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Abstract. Buchstaber and Mikhailov introduced the polynomial dynamical systems in C*
with two polynomial integrals on the basis of commuting vector fields on the symmetric
square of hyperelliptic curves. In our previous paper, we constructed the field of mero-
morphic functions on the sigma divisor of hyperelliptic curves of genus 3 and solutions of
the systems for ¢ = 3 by these functions. In this paper, as an application of our previous
results, we construct two parametric deformation of the KdV-hierarchy. This new system
is integrated in the meromorphic functions on the sigma divisor of hyperelliptic curves of
genus 3. In Section 8 of our previous paper [Funct. Anal. Appl. 51 (2017), 162-176], there
are miscalculations. In appendix of this paper, we correct the errors.
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1 Introduction

Let Vj; be a hyperelliptic curve of genus g defined by
Vy = {(X, Y) e C? | Y2 = X%+ y4X29_1— y6X29_2+ oot Yag X — Yagr2, Yi € (C}. (1.1)

A meromorphic function on the Jacobian of Vj is called hyperelliptic function. The theory of
hyperelliptic functions has deep relations with that of KdV-hierarchy. The KdV-hierarchy is an
infinite system of differential equations defined by

U, = xxU, k=1,2...,

for a function U = U(t1,ta,...). The functions xU are determined by the recursion
Xks1U = R

with the initial condition x; = 9/0t;, where R is the Lenard operator

162 1 o\t
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where (9/0t1)~! implies an integral with respect to t;. The KdV-equation is obtained for k = 2

1 3
Ut2 == ZUtltltl - §UUt1-

In the theory of hyperelliptic functions associated with the model (1.1), the hyperelliptic sigma
functions play an important role. The hyperelliptic sigma functions o(wq, w3, ..., was—1) are en-
tire functions of g complex variables, which are originally introduced by Klein as a generalization
of the Weierstrass elliptic sigma functions. Baker made a significant contribution of the theory
of sigma functions: for hyperelliptic curves of genera 2 and 3, he obtained explicit expressions for
higher logarithmic derivatives of sigma functions of many variables in the form of polynomials in
the second and the third logarithmic derivatives of these functions [2, 3, 4]. Relatively recently
it was shown that these differential polynomials give the fundamental equations of mathematical
physics, including KdV-hierarchy and KP-equations (see [5, 7, 11]).

The surface determined by the equation o(ws, ..., wey—1) = 0 in the Jacobian of Vj is called
the sigma divisor and denoted by (o). Let F((0)) be the field of meromorphic functions on the
sigma divisor of the hyperelliptic curves of genus 3. The functions f € F((¢)) are considered as
meromorphic functions on C? whose restrictions to the sigma divisor () are 6-periodic. In [9],
the polynomial dynamical systems in C* with two polynomial integrals are constructed on the
basis of commuting vector fields on the symmetric square of the hyperelliptic curves V. In [1],
for g = 3, the solutions of the systems are constructed in terms of the functions of F((o)).

For g = 2, the dynamical systems of [9] are related to the KdV-equation [5, 10]. In this paper
we consider the case of g = 3 and construct two parametric deformation of the KdV-hierarchy
by using the dynamical systems of [9] (Theorem 5.5). We construct a solution of the new system
in terms of functions of F((0)) (Theorem 7.2). If y12 = y14 = 0, then the new system goes to the
system of the KdV-hierarchy in [5, Theorem 5.2] (Proposition 6.5). The result of this paper is one
of the applications of the results in [1]. In [12], an extention of the sine-Gordon equation is given
and a solution is constructed in terms of the al-function on the subvariety in the hyperelliptic
Jacobian. The results of this paper can be regarded as an analog of the results of [12] for the
KdV-hierarchy. In Section 8, we consider the rational case (ya,...,y14) = (0,...,0) and derive
a rational solution of the KdV-hierarchy. This solution is equal to the solution obtained by the
rational limit of the hyperelliptic functions of genus 2. This result would give an insight into
the degeneration of the sigma functions.

In Section 8 of [1], we derived a solution of the dynamical systems introduced in [9] in the
rational case (y4,...,y14) = (0,...,0) for ¢ = 3. Unfortunately, there are miscalculations. In
Appendix A, we correct the errors.

