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Abstract. A pluri-Lagrangian structure is an attribute of integrability for lattice equations
and for hierarchies of differential equations. It combines the notion of multi-dimensional
consistency (in the discrete case) or commutativity of the flows (in the continuous case)
with a variational principle. Recently we developed a continuum limit procedure for pluri-
Lagrangian systems, which we now apply to most of the ABS list and some members of the
lattice Gelfand—Dickey hierarchy. We obtain pluri-Lagrangian structures for many hierar-
chies of integrable PDEs for which such structures where previously unknown. This includes
the Krichever—Novikov hierarchy, the double hierarchy of sine-Gordon and modified KdV
equations, and a first example of a continuous multi-component pluri-Lagrangian system.
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1 Introduction

This paper continues the work started in [25], where we established a continuum limit proce-
dure for lattice equations with a pluri-Lagrangian (also called Lagrangian multiform) structure.
Here, we apply this procedure to many more examples. These continuum limits produce known
hierarchies of integrable PDEs, but also a pluri-Lagrangian structure for these hierarchies, which
in most cases was not previously known.

We start by giving a short introduction to discrete and continuous pluri-Lagrangian systems.
Then, in Section 2, we review the continuum limit procedure from [25]. In Sections 3 and 4 we
present examples form the ABS list [2]. In Section 5 we extend one of these examples, ABS
equation H3, to produce the doubly infinite hierarchy containing the sine-Gordon and modified
KdV equations. In Section 6 we comment on a common feature of all of our continuum limits
of ABS equations, namely that half of the continuous independent variables can be disregarded.
In Section 7 we study two examples from the Gelfand—Dickey hierarchy.

The computations in this paper were performed in the SageMath software system [22]. The
code is available at https://github.com/mvermeeren/pluri-lagrangian-clim.

1.1 The discrete pluri-Lagrangian principle

Most of the lattice equations we will consider are quad equations, difference equations of the
form
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where subscripts of the field U: Z? — C denote lattice shifts,
U=U(m,n), Uy =U(m+1,n), Uy =U(m,n+1), U=U(m+1,n+1),

and «; € C are parameters associated to the lattice directions.

Even though the equations live in Z?, we require that we can consistently implement them on
every square in a higher-dimensional lattice Z~. This property of multidimensional consistency
is an important attribute of integrability for lattice equations, see for example [2, 5], or [9)].
A necessary and sufficient condition for multidimensional consistency is that the equation is
consistent around the cube:

Uss U2
1
Us l
| Uiz
‘
|
Qs | U2
®- oo e
oy 12
U ai Uy

Figure 1. A quad equation is consistent around the cube if Uja3 can be uniquely determined from U, Uy,
U; and Us. If in addition Ujs3 is independent of U, then the equation satisfies the tetrahedron property.

Definition 1.1. Given lattice parameters «q, ag, and a3 and field values U, Uy, Us, and Us,
we can use the equations

QU,U;,U;,Uij, \i, Aj) =0, 1<i<j<3
to determine Uy, Uys, and Usz. Then we can use each of the three equations
QUi,Usj, Uik, Uiji, Aj, Ai) = 0, (i, 4, k) even permutation of (1,2, 3)

to determine Upos. If these three values agree for all initial conditions U, Uy, Us, and Us and all
parameters o, as, and «ag, then the equation is consistent around the cube.

Multidimensionally consistent equations on quadrilateral graphs, satisfying certain additional
assumptions, were classified by Adler, Bobenko and Suris in [2]. The list of equations they found
is widely known as the ABS list. In the same paper Lagrangians were given for each of the
equations in the context of the classical variational principle.

We now present the pluri-Lagrangian perspective on these equations, which first appeared
in [13] and was explored further in [4]. Consider the lattice Z" with basis vectors eq,...,en.
To each lattice direction we associate a parameter A; € C. We denote an elementary square
(a quad) in the lattice by

O;j(n) = {n +e1e; + ¢ | e1,e2 € {0,1}} € ZV,

where n = (nq,...,ny). Quads are considered to be oriented; interchanging the indices ¢ and j
reverses the orientation. We will write U(J; j(n)) for the quadruple

U(0;, (n)) = (U(n), Un+e¢),Un+e),Un+e+ 2j)).
Occasionally we will also consider the corresponding “filled-in” squares in RY,
W ;(n) = {n+ e+ poej | g, p2 € 0,1} C RY,

on which we consider the orientation defined by the basis (e;, ¢;) of the tangent space.
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Figure 2. Visualization of a discrete 2-surface in Z3.

The role of a Lagrange function is played by a discrete 2-form
LU, (n)), Ais Aj),

which is a function of the values of the field U:Z — C on a quad and of the corresponding
lattice parameters, satisfying L(U(0;;(n)), A\j, ;) = —L(U(0; ;(n)), Ai, Aj).

Consider a discrete surface I' = {{J, } in the lattice, i.e., a set of quads, such that the union
of the corresponding filled-in squares |, M, is an oriented topological 2-manifold (possibly with
boundary). The action over I' is given by

Sr= Y LU(D;m), AN
O;,j(n)el

Definition 1.2. The field U is a solution to the discrete pluri-Lagrangian problem if it is
a critical point of Sp (with respect to variations that are zero on the boundary of I") for all
discrete surfaces I' simultaneously.

Euler-Lagrange equations in the discrete pluri-Lagrangian setting are obtained by taking
point-wise variations of the field on the corners of an elementary cube. Since any other sur-
face can be constructed out of such corners, these variations give us necessary and sufficient
conditions.

It is useful to note that exact forms are null Lagrangians.

Proposition 1.3. Let n(U,U;, \;) be a discrete 1-form. Then every field U:ZN — C is critical
for the discrete pluri-Lagrangian 2-form L = An, defined by

L(U,Us, Uy, Uiz, Miy Aj) = n(U, Ui, Ai) +1(Ui, U, Aj) — n(Us, Usj, Ai) — (U, Uj, Aj).

Proof. The action sum of L = An over a discrete surface I' depends only on the values of U
on the boundary of I'. Hence any variation that is zero on the boundary leaves the action
invariant. u

For the details of the discrete pluri-Lagrangian theory we refer to the groundbreaking pa-
per [13], which introduced the pluri-Lagrangian (or Lagrangian multiform) idea, and to the
reviews [5] and [9, Chapter 12], and the references therein.

1.2 The continuous pluri-Lagrangian principle

Continuous pluri-Lagrangian systems are defined analogous to their discrete counterparts. Let
L[u] be a 2-form in RY, depending on a field u: R — C and any number of its derivatives.

Definition 1.4. The field u solves the continuous pluri-Lagrangian problem for L if for any
embedded surface I' C R™ and any variation du which vanishes near the boundary 9I', there
holds

(5/5—0.
r
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The first question about continuous pluri-Lagrangian systems is to find a set of equations
characterizing criticality in the pluri-Lagrangian sense. If £ = ) L;;[u] dt; A dt;, then these

i<j
equations are

Y - VI &t t;, 1.1
ours 0 7 J (1.1)
0ijLij 0Ll
Q=i —0 VI % t;, 1.2
6U[tj 5UItk % ( )
0ijLij | kL iLri

iEig | Okl | Okkki gy (1.3)

5u1titj 5U1tjtk 6U1tkt¢

for 7, j, and k distinct, where

o

6ij = Z (_1)0&4—5%% 9
e} )

dur o B0 dts dt? 8“&;%?

and uy denotes a partial derivative corresponding to the multi-index I. We write that I > ¢ if

the entry in I corresponding to t; is nonzero, i.e., if at least one derivative is taken with respect

to tg, and I &ty otherwise. Compared to uy, the field u 1048 has « additional derivatives with
i)
respect to ¢; and 3 additional derivatives with respect to t;.

We call equations (1.1)—(1.3) the multi-time Euler—Lagrange equations. They were derived
in [23].

2 Continuum limit procedure

In this section we review the essentials of the continuum limit procedure for multidimensionally
consistent lattice equations and their pluri-Lagrangian structure, presented in [25]. The contin-
uum limit on the level of the equations has its roots in [16, 27]. On the level of the Lagrangian
structure, a significant precursor is [28], in which the continuum limit of a Lagrangian 1-form
system is presented.

2.1 Miwa variables

We construct a map from the lattice ZV (n1, ..., ny) to the continuous multi-time RY (¢, ...,tx)
as follows. We associate a parameter \; with each lattice direction and set

. M\
t; = (—1)"+t (nlll 4ot nNzN) .

Note that a single step in the lattice (changing one n;) affects all the times t;, hence we are
dealing with a very skew embedding of the lattice. We will also consider a slightly more general
correspondence,

- e Al
ti = (~1)""" <n1i1+---+mv Z.N) + 73, (2.1)

for constants ¢, 7, ..., 7y describing a scaling and a shift of the lattice. The variables n; and A;
are known in the literature as Miwa variables and have their origin in [16]. We will call equa-
tion (2.1) the Miwa correspondence.
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We denote the shift of U in the i-th lattice direction by U;. If U(n) = u(ty,...,tn), It is
given by

2 N
U=Umn+e¢)=u <t1 4+ cAj, to — oA N (_I)NC/\i> )
2 N
which we can expand as a power series in A;. The difference equation thus turns into a power
series in the lattice parameters. If all goes well, its coefficients will define differential equations
that form an integrable hierarchy. Generically however, we will find only ¢;-derivatives in the
leading order, because only in the t;-coordinate do the parameters \; enter linearly. To get
a hierarchy of PDEs, we need to have some leading order cancellation, such that the first
nontrivial equation contains derivatives with respect to several times. Given an integrable
difference equation, it is a nontrivial task to find an equivalent equation that yields the required
leading order cancellation.

Note that such a procedure is strictly speaking not a continuum limit: sending A; — 0 would
only leave the leading order term of the power series. A more precise formulation is that the
continuous u interpolates the discrete U for sufficiently small values of \;, where U is defined
on a mesh that is embedded in R using the Miwa correspondence. Since ); is still assumed to
be small, it makes sense to think of the outcome as a limit, but it is important to keep in mind
that higher order terms should not be disregarded.

2.2 Continuum limits of Lagrangian forms

We sketch the limit procedure for pluri-Lagrangian structures introduced in [25]. Consider N
pairwise distinct lattice parameters Aq,..., Ay and denote by eq,...,ex the unit vectors in the
lattice ZV. The differential of the Miwa correspondence maps them to linearly independent
vectors in RYV:

%

AV
.,(—1)N+1CZ\;) fori=1,...,N.

