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Abstract. We show that non-stationary Gromov-Witten invariants of P! can be extracted
from open periods of the Eynard—-Orantin topological recursion correlators wg , whose Lau-
rent series expansion at oo compute the stationary invariants. To do so, we overcome the
technical difficulties to global loop equations for the spectral x(z) = z+1/z and y(z) =Inz
from the local loop equations satisfied by the wy ,, and check these global loop equations
are equivalent to the Virasoro constraints that are known to govern the full Gromov-Witten
theory of P*.
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1 Introduction

The Gromov—Witten invariants of P! were expressed as expectation values of Plancherel measure
by Okounkov and Pandharipande in [14]. This viewpoint naturally led to the conjecture that
the Gromov—Witten invariants of P! satisfy topological recursion applied to the complex curve
defined by a dual Landau—Ginzburg model [13], proven in [5] using a completely different point
of view. Topological recursion, defined in Section 3, produces a collection of meromorphic
multidifferentials wg, on a complex curve via a recursive relation between the expansion of wg,
at its poles and the expansion of wy ,,» for 2¢' —2+n’ < 2g — 2 +n at their poles. This relation
at the poles takes the form of Virasoro constraints which we will call local Virasoro constraints.
The Gromov-Witten invariants of P! already satisfy Virasoro constraints, conjectured in [6] and
proven in [8, 15], which we will call global Virasoro constraints. Until now the direct relation
between these local and global Virasoro constraints has been missing. This paper fills this gap,
showing that the global Virasoro constraints satisfied by Gromov-Witten invariants of P! are
a consequence of the local Virasoro constraints that constitute topological recursion.
The genus g connected Gromov-Witten invariants of P! with n insertions are defined as

n

n d
a; b; %
un = | ;ev; ('Yai)>
<}_[1 bi >g /[Mg,n(Pl,d)} H

vir 7
=1

n
where d is determined by > b; = 2g — 2 + 2d and hence sometimes omitted from the notation.
i=1
The cohomology classes 7; are chosen to be either the unit v = 1 € H° (Pl) (non-stationary
insertion) or the dual of the class of a point v; = w € H? (}P’l) (stationary insertion). The 0-point
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invariants vanish except for 1 = f[ﬂo o (BL,1)]Vir 1 so we consider only n > 0. The generating series
of stationary invariants

e 5 (f14) 0

) gi=1 %

is analytic in a neighbourhood of z; = oo and for (g,n) # (0,1) it analytically continues to
a meromorphic function on 8", for S = P!, via the substitution x; = x(2;) = z; + 1/z;.
In order to prove the Virasoro constraints satisfied by the Gromov-Witten invariants of P!, we

represent ( H > as periods, or contour integrals, of the rational functions defined in (1). The

computatlon of these invariants as periods is expected from mirror symmetry. The stationary
invariants were already known to be given by periods of rational functions, and what is new here
is representing the non-stationary invariants as contour integrals of the same rational functions.
By construction, Qg (21, ..., zy) stores the stationary invariants via

n n
< H Tb12> = ®I§l [ngdxl e dxn],
i=1 9 =1

where the linear functional Il} is a contour integral defined on a meromorphic 1-form f by

.Z‘b+l
(b+1)

TL[f] := — Res f.
o0

We show how g, (21,...,2,) also stores the non-stationary invariants via contour integrals.
The contours involved are now non-compact, so we need to first develop the main technical tool
introduced in this paper, which is a collection of regularised contour integrals. Theorem 1 ex-
hibits the non-stationary invariants as regularised contour integrals of the analytic continuation
of Q4 . It is rather interesting that the non-stationary invariants use the global structure of the
analytic continuation.

To state the result, we distinguish S = P! with coordinate z, and S = P! with coordinate z.
If f is a 1-form on S without poles at oo, we introduce for b > 0

bl 'dx
=r- ZO Wg Zlf).

We define an inverse function to x by

Z: S\[-2,2] — S,

x—Va?—4
T
with the standard determination of the square root having a discontinuity on R_. We then
define Ry[f](z) = Rp[f](Z(x)) which is a 1-form on S\ [~2,2]. Notice that R;[f] behaves as
O(x_(b+1)dx) when z — 0 and behaves as O(:p_bdx) when z — oco. This remark shows that
the following definition is well-posed

) ico xb . ] —ioco xb . )
20f] = lim (270 ,[/] lne—/ Rb[ﬂ(m—l—le)—/ T Rylfl@ —ie) ) - 2)
e—0t 0 b! 0 b!
When b = 0 we set Z'; = 0. In Section 5.1 it is proven that Il?[f] =— f7 %l; f for a certain class

of 1-forms f on &, where « is a contour from z = 0 to z = oo (the two points above x = 00).
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Rather generally, Ig satisfies a formula of integration by parts. Hence we consider the linear
functional Z{ to be a regularised integral. We actually extend the definition of Il? to 1-forms
with poles or other singularities at oo such that the integration by parts is still satisfied.

For 29 — 2+ n > 0, define wg (21, ...,2n) to be the analytic continuation of
Qgn(z1,. .., xn)dzy - - - day
to 8™ where x; = z; + 1/2,. Equivalently wgn(21,...,2,) is rational with expansion around

zj = oo given by Qg n(21,...,2,)dz - - - dzy. The fact that Qg ,(x1, ..., x,) analytically contin-
ues to a rational function is a consequence of topological recursion proven in [5] — see Remark 3 —
or topological recursion relations obtained by pulling back relations in H* (ﬂg,n) to relations
in H* (ﬂg,n (Pl, d)) [12] which are satisfied quite generally by Gromov-Witten invariants. We
expect that it can also be derived from the semi-infinite wedge formalism of Okounkov and
Pandharipande [14].

Theorem 1. For2g—2+n>0, by,...,b, >0 and ay,...,a, € {0,1}
n n
<HTI§?> = <®I§§">wg,n- (3)
i=1 9 1=1
In the case (g,n) = (0,2), replace wo 2 in (3) by

dz1dzy
(1 — Z122)2,

1 dz;dz 1
wg%d(zlvz2) = 5(21 — 29)2 + 9

and for (g,n) = (0,1) we have
o o | dz
<Tb >o =S| |

Remark 1. Integrals of differentials over compact and non-compact contours appearing in
work of Dubrovin [3] were used in [4] to produce correlators of cohomological field theories such
as Gromov—Witten invariants. That paper considered only primary invariants, corresponding
to Z§, where the contour integrals do not require regularisation. Our technical contribution is
a rigorous definition of the integrals over non-compact contours.

Define the partition function which stores Gromov—Witten invariants by

Z]pl (h, {tk‘}) = exp Z n|<Hszl> th; .
g,mbi,..,bp>0 ) i=1 9i=1
Oq,...,OénE{O,l}

Define the Virasoro operators L, for n > —1 by

(n+4)o 0 (n+J)! o 0
L,=—-(n+1)! + E , t; +2 E ———(Hpyj— Hj_1)t; ———
at?z—i—l =1 (=1 ]at'(r)7,+j =1 (j—1! ! ! Jatk+j71
n+j5+1)!, 0 0
+ E : tigr— — 2+ D) Hpp1 o7
= J! Oty ot}
n—2 9 9
h i+ D) —j — ) == + B 000(t)* + B 0, 110ty 4
N R R @

k
where Hy, = Y % We give a new proof of the following theorem of [15].
j=1
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Theorem 2. The partition function Zpm ({t%}) satisfies the Virasoro constraints
Vn>-1, L, Zm({ty}) =0.

We derive the global constraints of Theorem 2 from the local constraints of topological recur-
sion, by moving the contours from poles z = 41 to z = co. For spectral curves that are smooth
algebraic plane curves, there would be no difficulty in doing so, cf., e.g., [16]. The difficulty which
we overcome is the handling of the log singularities in the Landau-Ginzburg model dual to P,
via an asymptotic expansion result for the Hilbert transform found in [11]. The definition of
the regularised integral (2) appears as a byproduct of our analysis. We expect that our method
generalises to more complicated spectral curves with logarithmic singularities, in particular to
certain types of Hurwitz numbers and Gromov—Witten invariants for some other targets.

The Virasoro constraints for Gromov-Witten invariants have been proven in some generality
by Givental and Teleman [8, 17]. The Virasoro operators can be obtained from conjugation of
local Virasoro operators by operators that reconstruct the partition function of the Gromov—
Witten invariants from the partition function of Gromov—Witten invariants of a point. The
work of [5] showed that topological recursion is equivalent to this reconstruction of Givental
and Teleman. Hence one would expect that the global Virasoro constraints of Theorem 2 can
be derived directly from the local Virasoro constraints. Our result essentially exhibits this
conjugation via moving contours.

The paper is organised as follows. In Section 2 we recall the definition of descendant and
ancestor Gromov—Witten invariants which are needed in the proof of Theorem 1. In Section 3 we
review the topological recursion and its application to Gromov-Witten invariants of P' proven
in [5], and derive a preliminary form of the global constraints from the local ones. Section 5
develops the regularised integral and its properties which is the main technical tool of this
paper. Section 6 contains the proof of Theorem 1. In Section 7, we use the properties of the
regularised integral and the aforementioned preliminary global constraints to produce a new
proof of Theorem 2.

