 01)PE(—P1, —D2, 42, - -y —Pa—1, dat1s —Das —Pat1s- - s —DN+ ANy —Pa) — -
— (Ga —Pa)PE(—p1, 41, —P2,@2. - - - —Pa1, Ga1, —Pact1s - - -+ —PN+ANs —Pa) + -
+ (das —Pa)*PE(—P1,q1, —P2: @2+ - - -, —Pa1: da1s —Pas —Pat1s - -+ —PN GN)
= [~(¢a:—Pa) + (0, —Pa) IPE(—p1, 41, P2, @2 - - -, —Pa—1, Ga—1:—Pa: —Pa+t1: - - -—PN- qN)
= PE(—p1, 1, —P2: G2, - - s —Pa1 Ga1s —Pas —Datls dast1s - - -» —PN» AN

where (qa, —Pa)? is defined in (20) and we know that

f’?(...,—pa,...,—pa):o.

The second equation of (24) can be proved similarly.
Finally, from (23), one yields

PE(—p1,q1, —P2, G2, - s —DNs AN, A) = (A, —p1)PE(q1, —p2, 42, - -, DN, )
— (A q)PE(=p1, —p2, 2, -+, =Ny aN) + (A —p2)PE(q1, —P1, G2, - -, —PN, GN)
— (A, @2)PE(q1, —p1, —p2, .-, PN AN) +
+ (A, —pN)PE(=p1, —P2, @2, - - -, —PN—1, N1, 4N)
— (N an)PE(=p1, —p2, 2, -+, —DN—1,aN—1, —DN) + S\ 7w

Also, the wave function (21) can be written as

ON(A) = d(MN)xn(A),
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where xny(A) = Q) - Therefore, using (24) and letting AF,, = F(¢,) — F(pn), we get

TN
P14+ A = A
xn(A) =1- _plm16AF1XN(q ) — o +>\Za16A "Xn(=p1)
P2+ A 2 — A
5 _p2wz€AF2XN(Q2) T ne 2y (—p2) —
PN+ A, qn — A
-1 Nzaz\reA Nxn(gn) — q]\hL>\ZCLJ\/€A Nxn(—=pn)
_ AF 2q1 AR
=1-— 1za1e xn(q1) — a7 +>\m1€ xN(—=p1)
2p 2q2
- 22026’AF2XN(‘] ) — 2+)\w26AF2XN(—p2) -
2pN 2
B g iane™ Ny (gn) — )\ZGNGAFNXN(—PN)
+ [—ialeAFl X (q1) +iare® xy (—p1) — iaze® 2 xn (g2)
+iase 2y (—pa) — - —iane® N xn(an) +iane N xn (—pw)]. (25)
Since ﬁ(—pl,ql,—pg,@,...,—pN,qN,O) = %, we have xn(0) = 7n. Then the last term in

[---] of (25) is zero (or )\lim X~ (A) =1 ). Hence one has
—00

2p1 . AR NG
NA)=1-— are=" txn(qr) — tare”" XN (—p1
XN(A) pp— x()q1+A XN(=p1)
2 2
-3 f; iaze®2x N (g2) — q2)\ia2€AF2XN(*P2) -
N 29N . AR
— iaye~"N — aye~"N —
Ju—_— xn(an) ) XN (=pN)

This formula is also obtained by the d-bar dressing method when the d-bar data is the degenerate
delta kernel [2, p. 6].
When n=1, we have (22). For n=2, from (21), one knows that

+ — +
P2+ qep2— D1 g2+ P eAF2:| .
g2 —pP2p2+P1q2— Pp1

P2t qp2t+qrq—q1 6AF2:| /7o,
Q@ —P2P2—q1q2+q1

x2(—=p1) = [1 +iag

x2(q1) = [1 + ias

— +
P11+ q1p1—P2q1 erAF1:| /72,
q1—pP1p1+p2q1 —p2
. Pt aprta2q —q
xa2(q2) = [1 +1ay eAFl} /T2
Q1 —P1P1L— 4291+ Q2

Xz(—pg) = |:1 + ial

Then
X2(A) =1-— 21 ia1e®Fxa(q1) — 20 iare® xo(—p1)
A—p1 Q@+ A
2 . 2 .
3 fjgz iaze®" xo(q2) — %M%A&m(—m)