2 The sigma function
For a positive integer g, we set
Ag = {(ya, Y6, - -, yag+2) € C**| Qy(X) has a multiple root },
where
Qqg(X) = X2IH 4 yy X271 — g X292 oo 44y X — Yy,
and B, = C?9 \A,. Consider a nonsingular hyperelliptic curve of genus g

V, = {(X,Y) € C?|Y2 = Qy(X)},
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where (Y4, Y6, - - -, Yag+2) € By. In this section we recall the definition of the sigma function for
the curve Vj (see [7]) and give facts about it which will be used later on. For (X,Y) € V, let

X9
dug;—1 = _WdX’ 1<i<yg,
be a basis of the vector space of holomorphic 1-forms on V;, and let du = *(duy, dus, ..., dugg_1).
Further, let
dryi 1 = — ﬁil (=1)9T Kk i —g) : Xrax 1<i< 2.1
2%i—1 = oV = 9)Y2g+2i—2k—2 ) 1> 9, (2.1)

be meromorphic one forms on V, with a pole only at co. In (2.1) we set yg =1 and y2 = 0. For
example, for g = 2

X? —yu X —3X3
d’l"l 2Yd s dT‘g % d
and for g =3
X3 ys X2 +3X4
=———dX =2 74X
d’l”l 2Yd s d7"3 Y% d y
X — 2y X2 + 3y X3 +5X°
drs = — 282 26 ;{/ WA 08 gy,

Let {;, 8;}/_, be a canonical basis in the one-dimensional homology group of the curve V. We
define the matrices of periods by

() () () me(f )

The matrix of normalized periods has the form 7 = wi 'wy. Let § = 70" + 6", §',6" € RY, be the
vectors of Riemann’s constants with respect to ({a;, 8;},00) and & := “(*§’,?6"). Then we have
§='(3,....3) and 0" ="({, 9771, ..., 3). The sigma function o(w), w="(w1, w3, ..., wag—1) €CY,
is defined by

o(w) = Cexp (;twmw;lw) 0[6)((2w1)'w, 7),

where 0[0](w) is the Riemann’s theta function with characteristics §, which is defined by

0] (w) = > exp{mv=1'(n+d)r(n+8) +2rvV=1"(n+ ) (w+ ")},

nez9

and C is a constant. We set p; j(w) = —0;0jlogo(w), o; = 0,0, and o;; = 0;0;0, where
0; = 0/0w;. We define the period lattice Ay = {2wimq + 2wama|mi,mo € Z9} and set
W ={we CY|o(w) =0}.

Proposition 2.1 ([7, Theorem 1.1] and [13, p. 193]). For my, mg € Z9, let Q = 2wimy +2wama,
and let
A= (_1)2(t§/m17t6//m2)+tm1m2 exp (t<2771m1 + 2nma) (w + wimy + w2m2>)_

Then
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(i) o(w+ Q) = Ao(w), where w € CY,
1) oi(w+ Q) = Aoi(w),i=1,3,...,29 — 1, where w € W.
(i2) o4(
Proposition 2.1(i) implies that w + Q € W for any w € W and © € Ay4. The surface
o) :={we CI/Ay|o(w) =0}

is called the sigma divisor. We set deg wor_1 = —(2k—1) and degys; = 2i, where 1 < k < g, 2 <
i <2g+1. Let S, (w) be the Schur function associated with the partition py = (9,9 —1,...,1)
and set |pug| =g+ (9 —1) +--- 41 (see [13, Section 4]).

Theorem 2.2 ([6, Theorem 6.3], [7, Theorem 7.7], [8], [13, Theorem 3]). The sigma func-
tion o(w) is an entire function on C9, and it is given by the series

_ o ) i1, 03 i2g-1
o(w) = Sug (w) + E )\117137"'7Z2g71w1 wg’ - T Wog_1>
i1+3i3+~-+(2g—1)i2971>|,ug|

where the coefficients A, is .. iry_1 € Qlya, Y6, - - -, yag+2] are homogeneous polynomials of degree
i1+ 3i3+ -+ (29 — Ding—1 — |pgl if Nijig,.izg—r 7 0

Example 2.3 ([6, Example 4.5], [8], [13, p. 192]).

1 L 6

1
S (w) = —ws + *wi S,2,1)(w) = wiws — w% 3w%w3 + = 1 wy.

3

3 Rational functions on the symmetric square

In [1], for g = 3, the structure of the field of rational functions on the symmetric square of the
curve V3 is described explicitly. These results can be extended for any genus similarly. In this
section we describe the structure of the field of rational functions on the symmetric square of
the curve V.

Let }"(Vg2) be the field of rational functions on ‘/;]2 and let J, be the ideal in C[X1, Y7, X3, Y2]
generated by the polynomials Y2 — Q,(X1) and Y5 — Q4(X2). We denote the quotient field of
an integral domain R by (R). We have

F(V2) = (C[X1, Y1, Xa, Ya] /).

