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Abstract. The article is devoted to the classical problems about the relationships bet-
ween elliptic functions and hyperelliptic functions of genus 2. It contains new results, as
well as a derivation from them of well-known results on these issues. Our research was
motivated by applications to the theory of equations and dynamical systems integrable in
hyperelliptic functions of genus 2. We consider a hyperelliptic curve V' of genus 2 which
admits a morphism of degree 2 to an elliptic curve. Then there exist two elliptic curves E;,
¢t = 1,2, and morphisms of degree 2 from V to E;. We construct hyperelliptic functions
associated with V' from the Weierstrass elliptic functions associated with F; and describe
them in terms of the fundamental hyperelliptic functions defined by the logarithmic deriva-
tives of the two-dimensional sigma functions. We show that the restrictions of hyperelliptic
functions associated with V' to the appropriate subspaces in C2 are elliptic functions and
describe them in terms of the Weierstrass elliptic functions associated with F;. Further, we
express the hyperelliptic functions associated with V on C? in terms of the Weierstrass ellip-
tic functions associated with F;. We derive these results by describing the homomorphisms
between the Jacobian varieties of the curves V and E; induced by the morphisms from V'
to F; explicitly.
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mathematician Victor Enolski (1945-2019)

1 Introduction

Victor Enolski’s contributions to mathematics, mathematical and theoretical physics are re-
flected in the memorial survey [44]. Our article is devoted to the issues that were in the center
of his attention; it contains our new results on these issues and a description of their connec-
tion with classical and relatively recent results, including the results obtained by Victor Enolski
together with his co-authors.

The problem whether the Jacobian variety of a hyperelliptic curve of genus 2 is isogenous
to the direct product of elliptic curves is considered in many papers of number theory (e.g.,
[12, 13, 14, 21, 27, 28, 39, 43, 46, 47, 53]). The problems discussed in our article are related to
the well-known open problem about rational points on the Jacobian variety of a curve of genus 2
[31, 43]. The problem on the isogeny between the Jacobian variety of a curve of genus 2 and the
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direct product of elliptic curves is naturally connected with the following well-known problem (to
which our research was devoted): Let solutions of differential equations and dynamical systems
in terms of hyperelliptic functions of genus 2 are given. Under conditions when a reduction of
these functions to elliptic functions is possible, find an explicit form of these solutions in terms
of elliptic functions. In this paper, we consider the algebraic curves over C. The reductions
of the Riemann theta functions and the hyperelliptic functions turned out to be important in
real physical problems (cf. [22, 50]). In [22, 50], a hyperelliptic curve of genus 2 defined by
y? = f(x) with a square-free polynomial f(z) of degree 6 is considered. In the case when the
curve is defined by y? = f(x) with a square-free polynomial f(z) of degree 5, its sigma function
is determined by the coefficients of the polynomial f(m) In the case when the curve is defined by
y? = f(z) with a square-free polynomial f(z) of degree 6, one of the branch points can be chosen
and an isomorphism can be explicitly set with a curve defined by y? = f(x) with a square-free
polynomial f(x) of degree 5. Thus, in the case under discussion, the sigma function and the
corresponding hyperelliptic functions are determined by the coefficients of the polynomial of
degree 6 and the choice of one of its zeros. In some cases, an explicit transformation uses several
branch points (cf. Proposition 3.3).

For a positive integer A, let Ha be the set of complex 2 x 2 matrix 7 = (711 712 ) such that
tr =7, Im7 >0, and

hiTi1 + hoTia + haTos + ha (11 — T11722) + hs = 0

for some integers hi, ho, hs, hg, hs satisfying A = h% — 4(h1hs + hghs). Then Ha is called
Humbert surface with invariant A [33, 34, 35].

Theorem 1.1 ([38], [7, Theorem 5.10], [17, Theorem 7.4]). Let H be a hyperelliptic curve of
genus 2 and N be an integer such that N > 2. There exist an elliptic curve W and a morphism
T11 T12

H — W of degree N if and only if a normalized period matriz T = (71 712) of H belongs to the
Humbert surface Ha with A = N2.

In [9], the geometric characterizations of the Humbert surfaces in terms of the presence of cer-
tain curves on the associated Kummer plane are given. In [6, Section 3.1], [7, Section 5.3.3], [17,
Section 7.3.3], [19, Section 6.3, Section 11.5], [25], the Humbert surfaces are considered and rela-
tionships between the hyperelliptic functions associated with a curve of genus 2 and the Jacobi
elliptic functions are derived. In [6, p. 3448], [7, p. 366], [17, pp. 79, 80], [19, pp. 99, 175], [25],
it is mentioned that the Jacobi elliptic functions and the hyperelliptic functions associated with
a curve of genus 2 give coordinates on the Kummer surfaces. In [12], algebraic correspondences
between Kummer surfaces associated with the Jacobian variety of a hyperelliptic curve of genus 2
admitting a morphism of degree 2 to an elliptic curve and Kummer surfaces associated with the
product of two non-isogenous elliptic curves are considered. In the equations (2.56) and (2.57)
of [12], the formulae in [6, p. 3448], [19, pp. 99, 100], [25] are described in terms of coordinates
on the Kummer surfaces. In this paper, by an approach different from [6, 7, 17, 19, 25|, we
derive relationships between the hyperelliptic functions associated with the curve of genus 2 and
the Weierstrass elliptic functions.

For o, 8 € C satisfying o2, 5% # 0,1, o® # 32, and o3 # 1, we consider the nonsingular
hyperelliptic curve of genus 2

V={(z,y) € C? | y? =z(z — 1)(x7a2)(xfﬁ2)(xfa2ﬁ2)}.

For a hyperelliptic curve H of genus 2, it is known that there exist an elliptic curve W and
a morphism H — W of degree 2 if and only if H is isomorphic to the curve V for some «,
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(see Section 3). Let E and E» be the elliptic curves defined by

YQ:X(X—1)<X—M>}.

Then we can define the morphisms of degree 2 (see Section 3)

(a —B)*x (a —B)%y >
(z—aB)? (af —1)(z—aB)? )’
(a+8)Px  —(a+h)y >

(z+aB)? (af+1)(x+aB)?)

Let Jac(V), Jac(E1), and Jac(E2) be the Jacobian varieties of V', Eq, and Es, respectively.
The maps ¢;, i = 1,2, induce the homomorphisms of the Jacobian varieties

E, = {(X,Y) € C?|y?

By = {(X,Y) cC?

p1: V= Fy, (a:,y)r—>(X7Y):<

pa: V — Ey, (x,y)H(X,Y):(

Vi Jac(V) — Jac(E;), v Jac(E;) — Jac(V), i=1,2.

In this paper, we describe the maps v; , and 1} explicitly in Propositions 4.1 and 5.6. Let o(u),
u = !(uy,u3) € C2, be the sigma function associated with V', which is the holomorphic function
on C?, ©jk = —0u;0u,logo, and ;e = Oy, )k, Where Oy, = %. Then the functions g;
and ;¢ are the fundamental meromorphic functions on Jac(V'). For i = = 1,2, let pg, be the
Weierstrass elliptic function associated with the elliptic curve E;. Let f;(u) = pg, (i «(u)) for
u € Jac(V) and ¢ = 1,2. Then the functions fi(u) and fa2(u) are the meromorphic functions
on Jac(V'). In this paper, we express fi(u) and fz(u) in terms of g1 1(u), p1,3(u), and p33(u)
explicitly in Theorem 4.3 and Corollary 4.4. We consider the homomorphisms of the Jacobian
varieties

v Jac(E;) — Jac(V), i=1,2.

For v € Jac(E;), the functions ;1 (] (v)) and @; (] (v)) are the meromorphic functions
on Jac(E;). In this paper, we describe the functions p;x(1!(v)) and E;e(1}(v)) in terms
of pg, (v) explicitly in Theorem 5.7 and Corollary 5.8, i.e., we show that the restrictions of the
hyperelliptic functions p; , and p; ;. ¢ to the appropriate subspaces in C? are elliptic functions and
describe them in terms of the Weierstrass elliptic functions pg,. Further, by using the addition
formulae for p;, which are given in [30, Theorem 3.3], we express ; on C? in terms of pp,
and g, explicitly in Theorem 5.9. From Theorem 5.9, we obtain the decompositions of the
functions p1,1, 1,3 — a?4?, and 3.3 into the products of meromorphic functions (Remark 5.10),
a solution of the KdV-hierarchy in terms of functions constructed by the elliptic functions g,
and g, (Remark 5.11), and the expressions of the coordinates of the Kummer surface in terms
of the Weierstrass elliptic functions pg, and pg, (Remark 5.12). In Section 6, we compare our
results with the results of [6, 19, 25].