2 Gromov—Witten invariants

2.1 The moduli space of stable maps

Let X be a projective algebraic variety and consider (C,x1, ..., z,) a connected smooth curve of
genus ¢ with n distinct marked points. For d € Hy(X,Z) the moduli space of maps M, (X, d)
consists of morphisms

fr (Cixyy... xn) > X

satisfying f.[C] = d quotiented by isomorphisms of the domain C' that fix each z;. The moduli
space has a compactification M, , (X, d) given by the moduli space of stable maps: the domain C
is a connected nodal curve; the distinct points {z1,...,z,} avoid the nodes; any genus zero
irreducible component of C' with fewer than three distinguished points (nodal or marked) must
be collapsed to a point; any genus one irreducible component of C' with no marked point must
be collapsed to a point. The moduli space of stable maps has irreducible components of different
dimensions but it has a virtual fundamental class, [ﬂg,n(X , d)] " the existence and construction
of which is highly nontrivial [1], of dimension

dim [My (X, d)]"™ = (c1(X),d) + (dim X — 3)(1 — g) + n. (5)
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2.1.1 Cohomology on M, ,(X,d)

Let £; be the line bundle over M ,,(X,d) with fibre at each point the cotangent bundle over
the ith marked point of the domain curve C. Define ¢; = ¢1(£;) € H*(Myn(X,d),Q) to be
the first Chern class of £;. For i € {1,...,n} there exist evaluation maps

ev;: ﬂgm(X, d) — X, evi(f) = f(:L’Z),
so that classes v € H*(X,Z) pull back to classes in H* (Mg,n(X, d), @)

evi: HY(X,Z) — H*(Mga(X,d), Q).

7

The forgetful map =: ﬂg,n(X ,d) — Mg,n sends the map to its domain curve with possible
contractions of unstable components.

The Gromov—Witten invariants are defined by integrating cohomology classes, often called
descendant classes, of the form

T () = ey (v)

against the virtual fundamental class. The descendant Gromov—Witten invariants are defined
by

n d
Th; (70@)> = / @Z) ev; (Yo, )-
<}_[1 g [Mand]V"‘];[

When X = {pt}, M, ,(X,d) = M,,, is the moduli space of genus g stable curves with n labeled
points, equipped with line bundles £; with fibre at each point the cotangent bundle over the ith
marked point of the domain curve C' and ¢; = ¢1(L;) € H*(My,, Q). For 29 —2+n > 0, let
), = m; € H? (ﬂg’n(X ,d), Q). The ancestor Gromov-Witten invariants use the classes v; in
place of ;:

n

n d
<£[17bi<vai>>g - /[MMXd WH ().

=1

They are defined only in the stable case, i.e., when 2g — 2 +n > 0.

2.2 Specialising to P*

We now only consider the target X = P!, Let v € H (Pl,Z) be the unit and v; € H? (IF’I,Z)

be the Poincaré dual class of a point. For brevity we denote 7 := 7,(74). The degree d € N
n n

of the Gromov-Witten invariants ( .Hl Tl;);i>g is determined by Zl(bz +a;) =29—24+2d+n
1= 1=

coming from (5). Insertions of y; are called stationary Gromov—Witten invariants of P! since

the images of the marked points are fixed, and insertions of 7 are called non-stationary. The

n
ancestor invariants of P! use the analogous notation < II ?E‘Qg. We introduce the descendant
i=1

partition function in the variables ¢ for o € {0,1} and keN by

1/ N T e
Zpl (h, {t%}) = exp ( Z n|< H Tbil> th;> s (6)
g,n,b1,...,bn>0 ’ i=1 9i=1

at,...,an€{0,1}
2g—24+n>0
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and the ancestor partition function using the variables #; :

Zﬂm(ﬁ,{tz}):exp< T h‘:,l<1‘[a> % ) )

g,m,b1,...,6n >0 9i=1
atye..,an€{0,1}

The descendant invariants uniquely determine the ancestor invariants. They are related by an
endomorphism valued series S(u) = Y. Sj, u* known as the S-matrix, by the linear change

k>0

b= D (Sk—m)ty-
k>m
pe{0,1}

Equivalently

o= (Skom)iTom, (8)
m<k
ae{0,1}

when evaluated between (-), so for example the 1-point genus g invariants satisfy

(Mg =D (Sk-m)§(Th)y

m<k
ae{0,1}

It is proven in [10] that

23 (AtY) = Zx (h AT} e SN
k.8

where Z% (h, {tf}) is the stable part of the descendant invariants, i.e., it excludes the terms
(9:m) = (0, 1) and (0,2) in (6).

3 Topological recursion

3.1 Definition

Topological recursion [7] takes as input a spectral curve C = (S, x, y, B) consisting of a Riemann
surface S, two meromorphic functions x and y on S and a symmetric bidifferential B on S?. We
assume that each zero of dz is simple and does not coincide with a zero of dy. The output of
topological recursion is a collection of symmetric multidifferentials w,,, € H°(Kgs(*D)®", S”)G"
for g > 0 and n > 1 such that 2g — 2+ n > 0, which we call correlators. Here D is the divisor of
zeroes of dx = 0. In other words the multidifferentials are holomorphic outside of dz = 0 and
can have poles of arbitrary order when each variable approaches D.

The correlators are defined as follows. We first define the exceptional cases

wo,1(p1) = y(p1) dz(p1) and wo,2(p1,p2) = B(p1,p2).

The correlators wy , for 2g — 2 4+ n > 0 are defined recursively via the following equation

Wy,n (plapf Z ReSK(pla ) wgfl,n+1(p>0a(p)7pl)
dz(a)= 0
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+ Z Wh,1417)(Ps PJ) Wit 14107 (0a(p), P | -
h+h'=g
JuJ'=I
Here, we use the notation I = {2,3,...,n} and p; = {p;,,pjs,-.-,0j.} for J = {j1,j2, ..., jr}
C I. The holomorphic function p +— o0,(p) is the non-trivial involution defined locally at the
ramification point « and satisfying z(o,(p)) = z(p). The symbol o over the inner summation
means that we exclude any term that involves wp 1. Finally, the recursion kernel is given by

1 o o2(p1)
2[y(p) — y(oa(p))]dz(p)

The recursion only depends on the local behaviour of y near the zeros of dz up to functions that
are even with respect to the involution. Hence it only depends on dy. Below we write a spectral
curve (9) in terms of dy.

For 2g — 2+ n > 0, the multidifferentials wg (p1, ..., pn) are meromorphic on S™ with poles
at p; € D. They can be expressed as polynomials in a basis of differentials with poles only at D
and divergent part odd under each local involution o,. We denote &} such a basis indexed by
k > 0 and zeroes « of dz. Once a choice of basis is made, we define the partition function of
the spectral curve C = (S, z,y, B) by

R9—1
ZC(h7 {t%}) = exp ( Z mwgm|§§—t‘,§>'

9>0,n>1
2g—2+n>0

K(p1,p) =

3.2 Relation to Gromov-Witten theory of P!

Dunin-Barkowski, Orantin, Shadrin and Spitz [5] proved that for a particular choice of ba-
sis {fg‘}, the partition function Z¢ (h, {t%}) coincides with the partition function of a cohomo-
logical field theory. In particular, they showed how to realise in this way the cohomological field
theory encoding Gromov-Witten invariants of P', which corresponds to the spectral curve

dz dz1 dzy
B=——"
B ) ©)

For 2g — 2 +n > 0, the associated correlators wy, have poles at D = {—1,1} and the global
involution z — 1/z realises the local involutions o4+1. The aforementioned basis of 1-forms is
defined by induction for £ > 0 and o € {0, 1}

o) - - (),

from the initial data £, (z) = 2~* dz which are not part of the basis.

z

1
Cpr = (Pl,x:z—i—, dy
z

(10)

Remark 2. The {(z) for kK > 0 are odd under the involution because they are unchanged if
we replace €%, (z) with its odd part

x)l—a %

&) = (3 (1)

Theorem 3 ([13] for g € {0, 1}, [5] in general). For2g—2+4n > 0, Qg (z(21),...,2(2,))dz(21)®
- @dx(z,) initially defined as a formal series near z; = oo analytically continues to a symmetric
multidifferential on S™, which coincides with the correlators of the topological recursion for the
spectral curve (9). In particular,

n
<H7é> =T, ® L [wen)-
=1 g

> .
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For 2g — 2 4+ n > 0, each correlator wy, of Cp1 is a polynomial in {(z). Using the basis
in (10), the topological recursion partition function of the spectral curve Cp1 coincides with the
ancestor partition function (7) of the Gromov—Witten invariants of P*.

Theorem 4 ([5]). Let wgy,, be the correlators of the topological recursion applied to the spectral
curve C defined by (9). Then

Zo (0 ABY) _ e 0 po-t
—————> =27 (h,{t = g ——Wgpnlea_ze |.
Zp1(h,0) # (b {1 }) = exp s nl onle=i;

g—2+n>

Theorem 4 states that the coefficients of the differentials £9, and &}, correspond to insertions
of stationary ancestor invariants 79, respectively 7. . To retrieve the descendant Gromov—
Witten invariants from the correlators wg, one must understand elements of the dual of the
space of meromorphic differentials on the spectral curve which can be naturally realised as
integration over contours on the spectral curve. The next section is devoted to technical aspects

of integration over non-compact contours which need regularisation.

Remark 3. The proof of Theorem 3 in [5] uses Theorem 4 together with the linear functio-
nals I,i which are shown to encode the S-matrix coefficients required to produce stationary de-
scendant invariants. An immediate consequence is that the Taylor expansion of wg (21, ..., 2n)
around z; = oo with respect to the local coordinate 1/x(z) gives Qg n(x1,...,zy)d2r - day,
when 2g — 2 4+ n > 0. In particular this gives a proof that there is an analytic continuation of
Qgn(z1,...,2n)dxy - - - dzy to a rational curve.