Let Sym? ((CQ) be the symmetric square of C? and let F (Sym2 ((CQ)) be the set of rational
functions f(Xl,Yl,XQ,YQ) S C(Xl,}/i,Xg,Yg) such that f(Xl,Yl,XQ,YQ) = f(XQ,YQ,Xl,Yl).
Let Sym*(V,) be the symmetric square of the curve V, and let F(Sym?(V,)) be the set of
elements h € .7-"(V92) such that there exists a representative he f(Sym2 ((C2)) of h. In [1, 9],
the following elements of F (Sym2 ((C2)) are used

_ Xt X b:(Xl_X2)2 R St £ Yi-Y d:Y1+Y2

2 ’ 4 ’ X, — Xy’ 2

Note that the elements a, b, ¢, and d are algebraically independent and generate the field
F(Sym?(C?)) over C, i.e., f(Sym (C?)) =C(a,b,c,d). We set

Y12 - Qg(Xl) — Y22 + Qg(X2)
X1 —Xo ’

My = Ny :YIQ_Qg(X1)+}/22_Qg(X2)v

and Ng = —Ny4/2+ aM,. For example, for g = 2, we obtain

Ms(a,b,c,d) = —5a* — 10ab — b* + 2cd — y4(3a® + b) + 2ysa — ys,
No(a,b,¢,d) = —4a® + 4ab® — *b + 2acd — d? + 2y4(—a® + ab) + ye (a® — b) — y1o,
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and for g = 3, we obtain'
Ms(a,b,c,d) = 2cd — 7a8 — 35a%b — 21a%b* — b® — gy (5@4 + 10a%b + b2)
+ 4ye (a® + ab) — ys(3a® +b) + 2y10a — Y12,
1\73(@, b,c,d) = —d* — bé® + 2acd — 6a” — 14ab + 14a3b* + 6ab®
— 4y, (a5 — abQ) + yg (3a4 —2a2%b — b2) — 2us (a3 — ab) + Y10 (a2 — b) — Y14.
Let A4 be the ideal generated by the polynomials M, and N, in the ring Cla, b, ¢, d] and let u;,
1=2,4,29 — 1,29 4+ 1, denote the elements of .7-"(1/92) such that ug = a, ug = b, ugg—1 = ¢, and
ugg+1 = d in the field C(X1,Y1, X, Y2), i.e., ua, ua, uzg—1, and uggyq are the equivalence classes
of a, b, ¢, and d in ]-“(Vg2), respectively. Note that ug, ug, u2g—1, and ugg41 are contained in
F(Sym?(V;)). Consider the homomorphism
I'y: Cla,b,c,d] — f(Sme(Vg)), a— uog, b uy, C > Ugg—_1, d — Uggt1.
Then we have Ker(I'y) = A, and the isomorphism [1, Lemma 3.3 and Theorem 3.4]
fg: (Cla,b,c,d]/Ag) — f(Sym2(Vg)).
The following two commuting derivations acting on the field F (ng) were used in [1, 9]:

U S cw — 1 xp _xD
3= ¥, —x, P2~ Pv); 29-1= 3 x, K2D1— XiDa),

Dy, = QYkOXk + Q;(Xk)ayk, k=1,2.

In [9, Lemmas 16 and 17], ,CZ(.g )uj is expressed as a polynomial of ua, u4, u2g—1, and ugg41 whose
coefficients are in Q[ya, ¥e, ..., Yag+2] for any i = 29 — 3,29 — 1 and j = 2,4,2g — 1,29 + 1.
These can be regarded as polynomial dynamical systems in C* with coordinates us, ug, Ug—1,
and ugg41. We assume g = 3.

Theorem 3.1 ([9, Lemmas 16 and 17]). In the space C* with coordinates ua, uy, us, and uy, we
have the following families of dynamical systems with constant parameters y4, ys, ys, and yio:

(1) £§3)u2 = —us, £§3)U4 = —2uy,
£§3)u5 = —35uj — 42uduy — 3ud — 2y (5ud + us) + dysus — s,
Eg?’)tw = —7(3ug + 10u§u41 + 3u2ui) — 10y, (u% + ’LL2U4)
+ 2y6 (3u3 + ua) — 3ysu2 + Y10,
(I1) £é3)’[t2 = ugus — Uz, E?)m = 2(ugu7 — ugqus),
Eég)u5 = ug + 14ug — 28u%U4 — 18uQui — 8yquguy + 2yg (u% + u4) — 2ysgu2 + Y10,
Eé?’)zw = —usuy + 21ud + 35ujus — 21usu? — 3ui + 2y, (5u‘21 — ui)
— 2y6 (3u3 — ugus) + ys (3u3 — usa) — yrous.