¢; = v, = <C)\i, —
We start from a discrete Lagrangian two-form Lgis.. A discrete field can be recovered from
a continuous field by evaluating it at u(t), u(t 4+ v;), u(t + v; +v;),---. We define

1 1
'Cdisc([u]a)\la)‘Z) = Lgisc <u7 u+alu+ iafu'f‘ Tty U+82U+ 5822U+ te
e 1 9
u+31u—|—(92u+581u+8182u+§82u+-~,)\1,/\2 ,

where the differential operators correspond to the lattice directions under the Miwa correspon-
dence,

N .
e d

O = (—1)J+1—,k—.
; J dt;

As the subscript indicates, Lgisc is not yet a continuous Lagrangian, because the action is a sum

over evaluations of Lgjsc on a corner of each quad of the surface. Using the Euler—-Maclaurin

formula we can turn the action sum into an integral of

> BiBj ; .
Lativaful Ary he) = D Zr 10 Laise([ul, M, Ko),

1,j=0
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which is a formal power series in A\; and A2. Then by construction we have the formal equality
Laise(U(O12(n)), A1, A2) = /I Ltiwa([u], A1, A2) m A nz,
12

where (11, ...,nn) are the 1-forms dual to the Miwa shifts (vy,...,0x) and #12 is the embed-
ding under the Miwa correspondence of the filled-in square. Since we want such a relation on
arbitrarily oriented quads, we consider the continuous 2-form

L= Z Ltiwa([u], Ai, Aj) ms Anj.
1<i<j<N

This is the continuum limit of the discrete pluri-Lagrangian 2-form, but it can be written in
a more convenient form in terms of the coefficients of the power series Lyfiwa-

Theorem 2.1 ([25]). Let Lgisc be a discrete Lagrangian 2-form, such that every term in the
corresponding power series Latiwa 98 of strictly positive degree in both X;, i.e., such that Lyfiwa
1s of the form

0 o /\i )\j
Lvival(u]: i, 22) = D (<1 T2 L)
ij=1

Then the differential 2-form

L= Z Ei’j [’U,] de; A dtj

1<i<j<N
is a pluri-Lagrangian structure for the continuum limit hierarchy, restricted to RN .

In all examples presented below it was also verified by direct calculation that solutions to
the continuum limit equations are indeed critical fields for the corresponding pluri-Lagrangian
structure.

Closely related to our definition of a discrete pluri-Lagrangian system is the property that
on solutions

Laisc (U(0ij(n + ex)), Ais Aj) — Laisc (U (L (), Aiy Aj)
+ Laise(U(Ojk(n + ¢:)), Aj, M) — Laise (U (O x(n)), Aj, Ag)
+ Laisc(U(Ogi(n + ¢5)), Ak, Ai) — Laise (U (O i(n)), A, Ai) =0, (2.2)

which implies that the action sum over any closed surface is zero. Some authors argue that this
is the fundamental property of the Lagrangian theory of multi-dimensionally consistent equa-
tions [9, 13, 14, 28]. (The authors that take this perspective mostly use the term “Lagrangian
multiform” in place of our “pluri-Lagrangian”.) In the continuum limit, this turns into the
property that the action integral vanishes on closed surfaces, when evaluated on solutions. In
other words, equation (2.2) implies that the 2-form £ found in the continuum limit is closed on
solutions of the limit hierarchy.

2.3 Eliminating alien derivatives

Suppose a pluri-Lagrangian 2-form in RY produces multi-time Euler-Lagrange equations of
evolutionary type,

ug, = frlul for k €4{2,3,...,N}.
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If this is the case, then the differential consequences of the multi-time Euler-Lagrange equations
can be written in a similar form,

ur = frlul with I > t;, for some k € {2,3,...,N}, (2.3)

where the multi-index [ in f; is a label, not a partial derivative. In this context it is natural
to consider t; as a space coordinate and the others as time coordinates. If the multi-time
Euler-Lagrange equations are not evolutionary, equation (2.3) still holds for a reduced set of
multi-indices I.

Definition 2.2. A mixed partial derivative uy is called {4, j }-native if each individual derivative
is taken with respect to t;, t; or the space coordinate 1, i.e., if

I>t, = ke{l,i,j}.

If uy is not {4, j}-native, i.e., if there is a k ¢ {1,4,j} such that ¢, € I, then we say us is
{i,7}-alien.

If it is clear what the relevant indices are, for example when discussing a coefficient £; ;, we
will use native and alien without mentioning the indices.

We would like the coefficient £; ; to contain only native derivatives. A naive approach would
be to use the multi-time Euler-Lagrange equations (2.3) to eliminate alien derivatives. Let R; ;
denote the operator that replaces all {i,j}-alien derivatives for which the multi-time Euler—
Lagrange equations provide an expression. We denote the resulting pluri-Lagrangian coefficients
by Zi,j = R; ;(L;;) and the 2-form with these coefficients by L. A priori there is no reason to
believe that the 2-form £ will be equivalent to the original pluri-Lagrangian 2-form £, but using
the multi-time Euler-Lagrange equations one can derive the following result [25].

Theorem 2.3. If for all j the coefficient L1; does not contain any alien derivatives, then every
critical field u for the pluri-Lagrangian 2-form L is also critical for L.

In practice, given a Lagrangian 2-form, we can make it fulfill the conditions on the Lq; by
adding a suitable exact form and adding terms that attain a double zero on solutions to the
multi-time Euler-Lagrange equations. Neither of these actions affects the multi-time Euler—
Lagrange equations.

3 ABS equations of type Q

All equations of type Q can be prepared for the continuum limit in the same way, based on
their particularly symmetric three leg form. In Section 3.1 we present this general strategy. In
Sections 3.2-3.7 we will discuss each individual equation of type Q.

3.1 Three leg forms and Lagrangians
All quad equations Q(V, Vi, Va, Via, A1, A2) = 0 from the ABS list have a three leg form:
Q(V, Vi, Vo, Vig, A1, Aa) = U(V, Vi, AT) — U(V, V3, A3) — @(V, Vig, AT — A3).

(Usually they are written in terms of the parameters o;; = A?.) For the equations of type @, the
function ® on the long (diagonal) leg is the same as the function ¥ on the short legs:

Q(V, Vi, Vo, Viz, A1, A2) = U(V, V4, A]) — U(V, Vo, A3) — U (V, Vi, A — A3).
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Suitable leg functions W were listed in [4]. For the purposes of a continuum limit, it is useful to
reverse one of the time directions, i.e., to consider

QV, Vi, Vo, Vorg, Aty do) = W(V,Vor, AT) = W(V, Vo, 03) — W (V, Voi2, A = A3),
and to write the ¥ in terms of difference quotients. We will introduce a function

d}(U? Ula /\a N) = ¢1 (Uv )\a M) + 11’2(“/7 )\7 M)

of the continuous variables, from which we can recover W(V, W, Au) by plugging in suitable
approximations to v and v’. Note that ¥ takes only one parameter, which is the product
of the two parameters of . For all of the ABS equations we will use ¢ = —2 in the Miwa
correspondence, which means that the derivative v, is approximated by difference quotients

Vo=V V-Vs : :
such as —55— and 2. We identify

\If(v,vv,w:w(v*w V_W,w>.

2 72X

All equations of the Q-list can be written in the form

V+V_, V-V_
Q(V,V_1,Va, V_1.2, A1, Aa) =¢( ! 1,A1,A1>

2 T2\

V+V, V-V,
— Ao, A
¢( 2 ) 2)\2 s N2y 2>

_w<V+V_1,2 V—V_19

Al — A2, A Ao ). 1
5 200 = A’ 1— A2, A1 + 2> (3.1)

As suggested by the Dy-symmetry of a quad equation, in particular by
Q(V7 V—la V2> V—1,27 Ah )‘2) = _Q(‘/a V27 V—17 V—1,27 )‘21 )‘1)7
we require that

wl (U7 _)\7 ,U,) = _wl ('U, )‘7 M)? wQ(_U/a _)\7 M) = _wQ(Ula )\7 ,U,)

Furthermore, we require that

7/12(1)/, _)‘a M) = ¢2 (/U/7 )‘a //J)

and ¢ (v,v’,0,0) = 0. As we will see below, all ABS equations of type Q have a three-leg form
that satisfies these conditions.

We would expect the first nonzero terms in the series expansion at first order in A1, Ao, but
using the symmetry of 1) one can check that

Q(V,Vo1,Va, Vo1, A1, A2) = O(AT + A3).

This is the leading order cancellation required to obtain PDEs in the continuum limit: at the
first order, where generically we would get only derivatives with respect to t1, we get nothing at
all.

Equation (3.1) also reveals a reason for considering the three-leg form with a “downward”

diagonal leg, as in Fig. 3(b): the difference quotient 2‘/(*/\122_;\1/) can be expanded in a double power

V1=V
2()\1+)\2)

series, but its “upward” analogue cannot.
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(a) (0) () (d)

Figure 3. The stencils on four adjacent quads for (a) the three-leg form in the usual orientation, (b) the
three-leg form after time-reversal, (c¢) the triangle form for the Lagrangian, and (d) an Euler-Lagrange
equation in a planar lattice.

To find a Lagrangian for equation (3.1), we follow [2, 4] and integrate the leg function ). We
take

(v, A\ ) /wl v, \, p)d and  x2(v', N\, p) = 2/¢2(v’,k,u)dv'
Then

X1(v, = A, 1) = x1(v, A, ),
x2(—v' A\, 1) = x2(v', = A, 1) = x2 (V' A, ),
and y = x1 + X2 satisfies

A0 1o
5%)((1} 'U )‘ :u’)+7a ,X(UavaAaﬂ)—¢(U707A7M)-

Now

AV, W, A, 1) :)\X<

VAW VW
2 ' 2\ H

gives the terms of the Lagrangian in triangle form:

L(V) V17 ‘/27 )\17)‘2) = A(V; ‘/17 >‘17)‘1) - A(V,Vé, A?))‘Q) - A(‘/17‘/27 >\1 - )\27 >\1 + A?)

B V+Wh V-1 V+Wh V-1
—)\1X< 2 ) 2)\1 7)\17)\1>_)‘2X< 2 ) 2)\2 a)‘27)\2>

Vi+Ve Vi—V3
— (A=A A=A, A+ A . 2
(A1 2)X< 2 2 g T 1+ 2) (3.2)

Note the symmetries of A:

In some cases we will rescale A and hence L by a constant factor. This is purely for esthetic
reasons and does not affect the multi-time Euler-Lagrange equations.

Proposition 3.1. Solutions to the quad equation (Q = 0 in the plane, with Q given by equa-
tion (3.1), are critical fields for the action of the Lagrangian given by equation (3.2).

Proof. We have

0 0 V+Vvi V-1
iy =
Vv (V ‘/17 ‘/'2, )\17 AQ) )\1 av < 9 ) 2)\1 )\17 Al)
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0 V+Va V-1,
e A
Azavx( 5 2 s A2, 2>

N, (V+W 1, (V-W
AUV REuRE IS WSV IRV NS W
5 X1 ( 5 AL 1> + 2X2 SV 1, A1

)\1 / v+‘/2 1 / V_‘/Q
Vg BV L VP

V4+V, V-V V4+V, V-V
=w< ! ll,Al,Al)—w< 2 Q,Az,xz)

2 7 2\ 2 7 2\
=U(V,V1,A3) — 9(V, Vo, \3).