The elliptic sigma functions, which are defined and studied by Weierstrass, are generalized
to the sigma functions associated with the hyperelliptic curves and many applications in inte-
grable systems and mathematical physics are derived (cf. [15, 16, 17, 19]). In [2], we consider
the solutions of the inversion problem of the ultra-elliptic integrals of the hyperelliptic curves
of genus 2 in terms of the sigma functions associated with the hyperelliptic curves of genus 2.
In [3], we consider the series expansion of the sigma functions associated with the hyperelliptic
curves of genus 2 by using the heat equations in a nonholonomic frame derived in [20]. The
problem of the reduction of the hyperelliptic integrals to the elliptic integrals has been studied
in many papers (e.g., [5, 6, 7, 10, 11]). In particular, O. Bolza derived many examples of the
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reduction of hyperelliptic integrals to elliptic integrals (cf. [10, 11]). The problem of the reduc-
tion of a hyperelliptic integral to an elliptic integral is closely related to that of the morphism
from a hyperelliptic curve to an elliptic curve. In this paper, when a hyperelliptic curve of
genus 2 admits a morphism of degree 2 to an elliptic curve, we derive the relationships between
the hyperelliptic functions of genus 2, which are defined by the logarithmic derivatives of the
sigma functions associated with the hyperelliptic curves of genus 2, and the Weierstrass elliptic
functions, which are defined by the logarithmic derivatives of the elliptic sigma functions.

2 Preliminaries

In this section we recall the definitions of the Jacobi elliptic functions and the sigma functions
for the curves of genus 1 and 2 and give facts about them which will be used later on. For
the details of the Jacobi elliptic functions, see [36, 54]. For the details of the sigma functions,
see [19].

2.1 The Jacobi elliptic functions

We denote the imaginary unit by i. Let H = {r € C | Im7 > 0}. For (z,7) € C x H and
€1,€2 € R, the theta function with characteristics t(el, €9) is defined by

0 [61} (z,7) = Z exp (i(n + £1)%71 4 2mi(n 4 1) (2 + £2)) .
£2 neL

Let

oo (2,7) = 0 m (&7),  O(nT) =0 [1‘/)2] (2,7),

102, 7) = 0 [1(/)2] (1), Ou(e,7) =0 Bg] (2,7).

The Jacobi elliptic functions associated with 7 € H are defined by

000(0,7)611(2,7) ~ 001(0,7)010(2,7)

7)== 0 e T = G 0 ) (e
001(0,7)600(2,7) U
dn(u, 1) = , Z2=—_
(u.7) 000(0,7)001(2, 7) m000(0, 7)2

The modulus m of the Jacobi elliptic functions associated with 7 is defined by

910(07 T>2
m=_——-=.
600(0, 7)?

Then we have m? # 0,1. Let w. = 70y (0,7)%/2, W’ = w.T, and A, = {4w' m; + 2w"mg
mi,mg € Z}. Let us consider the elliptic curve defined by

E. = {(x,y) e C? | y? = (1 — :cQ) (1 — m2x2)}.
It is well known that the map
C/A; — E;, u s (sn(u,7),sn' (u, 7))

is the isomorphism, where sn’(u, 7) = <-sn(u, 7).
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2.2 The elliptic sigma function
We set
Mi(z) = 23 4 Xox? + Mz + N6, A €C.
We assume that M;(z) has no multiple root. We consider the elliptic curve
E={(z,y) € C* | y* = My(z)}.
For (z,y) € E, let
dx

__Qy

which is the basis of the vector space of holomorphic one forms on E. Further, let

I

which is the meromorphic one form on E with a pole only at oco. Let {a, b} be a canonical basis
in the one-dimensional homology group of the curve E. We define the periods by

2w = /w, 2" = /w, -2 = /n, -2 = /17.
a b a b

The normalized period has the form 7 = (w')~'w”. The sigma function associated with F is
defined by

o) = 2 e (Yo (2L
01,(0,7) 2w’ 2w’ )7
where 07,(0,7) = %6’11(2,7)]2:0. For mq,ms € Z, let Q = 2w'mq + 2w”ms. Then, for u € C,
we have

o+ Q) fo(u) = (~1)™ M exp { (2/my + 20" ma)(u+ w'my + ' mg) ).

We set deg Ag; = 2i for 1 < i < 3. The sigma function o(u) is an entire function on C and the
series expansion of o(u) around u = 0 has the following form:

o(u) =u+ Zunu",

n>3

where the coefficient i, is a homogeneous polynomial in Q[A2, A4, Ag] of degree n — 1 if pu, # 0.
In particular, the sigma function o(u) does not depend on the choice of a canonical basis {a, b}
in the one-dimensional homology group of the elliptic curve FE and is determined by the coeffi-
cients Ag, A4, Ag of the defining equation of the elliptic curve E.

Let p(u) = —%log o(u), which is the Weierstrass elliptic function. Then the following
relations hold (cf. [36])

pu) = p() =ali(w)?,  pu) - p +w") =ab(w)?,  pu) - pw") = alz(w)?,
where
_exp(n'u)o(w —u) alo (1) — exp(Nu+ n"u)o(W + W’ — u)
al () = o(u)o(w) ’ 12(u) o(u)o(w 4+ w") ’
_ exp(n"u)o(w” —u)
W) = )

The functions al;(u), ¢ = 1,2, 3, are called Weierstrass elliptic al functions (cf. [52]).
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2.3 The two-dimensional sigma function
We set
MQ(.%') =2 + )\21‘4 + /\41’3 + )\6372 + Agx + A1g, N € C.

We assume that My (z) has no multiple root. We consider the nonsingular hyperelliptic curve
of genus 2

V= {(z,y) € C*| y* = Mo(x)}.
For (z,y) € V, let

1
w1 = —idx, wg = ——dzx,
2y 2y
which are the basis of the vector space of holomorphic one forms on V. Further, let
x2 Mz — 2 9% — 323
m= _7d$7 N3 = dﬂ?,
2y 2y

which are the meromorphic one forms on V' with a pole only at co. Let {a;, bi}?zl be a canonical
basis in the one-dimensional homology group of the curve V. We define the matrices of periods by

2w/:/ wi, 2w”:/ wi, —277/:/ N, —277":/ ;.
aj b, aj b;

J J J J

The matrix of normalized periods has the form 7 = (w')~!w"”. Let 6 = 76" 4+ 6", §',6"” € R?, be
the vectors of Riemann’s constants with respect to ({a;, b;}?_;,00) and § := {(*’,%6"”). Then we
have §' = (3, 3) and 6" = (1,1) (cf. [26, 41]). The sigma function o(u) associated with V,
u = t(uy,u3) € C?, is defined by

o(u) = cexp <;tun'(w')_1u>9[(5] (2) "u, ),

where 0[0](u) is the Riemann’s theta function with characteristics d, which is defined by
00](w) = > exp {mi'(n+ &) 7(n+ ) +2ri’(n+ ") (u+05")},
nez?
and ¢ is a constant.
Proposition 2.1 ([17, Theorem 1.1], [42, p. 193]). For my,ms € Z2, let Q = 2w'my + 2w"ms.
Then, for u € C2, we have
o(u+Q)/o(u) = (_1)2(t5/m1—t5”m2)+tm1m2 exp {*(2n'm1 + 2n"ms) (u + w'my + w’ms)}.
We set deg Ag; = 2i for 1 <4 < 5.
Theorem 2.2 ([18, Theorem 6.3], [19, Theorem 7.7], [42, Theorem 3]). The sigma function o(u)

is an entire function on C? and we have the unique constant € such that the series expansion
of o(u) around the origin has the following form:

1
U(u) = gu? —u3 + Z an,ngu?lugzsu (21)
n1+3n3=>5

where the coefficient pin, ny is a homogeneous polynomial in Q[A2, A4, X6, As, A1o] of degree ny +
3ng — 3 if piny mg # 0.

We take the constant £ such that the expansion (2.1) holds, see the expression for the sigma
function above, which involves the constant e. Then the sigma function o(u) does not depend on
the choice of a canonical basis {a;, bi}le in the one-dimensional homology group of the curve V'
and is determined by the coefficients Ao, A4, Ag, Ag, A1g of the defining equation of the curve V.

Remark 2.3. The constant ¢ is given explicitly in [23, p. 906] and [24, p. 9].
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2.4 Inversion problem of the elliptic integrals for the Jacobi
and Legendre forms

Let
fJ(S) = 84 + CLJ7282 + aJ,4,

where a 2,054 € C satisfying a4 (a?],2 —4a .]74) # 0. We consider the elliptic curve in the Jacobi
form

Ey={(s,t) € C? | 2 = fs(s)}

and the elliptic curve in the Weierstrass normal form

Ef:%@we@2

1 8 2
vt =’ — (4aj,4 + 3a?7,2>$ - gaJ,QaJA + 27a3J72}'

We take a; € C such that f;(ay) = 0. We have the isomorphism
§J: EJ_>EJ7 (S,t)’—>($,y),
with

_ fhlay) | fr(ay) _ filag)t
T = sJ— . + J6 , Y= 7(8‘]_ W) (2.2)

Let {as,b;} be a canonical basis in the one-dimensional homology group of the curve E.
We define the periods by

2w=/d8 2mz/d5
. 2t 0, 21

We define the period lattice Ay = {2Q/,mq + 2Q7my | m1,mo € Z} and consider the Jacobian
variety Jac(E;) = C/Ay. Let o B, (u) be the sigma function associated with the elliptic curve E;
and p B, = —;—; log OF which is the Weierstrass elliptic function. We consider the map
S ds
Ij: EJ%J&C(EJ), S —.
(as,0) 2t
The map I is the isomorphism. Let u = I;(S) for S = (s,t) € Ej.