The systems (I) and (II) have common first integrals Hio := M3(usg, uq, us, uy) + yi2 and
Hyy = Ng(Ug, ug, us, u7) + y1a [9, 10], [1, Theorem 7.1]. Moreover, the system (I) is a Hamilto-
nian system with the Hamiltonian Hj9 and the Poisson structure determined by {ug, u7} = —1/2,
{ug,us} = —1, {ug, us} = {ug,us} = {ua,ur} = {us,ur} = 0 [10]. The system (II) is a Hamilto-
nian system with the Hamiltonian H14 and the Poisson structure determined by {ug, u7} = 1/2,
{ug,us} = 1, {ug,ug} = {u2,us} = {ug,ur} = {us,ur} = 0 [10]. These Hamiltonians are in
involution with respect to the Poisson structures and the systems are Liouville integrable [10].

n [1, p. 165], the expression of Hiy is that of —H14/2 4+ u2Hi2 in the notation of [1].
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4 Meromorphic functions on the sigma divisor

In [1], for ¢ = 3, the field of meromorphic functions on the sigma divisor of the curve V3 is
described. In this section we recall these results.

We assume g = 3. Fix any constant vector (ya, Y6, ¥s, Y10, Y12, y14) € Bs. Let F be the field
of all meromorphic functions on C3 and let F[(c)] be the set of meromorphic functions f € F
satisfying the following two conditions:

e for any point w € W, there exist an open neighborhood U; C C3 of this point and two
holomorphic functions g and h on Uy such that the function h does not identically vanish
on UyNW and f = g/h on Uy,

o f(w+ Q)= f(w) for any w € W and Q € As.
Note that F[(o)] is a subring in F, but it is not generally a field. Let us consider the Abel-Jacobi

map

Py Py
I3: Sym?(V3) — Jac(V3) = C?/As, (Pl,Pg)i—>/ du+/ du.

o0 (e o]

The Abel-Jacobi map I3 induces a ring homomorphism
I5: Flo)] = F(Sym*(V3)),  fr> fols.

Let J* be the set of meromorphic functions f € F|[(o)] identically vanishing on W. Thus, we
have Ker I = J*. We set F((0)) = F[(0)]/J*. Then F((0)) is a field and, by construction,
there is an isomorphism of fields (see [1, Section 4])

ITZ:: F((o)) — f(Symz(Vg)).

The following meromorphic functions on C3 are introduced in [1]:

01,1 03 01,3 05
flz ) f2:77 f3: ) f4:77
o1 o1 o1 o1
03,3 01,5 03,5
f5: ) g5 = ) f7: )
01 01 01

Fo=—shn  Fi=if—fu  Fs=g(Afi+fs— 20,
Fr= 3530 = 2afs— N3 + 20 fofs = fofs + 251 = 2295).

We have F; € F[(o)] and I3(F;) = u; for i = 2,4,5,7 (see [1, Proposition 4.1]). In [1], the
following derivations acting on the field F((0)) are introduced

LY =0, - o, 1P =0,- 20,
o1 01
Lemma 4.1 ([1, Lemma 6.4]). The relations Eég) ol; =TI;o ng) and £g3) ol =Ijo Lé3) hold.

5 Two parametric deformation of KdV-hierarchy

We assume g = 3 and consider the following derivations:

Ty =) — %ag) — Y =0y 2—385 — 1Y — o L.
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From [1, Lemma 6.2], the commutation relation [T}, 73] = 0 holds in the Lie algebra of derivations
of F. Since the operators Lg?)) and Lés) are the derivations of the field F((0)) and fa, fi
Fl(0)], the operators T and T3 are also the derivations of the field F((0)). We consider the
following derivations acting on the field F (ng)

_ 1 e 1 _
T= 5t = v g oD - XD, (5.1)
X+ X 1 X+ X
To=c® ¢ 222,00 (Dy - D))+ ——2 22 _(xop XDy (5.2)

X1Xo P X1i—-Xo X1X2(Xy — Xo)
Proposition 5.1. The commutation relation [T1, T3] = 0 holds.
Proof. Since [Eég), Eég) ] = 0, the direct calculation shows the proposition. |

Proposition 5.2. We have

_ s
nx = X1<X12}:1X2)’ 7= Xl(%i(fﬁa)
/
TiX2 = XQ(;YQ— X s XQ%EE{Q)XQ)’
/
T:X1 = XX = X, (i?izzflxz), T3Y: = Xi2§13 (_X)I(L),
_ _ /
Tso = X2<)2cfﬁ—Y§<2)’ TS Xz)(()l(??f))(gz))'
Proof. The direct calculation shows the proposition. |

Lemma 5.3. The relations Ti o I} = I o Ty and T3 o I = I} o Ty hold.
Proof. From Lemma 4.1, I5(f2) = —(X1+ X2), and I3(f1) = X1 X5, we obtain the lemma. W

Proposition 5.4. In the space C* with coordinates ug, w4, us, and ur, we have the following
families of rational dynamical systems with constant parameters y4, yg, ys, and yio:

