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Figure 4: The trivalent intertwining operators. Left: Φ, Right: Φ∗. Note that the diarams in
this papar are flipped horizontally for the ones in [7].

Throughout the paper, the case M = 0 is concerned. The intertwining operators Φ and Φ∗

are expressed as the trivalent diagrams in FIGURE 4. It is known that their matrix elements
coincide with the Iqbal, Kozcaz and Vafa’s or Awata and Kanno’s refined topological vertecies
[16, 31, 32], and the vertical representation corresponds to the preferred direction. We prepare
the formula for the normal ordering of the intertwiners, in which the Nekrasov factor appears.

Definition 2.10. Define the Nekrasov factor to be

Nλµ(u) :=
∏

(i,j)∈λ

(
1− uq−aµ(i,j)−1t−ℓλ(i,j)

) ∏
(i,j)∈µ

(
1− uqaλ(i,j)tℓµ(i,j)+1

)
=

∏
(i,j)∈λ

(
1− uqaλ(i,j)tℓµ(i,j)+1

) ∏
(i,j)∈µ

(
1− uq−aµ(i,j)−1t−ℓλ(i,j)

)
. (2.47)

Fact 2.11 ([16]). Put γ = (t/q)1/2. We have

Φλ(i)(vi)Φ
∗
µ(j)(uj) = G(uj/γvi)−1Nµ(j)λ(i)(uj/γvi) : Φλ(i)(vi)Φ

∗
µ(j)(uj) :, (2.48)

Φ∗
µ(j)(uj)Φλ(i)(vi) = G(vi/γuj)−1Nλ(i)µ(j)(vi/γuj) : Φ

∗
µ(j)(uj)Φλ(i)(vi) :, (2.49)

Φλ(i)(vi)Φλ(j)(vj) =
G(vj/γ2vi)

Nλ(j)λ(i)(vj/γ2vi)
: Φλ(i)(vi)Φλ(j)(vj) :, (2.50)

Φ∗
µ(i)(ui)Φ

∗
µ(j)(uj) =

G(uj/ui)
Nµ(j)µ(i)(uj/ui)

: Φ∗
µ(i)(ui)Φ

∗
µ(j)(uj) :, (2.51)

where G(z) =
∏∞

i,j=0(1− zqit−j) = (z; q, t−1)∞.

Furthermore, we introduce the following operators for convenience, which is expressed by the
cross diagram in FIGURE 5.

Definition 2.12. Define

Φcr.

[
v;
us/v

s
;u

]
=

Φ∗
[
(1, 0), v; (0, 1), us/v

(1, 1),−us

]
◦ Φ

[
(1, 1),−us

(0, 1), s; (1, 0), u

]
⟨0|Φ∗

∅

[
(1, 0), v; (0, 1), us/v

(1, 1),−us

]
Φ∅

[
(1, 1),−us

(0, 1), s; (1, 0), u

]
|0⟩
, (2.52)

Φcr.

[
v;
us/v, µ

s, λ
;u

]
=

Φ∗
µ

[
(1, 0), v; (0, 1), us/v

(1, 1),−us

]
Φλ

[
(1, 1),−us

(0, 1), s; (1, 0), u

]
⟨0|Φ∗

∅

[
(1, 0), v; (0, 1), us/v

(1, 1),−us

]
Φ∅

[
(1, 1),−us

(0, 1), s; (1, 0), u

]
|0⟩
. (2.53)

4 Note that we modify the normalization of Φ∗
λ from the previous paper [7] by cλ and c′λ.