Proposition 2.4 ([54, pp. 453, 454]). We have

a4t fi(as) P filan)ey (u)
s=ay o5, W) — f7(as)/6’ = 2(pp, () — fH(an)/6)F

Proof. Since the pullback of the holomorphic one form —dxz/(2y) on E; with respect to &;
is ds/(2t), we have

/(Si) ds /(ﬂf,y) < dx)
U = — = —— .
(az,0) 2t 00 2y
We have

P (u)
r=pp,W),  y=-——F—

From (2.2) and (2.3), we obtain the statement of the proposition. [
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We consider the elliptic curve in the Legendre form
Er={(s,t) € C? | t? = s(s —br)(s — cr)}

where by, ¢y, € C satisfying brcr(br, — c¢r,) # 0, and the elliptic curve in the Weierstrass normal
form

EL = {(fb”y) eC?

f:$@_<L+%glﬂ>$+(% cx)bs + o) Cer bm}

We have the isomorphism
&t Ep— Ep, (s,t) = (z,9),
with

_bpter
3 )

r =S

y=t. (2.4)

Let {ar,br} be a canonical basis in the one-dimensional homology group of the curve Ej.
We define the periods by

2= [ (-5) 2= (-5
=), U 2t) L= Je, 2t )

We define the period lattice A, = {29, m1 + 2Q7my | mi,mg € Z} and consider the Jacobian
variety Jac(EL) = C/Ar. Let o (u) be the sigma function associated with the elliptic curve Ey,

and p B, = —f—; log o By which is the Weierstrass elliptic function. We consider the map

o ds
IL: EL—>Jac(EL), S'—)/ <_2t>

The map Iy, is the isomorphism. Let u = I (S) for S = (s,t) € EL.

Proposition 2.5. We have

/
br, +cr, Pg (u)
SZWEL(U)—F 3 ) t=— .

Proof. Since the pullback of the holomorphic one form —dz/(2y) on E;, with respect to &, is
—ds/(2t), we have

(s5t) ds (z,y) dx
U= —— | = —— .
LoCs)- L)

We have

o, (1)

L (2.5)

v=pp, @, y=-

From (2.4) and (2.5), we obtain the statement of the proposition. [
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3 The curve of genus 2 and the elliptic curves

Theorem 3.1 ([37, 48]). Let H be a hyperelliptic curve of genus 2. There exist an elliptic
curve W and a morphism H — W of degree 2 if and only if H is isomorphic to the hyperelliptic
curve H' of genus 2 defined by

H={(s,t)eC*|* = (s*—1)(s* —e])(s* — €3) ], (3.1)
where ey, eg € C satisfying
el #0,1, e £0,1, et # e (3.2)

In appendix, we give a proof of this theorem. In [12, Section 1.3.1], [21, Chapter 14], [27,
Section 4], and [53, Theorem 4.2] , the elliptic curves

Wi = {(s,t) € C? 2= (s— 1)(s— e%)(s — e%)},
Wy ={(s,t) € C?t?=(1- s)(1— e%s)(l - e%s)}
and the morphisms
pr: H =Wy,  (s,t)— (s%t),  ¢or H —=Wa,  (s,t)— (1/s%t/s%)

are considered. It is well known that the Jacobian variety of H' is isogenous to Wy x Wa (cf. [21,
Chapter 14], [27, Section 4], [28, Section 1], [39, Section 2], and [53, Theorem 4.2]). In [43,
Section 7], many examples of the curves of genus 2 whose Jacobian varieties are isogenous to
the direct products of elliptic curves are given. These examples are important from the point of
view of problems in number theory.

Throughout this paper, for a complex number z, we denote a complex number whose square
is z by /2. For «, 8 € C satisfying

o, B2 #£0,1, o #£F, P £, (3.3)
we consider the nonsingular hyperelliptic curve of genus 2!
V={(z,y) e C*|y* =z(z — 1)(z — a?) (z — 5°) (z — &*B?) }. (3.4)

This curve V is considered in [5, 6, 7, 12, 17, 19, 25]. For ¢ = 2,4,6,8, we define \; such that
the following relation holds:

x(x — 1)(:13 — az) (x - ,6’2) (x - a2,6’2) = 25 4+ Xozt 4+ Mz + Nez? + sz,

i.e., we set
do=—-1-a?=p>—a’F,  M=a’+ 5 +2°8° + a6 + a®B,
)\Gz—a4ﬂ4—a2ﬁ4—a452—a2ﬂ2, )\82064/84.

Proposition 3.2 ([5, p. 235], [6, p. 3442], [12, Proposition 1.10], [21, Theorem 14.1.1]). Given
e1,e2 € C satisfying (3.2), the curve H' is isomorphic to the curve V' with

B (e1+1)(e2 +1) _ (e1 — 1)(ez + 1)
“ \/(61—1)(62—1)’ = \/(el+1)(€2_1)- (3.5)

Conversely, given «, 3 € C satisfying (3.3), the curve V is isomorphic to the curve H' with

a+p af+1
el = €y = . 36
'Ta-p T af-1 (36)
!The hyperelliptic curve of genus 2 defined by
y2:x(lf:v)(lfyfx)(lfugx)(lfl/gx), v1,v2,v3 € C,

is called Richelot normal form (cf. [10, p. 450], [19, pp. 97, 236]).
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Proposition 3.3 ([5, p. 235], [6, p. 3442]). Given e1,es € C satisfying (3.2), an isomorphism
from H' to V with (3.5) is given by

(- H =V, (s,t) = (z,y)

with

_(let D+ e+ 1)
(z,y) = <<62 —1)(s—1) (e2 —1)3/e? — 1(s — 1)3>.

Furthermore, given «, 8 € C satisfying (3.3), an isomorphism from V to H' with (3.6) is given
by

¢ Vo H, (z,y) — (s,1)

(Svt) =

<:U+Oz,6’ 8av/apy >
z—apf (af—1)(a—pB)(z—aB)3)

The elliptic curve W; with (3.6) is isomorphic to the elliptic curve in Legendre form

= X(X 1) <X - W)} (3.7)

Elz{(X,Y)eCQ y? (af 1)

by the morphism

gl: W1_>E1; (S,t)H(X,Y)

with
—B)2(s—1) (a—pB)3t
oy - (@22 ooty
4a3 af/af
The elliptic curve Wy with (3.6) is isomorphic to the elliptic curve in Legendre form
+68)*
By =1{(X,Y) €2 Y2:XX—1<X—(O‘>} 3.8
Gt (x- (x-S 3.9

by the morphism
§2: Wiy — Ea, (s,1) = (X,Y)

with

@t Bs-1)  (atf)a—B)af - )i
(X””< 18 SafvaBaBil) )

We consider the maps
pi=&opiol: V—E, i=12

Then the maps ¢;, ¢ = 1,2, are described by

a— 2
o VB e 0= (S0 ) &
p2: V= EBs, (1) (X,Y) = (Eaig)ﬁ) (aﬁ_ﬁ;ﬁ a5)3>' (3.10)
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Remark 3.4. For P = (z,y) € V\{oo} such that z = «af, we have ¢;(P) = co. For P =
(x,y) € V\{oo} such that z = —af3, we have pa(P) = co. Furthermore, we have ¢;(c0) = (0,0)
fori=1,2.