Similarly, using the symmetries of A, we have

LV Vo A ) = (V) — (V1,08 - 1)
1
and
O LV VA Vo M da) = (Ve V) — (Ve Vi, A3).
2

Summing up all derivatives of the action in the plane with respect to the field at one vertex, and
using the symmetry of the quad equation, we find two shifted copies of equation (3.1), arranged
as in Fig. 3(d). [

The Lagrangian constructed this way is suitable for the continuum limit procedure, as the
following proposition establishes.

Proposition 3.2. Every term of L is of at least first order in both parameters, L = O(A1\2).

Proof. Taking the limit A\; — 0, the Lagrangian vanishes:

Vil V-V, VAV, V-V
L(V7 Vv‘/2507>\2) — _)\QX < 2 25 2)\2 27)‘2a)‘2) +)\2X ( 9 27 —2A22’_)\2’)\2>

=0.
Similarly, for Ay — 0 we have L(V,V1,V,\1,0) = 0. |
3.2 Ql;s_,
A continuum limit for equation Q1,
M(Ve = V)(Vig = Vi) = A3(Vi = V)(Viz = Vo) = 0,

with its pluri-Lagrangian structure, was given in [25]. The result is the hierarchy of Schwarzian
KdV equations,

V2 = 0,
2
CCRN Ci VR
U1 2’0% U1 ’
V4 = 0,
4 2 2
vs _ 45v7; | 25vfjvin Svyp dvnivii L v

V1 81):‘1L 203 207 v? vy
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where v; is a shorthand notation for the derivative v;;. Table 1 shows how this continuum limit
fits in the scheme of Section 3.1. We find the discrete Lagrangian

V-V V-V Vi —V;
L=X1 ) =ML L) = (A7 =A%)l ).
Zog( Ai ) JOg( Aj ) (0= ) e Ai = A

7

V(V, W) = ———— X(0, 0, A, p) = plog(v)

W o) = L AV, WA, ) = Aalog (

V-w
2

Table 1. Qls;—¢ fact sheet. See Section 3.1 for the meaning of these functions.

The first few coefficients of the continuous pluri-Lagrangian 2-form, after eliminating alien
derivatives, are

Vg
Lig = ——,
4’1)1
2
frg— YL v
40?2 4uy’
V4
Ly =——,
4’[)1
4 2
[on — vy vin Us
15 = - -,

2
| U1V12 | VU2 V11102
Loz = -

2 3 2
207 8vy 4vi
£24 - 0,
3 4
[, — _tuitne | SURUI2  Unvinviz | Uit 27Tvyv2
25 202 4v?t v3 202 3209
1 1 1 1 1
2 2
17Tvfjv11ve | Tviv2 . 3V11V111102 V1111102
- 4 3 3 o 2
8v] 8vy 4vy 4vy
2
Lo — U104 VL U4 L V1110
M= w2 83 4v?
1 1 1
6 4 2.2 3 3 2
= 6 5 1 3 1 3 2
6407 3207 16v] 8vy 8] 4vy 4vy
2 3
C 3Tt | vl vinvng | 3UT013 Y1013 | V1iivis | vivis
3 2 2 4 3 2 2
vy 4vi 2v§ 4v] vy 2v7 207
4 2 2 2
27vvs 17vfviivs Topvz | 301101111V3 V1111103 VU5 | V11105
5 4 3 3 B 2 3 2
3207 8v] 8vy 4vy 4vi 8vy 4vi
3 4
Lo — _tumitig | 3VRvI vntintia | vnntia 2705
5 202 4ot v3 202 3209
1 1 1 1 1
2 2
ATvfiviivg | Tofvs | 3univingiva Ui s
4 3 3 B 2
8v] 8vy 4vy 4vy

The even-numbered times correspond to trivial equations, ver, = 0, restricting the dynamics
to a space of half the dimension. We can also restrict the pluri-Lagrangian formulation to this
space:

L= Loi1j+1dtais1 Adtgjp

1<j
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is a pluri-Lagrangian 2-form for the hierarchy of nontrivial Schwarzian KdV equations

2
vy 203 v

4 2 2
vs _ 45v7; | 25vfjvin Suyp Svnivi 4 b
v1 8vi 203 202 v3 v

Equation Qls—; reads
M(Va = V)(Viz = V1) = M3 (Vi = V) (Viz = Va) + AIA3(A] = A3) = 0.

We apply the procedure of Section 3.1 to find a Lagrangian that is suitable for the continuum
limit. Intermediate steps are listed in Table 2.

V—W—\2
20"+
20" —

_ 2
U(V,W,\?) = log <V WA )

(v, 0", \, ) = log (

xX(v, v, A ) = (20" + p) log (20" + p) — (20" — p) log(2v" — p)
AV WA ) = (V =W+ ) log(V =W + M) — (V = W — Ap)log(V — W — Ap)

Table 2. Qls—; fact sheet. See Section 3.1 for the meaning of these functions.

In the continuum limit of the equation we find

2 1
o 3 V11 — 1
V3 = V111 — 5 v ’
1
450% 25020 502 50110 2502, Bu 5
vs = — 11 11V111 _ 111 11vY1111 T+ i1 + 11 111 _
b)
8} 203 2u; v1 1603 8vf 12803

and ver, = 0 for all £ € N. Some coefficients of the continuous pluri-Lagrangian 2-form are

Lt _ v 1
202 2vp  8uf’

N T N
v 20 2v1 160 1280}’

£35 _ 450?1 _ 57’1)1111)111 191)%11}%11 _ 7’[)%11 31)::[)’17)1111 3?)11’[)111’[)1111 . ’U%lll
320§ 1607 8vi 403 4ot 203 202
3031011111, VIV V11t | 3v5v13 20110111013, V1111013
a 4o3 203 a v? 2v} - v} v?
vivrs | 27vtos 1Tv?vivs - Tedvs 3vnvninvs vinnvs vhvs
B v% 162}% B 41)11 41):15 22}% B 21}% B 41}%
V11105 95’[)111 41’1}%11)111 27’[)%11 31]11’1)1111 3’1}11111 51]11'1}13 15’[)%1@3
02 12800 320 320t 1608 1603 St 3200
511111113 Vs 557)%1 251)111 3113 5

1607 160 ' 51200 2560 | 2560 204800
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3.4 Q2

For the equation

MN(VE=V2) (Vi = Vi) = x5(V = v2) (Vi = V)
FANNN - (V2 VEHVE VS = AT XN - )0)) =0

the general strategy of Section 3.1 works with the choices listed in Table 3.

VAW 4+ M) (V- + %)

VAW = X2)(V-W - \2)

(20 4 Au) (20" + u))

(20 = Ap) (20" = p)

x(v, v\ ) = %(% + M) log(2v + M) + (20" + ) log(2v" + )
1

= (20 = ) log(2v = M) = (20" — p) log(2v" — )

V-w
A(V,VV,/\,,LL):(V+W+/\,u)log(V+W+)\u)+(V—W+)\u)log( y —I—u)

U(V, W, \?) = log (E

Y(v, v, \, 1) = log (

V-w
—(V—i—W—/\,u,)log(V—i—W—)\u)—(V—W—)\u)log( y —u)

Table 3. Q2 fact sheet. See Section 3.1 for the meaning of these functions.

The continuum limit hierarchy is

2 _ 1 3
o 3U11 1 3'[)1
U3 =0111 — 3

2 U1 2 ’U2 ’
4507 15vfvy N 1503, 450f,  15vfvin | 250 v Budyy
Vs = — - - -
> Sut v3 4o? 8} 202 202 2u1
SVU11V1111 5Y3 250%1 SU111 5
-+ + + — - :
1 M 602 T 1603 802 12808

and vg, = 0 for all £ € N. A few coefficients of the pluri-Lagrangian 2-form are

2 2
P S (R R
202 207 201 &}’
4 2 4 2 2
L1s = vy 1dvi;  3vyy vy U5 5  ovyp 1
vt 4?8} 207 2v 1602 160  1280)
r 4509 Quiuyr  63ve?;  8lv,  4950f;, 4508, 9vduinn  39viviivin
35 = — - -
3206 495 3204 493 320202 3209 16v4 203
2 4 2 2.2 3 2
B 165U11U111 B 57U11U111 3U111 19U11U111 B 7@111 B 3U1U1111 —'— 27'0117.]1111
8v2vy 16v9 Sv2 8vi 4v3 v3 492
2 2
n 3vvin | 3vi1viviin C Unp 3vivinnn 30iivinnn | Vit
4o 203 207 4o? 4v3 207

3 3
v111v113  1dvviz 3uT vz 20110111013 V1111013 V1115 | (OU703
- 2 B 2 i 3 2 B 2 4
Oh 2v 20} vy vy vy 16v
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. 151}1’0112}3 151}%11)3 271}11111)'3 15U111U3 . 17’[)%11)1111}3 70%111}3

203 Sv2uy 1609 402 4o 4u}
3V11V1111V3  V11111v3  9vvs U%1U5 V11105 1351}% 65v11 2551}%1
203 203 4o? 4o} 207 128v% 1603 64v?v?