We remark that this formula also appears in [2, p. 10], the parameters being different. For n=3,
by (21), we obtain

P2+ q2p2 —P1 Q2 +]31€AF2 +ia3p3 +43pP3 —P1G3 +p1€AF3
G2 —Pp2p2+P1q2 —p1 43 —P3P3+Pp14g3 —p1

x3(=p1) = |1+ iaz
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©iagias P2 +q@p2—P1g2+P1P3+93P3 —P1G3 +p1P23€AFQ+AF3] .
G2 —p2p2+PpP1g2—P143 —P3P3+P14G3 —P1
+ - . + -
P2+ QP2+ q1q2 Q16AFQ+w3P3+Q3P2 0493~ 91 AR
G2 —P2P2—q1G2+q1 g3 —P3P2—q1 43 +q1

+ + - + + — !
3]12 q2P2 74142 —q1P3 T 43 P2 741 43 Q1P23€AFQ+AF5] /73,

x3(q1) = [1 + ias

+ iagia

Q2 —P2P2—q192+q1 93 —p3pP2 —q1 93+ q1

D1+ q1p1 —Dp2qi +p2€AF1 n ia3p3 +q3p3 —P2q3 +p2€AF3
q1 —P1pP1+Pp2q1 — P2 D3 —q3p3 +p2G3 —p2
p1+qpr—p2q1+p2p3+q3p3—p2gs +p2P136AF1+AF3:|
g1 —p1pP1+pP2q1 —P2P3 —q3p3+P2gs — P2
PLt@aiprt+a@q— @ AR m3p3 +q3p3+q2q3 — @ AFs
g1 —P1P1—q2q + G2 g3 —P3P3 — G293+ q2
+tapitea-— +q3ps+ a2 qs —
Pt aptea —eptapstedas Q2IP>13@AF1+AF3] .
g1 —P1P1—G2q1 +G243 —Pp3pP3 — G243 +q2

x3(—p2) = [1 +iay

+ ialiag

/7-37

x3(q2) = [1 + tay

+ ialia

p1+q1p1—Pp3q1 +p36AF1+ia2p2+CI2p2—pBQ2 +p36AF2
P1L—q1p1+p3qL—p3 q2 — P2 P2 + D3 G2 — D3

+ — + + — +
LT O st psp2 22— P32 p?’IPlgeAF1+AF2] .
P1—q1P1+P3q1 —P3q2—Dp2p2+DP3q2 —P3
D1+ @1p1+q3qi B AR +m2p2+Q2p2+Q3 4?2 =9 AR

Q1 —P1P1—43q1 +G3 q2 —P2P2— 4392+ q3
P1+qp1+43q1 —q3p2+qp2+4342—G3 AF +AF,
2 Pige /T3,
q1—P1P1—q391+G3q92 —p2pP2 —q3q2+ 4¢3

x3(—p3) = [1 +iaq

+ ialia

x3(q3) = [1 +iay

+ ialia

where P1a, P13 and Pa3 are defined in (18). Then

. 21 . AR 2p2 . AR
A)=1-— ia et — tare~" " ys(—p1) — iage™"2
x3(A) X —p 1 x3(q1) 0+ A 1 x3(—p1) X — o 2 X3(q2)
2q2 . AF, 2p3 . AF; 2q3 . AFy
- 1aze X3\—p2) — agze X3\4g3) — age X3\—Pp3
72+ A =p2) A—Dp3 (@) g3+ A (=ps)

5 Concluding remarks

In this paper, we have used the extended Moutard transformation to construct the N-solitons
solutions. The basic idea comes from the successive iterations of solitons solutions, as remains to
be the simple method to obtain the N-solitons solutions. Also, the corresponding wave functions
are constructed by the Pfaffian expansion of the sum of two anti-symmetric matrices (14) when

compared with the d-dressing method [2].

To obtain real N-solitons solutions of the Novikov—Veselov equation (1), one has to put
extra relations between —p; and ¢; [2]. It could be interesting to investigate these real solutions
for the Schrodinger operator (self-adjoint). On the other hand, the resonance of N-solitons
solutions of DKP or KP theory has been studied in [16, 17, 18, 19]. And then the resonance
of N-solitons solutions of Pfaffian type (15) deserves to be investigated. These issues will be

published elsewhere.
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