Let
G () R 2

J—a2)(1-p2) J—a2)(1-p2)

Remark 3.5. In [5, Section 7.1], [6, Section 3.1.1], [19, Chapter 6], [25], the elliptic curves

By = {(X+7Y+) eC|Vi=X,(1-X1)(1- ’Q%XJF)}a
E_ = {(X_,Y_) eC?|Y2=X_(1-X_)(1- n%X_)}

and the morphisms

Tt V= E+, (ﬂf,y) = (XJraYJr)

with
(=a) (1= p)r —y/(1-0?) (1= )@~ ap)y
(X4, Y4) = ( (w _ ag) (a; —52) ’ (x— a2)2(:z _52)2 )7
n_: V—oFE_, (,y) = (X_,Y)
with
(=)= /(1 -a})(1 - +aB)y
(X_,Y_)= ( (CL‘*O&Q)(SU*ﬂQ) ’ (x—a2)2(a:—ﬁ2)2 )

are considered. We have the isomorphisms

§+: E1— Ey, (X,Y) = (X4, Y3)

with
¥ (-af)/(1-a)(1- )Y
(X+’Y+):<m%<x—1>’ (o~ AR(X 1) )

and

£ By B, (X,Y)— (X_,Y)

with
x  (+af)y/(1-a)(1-p)Y
(X"Y‘):<n%<x—1>’ (@t AR 12 )

Furthermore, we have m; = &4 oy and 71— = &_ o pa.
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Remark 3.6. In [12, Lemma 1.7 and Proposition 1.8], for i = 1,2, the elliptic curves
E={(X,V) eC*| V] = X(X; — 1) (X — k) }

and the morphisms
men V=&, (z,y) — (X, Vi)

with

_((z=a?)(x =B (z+ (~1)aB)y
(Xi, Vi) = 3 T
(=) (1= 522" (1 - a2)(1- p2),/(1 - 02) (1 - 52)a?
are considered. For i = 1,2, we have the isomorphisms
& Ei—& (X)Y) e (X))
with
KI(X 1) K21+ (-1)aB)Y

X, Vi) = | — s
R N Y (S (LS

and g, = EZ 0 ;.

Remark 3.7. In [12, Section 1.3.4], [13, Section 6.1], [46, Section 3.3], given two elliptic curves
in Legendre form satisfying a condition, a method to construct a hyperelliptic curve of genus 2
whose Jacobian variety is (2,2)-isogenous to the direct product of the two elliptic curves is
introduced, which is called Legendre’s glueing method.

We consider the hyperelliptic curve V' defined by (3.4) and the elliptic curves E; and Eb
defined by (3.7) and (3.8), respectively. We define the period lattice A = {2w'm; + 2w"my |
mi,me € Z*} and consider the Jacobian variety Jac(V') = C2/A. For i = 1,2, let {a®@, 6"}
be a canonical basis in the one-dimensional homology group of the curve E;. For i = 1,2, we
consider the holomorphic one form on FE;

dx
2y
We define the periods by

2@:/{% 2%:/}%
a(®) p(9)

We define the period lattice A; = {2Q;m1 +2Qmy | mi,my € Z} and consider the Jacobian
variety Jac(E;) = C/A;. Let m: C2 — Jac(V) and m;: C — Jac(E;) be the natural projections
fori=1,2.

In [43], the curves of genus 2 defined by

Q; =

Cist = {(5,t) € C? [ #2 = (s — 2)(s + 2)(s* — 10> - 3) },
Cisz = {(s,8) € C? |1 = (s* + 5 +2) (s" +35° + 215 — 275 + 18) }

are considered. The groups of torsion points over QQ in the Jacobian varieties of Cyg 1 and Cyg 2
are isomorphic to the cyclic groups of order 48 [43, Theorem 6.2]. The curve Cjyg is isomorphic

to the curve of genus 2
o ajs 1 bis 1
o= e af ) )
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by the morphism
Cis1 — Cusy1, (s,1) = (s/2,1/8),

where

asg1 = \/5+2V7,  bug1 = \/5—2V7.

The curve 648,1 is isomorphic to the curve V defined by (3.4) with

~ [(aag,1 +2)(bag,1 +2)  (augy — 2)(basy +2)
o \/(a4&1 Dbwi -2 \/(a48,1 +2)(basg — 2) (3.11)

Then the Jacobian variety Jac(V') is isogenous to Ej x Ey defined by (3.7) and (3.8) with (3.11).
The curve Cyg 2 is isomorphic to the curve of genus 2

2 2
t2 _ (82 . 1) 82 . a48,2 82 . b48,2
6 6

V=T(s+1) 56v/—1t
s—3 ’3(3—3)3>’

Ciga = {(5775) € 2

by the morphism

Cugo — 548,27 (s,t) — (

where

a482 = \/ -7 =TV -1, b4872 =\ -7+ 7V-T.

The curve 648,2 is isomorphic to the curve V defined by (3.4) with

Y \/(a48,2 +V6) (bag2 + V6) 5= \/(a48,2 —V/6) (bag2 + V6)
(ass2 — V6) (bas2 — V6)’ (ass2 + V6) (bas2 — V6)

Then the Jacobian variety Jac(V') is isogenous to Ej x Ey defined by (3.7) and (3.8) with (3.12).

(3.12)

4 The map from Jac(V) to Jac(E;)

We denote the coordinates in C? and C by ‘(u1,u3) and u, respectively. We take the following
two points on V:

O1 = (aB,apVopf(ap—1)(@=pB)), 0= (—af aBy/—aB(aB+1)(a+B)).

We have ;(O;) = oo for i = 1,2. Let w = *(wy,ws). We consider the holomorphic maps

P

Li: V= Jac(V), P w,
O1
P

Iy: 'V — Jac(V), P w.
O2

Note that the elliptic curves E; and Es have the group structures (cf. [49, Chapter III, Section 2]).
Since Jac(V) is the Albanese variety of V', we have the unique holomorphic map

o1 Jac(V) — Ey
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such that ¢1 « is the group homomorphism and ¢; = ¢ «0l; and we have the unique holomorphic
map

w2 Jac(V) — Es

such that ¢s . is the group homomorphism and @9 = @9, o Iy (cf. [40, Proposition 6.1, p. 104]).

Jac(V) Jac(V)
ISR
Il 12

V— s F, V—2 B,

For i = 1,2, we consider the maps

S
JZ'Z El — Jac(Ei), S — / Qz

[e.e]

It is well known that the map .J; is the isomorphism. We consider the maps
Yiw =Jiowiw:  Jac(V) — Jac(E;), i=1,2.

For ¢ = 1,2, the map ), is the holomorphic map between the complex manifolds Jac(V')
and Jac(E;), and the map 1; » is the homomorphism between the groups Jac(V') and Jac(E;).

Proposition 4.1. For i = 1,2, we consider the maps

1’/;@*: C? >, t(ul,u;;) — a;u1 + bjug,
where

a1 =1-af, by = aB(1l — ap), as = aff +1, by = —afB(af +1). (4.1)
Then we have 1; » o™ = m; © Ji,*, i.e., we have the following commutative diagram:

(CQ 1/)75,* (C

TR
Jac(V) Vi, Jac(E;).

Proof. Since 11 is holomorphic and the group homomorphism, it is well known that there
exist complex numbers a; and by such that ¢ 4 om = 71 09y 4, where

Y10 C?*—=C, Hur, ug) = arug + byus,

(e.g., [8, Proposition 1.2.1]). We consider the following commutative diagram:

Jac(V) Y Jac(En)

G

Vv — 2 R,

We consider the holomorphic one forms du on Jac(E) and duy,dug on Jac(V'). The pullback of
the holomorphic one form €; on F; with respect to J; 1'is du. The pullback of du with respect
to 11« is arduy +bidug. The pullback of ajduy + bydus with respect to Iy is ajwy + biws. Thus,
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the pullback of )y with respect to Jl_l o014 0 I is ajwy + biwsz. On the other hand, from the
definition of (; and the direct calculations, we find that the pullback of 2 with respect to ¢y is
(1—af)wi+apf(l—af)ws. Since wy and ws are linearly independent, we obtain a; = 1 —af and
b1 = afB(1—af). We can obtain the defining equation of the elliptic curve Fy and the map @9 by
changing § with —f in the defining equation of the elliptic curve E; and the map ¢1 (see (3.7),
(3.8), (3.9), and (3.10)). On the other hand, when we change  with —f in the defining equation
of the curve V, the defining equation of V' does not change (see (3.4)). Therefore we can obtain
az and by by changing 8 with —f3 in the expressions of a; and by, respectively. Thus we have
ag = af +1 and by = —af(af + 1). ]

Let Sym?(V) be the symmetric square of V. Then Sym?(V') is a complex manifold of dimen-
sion 2. We consider the holomorphic map

I: Sym?(V) — Jac(V), (P,Q) — /Pw + /Q w.

[e.9] (e o]

Let o(u), u = *(u1,u3) € C? be the sigma function associated with the curve V, p;, =

—0u),0u; logo, and ;i e = Ou,@jk, Where 0y, = %j. For ¢ = 1,2, let og,(u) be the sigma

function associated with the elliptic curve E;, pg, = —% log og,;, which is the Weierstrass
elliptic function, and @}, = L op. Let fi(u) = pp, (¥ (u)) for u € Jac(V) and i = 1,2. Then
the functions fi(u) and fo(u) are the meromorphic functions on Jac(V'). When we regard f;(u)
and f»(u) as meromorphic functions on C?, from Proposition 4.1, we have

fitw) = pp, (1= af)(u1 + afusz)),  fo(u) = pg, ((af + 1) (w1 — afus)),
where u = (uy, ug).