B 951)‘111 B 352)111 411)%11)111 _ 271)%11 _ 31)111)1111 31)11111 _ 51)112)13 51)3
1280¢ 3202y 3207 32vf 160} 1603 v} 32020,
150203 Buipvs vy 15 55v3,  25vi1; . 3us 5

3 1607 ' 1607 5120202 51208 25607 | 25607 | 204800

3.5 Q35—
We consider equation Q3 in the form
sin ()\%) (eWeW1 + et eivm) — sin (/\g) (eWeW2 + eV eivm)
— sin ()\% — A%)(eiveiv12 + ereWQ) = 0.
The strategy of Section 3.1 works as outlined in Table 4.

iAZ iV iw
o et e —e

(. <V—W+>\2>> ( (V—W—)\2>>
=log|sin| —— | | —log | sin | ———
2 2
/ : / )\H . / )\/.,L
Y(v,v', A, 1) = log (sm (x\v + 2)) —log <sm ()\v -5 ))

(0,0 A ) = %(—”\2#@' + Lig (1w HA) _ L, (22 -M)))

AV, W, A, ) = Au(V — W) — Lip (V-WHM)) 4 L, (1V-W=2w))

Table 4. Q35— fact sheet. See Section 3.1 for the meaning of these functions.
The continuum limit hierarchy is

2 1
31)11—1 1

3
U3 =111 — 5 + v
2 n 2 b
4 2 2
Vs — 37}5 v ’U2 + 5’1}21) 5 v 451)11 251)111)111 51)111 51)11’01111
5 = 5U1 — U1 SUIV111 — S5V — - -
gt 4 oM 48 v} 203 201 vy
2502, bv 5
11 111
+ v11111 + — -

161)‘;’ 81)% 12811% ’

and vy, = 0 for all £ € N. Some coeflicients of the continuous pluri-Lagrangian 2-form are

1 v V3 1
Lo = ——g2 4 2L _ =2
BETINT L2 T T Te0
1 5 3v v? vs  Bvi 1 5
Lol Do 8o vin s B 15
BT TR T G, T 2 T oy 3200 25607 967
1 ¢ 17 7. 5 91 1650,  55vivi;n 1
Lar — — 6 _ 20 2,2 3 92 .3 Lo 11 11 R
BTG T et T it T i T gl T e T g, 16011
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1 5vivs 5 3 85v3,  45vf;
- gvnvnn + §v11111111 + Zo1vis — 160, §U111U3 + §U1U5 + 12802 T G
351]111 570%1’1}111 19’0%10%11 71}%11 31}%11)1111 3’1)111}1111}1111 U%lll
19207 320} 160} a 8u 8uf 4o3 a 40?2
3071011111, VIV V11U | 3U5U13 U11U111013 . V1111013 V11015
Y w2 wh w2 202
5U3 277}4111’03 17’0%11}1111}3 71}%111)3 31)111}11112}3 V11111703 U%lvg)
C1920; 0 3205 &t v} Wi w2 &
n vinvs 5 950, 4lv? v _ 27v%, _ Bvnvnin | 3vinn
402 102402 25609 6407 64v} 320} 3203
5’011’013 151)%11)3 51)1111)3 Vs 55’0%1 2511111 31)3 5
Co160d 6ad 3200 T 3203 T 102408 51207 T 51205 409605

Note on dilogarithms. In Table 4 we encounter the dilogarithm function [29], given by

o zn
Lis(z) = Z 3 for |z|< 1

n=1
and by analytic continuation for other z € C\ [1,00). Its derivative is

A iy = sl =2)

dz z

This can be used to integrate log o sin, which occurs in the leg function W,
/log(sin 2)dz = %(—22 + Lig (€*%)) — zlog(—2i) + c.

In the continuum limit procedure we need a series expansion of Liz(e”). For small = this seems
problematic, since Liz(z) has a branch point at z = 1. The way to handle this is to carry along
this branch point in the formal series expansion

z2 23

Liz(e®) = Liy(1) — 2 log(— A T
ia(e”) = Lip(1) — alog(—z) +2 — 7= = T+,

72

where the first term famously equals Liz(1) = .

3'6 Q35:1

For equation Q3 with nonzero parameter we use a slightly different form compared to Q35—o,

sin ()\%) ( cos(V') cos(V1) + cos(Va) cos(Vlg))
— sin (A3)(cos(V) cos(Vz) + cos(V7) cos(Via))
— sin ()\% — )\%)(COS(V) cos(Vi2) + cos(V1) cos(Va) — sin ()\%) sin (/\g)) =0.

The general strategy of Section 3.1 applies to this transformed equation with the choices in
Table 5.
The continuum limit hierarchy is

2 1
. 3vi1 — 7
03—0111—5 "

1

3 3 v}
b 2sin(v)?’

1
—v
2
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— >\2 )\2
W(V, W, 2) = log ( (VVp) i <V+V2V+>)

(_ <V—W—)\2> ) <V+W—)\2>)
— lOg sm|——|sm| ——
2 2
w(v,v/, A, 1) = log (sin <>\v’ + )\2,u> sin (v + A:))
— log (sin ()\v' — );u) sin <1) — );u))

x(v, 0", A\ 1) = %(_2)\%@/ + Liy (ez’(2,\u’+Au)) — Liy (ei(2>\v’—/\p,)))

1

3 (—2av + Lig (12 HA) _ Liy (/20))

AV, W, A ) = Au(V — W) — Lig (V=WHM) 4 Ly (l(V=W=2))
+ Au(V + W) — Lig (VWM | iy (VW =Am)

Table 5. Q35— fact sheet. See Section 3.1 for the meaning of these functions.

150° 1503011 cos(v 450 2502, v
o5 = 207 = Sopody + oo + 4812(;)2 5 lshigv)g( R g@; > e
51}%11 5’1)111]1111 45’1)% 151]11)%1 15@%’0111 25’1)%1
20 u v = 8sin(v)? ' 4sin(v)2  2sin(v)? ' 1603
51}111 52}1 5

8v? 16sin(v)2 1280}’

and vor, = 0 for all £ € N. A few coefficients of the continuous pluri-Lagrangian 2-form are

1 v? U3 3v? 1
Lon— — =24 011 U3 1
13 i 402  4dvy  4sin(v)? * 1602’
1 5 5 5 5vf vy P s 150
L :_74 2 Y Y . 1 11 Y111~ Yo e T
BT T R T Y T " T Bein(o)2 T 1607 402 du | 16sim(o)!
1503 5v?, N 5 1 5
8sin(v)? 320} = 32sin(v)?  256vf 96’
23 57 61 55 ¢ 3vfvig cos(v) 211
Lon — 22,6 _ 20, 2,2 ol 3 99 3 1 1 211 o
= To2"t T g i T g i T 56 T Gain()? T Ssin(u)? | 7681
105vf; 35030111 17 4 9 1 5 1502, v3
- 6402 160, 4g V1 it + gU1vi + g Vv + 160,
35 5 3 1509 390203 17viv111 5vivs
2418 T s T U ()t T 32sim(0)2 | 16sin(0)? | 16sin(v)?
B 91)%1)11 cos(v) B 811)%1 cos(v)  39vivi1v111 cos(v) B 31)%1)1111 cos(v)
8sin(v)® 8sin(v)3 4sin(v)3 2sin(v)3
15vv11v3 cos(v) 2503 4508, 95v111 BTofivinn . 19vied, Ted,
4sin(v)3 12807 6409 192u; 320} 16v} 8v

3 9 9 ,
3vT V1111 3v11v111v1111_UHH_SvHvHHl VIV V11113 3Udvis

8uj 4} 4v? 8v} 4o? 202 e
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4 2 2
_vnvinviz | vunviyz | vnvis  65v3 27vjvs 1Tvfvinvy | Tupgvs

3 202 02 192v; | 3200 vl 8v3
3U1101111V3 V1111103 V35 V11105 4509 63viv?, _ uivin
403 40?2 8v3 4o? 64sin(v)® = 64sin(v)*  32sin(v)?
T5v3v3 1502 49501 165v3 v111 3v? 2701101111
32sin(v)*  128sin(v)?  64v?sin(v)?  16vysin(v)?  16sin(v)?  8sin(v)?
3vivi1111 15v11v13 1502, v3 15011103 vy v5 65v11 cos(v)
8sin(v)?  4sin(v)? = 16v;sin(v)?  8sin(v)?  8sin(v)? 32sin(v)3
+ 55 . 951)%1 411)%111111 _ 2711%11 _ 31)111)1111 31)11111 _ 51)111)13
102402 25609 6407 64v] 320t 3203 160}
150203 Buipivs s 13502 255v%; 350111
a 6407 320} 3203 ~ 256sin(v)? 12807 sin(v)?  64v; sin(v)2
5v3 5503,  2bvi;n 3us 15 5

5+
1

* 64vysin(v)2 ' 102405 51207 51207 | 102402sin(v)2 409608

3.7 Q4
Consider equation Q4 in its elliptic form
A((p(V) = 0)(p(V2) = b) = (a = b)(c = ) ((p(V1) = b)(p(Vi2) — b) — (a — b)(c — b))

+B((p(V) = a)(p(V1) —a) = (b= a)(c = a)) ((p(V2) = a)(p(Vi2) = a) = (b= a)(c — a))
= ABC(a —b),

where
(a,4) = (p(A\1), 9’ (A1), (b,B) = (p(73),¢'(A3)),
(¢, C) = (p(A3 = AD), @' (A3 — AD)),

and p is the Weierstrass elliptic function. The approach of Section 3.1 works as outlined in
Table 6. A few additional functions and constants appear in this table: the Weierstrass func-
tions ¢ and (, with the same periods as g, and the invariants go and g3 of the p-function. They
satisfy

(=—, g2 = 120p% — 2",

('=-p, g3=-8p"+20"p— (¢)°

O_/
g

Additionally, for the series expansion of 1) we use

o0 4m—+6n+1
92>m n Z
- E Z2) (g3t —2
o(2) Gm,n ( 2 (29) (4m + 6n + 1)V’
m,n=0
where the first coefficients are ago = 1, a1p = —1, and ag; = —3. These and many more

identities involving the Weierstrass elliptic functions can be found in [1, Chapter 18].
The continuum limit hierarchy is

63 p(20) L

vy = —6v v) — —= 4w

3 16 2’U1 111 81)1’

60viv11p(20)p" (v)  60vv11P(v)e" (V)
@' (v) @ (v)

vs = ~9007p(20)° + 144070 (v)° — 240} (v) +
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) log (a(V+W—|—)\2)J(V— W+)\2)>
o(V+W =22)o(V - W —\2)
(0(21} + A\p)o (200" + )\u)>
o(2v — A\p)o(2A0" — Ap)

= <2<<2vw — P CONE + 2 (p(20)9! (20N 4+ )
_.I_

3
200" + Ap)t g3(2M + Ap)©
1 2 / _ 92( _ .
0g(2v' + 1) 240 840 *

20" — )t g3(2M" — )8
— {1og(20" — 1) — g2( _
o8(2v" ~ i) 240 s
1
! —
X(vavv)\vu)_ Y 10
' ' 1) g2(2\0" + )‘M)5
+ | (20" + p)(log(2v" 4 p) — 1) ——o00n

20" — Ap)d
92<'UM>+)

(

(

(2108020000 = gol2e%® — fppl2e % + )
(

(2 = mtoptz’ = - 1 - 2R

1 1
AV, WA, 1) = 2log(a(V 4+ W) = 2oV + W)Np? = copo(V 4+ WX + -

V-Ww V —W +Ap)°
—I—(V—W+/M)<log< 5 +u>—1>—92( 1200+ By

— (V=W — ) <1og<V_AW—u)—1>+92(V_W_A“)5+m

1200

Table 6. Q4 fact sheet. See Section 3.1 for the meaning of these functions.

450111 + 251}%1 V111
8u3 203

5)
+ 60vSv11 9" (v) + 150103 p(20) — 30viv1119(20) + Evlp(%) -

_ 502, _ dunvin v n 2503 b B
201 vi T 603 T R0 12807

and vgr = 0 for all £ € N. To simplify these equations we used the doubling formula for the
Weierstrass function,

So)

As the first nontrivial equation of the limit hierarchy we recognize the Krichever—Novikov
equation [12, 17]. The continuum limit equations found in all previous examples can be consid-
ered as degenerations of the KN equation and its hierarchy, just like all other ABS equations of
type Q can be obtained from Q4 [3].