Ug2us — Uy 2(UQU7 — U4U5)
71“2 = T 5 ’Tlu4 = T 5

Tius = (U4 — u2) {u5 + 14u2 — 28u2u4 — 18u2u4 8ysuoty
+ 2y6 (u2 + U4) — 2ygug + 910}
Tiur = (ug — uQ) { uswy + 21uS + 35ugug — 21udu? — 3ul + 2y, (5u2 — ui)
— 2y6 (3uj — uous) + ys (3u3 — us) — yroua},
Tt = 2uouy — u4u52— u%u57 Toug = 2(2uguqus — U4Z;7 — udur) ’
Ug — UG Ug — UG

Taus = ( Ug — u2) { Qugu? + Tud + 63ujuy — Judu? — 3ul + 2y, (5u2 + 4udug — u4)

— 8yeus + ys (5uj — us) — 2y10us },
Taur = ( Uy — u2) {2UQU5U7 — 21u2 — 21UQU4 7ugui — 15u2ui — 214 (5ug + 3u2ui)
+ 2y6 (3u2 + u4) — Ys (3u2 + U2’LL4) + Y10 (u2 + U4)}.
Proof. From Theorem 3.1, (5.1), and (5.2), we obtain the proposition. [

Let u = 4ug and v = 2(U4 — U2) For any w € f(Sym (V};)), we use the notation w’ = Tw
and w = T3w. Then we obtain the main result of this paper.
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Theorem 5.5. We obtain the following new system that can be called two parametric deformed
KdV-hierarchy:

v (U — 40 — 6un’) — 32y10v0 + 32y14 (v’ — 3un) = 0, (5.3)
v (" — dut — 2u'v) — 3241200 + 32y14(v0’ — 3ud) = 0, (5.4)
=1, (5.5)
20 = vu’ —uv'. (5.6)
Proof. From Proposition 5.4, the direct calculation shows
4
uf = 2ug + 1003 + g — — 2 — I (5.7)

where in the above calculation we deleted the terms usu7; and u2 by using the relations
M3 (u2, ug, us, ur) = N(uz,us, us, ur) = 0

in F(Sym?(V3)) (see Section 3). By differentiating the both sides of (5.7) with respect to 77,
we obtain

2
" 4(4u2u7 + uqus — 5UQU5) 2uoU7 — UgUs — u%%

UQ = — 2 + 43/12

= (us— )
+ 4y14 ugur + ufur — 7U221;4u5 — budus
(U4 — u2)
dy120 4 ud — ug)ub + 6ust
= dity + 2uzly + — P22 yraf (u3 — ug) il 2}
(s — u3) (ug — u3)

Therefore we obtain the equation (5.3). By differentiating the both sides of (5.7) with respect
to 73, we obtain

4U7 (U4 — 9u§) “+ UgUs (3U4 + 5U%) U2U5 (3U4 + u%) — U7 (U4 + 3u%)

-1
i (wi— )"
us (uf + 18uduyg + 5us3) — 8ugur (ug + 2u3)
+ 4y14 N b )
(4 — u3)
C 2 2 2 2 !
. Uy — U Gug (us — ug) + (us5 — ug) (U5 — ug

= 16ugto + 4(U4 — u%)ulg + 23/12(( 2))3 — 2Y14 ( 2 >( ( 2 2)4 )( 2 ) .
Therefore we obtain the equation (5.4). From Proposition 5.4, we obtain the equations (5.5)
and (5.6). [

6 Relation with a curve of genus 2

Let us consider the homomorphism of the field of rational functions C(X1, Y7, X2, Y2)
11[}: C(Xl,Yi,XQ,Yé)—)(C(Xl,Yl,XQ,}/Q), XlHXZ, YtL'_> Z:1>2

The map v induces the homomorphism

Sym(y): F(Sym?(C?)) — F(Sym*(C?)).
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In Section 3, we noted .F(Sme ((CQ)) = C(a, b, c,d). The map Sym(v)) transforms the generators
a, b, ¢, and d as follows

ac—d ad — bc
— b—b - —— dw— . 6.1
Fix any constant vector (y4, Y6, Ys, Y10) € C*. We consider a curve V5
Vo={(X,Y)eC?|Y? = X"+ 14 X® — ys X* + ys X — y10}
and a curve V32
Vao={(X,Y)€C?|Y? = X"+ X’ — ye X' + ys X° — y10X?}.
The map v induces the homomorphism
Y;
wl: f(v’QQ)%]:(VES%Q)7 XZ'_>X17 EHyla Z:172
i
Proposition 6.1. The map 11 is an isomorphism between ]-'(1/22) and .7-"(‘/3272)
Proof. We can consider the map
Pe: F(Viy) — F(V5), X — Xi, Y; = XY, i=1,2.
Then we can check
B iy et ). "

Proposition 6.2. The map 11 is an isomorphism between F(Sym?(V2)) and F(Sym?(V32)),
and we have
UU5 — UT U2U7 — U4U5

Y1 (uz) = ug, V1 (usg) = ug, P1(ug) = —5——, Y1(us) = —5———. (6.2)

Proof. Since 91 (]:(Sme(Vg))) C .F(Sme(Vgg)) and 1)y (./_'.(Sme(‘/é’z))) C F(Sme(Vg)),
the map 17 is an isomorphism between F (Sym?*(V2)) and F (Sym?*(V32)). From (6.1) we obtain
the relations (6.2). [ |

Proposition 6.3. We have
Tiopr=v10LP,  Tgoy=vr0Ld.