Lemma 4.2 ([1], [4, p. 39], [19, pp. 228, 229]). The following relations hold:

0111 = 4p33 + Ahap11 + 497 |+ 4p13p11 + 4hepl ) + 4, (4.2)
P11,101,1,3 = 28 + 207 5 — 2033011 + 2Map1,3 + 4p1307 1 + 4Xop1301.1, (4.3)
©7 13 = —4933013 + 4hapl 5 + 4p1107 3, (4.4)
033 = —P1,191,3 + i@%m — 011 — A2t 1 — Mapr1 — e, (4.5)
©1,33 = ©1,1,191,3 — 91,101,1,3, (4.6)
03,33 = 20119133 — £3301,1,1 — £1,3901,1,3 + 2A201,33 — M1,1,3- (4.7)

Theorem 4.3. The hyperelliptic function fi is expressed in terms of oi11, @13, and p33 as
follows:

_ _ _ _ _ 353
fi(u) = afpi s — Arprs — aB(pi1 — af)(ps3 — ’p )7 (48)
(af —1)%(p13 + 04252)

where u € C? and
Ay = p33+ 0252@1,1 +aB(af —1)?*(a—B)? — 243535
Here for simplicity we denote g; (1) by ©; k.

Proof. Let U be the subset of Sym?(V') consisting of elements (P, Q) such that P,Q € V\{co},
x1,Ty # af, T1 # w9, and 1179 # B2, where P = (z1,11) and Q = (22,%2). Then U is an
open set in Sym?(V). Let U’ = I(U). Since the restriction of I to U is injective, U’ is an open
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set in Jac(V'). We take a point u € U’. Then there exists (P,Q) € U such that u = I ((P,Q)).
We have

P Q P Q 00
u:/ w+/ w:/ w—l—/ w—2/ w.
0o 0o 01 01 01

Let P = (z1,y1) and @ = (x2,y2). We have pi(c0) = (0,0), which is a branch point of Ej.
Since the map 1 4 is the group homomorphism, we have

P14(u) = %,*(/O]jw) +<p1,*</jw> - 2@1,*</:w>

= @1(P) + 01(Q) — 2p1(00) = @1(P) + v1(Q).

Let p1(P) = (X1, Y1) and ¢1(Q) = (X2,Y2). Then we have

o — 2.%1‘ o — 2i .
Y= G N e e b2 9

From 1 # x5 and z129 # o?4?, we have X; # Xo. Let 01(P) + ¢1(Q) = (X3,Y3). Then, from
the definition of the addition defined in E; (cf. [49, Chapter III, Section 2]), we have

([ Ya—1 2 (a—p)?
X3—<M> —Xl—XQ—l-l—‘rm. (410)

From the well-known solution of the Jacobi inversion problem, we have
r1 422 = p11(u), T172 = —p1 3(0), (4.11)
2yi = —pr11(W)z; — pras(a), =12 (4.12)

From (4.9), (4.11), and (4.12), we have
Yo— Y
22771 _ R Xy 4+ Xo — 4.1
where
(p119013 —3aBp13 — @®B%)p111 — (11 + 1.3 — 3aBp11 +30?6%) p113
2(af —1)(—a?B% + aBp1i1 + p1.3) (0?82 + p1.3) ’
(= B)?(a?B%p11 + 4aBpr13 — p1.1901,3)
(a28% — afp11 — @1,3)2

B(u) =

C(u) =

)

where for simplicity we denote p;1(u) and g, ¢(u) by g, and p; k¢, respectively. From (4.10)
and (4.13), for u € U’, we obtain

a— B)2
<M®=@&wuw»:&=3mf—aw+1+éﬁf&'

We replace P%,l,p ©1,1,191,1,3, and fpil,i’» in the above expression of fi(u) with the right hand
sides of (4.2), (4.3), and (4.4), respectively. Then we find that the relation (4.8) holds on U’.
When we regard f; as a meromorphic function on C2, the relation (4.8) holds on 7~ 1(U").
Since 7= 1(U’) is an open set in C2, the relation (4.8) holds on C2. [
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Corollary 4.4. The hyperelliptic function fo is expressed in terms of ©11, 91,3, and ©33 as
follows:

2 353
fo(u) = aBpi 5 — Asp13 + aB(p11 + aﬂ)(f&:& + a?p%) ’ (4.14)
(aff + 1)2(@1,3 + aQBQ)

where u € C? and
Ay = p33+ a?B2p11 — aB(aB +1)*(a+ B)? +2a°8%.
Here for simplicity we denote g; (1) by ©; k.
Proof. In the same way as the proof of Proposition 4.1, we can obtain the expression (4.14)

of fy by changing 8 with —/ in the expression of f given in (4.8). |

5 The map from Jac(E;) to Jac(V)

Since the degree of ¢; is 2 for ¢ = 1,2, the preimage 4,0;1(5’) consists of two elements with
multiplicity for any S € F;. We consider the morphisms

X: V_>Vr7 ($,y)'—>($,—y)7
Xi - E;, — E;, (X,Y)H(X,—Y), 1=1,2.

We consider the maps

S1 Sa
w1 Ep— Jac(V), S — w +/ w,
01 x(01)

where @7 1(S) = {51, 52}, and

T Ty
w5 By — Jac(V), T — w+/ w,
02 x(02)

where 5 (T) = {T1, T2}.

Lemma 5.1. We have o7 '(00) = {O1, x(01)} and ¢7'((0,0)) = {(0,0),00}. For S = (X,Y) €
E1\{o0, (0,0)}, let 7 1(S) = {S1,S2} and S; = (i, ;) fori=1,2. Then we have

(a—B)(a— B+ V4aBX + (a — B)?)
2X )
_ (af —1)(a — »B)Y(a - B+ \/4ozﬁX + (a — 5)2)3
Y1 = X3 ’
(a—B)(a—pB- V4aBX + (o — B)?)
2X )
(aB—1)(a—B)Y (a—B—/4aBX + (o — ﬁ)2)3
8X3 .

xlzaﬁ—i-

azgzaﬁ—i-

Y2 =

Proof. From the definition of ¢; and the direct calculations, we obtain the statement of the
lemma. |
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Lemma 5.2. We have ¢, '(00) = {O2,x(02)} and p5((0,0)) = {(0,0),00}. ForT = (X,Y) €
Ex\{o0, (0,0)}, let o3 {(T) = {Ty,To} and T; = (x;,y;) fori = 1,2. Then we have

(a+B)(a+ B+ /—4aBX + (a + B)?)

e X 7
—(aB+1)(a+B)Y (a+ 8+ \/_4O‘BX+(04+5)2)3
" 8X3 :
2= —ap s @FDLO—VISX A BT
~(af+ V(o + Y (a+ 8~ /~4apX + (a1 5P)’
Y2 = ST .

Proof. From the definition of @9 and the direct calculations, we obtain the statement of the
lemma. |

Lemma 5.3. Fori = 1,2, the map ¢; is the holomorphic map between the complex manifolds E;
and Jac(V'), and the map ¢} is the homomorphism between the groups E; and Jac(V').

Proof. We consider the following point on Ej

D— (_ (a—PB)2 (a—B)2(a+B)(ab+ 1))
4af 7 Bafy/—aB(aB—-1) )

Let B} = E1\{(0,0), D, x1(D),00}. From the definition of ¢} and Lemma 5.1, the map ¢} is
holomorphic on Ej. Since the map ¢7 is bounded around the points (0,0), D, x1(D), and oo,
the map ¢? is holomorphic on Ej. Since ¢; ! (c0) = {01, x(O1)}, we have @} (00) = 0, where 0 is
the unit element of Jac(V'). Therefore the map ¢7 is the homomorphism between the groups E;
and Jac(V). By changing § with —3, we can obtain the statement of the lemma for 3. |

We consider the maps

¢t Erx By —Jac(V),  (8,T) = ¢i(5) +¢5(T),
v«:  Jac(V) = Ey x Es, u = (p1(u), p2.4(1)).

Remark 5.4. It is known that the map ¢, is a (2, 2)-isogeny and ¢* is its dual isogeny (cf. [9,
Proposition 4.8], [12, Section 1.3.5, Theorem 2.40], [14, Lemma 2.6], [27, Section 4], [28, Sec-
tion 1], [39, Section 2], [53, Theorem 4.2]).

Lemma 5.5 ([12, Theorem 2.40], [14, Lemma 2.6], [27, Section 4], [53, Theorem 4.2]). We have
w0 @™ (S, T) = (25,2T).