The continuous pluri-Lagrangian 2-form has the coefficients

o(20) = —20(v) + (

2
v V3 1
L2 = 3020(2 b S
18 = 320+ 1a = 0 1602

15
L5 = 150} p(20)? — 24vip(v)? + dvip” (v) — ?U%W(QU)
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30111_@_2_5@%1_ 1
16vf 402  4vy 320 2560]
L3s = 4505 (20) 4 21608 p(20) p(v)* — 2881}1 o(v)? — 3609 p(20)p" (v) + 7208 p(v)e" (v)
18vjv11p(20)%9" (v)  18vfvnp(2v)p(v)" (v)
@ (v) ' (v)
63 5 9 2 9 3 2 1O 3 2 2 2 2 3 2
+ Z”lvn@(?v) - 5“1”111@(21)) + ?UW:W(QU) — 54vivi1p(v)” + 36vivi110(v)
135
— 6003 v3p(v)? + viv? " (v) — 6V " (v) + 10V (V) — 16U 20(20)?
+ EU%K)(U)z 81} p(20)p" (v) | 39uvnvinp(20)e"(v)  6viuinp(20)e" (v)
2¢'(v) ¢ (v) ¢ (v)

+ 5@(21})

— 3609 (v)? — — 18vivi1p(20)' (v)

2
~ 15uvn1v3p(20)p" (v) n 81@11@( )p"(v)  39vivnvinp(v)p” (v)
¢ (v) ¢ (v) ¢ (v)

6v2v ) o (v 15viv11v300(V 81
1 11;/@(2(}))@ ( )+ 1711 3?)()) o' () ?vi’lp’(v)+39vlv117}111@/(v)

4950 p(20) 1650 v1119(20) 3 4
— = 2
1602 v, + 40111@( v)
27 3 1502, v3p(2v)

+ ?Ullvllllp(mj) - 5011}11111@( — 15v11v139(2v) +

— 6viv11119' (v) — 1501011039 (V) +

4111

v)

15 9 17 V20 65v11p(20)p" (v)  65v11(v)E" (v)
= ) — = 2 i —

T3 v111v30(20) 2U1U5KJ( v) — TR (v) + 80/ (0) 3¢/ (0)

65 25502, 0(2v)  35v1119(2v)  Susp(2v) 4508, 5Tviving
+ —ounp'(v) — 2 - 6 5
8 3207 160 16v7 6407 3203

2 .2 3 3 2 2
vio1yy 7oy, 30Tivnnn | 3vnvinviinn Vg 300 | Vi

1607 8v3 8vi 4} 4o? 8} 4o?

3 4 2
U11v113 | 3U7V13  vnvinviz | vtz vnvis | 27vhvg 17vfvnvs

211% 41)11 vi)’ 21}% 21}% 327}? 81}1l

71}%111}3 31}11’01111113 V1111103 1}%1’05 V11105 15{3(21]) 951}%1

8v? 403 w2 s 25602 25608
4lvioi 2708, Bvnvnn o 3vinn Svnvis 15v3vs Buipgvs U5
6407  64vt 3208 3203 160t 640} 3208 T 3203
55v3,  25v1;1 3vg 5

102408 51205 51205 409606

4 ABS equations of type H

For quad equations of type H we do not have a general strategy to find a form of the difference
equation and its Lagrangian that is suitable for the continuum limit. This has to be investigated
on a case-by-case basis. The continuum limit of equation H1 was discussed in [25].
4.1 H2
No continuum limit is known for equation H2, which reads

(U—Up2) (U1 = Uz) + (A3 = A})(U + Uy + Uz + Upa) + X3 — A\ = 0. (4.1)

We give a heuristic explanation of the obstruction one encounters when trying to pass to the
continuum limit.
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A tempting trick would be to change the sign of the field at every other vertex, V(n,m) =
(—1)"*™U(n,m). The resulting equation

—(V = Vi)V = Vo) £ (A3 = A1) (V = Vi = Va o+ Via) + A5 — AT = 0.

has a suitable power series expansion, but the sign of the second term depends on the location in
the lattice. In other words, the equation has become nonautonomous. Though there might not
be any fundamental objection to this, the pluri-Lagrangian theory for nonautonomous systems
has not yet been developed.

Of course the fact that one particular change of variables fails does not imply that there is
no continuum limit. A better perspective on the issue is given by background solutions. When
the zero field U = 0 is a solution to the quad equation, the continuum limit assumes the field
to be small compared to the inverse of the parameters. If U = 0 is not a solution, as is the case
for equation (4.1), one can look for a different solution to expand around. Such solutions are
known as background solutions. There are two kinds of background solutions for H2 that treat
both lattice directions equally [10]:

U(n,m) = (\n + dam + ¢)?

and

2
U(n,m) (;(—1)%1 + %(—1)’% + c) .
Expanding around either of these solutions is equivalent to expanding around 0 after a nonau-
tonomous changes of variables. As in our first attempt above, these changes of variables make
the equation nonautonomous.

Another approach would be to use the fact that H2 can be obtained as a degeneration of
another ABS equation, for example Q2. However, this leads to the same problem. As one can
see for example from equation (5.22) of [18], solutions will pick up an alternating factor (—1)™*"
in this degeneration.

4.2 H3s5—0

Equation H3 is usually given as
)\1(UU1 + U2U12) — AQ(UUQ + U1U12) =0,

but it is useful to perform a nonautonomous transformation U(n,m) — "*™U(n,m), which
gives us

A (UUL — UsUsy) — M (UUs — UyUsa) = 0, (4.2)

which is known as the lattice modified KdV equation [19]. Note that even though we used
a nonautonomous transformation, the resulting equation is again autonomous, so we avoid the
issues encountered with H2. The continuum limit of equation (4.2) is the hierarchy

B (RIEEL
uz = ui; — 3 ;
u

3 2 2
uU 2uiui, +uju 2uiiui1l + uiu
1U11 14711 1u111 11U111 11111
+ 10 -5 + U11111,

u3 u? U

us = —10
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and wugr, = 0 for all ¥ € N. However, we run in to trouble on the Lagrangian level. The
Lagrangian given in [13] for H3, adapted to the case 6 = 0, is

1 Ui \? 1 UU\2 . [ \U; U
L=-log| =) —Zlog | =22 L ~L
2 °g< M > 2 Og( N ) B W7 Rl G

+2(log(A1) — log(A2)) log(U) + 2log(A2) (log(U1) — log(U)),

where Liy is the dilogarithm function. Unfortunately, the occurrence of expressions like log(\;)
prohibits a power series expansion in the parameters \;.

In order to find a better form of H35—(, with an expandable Lagrangian, we make the trans-
formation U = exp (%V) Then equation (4.2) turns in to

Al(e%(V+Vl) _ e%(V2+V12)) _ )\Q(G%(VJer) _ e%(Vl+V12)) —0.

Multiplying with exp (—%(V + V1 + Vo + Vi2)) turns this into
. (1 at
A1 sin (4(V +Vi =V — V12)> — Ao sin <4(V -WVi+Vy— ‘/12)> =0, (4.3)

which is the form in which H35—¢ arises from Béacklund transformations for the sine-Gordon
equation [9, p. 60]. Additionally, it is closely related to the discrete sine-Gordon equation of
Hirota [11]. Using standard trigonometric identities we can rewrite the equation as

(A1 — A2) tan (Vlz_v> — (A1 + A2) tan <V1 ; V2> =0,

which we can put in a three-leg form:

/\1+)\2tan Vi—Ve)\ Vie—Vi
AL — A2 4 B

4 4

arctan (

From the three-leg form we can derive a Lagrangian as in [4]. It takes the implicit form

1 1
L= A=V = (= V) = TV - Va),

v AL+ A2 Y
Th, a(2) = /0 arctan <>\1 e tan (4)) dy.

There is no need to evaluate this integral exactly. Instead one can expand the integrand as
a power series up to any desired order in y and integrate this series. This is sufficient to write L
as a power series up to the corresponding order in the parameters A;. A leading order calculation
shows that this power series does not contain any terms of nonpositive order in either of the
parameters, so it is suitable for the continuum limit.

In the continuum limit of equation (4.3) we find the potential modified KdV hierarchy

[
v3 = V111 + VY,

2
vs = 2o} + V1T + Jvivin + v11111,
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and vgr, = 0 for all k£ € N. It was shown in [25] that our continuum limit procedure is equivalent
to the one presented for the lattice potential KAV and mKdV equations in [27], where it is
proved that it results in the potential KdV and mKdV hierarchies.

Some coefficients of the pluri-Lagrangian 2-form are

1, 1 1
£13 = Tﬁvl — Zv%l + Z'U’Ulf},
1 5
Li5 = @U? - gU%U% + ZU%H + s,
3 5 7 3 1 7 3
L35 = —ﬁﬁ + 3211%0%1 32v1v111 + 321)103 + — 16 §U1U%1U111 - gU%U%n
+ *U%UHUHH — 1Ui)’vnnl - §11%11111)13 + §U1U%1v3 + é7)%11111113 - EU%% + lv%nl
4 8 4 8 8 8 4
1 n 1 1 n 1 n 1 1
4111111111111 201110113 2111111013 2011015 471111111)3 4011105
4.3 H35—;

Due to difficulties analogous to those of equation H2, no continuum limit is known for equation
H35=17

M(UU;L 4 UsUra) — A2(UUz + UrUpz) + (A3 — A3) = 0.

5 H3 and the sine-Gordon equation

Equation H3 is not just related to the modified KdV equation, but also to the sine-Gordon
equation. In this section we investigate how to find both in the continuum limit. To do so we
need to transform equation (4.2) in a way that breaks the symmetry:

m 1
U(n,m) — U(n,m) D", A1 = A, Ao — e

Setting again U = exp (%V), we find the equation

1 1
sin <4(V +Vi+ Ve + V12)> W sin < V-Vi—=Va+ V12)> =0. (5.1)
112

In order to recover some kind of multidimensional consistency for this equation, we consider an
even-dimensional lattice Z?Y with coordinates (ni,...,ny,ng,. .., n3r), where the coordinates
(ng,...,ny) correspond to lattice directions where the above transformation takes place. Then
on any quad spanned by directions n; and n; we impose equation (5.1),

. (1 1 . /1
sin <4(V + Vi + V5 + Vk£)> - K)‘Z sin (4(V —Vi=V;+ Vu)> =0. (5.2)

The original equation H3, in the form of equation (4.3), is imposed on quads spanned by direc-
tions ny and ny, and also on quads spanned by directions ng and ny, because transforming both
directions leaves the equation invariant.