Proof. By the direct calculation we can check 77 o 11 (X;) = 11 o £§2) (X;) and T1 o 1 (Y;) =
RS £§2)(Y;) for ¢ = 1,2. Therefore we obtain 73 01 = 1) 0 552)_ Similary, we obtain T3 o) =
1/}1 (¢] ﬁi(f) [ |

We assume (y4, ys, Ys, y10) € Ba. Let us consider the Abel-Jacobi map of the curve V3

P Py
I: Sym?(Va) — Jac(Va) = C? /A, (P, Py) »—>/ du—l—/ du.

[e.9]

Let F(Jac(V2)) be the field of meromorphic functions on the Jacobian Jac(V2). The Abel-Jacobi
map Is induces the isomorphism of the fields:

I3 F(Jac(Va)) — F(Sym?*(V2)), f fols.



10 T. Ayano and V.M. Buchstaber

As derivations of F (VQZ), the derivations 552) and [,gf) can be expressed as [1, Section 6]
c? = < X — {—2Vi(dp, /dX}) + 2Ya(dp, /dX,)},

£ = o 2XaYidn fAX) - 2X1¥a(dn A X))

where P, = (X;,Y;) € Vo, i = 1,2, we regard X; and Y; as meromorphic functions on V22,
and dX; and dY; are the total differentials of X; and Y; for ¢ = 1,2. Let us describe the action
of these operators in more detail. For g(Py, P2) € F(V{), dp,(g) is the total differential of g as
a meromorphic function of P;. Then dp,(g)/dX; is the meromorphic function on Vi determined
uniquely by dp,(g) = (dp,(9)/dX;) - dX;. We consider the following derivations of F(Jac(V2))
0 2 0

2 — @__ 9
1 6w1 ’ 3 awg
Lemma 6.4. We have £ o I3 = I; o L) and £ o I; = I; 0 LY.
Proof. Set h € F(Jac(V2)) and w = Is((Py, P2)). We have

1
X — X,

- e {2Y1 (21/1]“( )~ gy hale >> 2% <2Xy22h1(w) - 2;2h3(w>>}

= hi(w) = I3 o LY (h),

£P o I (h) = £ (h(w)) =

(2)

where h; = Oy, h. The lemma’s assertions for the operator Ls are proved similarly. |

By the isomorphism
I3: F(Jac(Va)) ~ F(Sym?(V3)),

(2)

the operators ng) and LéQ) transform into £~ and £§2) , respectively. By the isomorphism

Y10 F(Sym? (Vo)) ~ F(Sym?(Va2)),

the operators £g2) and £§2) transform into the operators 71 and T3, respectively.

Proposition 6.5. If y12 = y14 = 0 and v # 0, the system (5.3), (5.4), and (5.5) in Theorem 5.5
goes to the system of the KdV-hierarchy in [5, Theorem 5.2].

Proof. If y12 = y14 = 0 and v # 0, the equation (5.3) goes to
— 41 — 6ur’ = 0.
Therefore we obtain
u" = 3(u?) + 44.
On the other hand, the equation (5.4) goes to

o — dut — 2u'v = 0.

’In [1], these expressions are given for g = 3 and we can prove them for any g similarly.
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From (5.5), the above equation becomes
" — 4w’ — 2u'v = 0.

From (5.6), we obtain

! !

" ! ! 1/, / . / / 1/, / / .
0=v" —4uwv —2uv=v" —3uww +20 —vu —2u'v=2" —3uv — 3uv+ 2v0.

Thus we have

" = 3(uv) — 20. [

7 Solution of the two parametric deformed KdV-hierarchy

We assume g = 3. The two parametric deformed KdV-hierarchy introduced in Theorem 5.5 is
integrated in functions of F((¢)). Consider a constant vector (y4, ys, ys, Y10, Y12, y14) € Bs. Take
a point w(® = (w§0)7w§0)7 wéo)) € W such that o; (w(o)) # 0 for i = 1,5. In a sufficiently small

open neighborhood Uy C C? of (wgo),wéo)), there exists a uniquely determined holomorphic

function &(wy,ws) on Us such that §(w§0), wi(,)o)) = wéo), (w1, ws, (w1, ws)) € W for any point
(w1, ws3) € Us, and o;(wy, ws, (w1, ws)) # 0 for any point (w1, ws) € Uy and i = 1, 5.