Proof. For the sake to be complete and self-contained, we give a proof of this lemma. For
(S,T) € E1 x Ey, we have

S1 So Ty Ty
501,*090*(S>T):SO1,*</ w+/ w+/ w+/ w>
x(01) x(02)
01) 1> 02
ol [lae o [ [ [ e [
01 Ol

= 1(51) + ¢1(52) — v1(x(O1)) + ¢1(T1) — p1(02) + ¢1(T2) — ¥1(x(O02))
=25+ ¢i(Th) + 901(T2) —1(02) — 1(x(02)),
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where 7 (S) = {S1,S} and ¢, (T) = {T1,T}. From (3.9), Lemma 5.2, and the direct
calculations, we can check ¢1(T2) = x1(¢1(71)) and @1(x(02)) = x1(¢1(02)). Therefore we
obtain

Y1 0¢9"(S,T) =285.
By changing 8 with —f, we can find
w2 0" (S, T) =2T.
Therefore we obtain the statement of the lemma. |
We consider the maps
Vi =¢ioJtr Jac(E;) — Jac(V), i=1,2.

For ¢ = 1,2, the map ¢; is the holomorphic map between the complex manifolds Jac(E;)
and Jac(V), and the map v} is the homomorphism between the groups Jac(E;) and Jac(V).
We consider the maps

1,[1*2 Jac(El) X Jac(Eg) — Jac(V), t(Ul, 1}2) — TZJT(’Ul) + @D;(Ug),
Yy Jac(V) — Jac(Eq) x Jac(E»), u = (. (0), 2 4 (1)),

Proposition 5.6. Fori = 1,2, we consider the maps

Tf/JV’-k: C — C?, v (e, dw)

7

where

1 1 1 1

“Toep “Tapi-aB) T 1rap BT aBltad)

1 (5.1)

Then we have 1] om; = o {bv:‘, i.e., we have the following commutative diagram:

c o
¥y
Jac(E;) —— Jac(V).

Proof. For 7 = 1,2, since 1] is holomorphic and the group homomorphism, it is well known
that there exist complex numbers ¢; and d; such that ] o m; = 7 0 9], where

1}-*: C — C?, v (e, dw)

7

(e.g., [8, Proposition 1.2.1]). We consider the maps

T 2 2 U1 C1 C2 V1
poeses (0)-(a) )
Ge: €25 C2 ur) (@ b1\ (w1
* ’ us a9 bg us ’
where a1, b1, ag, and by are defined in Proposition 4.1. We consider the map

T1,2: C2 — Jac(El) X Jac(Eg), t(vl,vg) — t(ﬂ'l(vl),ﬂ'g(vg)).
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Then we have the following commutative diagrams:

(C2 o . (C2 (C2 P s CQ
7l'1,2l Wl ﬂ'l 7r1,2l
Jac(Ep) x Jac(E2) AN Jac(V), Jac(V) Y, Jac(E1) x Jac(Es).

Therefore we obtain the following commutative diagram:
(CQ IZ*OJ* C2
Wl,zl Wl,zl

Jac(Ep) x Jac(E2) RSN Jac(Eq) x Jac(E2).
We have

= 2 2 vl ap b1\ (e 2 (n1
fers e ()= (0 6) (@ 5 ()

From Lemma 5.5, we obtain

aj b1 C1 C o 20
a9 b2 d1 dQ a 0 2 ’
From (4.1), we obtain (5.1). [

For i = 1,2, let k; = (c;,d;) and K = (ki,ko) = (g &2 ), where ¢1, di, ¢2, and ds are given
n (5.1).

Theorem 5.7. For v € C, the following relations hold:

oratia) =205+ CD0 o k) = a2, (52)
@El( )
p3,3(k1v) = @®B2{(af = 1)*pp, (v) + 208}, (5.3)
af —1)pg (v + afpEg, (v
o 11 (ki) = ( )9, ( );(El( )2) o ( )}7 (5.4)
0232
a3p3(af — 1) (v
p17373<k1’0) _ ﬁ ( sEl(i;pEl( )’ (56)
333 - af —1)? v) +aBleh (v
o35 (K10) = _o?B%(af = D{(aB — 1)*pp, (v) + aB )l (v) (5.7)
@El(v)

Proof. We consider the set E} defined in the proof of Lemma 5.3 and U” = J;(E{). Then U”
is an open set in Jac(E;). We take a point S = (X,Y) € E| and set 7 = J1(S). We have

51 So
S):/ w+/ w:/ w+/ w
ol (01) 00 0o

where ¢;(S) = {S1,S2}. From Proposition 5.6, we have ¢%(S) = m(kjv), where v € C such
that m1(v) = . From Lemma 5.1 and S # (0,0), we have Si, Sy # oo. Let S; = (zi,y;) for
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i =1,2. From Lemma 5.1 and S € E{, we have x1 # x9, i.e., S2 # x(S1). Therefore, from the
well-known solution of the Jacobi inversion problem, we have

p1,1(k1v) = 21 + 29, p1,3(k1v) = —z129,
2y; = —p111(kiv)z; — p1,13(kav), i=1,2.
Thus we have

o111 (ki) = 2292 o11.3(kyv) = 22— T1V2
T — T2 T — T2
We have X = pg, (v) and Y = —pf, (v)/2. Therefore, from Lemma 5.1 and the direct calcula-
tions, we find that (5.2), (5.4), and (5.5) hold for v € 7 *(U"). Since 77 *(U”) is an open set
in C, (5.2), (5.4), and (5.5) hold on C. From (4.5), (4.6), (4.7), and the direct calculations, we
obtain (5.3), (5.6), and (5.7). [

Corollary 5.8. For v € C, the following relations hold:
(a+p)?

P11 (kov) = =203 + om (o) p13(kav) = —a?f?, (5.8)
93,3(kav) = a?*{(af +1)*pp, (v) — 208}, (5.9)
o111 (Kav) = — (a8 + 1), (v);(;: (4;)62)2 — afpr,(v)} | (5.10)
o1.1,3(kav) = aQﬁQ(agEj(Bp/@ (0)7 (5.11)
p1,33(kov) = a3ﬁ3(a£E:—(11}§p’E2 (U), (5.12)
0555 (k) = _a’BaB+1){(eB ;Et)(ifﬂz (v) — aB}oip, (v) (5.13)

Proof. In the same way as the proof of Proposition 4.1, we can obtain the expressions (5.8)—
(5.13) by changing 8 with —f in the expressions (5.2)—(5.7), respectively. |

Theorem 5.9. For v = (v1,v2) € C?, we have

_p2f(aB - D*(a+ B)’pf, + (aB+1)*(a — B)’pf, + s}

p1,1(Kv) =

2p}
o?B2pa{ (a?B? — 1) ol 0, — P2}
@1,3(Kv) = 05252 + QP% ! 2 ,
a2ﬁ2p2{(a2ﬁ2 — 1)2p2 pg + (oz2 - 52)2 —l—pg}
p373(KV) = — 21])%E2 7
where

p1={(aB —1)%pp, — (aB +1)*0p, +8aB}pr pr, — (a+ B)*pr, + (o — B)*pp,,

p2 = (a®6% = 1) o, 0, — 2{(aB = 1)%pp, + (B +1)%pr, —2(a® +1)(6° +1) }pr 0F,
—2{(a+ B)*pp, + (o — B)’pr, |,

p3 = —2afp1 — 2(a?B* + a*B? — 40’6 + o + ) pp, ok,

Here for simplicity we denote pg, (v1) and pg,(v2) by pg, and pg,.
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Proof. In [30, Theorem 3.3], for u,v € C?, the following functions are introduced:

q(u,v) = p33(u) — p33(v) + p13(W)p11(v) — ©1,3(v)p1,1(),
q1(u,v) = p133(u) — @1, )+ o1,1,3(W)e1,1(V) — 91,1,3(V)1,1(0) + 91,1,1(V)p1,3(0)
— pr1,1(u)p,

) —

3,3V
Q3(U,V) = psss( 3,3

(v

3(v),

33(V) + p133(W)p1,1(v) — p1,33(V)e1,1(0) + p1,1,3(v)p1,3(0)

—p113(0)p13(v),

q11(u, v) = 82 (p1,3(W)p1,1(v) — p1,3(v)p1,1(w)) + 4Xa(p1,3(u) — p1,3(v))
—4(p(u) — p(v)) = 8(ps3,3(w)p1,1(v) — p3,3(v)p1,1()) + 2(p1,1,3(W)P1,1,1(V)
- 91,173( )@1,1,1( ))s

q1,3(0, v) = 46(p1,3(1) — p1,3(v)) + 2A4(p1,3()p1,1(V) — P1,3(V)1,1 (1))
—4(p33(w)p1,3(v) — p3,3(V)p1,3(n) + 2(p(w)p1,1(v) — p(v)p1,1(a))
—2X8(p1,1(u) — p11(v)) + 91,11 (V)p1,33(1) — p1.1,1(0)P133(V),

a3,3(u,v) = 4X6q(u, v) + 4As(p1,3(u) — p1,3(v)) + 4(p(u)p13(v) — p(v )@1,3( u))

+ 2(p1,3,3(W)p1,1,3(V) — 01,33(V)p1,1,3(1)),

where we set p = 01,1933 — pi?). From Kv = kjv; + kovs and the addition formulae for @,
which are given in [30, Theorem 3.3], we obtain

(11(1<1v1,1<2v2)>2 _ qia(kivr, kovy)

(k1v1, kovo) 4q(kyvi, kov) ’

q1(kivi, kovo)gs(kivi, kova) — qu3(kivi, kovo)
4q(kiv1, kovg)? 4q(kyvi, kova) ’

g3 (kv k2112)>2 _ gz3(kivr, kovy)

q(kivi, kova) 4q(kyvi, kova)

p1,1(Kv) = —p11(kivr) — 1,1 (kove) + = <

p13(Kv) = —p13(kiv1) — p1.3(kav) + 1

1
p33(Kv) = —p33(kiv1) — p3,3(kove) + 4<

From Theorem 5.7 and Corollary 5.8, we obtain the expressions of the theorem. |

Remark 5.10. From Theorem 5.9, we obtain the decompositions of the functions 11,
1,3 — a?B?, and 3,3 into the products of the meromorphic functions.