3.3 From local to global constraints on multidifferentials

Let wyn be the multidifferentials of the topological recursion for the spectral curve (9). We
choose the determination of the logarithm to have a branchcut on iR_, and such that In(1) = 0.
With this choice, y(z) is holomorphic in the neighborhood of z = +1.

The topological recursion is such that for any g > 0 and n > 1, w, , satisfy the linear and
quadratic loop equations [2]. The linear loop equations is a symmetry property with respect to
the involution z — 1/z

dz(z)dz(z
wWyn(2,22,...,2n) +wen(1/2,22,...,2n) = 04,0002 (:E(zi)lz x((zj)))Q (12)

n
The quadratic loop equations state that, for I = {2,...,n} and denoting dz(z;) = [ dz(z),
i=2

1
QQ,n(Z§ Z[) = W <wg_1,n+1(z, 1/Z, Z[) + Z wh71+|J|(z, ZJ)wh/71+|J/‘(1/Z, ZJ/)) (13)
h+h'=g

JuJ'=I1

is holomorphic in a neighborhood of z = +1. These two sets of equations are (by definition)
equivalent to the local Virasoro constraints mentioned in the introduction. We would like to
derive from them global constraints, which concern the Laurent expansion of ¢4, at z(z) = oc.
We use the following notation.

Definition 1. If f is a 1-form, we define

A= Y R SRS (14
a=pole of f
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L[f)(z1,2) == 2wi% (21, 2) fe) d; < dr f(Zi)> ; (15)

dxq 1 —x; dz;

where

1

*(wo,z(zl, 29) — wo,2(1/21, 22)) = ngd(l/zly 1/z2).

wg%d(zla 22) = 9

The following result gives a preliminary form of global constraints, which will be exploited
in Section 7.

Lemma 1. Assume 2g—2+n > 2. Let I :={2,...,n} and for anyi € I, set I, := I\ {i}. We
have

Wg—1,n+1(21, 21, 21
Alwgn( 20 (1) dan = Z£w9n1 c21,)] (21, 20) + =2 n+d(x1 )

n Z Wh,1+|J|(217ZJ)wh’,1+\J’|(ZlyZJ’)
d.’L‘l '
h+h'=g
JuJ'=I

Here, °° means that the terms involving wo1 and wo o are excluded from the sum. For (g,n) =
(0,3), we have

25 (21, 22)wf (21, 23)
A[w073('7z27z3)}(x1)d$1 = — ) dxl s

e ) (Lot

Tr1 — X2 dl‘g r1 — T3 dl‘g

For (g,n) = (1,1), we have Alw1](z1)dz1 = —wo2(21,1/21).

Proof. Since g4, is holomorphic in a neighborhood of z = £1 we have

dzq dz(z)
a_z;lgaxl_m(z)%n(z 225y Zn)s (16)

for 29 — 24+ n > 0 and 1 # £2. To prove the lemma we are going to compute separately the
contributions of the various terms in the right-hand side of (16).
Stable terms. We observe that

Wo—1n+1(2,1/2,21) = —wgn(2, 2, 21) = wgn(1/2,1/2, 21),

and wg—1n41(2, 2, 21) € O(da(2)?*/z(2)*) when z — oo. Therefore, after division by (z(z) —
x1)dz(z) this expression has no residues at z = 0 and oo. We compute

Ag 1,n+1) Z Res dry  wg-1,n41(2,1/2, 21)
z=a x1 — x(2) dz(2)

’

Y Res 901 wg—1,n+1(2,1/2, 21)
z=a x(2) — o1 dz(z)
a=z1,1/21
~ 2wg—1n+1(21,1/21, 21)
dl‘l ’
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noticing there are no contributions from 0 and co when moving the contour. In case (g,n) # (1,1)
this is also equal to

A(g—l,n+1) — 2wg—1,n+1 (zla 21, Z])
g,n dml

Likewise if h+h' = g and JUJ' = I such that 2h—2+(1+|J|) > 0 and 2h'—2+(1+].J'|) > 0,
we compute

A(h ), (W, J") d.%l wh71+|J‘(2,Zj)wh/71+‘(]/|(1/z, ZJ/)
gn Z 5—6537 —xz(z) dz(z)
a=—1,1" 1
. 2wh,1+|J|(zl7ZJ)wh’,1+\J’|(1/ZlaZJ’) . _2wh,1+|J|(zl,zJ)wh’,1+\J’|(Zlsz’)
dxq dxy '

The (0,2) X (g, — 1) term. Assume that (g,n) # (0,3). Fix i € {2,...,n} and let
I; = I\ {i}. We would like to compute, following the previous steps,

A

D2 37 Res dzy  wyn-1(z 21)wo2(1/2, 2i) + wen-1(1/2, 21,)wo2(2, 2)
zZ=a l‘l

( n—
gn —z(2) dz(2) ’

a=-—1,1

but there are two notable differences. Firstly, there is a shift in the antisymmetry relation
for wo,2

wo,2(2; 2i) +wo2(1/2, 2) = m

Secondly, the presence of wp o creates a pole at z = z; and 1/z;. We obtain

—2wgm1(2, 21, )wo2(2, 2) + Wen—1(2, 21,) (oa2dtz),
Algn=b = 3" Res (C;f'“ ! o )9 @@ —o(z))?
a:zi,l/zi,zhl/;l Tz T1 Tz
Z R 2dx; _2(")9,”*1(27 Z]i)w072(27 Zi) + wg,nfl(z’ ZL;) (jé)?i?iji%
= €S
o, e a(z) — dz(2) ’

since the integrand is again invariant under z — 1/z. There is a double pole at z = z; and
a simple pole at z = z;. We obtain

n— n— dz Wg.n— (Zl Z[.) diL‘leCi
Alon=) _gq (Wena (A2 owgna(zn2n) () i
(9»") dxz(xl — l‘z) + d$1 wo’2(21’ “ ) + (ZEl — $’i)2

— 2 W n—l(zl) dxy . 1(zl7z1_)
A P r—— (;]7— 2(w i) — W 1/z; *gn—1\~l,<l;)
< Ii([L‘l Iz) ) ( 072(217 Z ) 072(2’1, /Z )) -

_od <wg,n—1(zl) dxq

2wp.2(1 Dwgon— .
d; (21 — 21) )+ wo,2(1/21, zi)wgn—1(21, 21,)

+ 2(,0072(2’1, Zi)wg,n—l (1/2’1, Z[Z.).

(0,2) x (0,2) term for the (0,3) case. We have to consider

0,2),(0,2 dz1  wo2(z, 22)wo2(1/2, 23) + wo2(1/z, 22)wo 2(2, 23)
AGE O = 3T Res

et —x(z) dz(z)

d 1
- Z Res - wO’Q(Z’ZQd)wO’Q( /2:23) + (22 ¢ 23)
ek x(2) x(2)
d 1
_ 3 Res 921 woa(z, 22)wo2(l/2,23) | (22 6 23).

a=z1,1/z1,22,1/z3 = .’L‘(Z) - dx(z)
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In the first term, we have a simple pole at z = 2z, 1/z; and double poles at z = 29 and z = 1/z3.
Using wo2(1/z, 23) = wo2(2,1/23), we get

402,02) _ wo,2 (21, 22)wo,2(1/21, 23) + wo2(1/21, 22)wo,2(21, 23)
0,3 - dﬂi‘l
oy (21 won(e, 1/28) | ((derwoa(ze,1/25)
d.%'Q o — I1 dxg r3 — I

> + (22 <> 23).

This can be written in terms of the odd part of w2

402,02) 20§% (21, z2)wf S (21, 23) dzy wi% (22, 23)
0,3 == tdo| 7 ———
’ d$1 d$2 Tr1 — T2
L [ w8 () dary divs das
3 d.l‘g Tr1 — I3 2(1‘1 — $2)2(1‘1 — $3)2

dzi dzg > < dwzq dzo >
—d —d + (29 & 2
2 (2(1‘1 — 372)(1‘2 — afg)Q 3 2(1‘1 — 1‘3)(1‘2 — x3)2 ( 2 3)

4w§ (21, 22)wi (21, 23) dzy wi% (22, 23)
_0, P 4+ 9dy | oL 02 T Y
x1

d ded z ,Z
Ly ( s 3>>.

dxs x1— 23

dxes x1 — 29

The (0,1) terms. The last term is

A0.1),(g:n) ._ Z Res __9%1 wyn(2, 2r)wo1(1/2) +wyn(l/z, zI)WO,l(Z)'
gm M x(2) dz(z)

Using the involution z — 1/z and recalling that wg 1(z) = Inz dz(z), we rewrite it for 29 —2+n
>0 as

dz wgn (2, 21)wo,1(2)
AR = —2 : L—— 2 9 A wy (- . 1
o a; 15165 x1 — x(2) dz(z) A[Wg, ( ,ZI)] (21) (17)

This exhausts the study of the terms contributing to (16). Summing them up concludes the
proof of the lemma. |

4 Properties of A and £

The contribution of unstable ws in the global constraints of Lemma 1 is more complicated than
the others and need special care. This technical section establishes their properties, that will be
used in Section 7.