Lemma 7.1. For any F € F, we have

o F(uwn,wn, G we) = Th(F), 5 F(wn, s, &, wg) = To(F).

Proof. According to the definition of the function &, we have

9 _ a1 08 _ o3
Tor o (wr, w3, {(wy, w3)), i (w, w3, {(wy, w3)).
Therefore
9 plwn, ws, €wr, ws)) = OF — ZL(OF) = T1(F)
B 1, w3, {(wi,ws)) = 0 5. (O F) = Th(F),
0
%F(wlaw&f(wlwa)) = O3F — 2(3517) = T3(F). u

We set U(z,t) = 4F(z,t,&(z,t)) and V(z,t) = 2{Fy(z,t,{(,t)) — Fo(z,t,&(x,t))*}. For
a function K (z,t), we use the notation K’ = 8,K, K = 9, K.

Theorem 7.2. The functions U and V' satisfy the two parametric deformed KdV-hierarchy

VHU" —4U — 6UU") — 3212V U + 32y1s(VU' — 3UU) = 0,
VAHU" —AUU — 2U'V) — 32y1oVV 4 32y14(VV' = 3UV) = 0,
U=V,

oV =VU -UV"

Proof. From Lemmas 5.3, 7.1, and Theorem 5.5, we obtain the theorem. |
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8 The rational limit

Let the constant vector (y4,...,y14) € C° tend to zero. Then, according to Theorem 2.2, the
sigma function o(wi,ws, ws) transforms into the Schur—Weierstrass polynomial (see [6])

0 = wWiws — w2 — 111)3103 + iu16
331 45 1
As a result, we obtain
2 1
2 5 3

01 = w5 — wijws + —wy, 03 = —2w3 — -wy, o5 = w1,

15 3

_ 2 4 _ 2 _ _ _

o11 = —2wiws + 30 o13 = —wy, o15 =1, o33 = —2, o35 = 0.

Take a point w(®) = (w§0)7w:(50)’wé0)) € W such that o; (w(o)) # 0 for ¢ = 1,5. In a sufficiently

small open neighborhood Uy C C? of (wgo), wéo)), there exists a uniquely determined holomorphic

function &(wq,ws3) on Uy such that E(wg)),w:(,)o)) = wéo), (wl, wg,g(wl,wg)) € W for any point
(w1, ws) € Us, and o;(wy,ws, (w1, ws)) # 0 for any point (wy,ws) € Uz and ¢ = 1,5. On Us

the function &(wq,ws) is expressed as

2
w 1 1
E(wr,ws) = w—i’ + gw%wg — 4—5w?

We have

o3(z,t, &2, 1)) _ 6:3(3:3 + 6t)
(b€, D) (28— 31)°
sl e ) 18

Ul(x,t,f(:b,t)) B ($3—3t)2'

U(x,t) =4F(x,t,&(x,t)) = —2

Vix,t) = 2{F4(a:,t,§(:c,t)) — Fg(x,t,f(m,t))Q} =

Theorem 8.1. The function U(x,t) is a solution of the KdV-hierarchy
U" —4U - 6UU" =0, (8.1)
U" —4UU —2U'V =0, U=v'.

Proof. This theorem follows from Theorem 7.2. |

Let us consider the curve V5 of genus 2. It is well known that the function D(z,t) = 2p11(z,t)
is a solution of the KdV-hierarchy (see [5, Theorems 5.1 and 5.2], [7, Theorem 3.6], [11, Theo-
rem 6))

D" —4D—-6DD'=0, D"—-4DD-2D'E=0, D=F. (8.2)

where E(x,t) = 2p1 3(x,t). Let the constant vector (ya4, ys, s, y10) € C* tends to zero. Then we
have

U:—ws-l-gwi U1=w%, o3 = —1, 011 = 2wy, o013 =0,
2 _ 6x (3 + 6t — 1822
D(x,t)ZQUl ;7110' _ ( 2)7 E(xjt):20'10'3 20'13(7 _ T .
o (x3 —3t) o (ac3 —3t)

which is a solution of the KdV-hierarchy (8.2). Note that U(z,t) = D(x,t) and V (z,t) = E(x,t)
in the rational limit.
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Remark 8.2. The Lax form of the KdV-equation (8.1) is

dL
dt

where

= [4, L,

3 3

2 3

- - i x
02+, A=0; =500 — 7

The Schrédinger equation with the potential U(x,t) = 6x (333 + 6t) / (m3 — 3t)2 is
dn
dz?

where 7(x,t) is an unknown function and A € C. At each fixed time ¢, the function U(x,t) =

6 (2% +6t)/(2® — 3t)2 decreases as O(1/2?%) for  — co. Thus, we obtain a meaningful solution
of the corresponding Schrodinger equation (8.3) in the point of view of physics.