Remark 5.11. For u = ‘(uy,u3) € C%, we set F(u) = 2p1,1(u) + A2 and G(u) = 2¢p; 3(u).
It is known that the function F' is a solution of the KdV-hierarchy (see [6, Theorem 2.25] and
[19, Theorem 3.6])

OF 10%F 3 _0OF

By = 10w 2 ouy

_183F_<F A2)8F_1(9FG oF _ oG
4 Ouddug Ous 20u; Ous  Oup’

For v = (v1,v2) € C2, we set F(v) = ©1,1(Kv) and G(v) = ©1,3(Kv). From Theorem 5.9, we
can express F(v) and G(v) in terms of pp, (v1) and pg, (v2). We have F(u) = Qﬁ(K_lu) + 2o
and G(u) = QCNJ(K _1u). Therefore, we can obtain a solution of the KdV-hierarchy in terms of
the functions constructed by the Weierstrass elliptic functions pg, and pg,.

Remark 5.12. It is well known that the functions @11, 1,3, and @33 are coordinates of the
Kummer surface (e.g., [17, 19, 32]). From Theorem 5.9, we obtain the expressions of the coor-
dinates of the Kummer surface in terms of the Weierstrass elliptic functions pp, and gg,.
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6 Comparison of our results and the results of [6, 19, 25]

Let us consider the curve V defined by (3.4). Let El and Eg be the elliptic curves defined by
Bi={(R.¥)ec?| 72 = R(E - 1)(X - 1/m)},
B={(X,¥)ec?| 72 =X(X-1)(X - 1/sd)).

For i = 1,2, let {5(1)7’6(1)} be a canonical basis in the one-dimensional homology group of the
curve F;. For i = 1,2, we define the periods

2?2’.:/ —g 2(2’.’:/ —g.
B O Y RO} %

We define the period lattice A = {2S~2§m1 + 262;’ ma | mi,ma € Z} and consider the Jacobian
variety Jac (EZ) = C/A;. For i = 1,2, we take the canonical basis {H(i), b(")} in the one-
dimensional homology group of the curve E; such that the following relations hold in Jac (EZ)

[ ) [ ()
. 2y v o 2y v o 2y v

For i = 1,2, let 7; = (ﬁ;)_lﬁg/ We consider the Jacobi elliptic functions sn(u, 7;), cn(u, 7;),
and dn(u, 7;) associated with 7;, where the definitions of the Jacobi elliptic functions are written
in Section 2.1. For i = 1,2, let mz be the modulus of the Jacobi elliptic functions associated
with 7;. Then we have m? = k? (cf. [36]). In [6, 19, 25], the Jacobi elliptic functions with
modulus x; are considered. Slnce the Jacobi elliptic functions are determined by the second
power of the modulus, the Jacobi elliptic functions sn(u, 7;), cn(u, 7;), and dn(u, 7;) are equal to
the ones considered in [6, 19, 25]. For u = (uy,u3) € C?, let

w1 = \/(1 —a?)(1 - p2)(u1 + afus), wy = \/(1 —a?) (1= B?)(u1 — afug)

and
Z1 = sn(wy, 71)sn(wa, T2), Zy = cn(wy, 71 )en(we, T2), Z3 = dn(wy, 71)dn(we, T2).
Let pj be the hyperelliptic functions associated with the curve V' defined by (3.4).

Theorem 6.1 ([6, p. 3448], [19, p. 99], [25]). For u = Y(uy,u3) € C?, the following relations
hold:

S S R
Zy = (a2 + BQ) (@1 3(u) — 012B2) 06252@1 1 ) + p373(u)7 (6,1)
T — _ (1 + aQBQ)( 2ﬁ2 1 3(11)) — a252601 1(u) — p33(u) 62)

2 (02 +52) (pr3(w) — 0?B) + a?F2p11 (1) + p33(w) | '

S 252@11( ) — p3,3(u)

%= (062 + 62) (pl 3lua 06262) 04262@1 1 ) + 9373(11)' (63)

Theorem 6.2 ([6, p. 3448], [19, p. 100], [25]). For u = t(uy,u3) € C?, the following relations
hold:

(0 + B2)(Za — Z3) + (1 4+ a?B?)(Z5 — 1)

1+ 71— 25

_ ol t+Z1— 2y

p13(u) =a’p 71 7, 1
() — a2 (@ TN Za t Z5) — (1+028%) (s 1)
3,3(u) = :

Z1+Zy—1
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Remark 6.3. In [6, p. 3448], [7, p. 366], [17, pp. 79, 80], [19, pp. 99, 175], and [25], it is men-
tioned that (Z1, Z2, Z3) and (p1.1, 91,3, 93,3) are coordinates on the Kummer surfaces. In [12],
algebraic correspondences between Kummer surfaces associated with the Jacobian variety of
a hyperelliptic curve of genus 2 admitting a morphism of degree 2 to an elliptic curve and Kum-
mer surfaces associated with the product of two non-isogenous elliptic curves are considered. In
[12, equations (2.56) and (2.57)], the formulae in Theorems 6.1 and 6.2 in the present paper are
described in terms of coordinates on the Kummer surfaces.

In this section, we give relationships between the above theorems (Theorems 6.1 and 6.2) and
our results. For i = 1,2, let pz be the Weierstrass elliptic function associated with E;. Then,
foru e Cand i =1,2, Wehave(cf [36])

en(u/Kq, ﬁ-)2
M

(W - =
() — = = T
VE, k7 k2sn(u/ki, 7;)?

dn(u/m,ﬁ)2

- kisn(u/ki, 7i)?

W= s
= (u) = .
VE, k2sn(u/k;, 7;)?

From the above equations, for u € C and 7 = 1, 2, we have

sn(u, 7 2 _ é .
(u, 74) Ripg (Riu)’ o
(w52 - PR 1 /K2
. FON (6.5)
n(u,7)? = M
dn(u, 7;) op (ra) (6.6)

For ¢ = 1,2, our elliptic curves E; are isomorphic to the elliptic curves E, by the following
morphisms

~ ~ o af —1)2 “T(ah — 1)3
&: Ei- B, (X,Y)H(X,Y):<_MX+17V téfﬁ);) Y)) 67
- - . o 2 —Jla 3

&: By By, (X,Y)H(X,Y):(_MX+17 @&Bﬁ;}) Y)_

Proposition 6.4. For u € C, the following relations hold:

« o — 2
PEq < \/7 IB u> (( ﬁ) (1 - @El (u))a (6'8>

a—p af —1)2
aB+1 Y\  (a+p)? N
OB (F o U) = W(l — 9,W). (6.9)

Proof. We take a point u € C\A;. Then, there exist a point S = ()N(,f/) € Fy\{oo} and
a path ¥ from oo to S on Fp such that

e o

where we take 7 as the path of integration in the right hand side of (6.10). Let y be the image
of 7 with respect to the map §1 1. By — E, which is the inverse mapping of the map &;. Let
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S =&1(S) and S = (X,Y). The pullback of the holomorphic one form —dX/(2Y) on E; with

respect to the map &; is

a—pf dX
\/jloaﬁ -1 <_2Y>
Then we have
— Sdx
u= ng _61/ (2y> (6.11)

where we take v as the path of integration in the right hand side of (6.11). From (6.10), we have

X = o5, (u). (6.12)

From (6.11), we have

B e aff — 1u
X—pE1< \/Ta_ﬁ > (6.13)
From (6.7), we have
_ (=P 5
X = (af 1 (1-X). (6.14)

From (6.12), (6.13), and (6.14), we find that the relation (6.8) holds for u € C\A;. Since C\A;
is an open set in C, the relation (6.8) holds for v € C. By changing § with —f in (6.8), we
obtain (6.9). [

By raising the both sides of (6.1), (6.2), and (6.3) to the second power and substitu-
ting (6.4), (6.5), and (6.6), we can express pz (k1w1) and pg (kows) in terms of p1,1(u), p1,3(u),
and g3 3(u). We have

riwy = vV—1(a — B)(u; + aBus), rowy = vV —1(a + B)(uy — afus).