4.1 Laurent expansion of A[f]

We are going to compute the Laurent series expansion of A[f](z1), defined in (14), when z; — o0,
where f is a meromorphic 1-form on S with poles away from z = 0,00 and such that f(z) +
f(1/z)=0.

Let us assume Re 1 > 0 and move the contour (see Fig. 1). It will surround the poles at z = 23
and 1/z; — which give equal contributions and which we handle as in the previous paragraphs —
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Figure 1. The integration contour in S (the z-plane).

as well as the cut of the logarithm for z on the nonpositive imaginary axis, together with a half-
circle arbitrarily close to 0 and an arbitrarily large circle. When z goes to oo in C \ iR_ we
have f(z) € O(dz(z)/x(2)?) since f has no pole at co. Therefore the integrand in (17) behaves
as O(|dz||z|7®In|z|) and the large circle pushed to oo gives a zero contribution. By symmetry
z — 1/z of the integrand the same is true for the contribution of the half-circle pushed to 0.
The discontinuity of In z on its branchcut, from right to left is then —2iw. Therefore

Alfl(e) = =22 1 (aar) ) + 2L /Oloo /()

x1 — x(2)

dxq x1
o), L e, ([ [ @)
- Elmteta/a) + e ([ [7) 2L

We use z — 1/z convert the first integral from 0 to —i into a integral from +ico to i in the
z-plane. This also multiplies f(z) by a minus sign according to (12). The resulting integral in
the z-plane is then equivalent to the integral over the positive imaginary axis in the x-plane.
The second integral from —i to —ioo in the z-plane is equivalent to an integral over the negative
imaginary axis in the z-plane. We therefore obtain

. p +ioco —ioco T
AlfYen) = =25 ey o) + 2 i </0 +/0 ) fiztz)),

dZEl

The integrals are closely related to the Hilbert transform, defined for a function F': R>g — R
and with v € C\ Rs¢ by

H[F|(v) == /OOF(“)d“

0o vHu
Namely, we have with F(z) = f(Z(x))/dz

Alflen) = =2 1 (a(a1) 1) +

2L 0y + WG] Grr) + 2HIF (0] (i). (19)

To obtain the asymptotic expansion of the last terms we can rely on the following result
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Lemma 2 ([11]). Let F': Rsg — C such that, for any integer b > 0

b+1

Z s + rp1(w), and Sup WP g ()] < Gy
u=

for some n € (0,1) and Cy > 0. Then for u — 0o away from the real azis we have

(1) aayl "
HIFI(w) = | Do +Z a+1 (= Hafa + JalF]) + O(Ju|~E1+e),

a=0

where In s the logarithm with its standard choice of branchcut on the negative real axis, and

Jp[F] == lim (—fb Ine+ /€+Oo(u —€)%ry(u) du) :

e—0F

Corollary 1. Let f be a meromorphic 1-form on S with poles away from z = 0,00 and such
that f(z) + f(l/z) = 0. We have the Laurent series expansion when x; — 00

lnz b+ 1)!
Z Res ~ =2f(z1)In (z(21)/21) —i—z = (2Hy 1 Ty [f] + Ib+1[f])
a= :tlZ R ) b>0 a1

where I was introduced in the introduction, equation (2).

Proof. Let us denote momentarily
fo= O+, Fopa(u) = Rep[fl(w),
with the convention f_; = 0. When we apply Lemma 2 with F(u) = F(iu) for which

fo= (=) fyy, Tyi1(u) = Tpy1(iv), n=1/2,

we find
_ b+1 f
H[F(i)] (iz1) + O(Jzq|~OF5/2) = (Z(—na( i)2(a+1) g;)mm)
a=0 )

b )a(—i)2(@tD) N +oo
T Z a+1 { —Hqfae1 + lim (_fa—l Ine +/ 19 (1 — €)%, (iu) du> }

e—0+
a=

b
= _ <Z xfj@) In(iz)

a=—1 "1

+ioco

b
1 — .
- Z 2072 {—Ha+1fa + 61351 (_fa Ine+ /16
a=0

In principle, the two sums should start from a = —1, but as f_; = 0 the first one effectively
starts at @ = 0. In the second one, the a = —1 summand only contains the regularised integral.
When we apply Lemma 2 for F(u) = F'(—iu), for which

fa=1"fuy, rea(u) = Fpp (—iu),

we find

(z — i€)* 7y () dx) } : (19)

b+1

'H[F’(—l)] (—ixl) + O(’$1|—(b+5/2)) — <Z( 1)a :2(a+1) fa+1) ln(—ixl)

a=0 xy
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b o aiQ(a—H) ~ +o00
+Z(1;a+1{ —Hyfo1+ lim (—fa_11n6+/6 (—i)a“(u—e)afa(—iu)du)}

=0 1 e—0t+
b ~
- _ 2| In(—iz
> ) (in)
b 1 B _ —ioco
_ Z ot {—Ha+1fa + l_i)]f(])n+ (—fa Ine+ / (z +1€)* T 7oy (2) dx) } . (20)
a=—1"1 € —ie

We multiply (19) and (20) by 2 and sum them, in view of obtaining the asymptotic expansion
of (18). We observe that the logarithm term in (19)—(20) contributes to

=
-9 (Z :E?H) Inzy,

a=0

and therefore cancels the second term in (18). The final result is

b

2f(z _ -
AlfYen) = =2 (a(a1) 1) + O (a2 )+3 {2Ha+1fa
—o %
+ lim <2fa Ine — 2 a:a+17:a+1(a: +ie)dz — / 2 (2 — de) dm) }
e—0F 0
2f(z1) a —|— 1
= dxl Zl /2’1 + Z 2Ha+1I; + Zg+1) [f]
in terms of the functional Z° introduced in (2). [

4.2 Decomposition of L[f]

Recall the basis £ defined in (10). The following lemma gives a decomposition of £(£2,) (21, 22),
defined in (15). which in particular implies its polar behaviour in z. It will be applied in
Section 7.

Lemma 3. For any m >0 and o € {0,1}, we have

L(€3)(21,22) = Y cnly(@1)€] (22),

B=0,1
>0

where 55(22) is defined in (10) and czl’i(azl) = (27 —4) Pm’fN(xl)dxl for some N € N and
Pg?N(xl) is a polynomial of degree at most 2N — 2.

Proof. The differentials cfn’ﬂ((xl) and 55 (z2) form bases of the space of meromorphic differentials
satisfying the following properties:

(1) L(&n)(21,1/22) = —=L(&) (21, 22)5

L(&m)(1/21,20) = L&) (21, 22);

E( )(z1 9) is meromorphic in z; with poles only at z; = +1;
L(&

(€%,) (21, 22) is meromorphic in z; with poles only at z; = +1;

—~
~.
~.

(1v

)
i)
(7i7)
)
)

(v) for any a € {—1,1}, Res.,—q L£(£3) (21, 22) = 0.
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Hence it is enough to prove that L(ggg) (21, 2z2) satisfies these properties.

(1) follows from &5, (1/22) = —£5,(22), the symmetry zo = x(22) = x(1/22), and the oddness of
wggd(zl, z) under zp — 1/2z9. Property (ii) follows in a similar way once we use wo2(21,1/22) =
wo,2(1/ 21, 22) and the oddness of {3 (z1) to get a symmetric bidifferential.

For (iii), clearly E(ﬁ%) (21, z2) is meromorphic in z; with poles at 21 = 1, —1, 29, 1/29 so we
need to show that the poles at z; = 22 and z; = 1/z5 are removable. In fact, we only need show
that the pole at z; = z5 is removable and (¢) will imply the same at z; = 1/2z2. The pole on the

diagonal z; = 29 has order 2, so consider

(21— 2)? (21— 2)? Em(z1)  &(22) dandzy
1 LT 2) e -1 <1 — <2) m _ Sm
Z11—>rg2 le d2:2 (gm) (217 22) 211—%2 dz1 d22 w0’2(217 22) d.CCl dxg (1'1 — x2)2
_ Enl(z2)  Enl(ze)  da)
dzy dzy d2?2/(22)2

=0.

where the first equality removed those terms of E(f%) (21, z2) with a simple pole (and possibly
holomorphic) at z; = z3. Hence the pole at z; = 23 is at most simple and we shall compute
its residue. The residue of E(f%) (21,22) at zg = z1 gives the same residue and is simpler to
calculate. In fact it is immediately 0 because Zl}fzsl wo2(#1,22) = 0 and wp 2(21,1/22) has no pole

at zo = z1, and the final term in E(f%)(zl, 29) is exact in 2y so all residues vanish. Hence the
pole is removable at z; = zo. This discussion also implies (iv).

Finally, property (v) follows from property (i) and the fact that z; = +1 are the fixed points
of the involution z; — 1/2z. [ |

The main application of Lemma 3 is to show that the operators I; ¢ commute on (40) as
explained in the proof of Theorem 2 below. Lemma 3 also shows us that evaluation of Q);" , Ilii
on (40) depends only on the values of the regularised integral IJQ applied to the differentials &5,
which are determined by IJQ (&3) = I][Lm(gf)” ) and the table of Proposition 1. This is because the
right-hand side of (40) is a linear combination of the differentials £, (z;) (with coeflicients given
by differentials in the other variables), i.e., it has poles only at z; = £1 for j € {2,...,n} — the
other poles are removable — and is odd under z; — 1/z;.