We extend the Miwa correspondence, treating the barred variables in the same way as the vari-
ables without decoration, but contributing to a separate set of continuous variables (1, ..., tx),

- e\ el
ti = (—1)H—1 <n121 + -+ ny iN> +Tz’a



A Variational Perspective on Continuum Limits of ABS and Lattice GD Equations 23

. cAL eAL
i i
Then in the leading order of the continuum limit, equation (5.2) produces the sine-Gordon
equation
sin(v) —v;7 = 0.

In addition to this equation, the full series expansion in the parameters Ay and )A; yields two
copies of the potential modified KdV hierarchy,

UQZO, vfzov
1 4 L 3
vz = V111 + 501, vg =11y + 5”?
’U4:0, %:07
35 5 4 5, 35 5 o5 5o,
vy = g”l + 5@11)11 + §v1v111 + v11111, Vg = gUT + §UTUT+ §”Tvm+ UTTTID
-8

These are the same hierarchies we obtain when taking the continuum limits of the equations
imposed on quads spanned by directions ny and ny, or ng and ny.
The discrete Lagrangian takes slightly different forms on the three types of quads:

1 1
L(Oke) = (Vi = V)? = 2V = V)* = Ty 0, (Vie = Vi),

1 1
L(Og) = (Vi = V)2 = (Vg +V)? = D a (Vi + V7),
8 8
1 1
8 8

¢ Ak + A Y
T (z) = /0 arctan <)\k Y tan <4>> dy

L(Om) = (Ve + V)2 = (Vi + V)2 + I (V= Vi),

and

z A7+ 1 Yy
j)%/\z(x) = Z/\kv%z(a:) = /0 arctan <>\k>\j_1 tan (4>> dy.

To get the required leading-order cancellation, we add to L the exterior derivative of the discrete
1-form 7 given by n(V,V;) = —%(V2 + Vf) and n(V, Vi) = 0. This yields

1 1
L(Oe) = (Vi = V)? = 2V = V)* = Ty 0, (Vie = Vi),
1 1 1
L) = gVi = V)’ = O+ V)’ = Doy (Vi + V) = g (W = V2 4+ V5 = 17),

L(Og) = é(VE +V): - é(vz + V) +Ihn (Ve = Vy) + %(Vf - V2)
= —%(VE -V)2+ é(vZ — V) + I (V= Vp).
The resulting pluri-Lagrangian 2-form is of the form
L= ) LydAadt,
i,7€{1,1,2,2,... }
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where L;; = —Lj;. If i, j € {1,2,...}, then the coefficients are exactly those found in Section 4.2.
If 4,7 € {1,2,...} the coefficients are obtained from those by placing a bar over every derivative
and putting a minus sign in front. As before, we can restrict our attention to the odd-numbered
times to get a pluri-Lagrangian structure for the nontrivial equations

L= Z ['ij de; A dtj.
ije{1,133,..})

Some coefficients of mixed type are

1
L1 = Tt T 0s(v),
1 1 1 1
Lig = —Zv% cos(v) Fui1v1 + 7UsvT + i sin(v),
3 3 . 1 1
Lis = 161}% cos(v) — ivnv%vﬁ + ZUHU% sin(v) 4+ val cos(v) — 51)1111)1 cos(v)
1 1 .
+ 51111111111 - 5011111111 + ZU5UT + §v1111 Sln(v)v
1, 1 1 1
Ly = VRS cos(v) — 9 Y13Y + 91TtV — 11;11)34— o V1St sin(v),
L35 = _17)2@2 cos(v) + 1v v2 sin(v) + 11)21/— sin(v) + 1 vyg cos(v) — 1v v
337 TgULT 4 1T 4 11 21111 9 11713
1 1 1
— Va3 — 5Tt SUTIVE — cos(v),
3 3 1
Lz = 321)111)2 cos(v) + gvuv%v% sin(v) + 161)11)11 sin(v) + gv%lv% cos(v)
2 3 2o ST S . SUNUEE SRR g
U111 cos(v) + 2 U1V cos(v) L U1UIVIE — Ui + Rt sin(v)
1 . 1
- valvﬁ sin(v) + QU110 sin(v) — iv% cos(v) + QUIIYT cos(v)
1 1 1 1 1 1
+ 51)1111}113 2’011111}13 11)531) 2’0111’01 + ’0511’01 + ’011 sm( )
7 ) 1 ) 1
Lz = mvf cos(v) + 361111111 + 121)117)%2111 12v%vﬁsm(v) + va—lcos(v)
2 ) 1 1 D 2
~gltlim cos(v) — TSW%COS(U) — oY~ 18”11111““‘ oV1IBYT T gl
) 1 1 . 5 .
T gl T yWils T el sin(v) + 9'13 sin(v),
L= ! v2v4 cos(v) + LU v4s n(v) — ! — ’Uzv sin(v) — iv v2v75 cos(v)
537 gy ! 144" 24 171711 12 T
1 1 ) 1 )
+ gv%v% cos(v) — 51)%1#10@ cos(v) — %U%’UTUgCOS(U} - §U1’U% + %U3ﬁv%
5) 1 2 . 1 .
+ 121}31@21)11 41)111)%1 sin(v) + VYTV sin(v) — %v%vm sin(v)
) . ) . 1 1
+ Tgv%vﬁ sin(v) + Evllqﬁlvgsm(v) - ZU% cos(v) — 18 VLY cos(v)
) 1
+ oV11v13 cos(v) — U115 = Vsl 18”31111“*‘ 9 Vs18UT
2 ) 2 )

1 :
— G VSTITVIT — 7g¥s3VIT — gVIVITT — gV1Y3 + QU sin(v).
A few examples of multi-time Euler—-Lagrange equations are

071 Ly
0= % = _%’UIT + %sin(v),



A Variational Perspective on Continuum Limits of ABS and Lattice GD Equations 25

ialey  Guilm 11
g Om3kis _O3kzs L 0 Lm0
Svg Svg 1Y3 4(”1 + 20111 — v3),
 03L43 053Ls3 1 1, 4
= dvy vy __Z”§+Z(”T+21’m—vg),
01575 015L15 1 3 5 5 ] )
0= 15~15 _ (2.5 S 9 5 5 1 1 |
6UT (5’1)1 4'05 16'01 + 4U1U11 + 4'01'1)111 + 2'1)11111 4,05

One recognizes the equations of the double hierarchy. All multi-time Euler-Lagrange equations
are either trivial, or differential consequences of the equations of the hierarchy.

6 About the even-numbered times

In all the examples so far, only the odd-numbered times have nontrivial equations associated to
them. This is consistent with several purely continuous descriptions of integrable hierarchies.
From the perspective of continuum limits, it follows from the fact that for all equations we dealt
with, @ is an even or odd function of the parameters.

Proposition 6.1. If the difference equation Q = 0 satisfies
Q(U7 Ul; U27 U127 )‘17 )\2) = :i:Q<U7 U17 U27 U127 _)\17 _)\2)

then the continuum limit hierarchy is invariant under simultaneous reversal of all even-numbered
times, top — —tog.

Proof. Due to the symmetry assumptions on (), we have
Q(U, U1, Uz, U1z, A1, A2) = £Q(U12, Us, Ur, U, = A1, —A2).

Let u(ty,t2,...) be a solution to the continuum limit equations. Then

22 A3
Q<u(t1,t2,...),u<t1—|—c)\1,t2—c21,...> ,u<t1+c)\2,t2—622,...>,

A2 A2
u<t1+c)\1+c)\2,t2—c21—c22,...>,)\1,)\2> =0. (6.1)

Now consider the same equation at times shifted once in both lattice directions, 7, = t; +
(—1)”10()‘71 + %) Due to the symmetry of @Q we have that

22 A2
Q<u(7’1,7'2,...)7u<7'1 —c)\1,7'2+021,...> ,’LL(Tl —C>\2,7'2—|-022,...>,

A2 A2
U <7’1 — A1 —C)\Q,T2+021+C22,...> ,—/\1,—)\2> =0.

Introducing the parameters p; = —A1 and po = —Xo we find

2 2
Q(u(ﬁ,Tg,...),u <’7’1—|—C/,L1,7'2—|-C'ul,...) ,u<71+cu2,72+c'u2,...),

2 2
W2l
U<T1+CM1+C/~L2,72+C21+C22,--->,M1,/~L2> =0. (6.2)

Comparing equations (6.1) and (6.2), we immediately see that their series expansions in Aj, Ao
respectively w1, pe only differ by a minus sign for each derivative with respect to an even-
numbered time tox. In other words, if we have a solution u to the continuum limit hierarchy,
then reversing all even times gives a new solution. |
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Corollary 6.2. If the continuum limit hierarchy of the difference equation Q = 0, as in Propo-
sition 6.1, consists of evolutionary equations ux = fr(u,u1,ui1,...), then for all even k we have

fr =0.

This property can also be understood by considering the plane wave factors

%Oﬂ=f3<t;:>,

i=1

for which a discrete shift corresponds to a multiplication by

)\i_k—ex lo 1—E —lo 1—|—£ = ex —ZE—zk—g—
Ntk RS Ai & N)) P A 3N '

The series expansion in the exponential only contains odd powers of the parameters, hence they
will only involve the odd-numbered times in the continuum limit. Plane wave factors play a role
in several works on continuum limits [21, 27, 28] and in the construction of soliton solutions
[10, 18] and rational solutions [30, 31]. It is shown in [30, Appendix C] that all rational solutions
depend only on odd powers of the parameters.

Unfortunately, as we will see in Section 7, there are situations where the difference equation
involves more than four points and the continuum limit contains PDEs that are not evolutionary,
so Proposition 6.1 and Corollary 6.2 do not apply. Here we will see a different pattern of trivial
equations. This pattern can be understood in the framework of reductions of the lattice KP
system [7, 8], or from the construction by pseudodifferential operators of the Gelfand—Dickey
hierarchy [6].