+ U(z, t)n(z,t) = An(zx, t), (8.3)

A Correction of Section 8 in [1]

In [1, Section 8], we derived the solution of the dynamical systems introduced in [9] in the case of

(Y4, ... y14) = (0,...,0) for g = 3. Unfortunately, there are miscalculations in the expressions
of F5, F7 and Examples 1 and 3. In this appendix we correct the errors.
We assume g = 3 and consider the curve V3. Let the constant vector (y4, .. .,%14) € C° tend to

zero. Then the sigma function o(w, ws, ws) transforms into the Schur—Weierstrass polynomial

as Section 8. Take a point w(® = (wgo) w{(})o)’ (0)) € W such that o1 (w®) # 0. In a sufficiently

small open neighborhood Uz C C? of (wz(,)o), wé )), there exists a uniquely determined holomorphic

function ¢(ws,ws) on Us such that go(wéo),wéo)) = wgo), (p(ws, ws), ws,ws) € W for any point

(w3, ws) € Us, and o1 (p(ws, ws), ws, ws) # 0 for any point (ws,ws) € Us. We have the relation
o(ws, ws)® = 15¢(ws, ws)3ws + 45w§ — 450 (w3, w5 )ws. (A1)

The definitions of Iy, Fy, F5, F; (see Section 4) and the relation (A.1) imply®

Fy(p(ws, ws), wg, ws) = 5(¢” + Gws)/Kz,

Fy(p(ws, ws), ws, ws) = 15 ( ©3ws + 15pws — 15w§)/K4,

F5(p(ws, ws), ws, ws) = ( 15ws2 — 195¢2w3w5 + 8¢ ws + 135pws> + 63@411}32)/[(5,

Fr(p(ws, ws), w3, ws) = —15@(25@ ws? — 45pwsws — 150 wsws + 27ws* + 18@311133)/[(7,
where

Ko = 2(2<p5 — 15¢%ws + 15w5), Ky = 4( 8o ws + 27 w? — 30p%wsws + 15w5)

K5 = 3(5w53 + 165(,021031052 + 14(,0511)52 — 585g0w3 ws — 111<p wsws
+ 405ws” + 1893 ws?),

K7 = 2(15ws* — 43809 wsws® — 208¢°ws* + 28620pws ws? + 3042 w3 ws
— 24300ws w5 — 115833 w3 ws + 2187¢%w3® + 7294 ws?).

The dynamical systems introduced in [9] for ¢ = 3 and y4 = ys = ys = y10 = 0 are as follows

(I) Gy =—Gs,  0;Gy=—-2G7;,  0;Gs5=—35Ga —42G3G4 — 3G3,

3We used the computer algebra system Maxima for calculation.
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,Gr = —7(3G5 + 10G3G4 + 3G2GY),
(II) 0,G2 = G2Gs — G, 0-G4 = 2(G2G7 — G4Gh),
0:G5 = G2 4 14G5 — 28G5G4 — 18G2G?,
0,G7 = —G5G7 + 21GS + 35G3G4 — 21G2G2 — 3G3.
Theorem A.1 ([1, Theorem 8.1]). The set of functions (Ga, G4, Gs,Gr), where
Gi(t,7) = Fi(e(t,7),t,T), i=2,4,5,7,
is a solution of the dynamical systems (1) and (II).

Example 1. Let w(® = (0,0,1). Then w(® € W and oy (w®) # 0. The function ¢(t,1) of ¢
has the following expansion in a neighborhood of the point ¢ = 0:

1 14
L) =24+ StT 4 124
According to Theorem A.1, the set of functions (G2, G4, G5, G7), where

Gi(t) = Fi(p(t,1),t,1),  i=2,4,5,T,

is a solution of the dynamical system (I).

Example 3. Let w(® = (¢,1,0) such that ¢® = 15¢® + 45. Then w©® ¢ W, oy (w(o)) =
q> (2q3 — 15)/15 #0, and ¢(t,0) = qt'/? around t = 1. We have

5(¢° + 15) /3,
36q¢*

5(2¢ +3) /3

54q(q® + 3) '

Fy(qt'/3,t,0) = %t_2/3, Fy(qt'/3,t,0) = —
Fy(qt'/3,,0) = %t_5/3, Fr(qt'/3,£,0) = —

According to Theorem A.1, the set of functions (G2, G4, G5, G7), where
Gi(t) = Fi(qt"/%,4,0),  i=2,4,5,1T,

is a solution of the dynamical system (I).
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