5 Properties of regularised contour integrals

If f is a meromorphic 1-form on § without poles at z = 0 and oo, we can define
b—1 f
Rb[f} ::f_ZxT_a;'_Qv fa:_ZR:eoianrlfa
a=0
and Ry[f](z) = Ry[f](Z(x)). Then, if f has no pole for z € iR, we can define for b > 0
ioco :L'b . —ioco l'b .
T0[f] := lim (27} [f] Ine —/ Ry[f](x + ie) d — / “Ry[f](x —ie)dx ) . (21)
e—0t 0 b! 0 b!
5.1 Basic properties and extended definition

We justify that the regularised integral is actually an integral when applied to 1-forms that are
odd with respect to the involution and that do not need regularisation.
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Lemma 4. If f is a meromorphic 1-form on S with no poles at z = %1, without residues, such

that f(2)+ f(1/2) =0 and Z}[f] =0 for alla € {0,...,b— 1}, then

b
5 O

where v is the contour from z =0 to z = ico.

Proof. The conditions on f imply that the integral in the right-hand side is well-defined, and
does not depend on the choice of contour from 0 to ico. It also shows that

ico x(z b —ioco (2 b
B =- [ 2k - [ T ),

—i

where the contour from i to ico is avoiding the (finitely many) poles of f, and the result does
not depend on such a choice of contour. We transform the second integral using the change of
variable z — 1/z and the oddness of f with respect to this involution

iooxzb iZL‘Zb iooxzb
i =- [ S~ [ S o= [T e, .

Notice that if f is a meromorphic 1-form on S, then integration by parts yields

Z,1d(f/dz)] = ~Z, 4 [f]- (22)

We now prove a similar property for the regularised integral.

Lemma 5. If f is a meromorphic 1-form on P! with poles away from z = =+i,0, 00, then
Vb1, L)d(f/dw)) = —I,[f).

Proof. Let f = d(f/dz). We observe that for any b > 1
LIl =T, Relfl@) = 8: Roa[f](2).

Therefore

e—0t b!

B ico xb .
~T)[f] = lim (2132[]0] lne—i—/o — 0. Ry_1[f](z +ie) d

20

v o Ryl 10 ).

An integration by parts yields

~ ico xb—l
~T[f] = lim <2I§_2[f] Ine— /0 mm,ﬂf](%i@@

—ico b1
_/0 B i@ —iede

+ [‘Zf Ro1[f)(z + ie)} ;oo + [fj Ry-1[f](z - ie)] Oioo ) :

The first line is by definition Z) ,[f]. Since Rp—1[f](z) € O(|z|~*V |dz|) when || — oo, the
boundary terms +ioco in the last line do not contribute. And the boundary terms at 0 vanish
because of the power of x in prefactor and the fact that ¢ > 0 before we take the limit. [ |

Remark 4. In (21) we gave a definition of the linear operator Z{ for 1-forms in S having no
poles above x = co. We shall extend this definition, whenever necessary if f has poles at co or
other singularities, such that the integration by parts (Lemma 5) and linearity continue to hold.
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5.2 Evaluation on the odd basis

We now evaluate Z;* on the basis {{(2) |k € N, a € {0,1}}, defined in (10), of meromorphic
1-forms on P! with poles at z = +1 and that are odd under z + 1/2z. By (22) and Lemma 5 we
have

72 (6] = T[40,
so it is enough to evaluate the operators on gg for g =0,1.

Proposition 1. The operators I evaluate on the basis as follows:

IQOm Ingrl IQIm IQIm+l
1—2mH, 1
0 - s m 0 o | —
S0 m!2 m!(m + 1)!
2H, 1
1 m
S0 L (el P B

Proof. The evaluation of 7' is determined by the Laurent series expansion of 50 We have

£ 2 2m+2) 1
a >

=2 _n32 " | | 2m+3’
de (22 —4)3/ = ml(m + 1)! z?m

& T Zl 2m+2)! 1
do (22 —4)3/2 2 ml(m + 1)! z2m+2’
m>0

which yield the entries of the last two columns. The evaluation of Z° can be computed via
Lemma 1. Let us introduce the formal series

1

L(t) :== TETEE ln<1+\/1_7> ZL .

We will compute the L,, more explicitly in Lemma 6 at the end of the proof. For f = &) we
compute

Z Res 50 h’lZ T 22m+2
es = ~
2 z : L.2m+3°
Z=a I —
a—+1 1—a(z) a4 m>—1 11

Note that the choice of determination of the logarithm (provided it is holomorphic in a neigh-
borhood of 1 and —1) does not affect the result. We also have

AL(x7? 4L,
2f(z1) In(x(21)/21) = EU?) ~ Z 22m+3
m>0

Using the values of 7' [58] already found, we deduce from Lemma 1

Toms1[60) =0,  Tom[&0] = o] RS (23)

For f = &} we compute
2) 22m+1

) Inz
E Res fo ): 5 4~ E T
Z=a I —
a—+1 1= 1 m>0 1
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and
2f(z0) In(a(z1)/21) = 5=~ Y :UW
m>0

Using the known values of Z' on 55 we get

2(2°™ + L) 2Hopmi1
(2m +1)! m!?

Tom+1[&)] = ; Tom [&5] = 0. (24)

Now let us evaluate the constants L,,.

Lemma 6. For any m > 1, we have

2m +1)!
Ly, = _22m + (77Z'2)(H2m+1 - Hm+1)'

Proof. With the change of variable t = rozr We compute

a Ew
Res d In ( 2 >
t=0 ¢+l (1 — 4¢)3/2 1+/1—4t
— Res dv (1 +v)?™2 In(1 + )

v=0 ’Um+1(1 — ’U)2

B d R dov (1 +U)2m+2+e
o v=0 Uerl(l — U)2 =0

_d (= (a+1)I(2m+3+¢)
_de<zo(m—a)!l“(m+3+e+a)!>

L=

e=0

Using that (InT)'(k+1) = —yg+ Hj, for any positive integer k where v is the Euler-Mascheroni
constant, we deduce

Lm:i( (a+1)(2m + 2)!

H — H, = K (H — H, A 25
‘ m—a)!(m+2+a)!( amt2 m+2+a) m (Ham+2 mi1) +Am, - (25)

where
. ‘_i (a+1)(2m+2)! i a+1 ) (2m + 2)! m*i*‘ﬁ
m'_azo(m—a)!(m—|—2+a)!’ — (m—a)(m+2+a) m+2j’

These two sums can be computed in an elementary way. Let us introduce the auxiliary sum for
ce{0,1,...,m}

P L (mA41-0b)(2m+2)!
m’c_bzo bl(2m +2 —b)!

An easy induction on ¢ shows that

P 1 (m+2)
T2 d2m 4+ — o)l

The change of index a = m — b shows that K,,, = .f(mm, hence

(2m+2)!  (2m+1)!

1
K -
™ 2 m I(m+1)! m2

(26)
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It remains to evaluate

_ | |
Pl P T2) (m—a)l(m+2+a)!
2m+2 2m+2 J

bl( 2m+2—b)

J= m+2
am42 |
=Y Ramre
Jj=m+2 J
Therefore
e (2m + 2)! 1°8 2m+2)
Am =3 2 Cm+2-)lG-1)! 2 (2m +2— j)lj!
Jj=m+2 ’ ' j=m+2 o
1 2352 (2m +2)!
(2m 42— j)ly!
— 722m+2 — 22m. 27
: (27)
Inserting (26) and (27) in (25) establishes our formula for L,,. [ |

Inserting this result into (23) and (24) yields the two first columns and concludes the proof
of Proposition 1. |

Proposition 2. For j,k,m € N and «, 8 € {0,1}

ak jt+k+p o j+k N
7 (56 ) = () ke +oma (U] s - T o9
Proof. This is straightforward when 8 = 1, coming from m = (j+§+1)m. The main

content of the lemma is the case § = 0 which we prove by induction on k.
When k = 0, the second term vanishes and (28) is true in this case. The inductive argument
requires the identity

2€s =26+ (m+a)és_,  m=>0, (29)

which is proven by induction on m by applying —d(-/dz) to both sides of (29). The initial case
m = 0 of (29) is an explicit calculation for & = 0 and o = 1 involving {%;(z) defined in (10).
Given k > 0, assume (28) is true for £ — 1. Then
2k

xk -1 k 1
7 (fe) =I?< xfz;) 2 (S ek + o+ )] )

70 a m—+ « xh1 o

2 () 2 ()

4/5+k—-1

( Z ) g1 (Em “)+,€<‘72_1 )(Hj+k_1—H>I]+k 2 (60°)
+a(j+k—-1

mk (]k 1 ) j+k— l(gm 1)

2m+a) (j+k—1 o
+ k( b1 )(Hj+k1 —Hj) T}y o(&0 1),

R‘\I\D w\w
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where the second equality uses (29) and the final equality uses the inductive hypothesis. We
manipulate this expression for IO (%5“) to consist of only evaluations involving &5, as follows.
We use integration by parts IO‘ ( « ) = I} (5%) and for those evaluations involving &L
substitute

L@ ®) = 3G +k —m— )T} p(60) + 50T i (60),
Which can be checked using the table of values in Proposition 1. Collecting the coefficients of
j+k (&) and Ij+k 1 (&) we get

. 2 (j+k—1 : a
2 (Zhes) = 204 s - 0k ()

2m+a) (j+k—1 o
+ k< k1 )(Hj+k1 — Hj)Tjp1(&)

jAk (j+k—1 .
- k ( E—1 J-i-k(f )
G+k—1\ [j+k 1
+ 2( B ) (k(HjJrk—l — Hj) + A T (&)
J+k a a
= (7" ) @aten) + 2y~ H)Tha(63)),
Hence (28) for k — 1 implies (28) for k, and by induction (28) is true for k& > 0. [

5.3 Evaluation of one operator on ded

In the statement of Theorem 1 for (0,2), we need to consider Zp* ®I’8 [wggd} We can certainly
pose

0 (20) = I [w§ 3 (-, 20)]

but it is not obvious that we can then apply I; . Indeed, we now show that 7y (2) has singularities,
but they are such that after sufficiently many integration by parts it will become a meromorphic
1-form without singularities at oc.