7 Gelfand—Dickey hierarchies

A discrete counterpart of the Gelfand-Dickey hierarchy was introduced in [20], its pluri-Lag-
rangian structure in [14]. The N-th member of the discrete hierarchy is a system of quad
equations with 2/N — 3 components, which we denote by v vIN=2 ol wIN=2 ) and
U = VI = Wl The equations are

[+ 1 L+1] L1 B Lo, L
- = (—-— - — — 1
wyth—wlit = (- u - )Wl - —w e —w (7.2)
)\1 )\2 >\2 )\1
for j=0,...,N —3, and
N2 /\LN _ /\LN N—3N—-3—i i
| e e —wat Y > vz Vig W
N At i=0 j=0
N-3 ' ‘
- Z yn—a— (Vi = W), (7.3)
=0

7._(_1)j 1+ 1 4+t 1 _|_i
! MM
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It is important to note that the variables VIV =2l and WI¥N=2 can be eliminated. The reduced
system consists of equations (7.1)—(7.2) for j =0,..., N — 4 and the 9-point equation

1 1 _ 1 _
</\1 W + Ur22 — U112> Vl[{\;Q - )\—Vl[é\g 4+ N ‘/1[1]\; i
1 1 1 _
o= _ [N-3] [N=3] _ * y/[N=3]
+<)\1 )\2+U2 Ul)W +)\W )\1W1
1 1 N-3N-3—i
=7 i]lv a +> N —3-imj (ViIWS) — VL wi™)
v xn tUn2—Un o o
11 N-3
)\N )\N .
1 11 U : U TN-2— J(Vl[%]2 W[J] ‘/1[{]2 + Wlm)7 (7.4)
N tU12—Un =0

obtained by evaluating Vl[zj\; 4 WQ[N_Q] Vl[lj\; 44 Wl[N_Q] once with equations (7.1)—(7.2) and
once with equation (7.3).
The Lagrangian given in [14] for the N-th lattice Gelfand-Dickey equation is

1 1 1 1
L= (1Nt ( >log <——U1+U2> —n-1(Uz — Un)

MY M
N—-2 N—-2N—-2—j )
=Y =V =3 ST e WY - W)
7=0 j=1 =0
N wi (LY gyl Lyl L
+;;7N3zg <<)\1_)\2_ 1+ 2> 12_)\12+)\21>-

Note that this Lagrangian depends on the field VI¥=2 but not on WIN=2 A more symmetric
equivalent Lagrangian is obtained by adding the exact discrete differential form

B R B e BT A BT )

which does not change the Euler-Lagrange equations (see Proposition 1.3). The resulting La-
grangian does not depend on VIV=2l either,

1 1 1 1
L= (—1)Nt log | ——— —U U)— Uy = U
(=1) ()\N /\év) <)\1 " 1+ Uz ) —yn—1(Uz = Uy)

N—3 N—3N-2—j |
S e (- UV = ST ST e WV - v
3=0 7j=1 =0
sy L1 g Lo, Lo
Cowli((L_ 1 _ a1 g 1
+ jgo ; YN-3—i—; W <()\1 " Uy + U2> Via N Vo' + )\2V1 ) . (7.5)

Now that both variables VIV=2l and W¥=2 are absent from the Lagrangian, it becomes clear
that the variational formulation does not produce the quad version of the equations (7.1)—(7.3),
but rather the 9-point version (7.4). In particular this means that, from the Lagrangian per-
spective, the scalar form of the Boussinesq equation (N = 3) is the most natural. The first truly
multi-component Lagrangian equation of the hierarchy is found for N = 4. The continuum
limit of this equation will allow us to formulate a continuous multi-component pluri-Lagrangian
system.
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Note that the Lagrangian (7.5) depends on fields on a single quad and on the corresponding
lattice parameters. Hence it fits the pluri-Lagrangian theory. The multi-dimensional consistency
of the equations can either be checked as consistency around an elementary cube for the quad
version of the equation, or in a 27-point cube for the 9-point formulation. For the Boussinesq
equation the former was explicitly done in [24] and the latter was numerically verified in [26,
Section 5.7]. The multidimensional consistency also follows from the construction of the GD
hierarchy using the direct linearization method [20]. In this construction, lattice shifts are identi-
fied with Backlund transformations, hence the permutability property implies multidimensional
consistency.

7.1 Continuum limit of the lattice Boussinesq equation (GD3)

We consider the lattice Boussinesq equation in its 9-point scalar form, i.e., equation (7.4) for
N =3,

— UaU122 + U1Uq12

1 1 1 1
v TU2—Un 5 — 5, +Ux—Un

1 1 1 1
e Ui - U2 | U — e = J Uy U | U
+ <>\1 " + Ui22 112) 1122 + (>\1 " + Uz 1>

2 1 1 2
— <)\1 + )\2> (U1 + U122) + <>\1 + /\2> (UQ + Ung) =0.

For this equation we use the Miwa correspondence (2.1) with ¢ = —3. As always, we perform
a double series expansion of the lattice equation

> FihiN, =o0.
i,j=0

The first column of coefficients of this expansion is

Foo =0,
3
Fio = 18viv11 — Ui — S22,
81 27
Fao = 81vdy + 8lvjvigg — V1~ v - 323,
Fzo = —1081}%1}11 + 648v11v111 + 2430101111 + H4viv112 + Hdvi1v12 — 18v12v2 — Vi ven
27 9
— d4vi11111 — 5 vz — 9v1122 — 120193 — Sv222 V24 — 5033;
9 9 9 9 6885
]:40 = —810’[)11}11 — 4051)1’0111 — 135’01’012 — 1351}1’0112}2 + 12151}111 + Tvllvllll
2025 675 1215 675 135 4
+ V111111 + —5—v1v1112 + V110112 + 45010113 + —— V111012 — —— V19
4 2 2 2 2
35 13 135
v + 45v11v13 + U2 = Uitz — 15v13v2 — v
45 405 621 45
g v2va2 — 15v1v23 — 1501903 — VLI T om UL — Ui — 15v1123
—EU —ﬁv —5v —ﬁv — 3uas — -V
g V1222 — V124 133 = 7 V223 25~ 5 U345

From Fi9 = 0 we get the equation

v22 = 12v1v11 — 3v1111-
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Using this equation we get vez = 0 from Fog = 0. We take the liberty of integrating this without
a constant and take vs = 0 as the second equation in the hierarchy. We can proceed iteratively
and at each step integrate with respect to to to find the hierarchy

vo2 = 12v1v11 — 301111,
vy =0,

v4 = —6viv9 + 3v119,

135 15
v = —151}{’ + val + 45v1v111 — ZU% — 9v11111,

The first equation of the hierarchy is the potential Boussinesq equation. We observe that ev-
ery third equation is trivial, vg;r = 0, as expected from the construction of the hierarchy using
pseudodifferential operators [6]. Note that in this hierarchy all equations except the first are
evolutionary. However, the higher equations are 3-dimensional: they contain to-derivatives that
cannot be eliminated, because no evolutionary equation is available in the ¢s-direction. It is sur-
prising that a 2-dimensional lattice equation produces 3-dimensional equations in the continuum
limit, but this is consistent with the limit procedure, because under the Miwa correspondence
a single lattice shift influences all continuous variables.
The discrete Lagrangian is

1 1 1 1
L(U,Uy,Up, Uiz, A1, X2) = ()\3 - )\3> log <)\1 S Ui + Uz)
1 2

1 1 1 1 1
- <>\%+/\1>\2+)\§> (UQ—U1)+ <)\1+)\2> (UQ—Ul)U12

1 1 1 1
—— — 4+ Uy —U; |UUa — —UU; + —UU;.
+ </\1 e + Uz 1) 12 N 2+ " 1
In order to get the necessary leading order cancellation, we add the following terms to the
Lagrangian

1/1 1 1 1
— | —UUy + —U1U19 — —UU19 — —
5 ()\1 1+ e 1U12 N 2U12 )\2

L R e N o S S R 1o o
+4<)\1(U1 U)+)\2(U12 U1)+)\1(U2 U12)+)\2<U U2)>‘

1
U@)+3Q@U@

These terms do not contribute to the Euler-Lagrange equations because they are the discrete
exterior derivative of the 1-form

1 1 1
—UU;+ U +

(U, Ui Ai) = 2N 3 AN

(U -U?).

Some coefficients of the Lagrangian 2-form are

9 3
£12 = 31)% + *U%l — *U%,

4 4
L3 = —5 U203,
81 27 9 3
L1y =90 — ?vlv%l + Juvyavg — Zv%n — 10%2 ~ 5v204,
L *—ﬁv?’v +§v2v —gvzv—gv?’—i—gv v —§vv
15 = — 5 Uil2 T T VU2 T mem U U2 T ) Ui — 5 v20s,
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9 9
Loz = —vivg — U113 + VLIS,
3 27 4 3 2
Log = —36vive — 27v1v11012 — ?2}111)2 + 27viv111v2 + 305 + Yuvavay — Jvi vy
27 9 N 9
— —U v — —V110 — —V192V —U v
5 VI11V112 = 501V14 — 5V12V2 + SV,
1215 135 135 81 81
Los = —541)? + T’U%’U%l + 7’1)%2}111 — TU%’U% + §U%10111 — Zvlv%l— 162v1v11v1111
135 135 , 135 135 5 135 9
+ ——V1V]y + ——V{V122 — ——V11V12V2 + ——V111V5 — ——V1V11V22 — Ui Us
4 4 4 8 2
81 , 27, 2T 27 9 27
+ ZUHH + Z’Unz + ?’01101122 - 3121111)122 — 50111115 + 31)11111122 + 50111U5a
L34 = —36viv3 — 8lviv11v13 + Yvvoves + 5 Vi1v3 + 8lvyvi1103 — 5 v + - V111013
9 27
— —V192V — —U v
5 V12023 = V1111103,
135 4 135 4 135 135 135
L35 = ———0]V203 + ——V]V123 — ——V11V13V2 — —(—V10V11V23 + ——V1V11203
2 4 4 2 2
135 135 27 27 27
+ ——v1101203 + —— V1110203 + —V11V1123 — —= V1110123 + — V1112013
4 4 2 2 2
27 27
+ 3011111123 - 3011112113,
13851 8019
L5 = 27008 — 12150302, — 12150 011, — 1350302 + Tuﬁ + va%wm
6561 729 405 405
+ 4 vivdy + 7”%1111@1111 + 71)?1111111 — TU%U%Q + 40502 V11909
405 2025 405 135 135
+ 71)11)1111121}2 — valvg — Tvlvlllvg 1—603 — 71}%1}21}4 + 361):1)’115
81 5 243 243 3645 , 1215
— Zvln + Tvuvlnvnn - vann - Tvnvlllll - V10111011111
567 8 135
- TUIU%Q + 8lvivi112v12 — 162011112012 + Zvnw%z + TU%UIZZL + 81lviv11v1s
81 135
— 8lv1v11112v2 + 8lv11v111202 — 81lU111V112V2 — 7 V1vI2v2 T v v1a2
405 5 135 135 135
+ ?011111172 - 7010111124 — Yvvougs + 701011204 + Tvnvmm
135 81 , 243 81 , 81
+ [ Uiv2vs = U Us - 8lviv11105 + — Vi T Vi + < U111120112
n 2 n 27 27 n 27 27 n 27
—U110 —v v — —U v —7V v — —U v —7V v
5 V1101124 + So0110115 — 5o VI1VI24 F 50112014 — VI Is 01t
n 9 v 271} n 27@
—U —_ — v —_— Us.
5 V12025 — 5 V1111204 + V111115

Unfortunately, not all alien derivatives can be eliminated. Since we do not have any equation in
the hierarchy to eliminate first derivatives with respect to to, the derivatives v, v12,... remain
in place. All other derivatives are eliminated from the coefficients where they are alien.