From Proposition 6.4 and the fact that the Weierstrass elliptic functions pg, and pg, are the
even functions, we have

(o — B)?

om (1 — aB)(u1 + aBug)) = m(l — o, (F1w1)),
(0 + 1) — afus)) = 2EEL (1 o ()
PE, (& u; — afuz)) = (aB + 1 2( @EQ(/‘@U}Q) .

Therefore, we can express pp, ((1 — a8)(u1 + aBug)) and pg, ((eB + 1)(uv1 — aBus)) in terms
of p1.1(u), p1.3(u), and g3 3(u). These expressions are equal to (4.8) and (4.14). We set u = kjv.
Then we have w1 = 2h and wo = 0, where

(—a2)(1- )
h:\/ 1= ap .

Since sn(0,72) = 0 and cn(0,72) = dn(0,72) = 1, we have

Z1=0, Zy=cn(2h,7),  Zs=dn(2h,7). (6.15)
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By the addition formulae for the Jacobi elliptic functions, we have

cen(h, 71)? —sn(h, 71)%dn(h, 71)?
1 — r2sn(h,71)4 ’
dn(h,71)? — m%sn(h, 71)%en(h, 7)?
1 — k?sn(h,71)4

cn(2h, 1) =

(6.16)

dn(2h,71) =

(6.17)

From Theorem 6.2, (6.15), (6.16), (6.17), (6.4), (6.5), and (6.6), we obtain

a?B? — 208pp (k1h) +1
1—pg (K1h)

p1,3(k1v) = —a? B2,

p33(kiv) = o?B2{a® + 2 — (a — 5)2pgl(ﬁ1h)}-

p1.1(k1v) =

)

From (6.8), we obtain (5.2) and (5.3). In the same way as ;1 (kiv), we can obtain (5.8) and (5.9)
from Theorem 6.2.

Remark 6.5. For ¢+ = 1,2 and j = 1,2,3, let aly)(u) be the Weierstrass elliptic al functions

associated with El-, where the definitions of the Weierstrass elliptic al functions are written in
Section 2.2. From (6.4), (6.5), and (6.6), for i = 1,2, we obtain

rialy” (Kiw;) aly” (kiw;) aly’ (kiw;)

Let

Zj= alg.l)(mwl)al?)(/{gwg), ji=1,2,3.

From Theorem 6.1, for u = ‘(u1,u3) € C?, the following relations hold:

o a? — 2 (1+a2B%) (p1,3(u) — a?B?) + a?B*p11(u) + p33(0)
CT (1-02)?(1- ) a2 + p1.3(u) ’
z, = a? — g2 p33(n) — a?B%p1 1 ()
(1-a2)*(1-p2)" B+ p1s(u)
z. 2 - B2 (a? + 8%) (p1,3(u) — a?B%) + a?B%p1 1 (u) + p3,3()
’ (1- a2)2(1 - 52)2 a?B% 4 o1 3(u) '

Furthermore, from Theorem 6.2, for u = *(u1, u3) € C2, the following relations hold:

_ (1+028%) 2 — (1-0?) (1 - )2 — (2 + 1%) 2,
pri(u) = (1-a?)(1-57) (1-a2)(1-8%) (25— 21) +a? - B2 ’
(1—-a?)(1-8%)(21 — Z3) +a® — B2
(1-a?)(1-p2) (23— 21) + a2 - 2’

B (1+a28%) 25+ (1 —a?) (1 - %) 2, — (o + 2) 21
ps(u) = a?B(1 - a”) (157 (1—a?)(1-2) (23— 21) + a2 — 32

p1,3(u) = a* B
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A  Proof of Theorem 3.1

For the details of the theory of algebraic function fields, see [51]. Let H be a hyperelliptic curve
of genus 2, W be an elliptic curve, and p: H — W be a morphism of degree 2. Let F(H)
and F(W) be the function fields of H and W, respectively. The map p induces the injective
homomorphism of fields p*: F(W) — F(H). Since the degree of the map p is 2, the degree of the
extension [F(H) : F(W)] is 2. Therefore the extension F(W) C F(H) is the Galois extension.
Let g be the generator of the Galois group Gal(F(H)/F(W)). The field F(H) has the unique
subfield C(x) of genus 0 such that [F(H) : C(z)] = 2, where x € F(H) is transcendental over C
(cf. [51, Proposition 6.2.4]). Since the genus of g(C(x)) is 0, we have g(C(z)) = C(z). Therefore
the map g induces the automorphism of C(x) fixing C.

Lemma A.1. We can choose X € C(x) such that C(X) = C(x) and g(X) = —X.
Proof. There exist a,b,c,d € C such that ad — bc = 1 and

g(x) =

(cf. [45, Theorem 1.1.1]). Let A = (‘; 3). Since g2 is the identity mapping, we have A2 = F or
A? = —F, where E is the identity matrix. By the Cayley-Hamilton theorem, we have

ar +b
cr+d

A2 = (a+d)A—E. (A.1)

We assume A? = E. From (A.1), we have (a+d)A = 2E. Thus we have a+d # 0 and A = ﬁE.
Therefore we have g(x) = x. Then we have z € F(W), i.e.,, C(x) C F(W). Since the genus
of C(z) is 0 and the genus of F(W) is 1, we have C(x) # F(W). Since [F(H) : F(W)] = 2,
we have [F(H) : C(x)] > 2. This contradicts [F(H) : C(z)] = 2. Therefore we have A? = —F.
From (A.1), we have a +d = 0. From a + d = 0 and ad — bc = 1, we find that the eigenvalues

of A are £4/—1. Therefore there exists a regular matrix R such that

RA = <_*F \%) R. (A.2)

Let R = (7}72) and

™x -+ 9
r3T + 14

Then we have C(X) = C(z) (cf. [45, Example 1.1.3]). Let R = RA and R’ = (Til Té)

T3 Ty
From (A.2), we have

g(X):T:Ix—FTé:—\/—717“@—\/—717“2:_)(' -
3T 4Ty V—1r3z +/—1ry

Since F(H) is an algebraic function field of genus 2, there exists Y € F(H) such that
F(H)=C(X,Y) and Y2 = f(X) with a square-free polynomial f(X) of degree 5 or 6 (cf. [51,
Example 3.7.6]). We assume that the degree of f(X) is 5. Let f(X) = (X —71)--- (X — 75),
where 7; € C for 1 < i <5 and 7; # 5 for i # j. A Weierstrass point of F(H) is a place of
F(H) which includes X —~; for some 1 < ¢ < 5 or 1/X (cf. [29, Corollary 1.49]). Let P; be
the place which includes X — ~;. Then g(P;) includes X + ;. Since g(F;) is also a Weierstrass
point of F(H) (cf. [29, Proposition 1.51]) and g(P;) does not include 1/X, g(F;) includes X —~;
for some 1 < j < 5. Therefore we have —v; = «;. Thus the polynomial f(X) has the following
form:

F(X) =X (X2 -77)(X? - 73),
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where 51,752 € C, 31792 # 0, and 32 # 5. From Y? = f(X), we have g(Y2) = —Y?2. Thus we
have g(Y) = v/—1Y or g(Y) = —v/—1Y. Then we have g?>(Y) = —Y, which contradicts that g?
is the identity mapping. Therefore the degree of f(X) is 6. Let f(X) = (X —y1)--- (X — ),
where 75 € C for 1 < i < 6 and v; # v; for @ # j. A Weierstrass point of F(H) is a place
of F(H) which includes X — ; for some 1 < i < 6 (cf. [29, Corollary 1.49]). Let P; be the
place which includes X — ;. Then g(F;) includes X + ;. Since g(P;) is also a Weierstrass point
of F(H) (cf. [29, Proposition 1.51]), g(P;) includes X — ~; for some 1 < j < 6. Therefore we
have —v; = 7;. Thus the polynomial f(X) has the following form:

FX) = (X% =31) (X2 = 733) (X* - 33),

where 1,732,733 € C, 717273 # 0, and 72 # 7]2 for i # j. Let H be the hyperelliptic curve of
genus 2 defined by

H={(X,Y)eC*Y?=f(X)}

Since the function field of H is F(H), the curve H is birationally equivalent to the curve H
Since the curves H and H are smooth, the curve H is isomorphic to the curve H. The curve H
is isomorphic to the curve

H' = {(s,t) € C?|t* = (32 -1) (32 - e%) (32 — e%)},

where e; = 75/71 and es = 73/71, by the morphism

& H— H, (X, Y) = (X/5,Y/7).

Thus the curve H is isomorphic to the curve H'. Next, we consider the curve H' defined by (3.1).
Let W be the elliptic curve defined by

W={(s,t) eC*|t?=(s—1)(s—e)(s—€3)}.
Then we can define the morphism of degree 2
H - W: (s,t)— (s°1).

Therefore we obtain the statement of the theorem.
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