Lemma 7. For k > 0 we have

1 28+1 _(C+1)
2 bk +1-0)! 2 !

%(Zo) - dZo (

b,c>0
2b+c k
2(z0)" - Hi—s c —(c+1
ﬁ@M=%< 3 (mzo—In (")) - ;: g A ) ).
,c>0
2b+c=k—1

Proof. For o = 1 we have

1 (2P dzdz
ni(z0) = 2(5265 (k(: Jz (1 223)2 — (20 = 1/20))
22 k+1
= ;(Z(c + 1)z [zkfc] % dzp — (20 — l/zo))

c>0
c+1 —(C‘H)

1 25 P >
= ZD .
< bz>0 bl(k+1—10)! 2

2b+c k
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For a@ = 0, we apply Lemma 1

1 z(z)F (2In (1+27%)dzdz Inzdzdz  da(z)
0
Ne(20) = Q{ZRGO% k! ( (z — 20)2 + Res

E=z0 (2 —20)% z(z) —z(2)
7¥(2) dzdz
—|—2szReé% k<' ) <j_dZOO)2 — (20 — 1/z0)}

b (e )

+ 29 [zk_l] Z(c + l)zgzc(l + ,22)ngre

o

k! Oe
c>0
2H
k'k[zk—1}<2(c+ 1)z§ (1+z ) ) — (20 — 1/20)
c>0
x(z0)F 3 He . .
= [ b a - () - 3 ISR ] B
b,c>0
2b+c=k—1

6 Proof of Theorem 1

6.1 The S-matrix

This subsection relies on Proposition 1 and does not need the computations with the operators
beyond Section 5.2.

Proposition 3. For any a,b >0 and «, 5 € {0,1}, we have ¢ [55] = (Sa_b)g.

Together with Proposition 1, we find the table of non-zero entries of Sy, is

(SK)5 a=0 a=1
1 - 2mHo,,, 1
B=0 — (even) m+1) (odd)
—2H,, 1
5 =1 W (Odd) W (even)

where “even”, respectively “odd”, means that k = 2m, respectively k = 2m + 1.

Proof. By integration by parts (22) and Lemma 5, it suffices to prove the result for ¢ = 0.
Kontsevich and Manin [10] show that for & > 0

1—
(Sk)g = <To 571?71>0- (30)
The divisor equation and genus 0 topological recursion relations satisfied quite generally by
Gromov—Witten invariants [9] can be used to calculate the right-hand side of (30). We have
(570 "ria) = (miame Mo "m0 ) = (7iamg ),

where the first equality is the genus 0 topological recursion relation and < - 7'0 7'0 - > =1 for
8 =0 or 1 gives the second equality. The divisor equation allows one to remove an insertion T&

and in this case gives

<7017'o T 1>_d< Tk 1>+5a0< 1_’8713;:3%
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where d = %(k + a — ) is the degree. Putting these together and using (30), one gets for £ > 0
5(k+a—B8) (Se)a = (Si-1)& " = Fa0(Se-1)1

which uniquely determines Sy from (S’o)g = 6a5 and (S1)§ = 0. Then, one can check that

the values of T} [fg ] given in Proposition 1 satisfy the same recursion with the same initial
conditions. |

We can express the S-matrix with respect to the odd part of the (0, 2)-correlator

1
wg,%d(zlaZZ) = §(w0,2(21722) — wo2(21,1/22)).

This quantity is invariant under exchange of z; and zg since wp2(21,1/22) = wo2(1/21, 22).
Corollary 2. For any b > 0, and «, 8 € {0,1}, we have
(Sp)g = ® Iy~ [wps]-

Proof. For a = 0, we compute

IO [wngd( Zl)] — _Z];:ieoso (Z + 1/;)(12 le ((Z 121)2 + (1 1212)2>

1+1/22)dxn o
- (21) =0 =),

by comparison with (11). For a = 1, we compute using Lemma 4

dzy [ 1 1 dz
70 [ __da _da _ ioadg,
e N R Al

Therefore, for any a € {0, 1}, the second evaluation of 15_1 is well-defined and we have
dd
T o T [W8] =7, (€277,
Using Remark 2 and the properties of integration by parts (22) and Lemma 5, we get
dd
T 9Ty [w§S] = T[],
which is equal to (Sp)% 3 according to Proposition 3. |

6.2 The stable cases

The cases 2g — 2 +n > 0 of Theorem 1 can be deduced purely by linear algebra starting from
Theorem 4 — due to [5] — and Proposition 3. Indeed,

® [wgn) :ézgji[ klz <f[755> égkf}

i=1 sk >0 i=1 9 i=1
B1--Bn€{0,1}
n
- v (I Tl
k1ye.iskn>0 i=1 9 i=1
Bi;-Bn€{0,1}
n n
- Y (II%) e
k1ye.ekn>0 i=1 9i=1
ﬂl,...,ﬁne{o,l}

n
— (67
~(TI7) .
=1 g

where the first equality uses Theorem 4 and the final equality uses (8).
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6.3 The (0,1) cases

We can prove the (0,1) case of Theorem 1 in the following way. We use the string equation
to represent <7’bﬁ >0 = <T8Tl')8 +1>0. This is equal to (Sb+2)é according to (30), hence equal to
b+2 [50} owing to Corollary 2. Using the integration by parts (22) and Lemma 5 it is also
b ) [indd] =1 +1[dz /z], which is the formula we sought for. According to Proposition 1, the
table of values is

() p=0 p=1
1
b=2
m 0 CESE
2}Im-i-l
b=2 1| ——— 0
mr L e

6.4 The (0,2) case

Likewise, Corollary 2 gives the (0,2) case of Theorem 1 with one insertion of degree 0 since
via (30) it can be restated as

dd
(180, = T)) @ I¢ [w§ ] (31)
The proof of Theorem 1 is completed through the following proposition.
Proposition 4.
dd
(7)o =I5 © I, [w§31].
Proof. By direct evaluation, we have for a € {—1,1}

R wo2(z1,2)wo2(2,22)  a  dz dze
es = - ,
z=a dz(z) 2 (z1 —a)? (22 —a)?

and we sum these to get

Z 1} : wo,2 Zl,dx)l(ﬂo)a(z,zz) _ 58(21)5(%(22) +fé(21)§8(22),
a=%1

where §g(z), defined in (10), have order two poles at z = £1. Now

S Res woa(z1, 2)woa(z,22) _ o woa(an, 2woa(z ) o woa(21, 2)woa(z, 22)
z=a dz(z) z=z1 dz(z) z=22 dz(z)

wo,2(21, 22) wo,2(21, 22)
=y (2L g, (b))
dz(z1) dz(22)
where the first equality uses the fact that the only poles of the integrand are 1, —1, 21, zo.
Putting these together gives

—ay (2B g, (02 ) + 6 )68 o) (3

a=%1

Take 3(32) — %(32)|32H1/Z2 and since £{(#2) is odd under this involution, we get

Wi (21, 22) W% (21, 22)
—d (dx(zﬂ) —dy ((196(22)> = &(21)€0(22) + &9(21)€0(22).- (33)



24 G. Borot and P. Norbury

We apply 77" ®I£ to (33) to get

wg,%d (21, 22) wggd (21, 22)
_d1< dz(z) >_d2< dz(z2) >]

= I ® T [£0(21)€) (22) + 5 (21)€0 (22)],

B
I3 0 I}

hence
If,l ® I,f [wggd] + IJC-‘é ® I,f_l [wggd] = <T§rf,1>0<rgr,f_1>0 + <7'8T]-O:1>0<T&7'5_1>0, (34)

where on the left-hand side we have used integration by parts, and on the right-hand side we
have used Z" [fg ()] = <T& - TQ‘_1>0 from Proposition 3 and (30). Notice that (34) determines
17 ®I,f [wggd] inductively from the case j = 0 and the two-points genus zero descendant Gromov—
Witten invariants with one primary insertion (degree 0) which appear on the right-hand side
of (34). The j = 0 case has already been shown in (31) to give genus zero descendant Gromov—
Witten invariants.

The genus zero descendant Gromov—Witten invariants satisfy

(g + (1) = (7 = (e o 1)y + (Rl )y

where the first equality is the string equation and the second equality is the genus zero topological
recursion relation together with the string equation. Hence the two-points genus zero descen-
dant Gromov—Witten invariants are also determined inductively from the two-points genus zero
descendant Gromov—Witten invariants with one primary insertion, via the relation analogous
0 (34). So we conclude

(7)o = T @ T[]

as required. H

7 New proof of global Virasoro constraints for P!

The Virasoro constraints in Theorem 2 allow the removal of non-stationary insertions so that
the stationary invariants determine the non-stationary insertions.