7.2 Continuum limit of lattice GD4

In order to get a truly multicomponent pluri-Lagrangian system we move to the next equation
of the GD hierarchy, with N = 4. In its 3-component form the discrete GD4 equation reads

1 1 1 1
— — — 4+ Ui - U \% — — — 4+ Uy U | W
(/\1 e + U122 112> 1122 + <)\1 o + Us 1)
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1 1
— —Vioo + 72‘/112 + W2 — *W1 (VigoUs — Vi19Uy + UpooWo — Up12Wh)

AL A Ao A
(Lt L) (Vigs = Vi = W+ )
N Ty ) Vi =V 2 1
il 3T 11
_ M M < >
_ - — |+ + 5 ) (U2U122 + Ur1Un12
r-ntU2-Un 3 -3 +Un—Un AL A2 ( )

1 1 1
- <+ > (U2 — Up12 — Ua + Uy),

2 Tae T
1 1
Vo—Vi = <)\1—)\2+U2—U1> U12—>\*1U2+)\ Un, (7.6)
1 1
WQ—Wl——<)\1—/\2+U2—U1>U—)\2U2+/\U1 (7.7)

Equations (7.6) and (7.7) do not just look similar, also their expansions are nearly identical in
leading order:

(A2 = An)vr = (A2 — A)uru + 3 ()\2 — At)urr + 5 ()\2 — M)ug + O((M1 + A2)?),
(A2 — A)wy = —(Ag — A)ugu — —(Az — M)uin + = (A2 — AM)uz + O((M + A2)?),

where we used the constant ¢ = 1 in the Miwa correspondence (2.1). This gives us the ODE
v1 — wy = 2uiu + u11, which integrates to

v—w=u’+u. (7.8)

We have omitted the integration constant because higher order terms in the expansion force it
to be zero. equation (7.8) allows us the eliminate either v or w from the continuous system.
Hence we lose one of the components in the continuum limit. It is convenient to make a change
of variables in the discrete system

X+Y X-Y

V=—7— W=

Then in the continuum limit the variable y can be eliminated by equation (7.8), which in the
new variables reads

y = u® +ui. (7.9)

(One recognizes the Miura transformation [15].) For the remaining two variables we find the
hierarchy

Uy = I, o2 = —4upiz1 — 8wz — T1111,

3, 1 1
uz = U + Juan + 1% x3 = —3u1r) — 571115 (7.10)
Ug = 0, Ty = 07

where, presumably, every fourth pair of equations is trivial.
The construction of the continuous GD4 hierarchy using pseudodifferential operators [6] yields
the system

2 = 2x1 — 2611, X2 = X11 + 291 — 2¢111 — 01,
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o = P11 — %¢1111 - %¢¢11 - %X%

as leading order equations. They are related to the leading order equations of the hierarchy (7.10)
by the transformation

¢ = 4uy, X = 2z1 + 4uq;.

In pseudodifferential approach there is no obvious reason to eliminate one of the three variables.
The reduction to two variables is forced upon us by the continuum limit, because there does
not seem to be any way of performing the limit without getting an ODE relation between the
variables, as in equation (7.8).

7.2.1 Pluri-Lagrangian structure

For N = 4 we have the Lagrangian

L(Ua V7 W) U17 Vla le U27 VY27 W2a U12, ‘/127 W127 )\1, )\2)

1 1 1 1 1 1 1 1
== -1 — U0+ - | ==+ —+—+ = | (U= U
(aag) e (5o ) - (gt Hag) @)
1 1 1 1 1
—+—+ = | (U—-U)Ui2— | —+ — | (U —Up) V]
+<)\%+)\1)\2+)\%>( 2 1)U12 ()\1+/\2>( 2 1)Vi2

1 1 1 1
—U<<)\1—)\2+U2—U1>V12—)\1V2+)\2V1>

1 1 1 1 1 1
— — 4+ — | U-W Vo-Vi—|———4+Us—-U; | U —Uy— —U1 ).
<<)\1 +)\2> >< 2 1 <>\1 /\2+ 2 1) 12—i-)\1 2 " 1>

As before, we make the change of variables

X+Y X-Y
s W = .

V=
2 2

In order to achieve the necessary leading order cancellation, we add to the Lagrangian the
discrete exterior derivative of the following discrete 1-form:

1 1 1
UX,Y.U.,X;,Yi, \) = —UU;, — —(U? = U? UU? + U,
7]( bl bl 9 9 9 9 ) 2)\12 4)\12( Z)+6)\z( Z+ )
L(UX.+U»X)+ L UX LUY.
2\ v 2\ 2N

1
8

This 1-form was found by trial and error. It would be interesting to establish a general strategy
to find a Lagrangian within a given equivalence class that provides the required cancellation.
Without such a strategy, it seems infeasible to apply the continuum limit to higher members of
the Gelfand—Dickey hierarchy.

The first few coeflicients of the pluri-Lagrangian 2-form are given in Table 7. Note that the
Lagrangian 2-form depends on all three fields, u, z, and y. The multi-time Euler—Lagrange
equations are equivalent to equations (7.9) and (7.10): they contain both the constraint on y
and the hierarchy in u and .

As with the Boussinesq hierarchy, the elimination of alien derivatives needs a comment. We
do not have any equation in the hierarchy to eliminate the derivatives x2, z12, ..., so these have
to be tolerated in the coefficient £13. All other alien derivatives, in particular those of u and y,
are eliminated as usual.

1
YY; - XX; - XY; - X;Y) — Z(U3X+ U2X;).
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1,3 3 1,2 7,2 1 1 1
L1z = zuuig — 3u T11 — 3UUII2 — gUIU2 T UTUIIT — FUNTY — FUIT1Y + FUTY11

1,2 1 1 1 1
— U Y12 — 1“1“112 + ZUHQ-T — FU1T111 + FUT112 — 5TT12 — U2T2 — FX12Y

1 1 1
- 1$11y1 + zuyri2 + nyIQ

L3 = %u ul + %g Z1l }LUZU% + u U3 — §u§’x — 3uuuiiT — iu?’mlg + uly
+ %uuﬂmy - %uw?l - %UQUHS - %ului’) + *u1u111‘1 + 3ur1x11 + *uu1$111
- %U%‘ls + %U%xz + %WCuy + %uwz gu1u11y1 + 4u€v11y1 + ux1y11
- %uulym - iu2y13 + %U%u - iululm + gu113$ - guml‘u + 13311
+ 11—6u1x112 + %uxn:’, + %969613 — uzT2 + %3?% + 1‘%96112y + %610111?;11 - %wlynl
+ juyniz + l33y13
Loz = gu?’ululz + 7 342 ulug + uu:f:r — %u2u1u11 Zu%%azl + u unazl + u3u1m11

7,02 3 5 3
+ juujule — 2u ur Ul + 5 U1U2 — SUUIUI UL — fulullx + uululllx

8u2u1111x — 3uujuisx + u U13T — 371/%'1,62.@ UULUIT — 5u1x1 + 2uuquiir

2 1,,..2 2 2
+ %u U111 + 3uuiusry + u? U3Tr] — 3uu1x1 + fuula:n + éu U111 + %u Tr1x11
2 3 2 2 3 2 2
+u urring + §u 1111 + §U UIT12 — gu rx12 + U r13 — §uu1x2 - gu UT2
2 2
+ %uulxx 8u r1T2 + u3x2 1u urxrs + ulunxy — §u1x1y guunxly

3 3 2
- guuwmy - *ley1 + fuu1x1y1 + *uu1y2 + *u1u112 + *uununz — 3uju11ul2

+ 24uu111U12 + 8u11u2 + 1 U1U111U2 - (I;UUHHUQ + u11U1111E - éululllll'

- %U1U13$ - %Ullu?@ - %U%xl - %U1u111561 + guullllﬂﬁl + 5“1“12931 - 3uu139€1
- %U11u2$1 + duyugxy + %unxf + x:{’ + %u1u11$11 - 7147“1111331 §u1u2ﬂ?11

+ %Uuzzxn =+ %uwlxn + %u%mn - %Uullxlll + %uu2$111 - iuxlfvnl

+ iuuﬂnu + %U2x11111 + %u2$1112 + %uulzxz + %U%ﬂflz - %Uule gulﬁﬂﬁﬂu
+ %ul’wm + %u%ﬁmz + %uulxm + %U1U2$2 + %Unwm - %UM’NCQ - %Ufcum
- %Uunxg - %U961373 + lulnll’y - %Unlxly - %Unxn ian:cuy Zulmllly
- gwﬂnny - 3“196123/ + fCiClzy + 331iU2y - U1119€y1 + u11331y1 + 4:v1y1

+ 1U13311y1 =+ gurvnllh + ZU-THZ/ - §96‘96‘23/1 - gulxlyn - gWUuyl - guu1y112
- %U%Z/lz + %Ulmyw + %Uﬂﬂlym 2u:ny13 + uﬂEQ?/z + u1$3/3 + 36u111u112

- %u1111U12 + 11*61611111U2 - T16U11111$1 + gu1111$1 8u112331 1U139511

- 1‘%”11196111 + %U12«7«’111 + %U?)xlll - il’nfﬂln - %Uuﬂﬁnn - 1U2331111

+ il’wnn + %u1$11111 + %Ull’llm - 8“1137112 5616296112 + 1%56133112 + iml’ns
+ %u12$12 - iuzswm + §961131712 + lu136122 + *U96123 + %9019613 + %ulsm

- 1%96111962 iunxm + xx23 — 3?11963 + 3321‘3 36x11111y - %5611129

+ %9611111/1 + g$112y1 - g$12y11 - g$1y112 + gx11y12 - 1%$2y12 + i$lyl3

3 1
+ 16712Y2 + 1723

Table 7. Coeflicients of the Lagrangian 2-form for the 4th Gelfand-Dickey hierarchy.
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8 Conclusions

The continuum limit procedure developed in [25] can be applied to many discrete pluri-Lag-
rangian systems. Starting from equations from the ABS list and from discrete Gelfand—Dickey
equations, we obtained pluri-Lagrangian structures for among others the Krichever—Novikov,
Korteweg—de Vries, and Gelfand—Dickey hierarchies. For many of these hierarchies this is the
first time a pluri-Lagrangian structure has been given. The success rate of our method suggests
that it is a useful tool to study connections between discrete and continuous integrable systems.
Nevertheless, there are lattice systems to which the continuum limit procedure does not seem
to apply, an issue which deserves additional investigation. Previously, only a few examples of
continuous pluri-Lagrangian 2-form systems were known. The multitude of new examples given
in this work contributes to the evidence that a pluri-Lagrangian structure is a relevant attribute
of integrability.
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