7.1 Decay rules

Okounkov and Pandharipande view the global Virasoro constraints as the decay of non-statio-
nary insertions which are considered to be unstable. The decay rules for Ly defined in (4) are
as follows:

Top1 70 = <l;:i—f> Thto (35)

o1 Te = 2<l;jf> (Hppo — Ho_1) 7y 1, (36)

art o (T ke (37)

Tooq = —2Hg 17, (38)
k—2 _

0 e kil > <m’i 1> 17317;%72. (39)

m=0
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This means that we sum over interactions of T]g 1 with all other insertions. For example, when
k= —1, (35) and (37) become 7J7¢ + &, and (36), (38) and (39) produce zero — where we
use the convention that a sum vanishes if its upper terminal is negative. Summing over these
contributions, we see that L_; produces the string equation:

n
0 o
(#1=)
=1

The application of the operators to wpi and wp2 was computed in Sections 6.3-6.4 and
their values can be checked to satisfy these decay rules. In fact, the local constraints (13) for
(g,n) = (0,1) and (0,2) have an empty content — one rather considers the local constraints for
29 — 2+ n > 0 for given (wo,1,wp,2), which determine uniquely the wy ,, for 29 — 2 +n > 0. We
are now going to prove from the local constraints (13) for 29 —2+n > 0 that the global Virasoro
constraints are satisfied.

n

= I .
- <Ta1 Taj—]. Tan >g'
g j=1

7.2 Proof of Theorem 2

The cases (0,3) and (1, 1) are treated separately below, so we assume 2g —2+n > 2. The proof
is achieved by applying @;_; Z;* to both sides of the identity in Lemma 1. It can be rewritten

A[wgm(-, Z])] (:El) dx; +2 ln(x(zl)/zl) wgm(zl, Z[)

n

B Zd' dz1  wgn—1(z1) N Wy—1,n+1(21, 21, 21)
s ! r1 — T4 dl’l dl’l

/L:

N ZO: Wh,l—i—\J\(ZlaZJ)Wh’,1+|J’\(ZlaZJ’)+2@0,1(21)w9,n(217z1)

dx dxy
h+h'=g
JuJ'=1
- w (21,21, 21)
“1ny1(21, 21, 21
= Llwgm-1(21))(z1) + =2 7n+d —
° X1
=2
N Whila) (21, 20)whe 14 (215 20) 2001 (21)wen(21, 21)
+ ) + : (40)
dzy dxzq
h+h'=g
JUJ'=1

We have added artificially the term containing @ = In(z/z)dz on both sides so as to exploit
Corollary 1.

Fix aq = 1, by = k and allow ; and b; to be arbitrary for ¢ > 1. We first apply @;_,Z,"*, and
then Z} to the first variable z1. We claim that the evaluation of @, Ibozi on the right-hand side
of (40) is in fact independent of the order in which we evaluate each Igzi. It is not obvious for
the terms involving £, but the decomposition proved in Lemma 3 shows that the operators Igl,
respectively I,fzi, naturally act on the variable z1, respectively the variable z;, in L(&f‘n) (21, 2:)
and they commute.

Applying ®?:21;  on the left-hand side of (40) gives a 1-form in the variable x, to which we
can apply I,i using Corollary 1

n

Q) Ly (Alwgn(, 20)] (w1) Ay + 2wg.n (21, 21) In(1/21))

i=1
n n
— <T,§3+1H75f> +2Hk+1<r,§HTgi> , (41)
=2 g =2

g

which reproduces the decay rule (38).
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The decay rule (39) means that one inserts 7,71 into a (g9 — 1,n + 2) correlator or into
the product of (g1,n1 + 1) and (g2, n2 + 1) correlators for g1 + go = g and ny + ng = n. This
is reproduced by applying first I,i, then ®?:21'; * to the second line of (40) as follows. Note
that @o1(z) = In(z/z) dz is analytic at z = oo, and we use Z}[@0,1](z) = (T})o to get the (0,1)
contribution (7})¢ arising from (39). The action of Z} uses only the expansion at 1 = co. Hence
from the second line of (40) we can write the insertions as follows:

k—2

1 (7 +1)! (m+ DIk —m —1)!
ZT Z+2 7y 2 _ZZT Thom—2 [ ,
i>0 >0 ] E>2 m=0 Ty

thus we have

L L o Won-1(2
T18+1H7’biz = —2Hp1 T,iHTbil +®I ¢ Zd —g_ 1(21)
pales p (x1 — xj) dz;

=2
1 Sk N
TEr Z <m+ 1) [<Tﬁm§m2¢b g1 Z Ty {27 >h’]‘
m=0 h+h'=
JUT—=1

We will now deal with the remaining unevaluated term which is the first term on the right-
hand side of (40). For the ith summand, we first apply ®j¢1,i1'§; 7, then ' = 7}, and finally Iy
In the process we use the fact that wg,—1(27) is a linear combination of £, (2;) with coefficients

given by differentials in (2;);£14, and the following computation, which we are going to use for
ﬁ = Qy and j = bz

Br1 o dm &GN e [ ) 5 A
IjIk{_dZ <x1_$i dx; >}__Ij dl((k-i-l)! dw; =75 (k"‘l)g i)

L Pk
= (j Z +JI 6) j+k (fm) + 200, (}11 1) (Hjtr — Hj—l)zﬂhk—l(&%)

= (j ; Ji 5) (Sjk—m)3 + 2008 <kj: 1) (Hjrr = Hj-1)(Sjh-m-1)1
|+ k
B (J i B) {(S)hm)3 + 2605 (Hjsr — Hj1)(Sjrnom—1)§ }- (42)

The first equality transforms a differential with poles at zo = 1, —1, 21, 1/2; to a differential
with poles only at zo = 1, —1. This is achieved by evaluating I,i first, which crucially depends
on Lemma 3 which guarantees that the operators Ig: “ and Z} commute when applied to (40).

Note that they do not commute when applied to individual terms like di(%
involving wp 2. We can nevertheless use linearity and apply I,% first to those special terms in (40).
The third equality in (42) uses Proposition 2.

We see in (42) that a single term appears on the right-hand side when 5 = 1 which we will see
corresponds to the decay rule (37), whereas two terms appear on the right-hand side when 5 = 0,
which we will see corresponds to the decay rules (35) and (36). Indeed, by [5], the coefficient
of & (2z;) (in wyn—1(2r) in the case of concern here) gives the insertion of 7. Hence (42) proves

the decay rules (35), (36) and (37) which are given in terms of ancestor invariants via (8)

) and terms

j+k
7'18+le ~ <k +1 > (Tyo+k + 2(Hjyr — Hj—l)le+k—1)

= Z <k " 1) Sj+h-m)o + 2(Hjx — Hj—1)(Sjrk-1-m)T ) -
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(1,1) case. For the (1,1) case, we apply Z} to the identity proven in Lemma 1:
A[le]((lZl)dxl + w072(21, 1/21) =0.

This case essentially uses the argument above, with a minor variation to deal with the term
wo,2(21,1/21). We use (41) to produce the decay rule (38). To get the decay rule (39), we have

(by + 1) (by + 1)!
Qoa(x1,22) = Z <Tb117b12>0 ) - dzidze
b1,b2>0 1 Ty

dl‘ldl'g
~woz2(21,22) — ———5 = —wo,2(21,1/22).
(o1:20) = 522 = —ena(a1.1/ )
Hence wp2(z1,1/21) ~ —Q2(z1,21) and the action of Iklu, uses only the expansion at z; = oo,
so as described above this yields the decay rule (39).

(0,3) case. According to Lemma 1, we have

dry  w§% (22, 23) dry wpd (22, 23)
9y +d3

T1 — To dxo T — T3 dzs

A[w073(-, 29, Z3)}([L’1>d&31 = dQ (

B 204%! (21, 22)wi S (21, 23)
dﬂj’l '

Using similar methods to those above, we can identify each decay rule by applying I,i ®Ig“22 ®Zg;3
to this relation. We omit the details, since the computation of the (0,3) descendant invariants
follow easily from the genus 0 topological recursion relations [9].

A Evaluation on invariant differentials

In the appendix, we evaluate the action of I,g on differentials invariant under the involution
z + 1/z. Although this is not used in the article, we include it to give a fuller understanding of
the operator I,g.

The operators I,g are regularised integrals along a contour between the two points above
r = 00, given by z = 0 and z = oo. Consider such an integral applied to a meromorphic
1-form f on S invariant under the involution, i.e. satisfying f(z) = f(1/z), hence obtained as
a pullback of a meromorphic 1-form from the z-plane S. It would be reasonable to expect that
such an integral would vanish since the contour downstairs seems to be closed. Here we will
see that ZIS applied to the pullback of a meromorphic 1-form from the z-plane can in fact be

non-zero.
The pullback of a meromorphic 1-form from the z-plane can always be obtained by integrating
. dx dxg
B = —
(2, o) (z — 20)2

with respect to zy on a suitable current in S. Therefore, the evaluation of the operators on
meromorphic 1-forms is determined by their evaluation on B(-,x9). The evaluation of Z' is
straightforward. We describe here the evaluation of Z°.

Proposition 5. Let 29 € C\ iR. We have

1_8 —B(-’l‘o) _ 3’
L d.’L’o ] ZTo
and for b >0
[B(-,x0)] a)t 24071
I | — =% In (2} O (1—bHy).
Tdee | T oy mle) T Ty ()
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Proof. We let f,, = B(-,20)/dzo. The case b = 0 does not need regularisation and is easy to
compute. For b > 0, we have

P i (a+1)zd
1 _ "o 5 _ @+ 1)To
Ibfl[fxo] - (b — 1)!7 Rb[fmo](x) - w — xO % 20+2
Therefore
(z =€) Rolfrol(@) _ (@ —ie)® bi Z”: (a + 1)ao (@42 (_je)b—cya
b! dz (x — x0)? cl(b—e)!
a=0 c=0
B (5130 o ie)b_l 1 n (xo — 15 b 1 bzl b— iﬂ) (a + l)xc(—ie)b_(c+a+2)$8
(b= 2 — b! (x — xg)? (c+a+2)(b—c—a—2)!
a=0 c=—(a+2)
+ Z (al +as + 1) (a3 —+ a4) 201 (_ie)a2+a3xa4 (43)
a1!a2! a3!a4! 0 '
a1+az+az+as=b—2
Notice that
b—1 b—(a+2)  b-1la+2 b-2b—(a+2) b+l b-1 b—2 b—(c+2)
> Z =22+ Z T ey Z
a=0 c=—(a+2) a=0 ¢=1 a=0 =0 c=2a=c¢c—2 a=0 c=0 a=0
where ¢ = —c. The sum of the ¢ = 1 terms is computed by a binomial formula. Since from the

beginning the left-hand side of (43) quantity should be O(1/2?) when 2 — oo, we must have
cancellations of the polynomial part in z. After index relabelings we find

(x — i) Rp[fuo) () _ (w0 —i€)*! < 1 1)

b! dz (b—1)! T—x0 T
b—c )b a a+c 1 1

xo — ie)? 1 a-+c
+(Ob! ) 2 ZZ( )a(l(b_a)| g

(.’L‘ o .’E()) c=1 a=0

We deduce when € — 0

[ i) on (2 ()

€

. b b—c —a/: —a—c, .atc—
N (zg —ie)® 1 B Z Z (a+ c)(—1)79(ie)? z3t 1)

b! ie — x al(b—a)le

21 201 21 b e
= (Z—Ol)! In(€) — ﬁ In () — & [f! -2 (Z (b(—cl))‘c'c> b~ 4 o(1).

c=1

Also
b 1 b 1
—1)° 1 1-— -1 1 1
g # = — ﬂdx — lim (1-— x)bafl“ dox — =
g (b—o)lele D Jy x bl e=ot \ Jo €

, T'(e) 1 H,
=lm (=t —— | = -3,
0t \I'(e+b+1) Dle b!

where we have used that I'(e) = 1/e — yg + o(1) when € — 0. We arrive at

b—1 b—1 b—1
Bolfeol = 1 0 (@0) + == = )
b—1 b—1

(1 — bH,). n

_ Yo 2 2z,
“ -1 ™ (%0) + =5



Loop Equations for Gromov—Witten Invariant of P! 29

Acknowledgements

This work was initiated during a visit of G.B. at the University of Melbourne supported by
P. Zinn-Justin, which he thanks for hospitality. G.B. also thanks Hiroshi Iritani for discussions
on mirror symmetry, and acknowledges the support of the Max-Planck-Gesellschaft. Part of this
work was carried out during a visit of P.N. to Ludwig-Maximilians-Universitat which he thanks
for its hospitality. P.N. is supported by the Australian Research Council grants DP170102028
and DP180103891.

References

[1] Behrend K., Fantechi B., The intrinsic normal cone, Invent. Math. 128 (1997), 45-88, arXiv:alg-
geom/9601010.

[2] Borot G., Eynard B., Orantin N., Abstract loop equations, topological recursion and new applications,
Commun. Number Theory Phys. 9 (2015), 51-187, arXiv:1303.5808.

[3] Dubrovin B., Geometry of 2D topological field theories, in Integrable Systems and Quantum Groups (Monte-
catini Terme, 1993), Editors M. Francaviglia, S. Greco, Lecture Notes in Math., Vol. 1620, Springer, Berlin,
1996, 120-348, arXiv:hep-th/9407018.

[4] Dunin-Barkowski P., Norbury P., Orantin N., Popolitov A., Shadrin S., Primary invariants of Hurwitz
Frobenius manifolds, in Topological Recursion and its Influence in Analysis, Geometry, and Topology,
Editors C.C.M. Liu, M. Mulase, Proc. Sympos. Pure Math., Vol. 100, Amer. Math. Soc., Providence, RI,
2018, 297-331, arXiv:1605.07644.

[5] Dunin-Barkowski P., Orantin N., Shadrin S., Spitz L., Identification of the Givental formula with the spectral
curve topological recursion procedure, Comm. Math. Phys. 328 (2014), 669-700, arXiv:1211.4021.

[6] Eguchi T., Hori K., Xiong C.-S., Quantum cohomology and Virasoro algebra, Phys. Lett. B 402 (1997),
71-80, arXiv:hep-th/9703086.

[7] Eynard B., Orantin N., Topological recursion in enumerative geometry and random matrices, J. Phys. A:
Math. Theor. 42 (2009), 293001, 117 pages, arXiv:0811.3531.

[8] Givental A.B., Gromov—Witten invariants and quantization of quadratic Hamiltonians, Mosc. Math. J. 1
(2001), 551-568, arXiv:math.AG/0108100.

[9] Kontsevich M., Manin Yu., Gromov—Witten classes, quantum cohomology, and enumerative geometry,
Comm. Math. Phys. 164 (1994), 525-562, arXiv:hep-th/9402147.

[10] Kontsevich M., Manin Yu., Relations between the correlators of the topological sigma-model coupled to
gravity, Comm. Math. Phys. 196 (1998), 385-398, arXiv:alg-geom/9708024.

[11] McClure J.P., Wong R., Explicit error terms for asymptotic expansions of Stieltjes transforms, J. Inst. Math.
Appl. 22 (1978), 129-145.

[12] Norbury P., Stationary Gromov—Witten invariants of projective spaces, Acta Math. Sin. (Engl. Ser.) 33
(2017), 1163-1183, arXiv:1112.6400.

[13] Norbury P., Scott N., Gromov—Witten invariants of P! and Eynard-Orantin invariants, Geom. Topol. 18
(2014), 1865-1910, arXiv:1106.1337.

[14] Okounkov A., Pandharipande R., Gromov—Witten theory, Hurwitz theory, and completed cycles, Ann. of
Math. 163 (2006), 517-560, arXiv:math.AG/0204305.

[15] Okounkov A., Pandharipande R., Virasoro constraints for target curves, Invent. Math. 163 (2006), 47108,
arXiv:math.AG/0308097.

[16] Orantin N., Symplectic invariants, Virasoro constraints and Givental decomposition, arXiv:0808.0635.

[17] Teleman C., The structure of 2D semi-simple field theories, Invent. Math. 188 (2012), 525-588,

arXiv:0712.0160.


https://doi.org/10.1007/s002220050136
https://arxiv.org/abs/alg-geom/9601010
https://arxiv.org/abs/alg-geom/9601010
https://doi.org/10.4310/CNTP.2015.v9.n1.a2
https://arxiv.org/abs/1303.5808
https://doi.org/10.1007/BFb0094793
https://arxiv.org/abs/hep-th/9407018
https://doi.org/10.1090/pspum/100/01768
https://arxiv.org/abs/1605.07644
https://doi.org/10.1007/s00220-014-1887-2
https://arxiv.org/abs/1211.4021
https://doi.org/10.1016/S0370-2693(97)00401-2
https://arxiv.org/abs/hep-th/9703086
https://doi.org/10.1088/1751-8113/42/29/293001
https://doi.org/10.1088/1751-8113/42/29/293001
https://arxiv.org/abs/0811.3531
https://doi.org/10.17323/1609-4514-2001-1-4-551-568
https://arxiv.org/abs/math.AG/0108100
https://doi.org/10.1007/BF02101490
https://arxiv.org/abs/hep-th/9402147
https://doi.org/10.1007/s002200050426
https://arxiv.org/abs/alg-geom/9708024
https://doi.org/10.1093/imamat/22.2.129
https://doi.org/10.1093/imamat/22.2.129
https://doi.org/10.1007/s10114-017-5314-4
https://arxiv.org/abs/1112.6400
https://doi.org/10.2140/gt.2014.18.1865
https://arxiv.org/abs/1106.1337
https://doi.org/10.4007/annals.2006.163.517
https://doi.org/10.4007/annals.2006.163.517
https://arxiv.org/abs/math.AG/0204305
https://doi.org/10.1007/s00222-005-0455-y
https://arxiv.org/abs/math.AG/0308097
https://arxiv.org/abs/0808.0635
https://doi.org/10.1007/s00222-011-0352-5
https://arxiv.org/abs/0712.0160

	1 Introduction
	2 Gromov–Witten invariants
	2.1 The moduli space of stable maps
	2.1.1 Cohomology on Mg,n(X,d)

	2.2 Specialising to P1

	3 Topological recursion
	3.1 Definition
	3.2 Relation to Gromov–Witten theory of P1
	3.3 From local to global constraints on multidifferentials

	4 Properties of A and L
	4.1 Laurent expansion of A[f]
	4.2 Decomposition of L[f]

	5 Properties of regularised contour integrals
	5.1 Basic properties and extended definition
	5.2 Evaluation on the odd basis
	5.3 Evaluation of one operator on 0,2odd

	6 Proof of Theorem 1
	6.1 The S-matrix
	6.2 The stable cases
	6.3 The (0,1) cases
	6.4 The (0,2) case

	7 New proof of global Virasoro constraints for P1
	7.1 Decay rules
	7.2 Proof of Theorem 2

	A Evaluation on invariant differentials
	References

