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Abstract. In this paper, we study third-order modular ordinary differential equations
(MODE for short) of the following form "' +Q2(2)y' +Q3(2)y =0,z e H={z € C| Imz >
0}, where Q2 (2) and Q3(2) — 3Q%(2) are meromorphic modular forms on SL(2, Z) of weight 4
and 6, respectively. We show that any quasimodular form of depth 2 on SL(2, Z) leads to such
a MODE. Conversely, we introduce the so-called Bol representation p: SL(2,Z) — SL(3,C)
for this MODE and give the necessary and sufficient condition for the irreducibility (resp.
reducibility) of the representation. We show that the irreducibility yields the quasimod-
ularity of some solution of this MODE, while the reducibility yields the modularity of all
solutions and leads to solutions of certain SU(3) Toda systems. Note that the SU(N + 1)
Toda systems are the classical Pliicker infinitesimal formulas for holomorphic maps from
a Riemann surface to CP".
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1 Introduction

Let Ly = 0 be a Fuchsian ordinary differential equation of third order defined on the upper half
plane H = {z € C| Imz > 0}:

Ly :=y" + Q2(2)y' + Q3(2)y = 0, z € H, (1.1)
where / := %. Near a regular point zy of Ly = 0, a local solution y(z) can be obtained by

giving the initial values ) (zy), k = 0,1,2, and then y(z) could be globally defined through
analytic continuation. However, globally y(z) might be multi-valued. If Ly = 0 is defined on C,
then the monodromy representation from m1(C \ {singular points}) to SL(3,C) is introduced
to characterize the multi-valueness of solutions. If the potentials Q2(z) and Q3(z) are elliptic
functions with periods 1 and 7 (Im7 > 0) and any solution of Ly = 0 is single-valued and
meromorphic, then the monodromy representation reduces to a homomorphism from 7 (E;)
to SL(3,C), where E; := C/(Z + Zr) is the elliptic curve. The well-known examples are the
integral Lamé equations and its generalizations; see, e.g., [4, 5, 6] for some recent developments
of this subject. Note that 71 (F;) is abelian. In this paper, we consider the case that Ly = 0 is
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defined on H and instead of the monodromy representation defined on 1 (H\ {singular points}),
we study a new representation defined on a discrete non-abelian group I' that is related to the
modular property of I' acting on H. It is called the Bol representation in this paper as in [25]
where the Bol representation was first introduced for second order differential equations.

Let I' be a discrete subgroup of SL(2,R) that is commensurable with SL(2,Z). Equa-
tion (1.1) is called a modular ordinary differential equation (MODE for short) on I' if Q2(2)
and Q3(z) — %Q'Q (z) are meromorphic modular forms on I" of weight 4 and 6, respectively. Mod-
ular ordinary differential equations (of general order) appear prominently in the study of rational
conformal field theories (see, e.g., [1, 10, 12, 14, 19, 21, 27, 34]). They provide a practical tool
for classifying rational conformal field theories. As an object in the theory of modular forms,
modular differential equations have also been studied by mathematicians. See, for example,
[9, 11, 13, 17, 18, 29).

Given a MODE (1.1), it is natural to ask whether there are solutions satisfying some modular
property. The main goal of this paper is to study when MODE (1.1) has solutions that lead
to modular forms or quasimodular forms. The approach is to calculate the Bol representation,
which will be explained below.

First we recall some basic notions from the ODE aspect. Equation (1.1) is called Fuchsian
if the order of any pole of Q);(z) is at most j, 7 =2,3. At the cusp oo, we let gy = e2™2/N,
where N is the width of co in . Then -4 = %qu (1.1) becomes

dgn

<QNd;1N>3y+ <2N7ri>2Q2( )CJNdjy+ (2];)3@3(2)1/ =0. (1.2)

From here we see that
(1.1) 4s Fuchsian at oo if and only if Q2(2) and Q3(z) are holomorphic at oo,

and similar conclusions hold for other cusps of I'. By (1.2), the indicial equation at the cusp oo
is given by

K3 4 (%)2622( )k + <N> Q3(c0) =
1) (2

the roots of which are called the local exponents of (1.1) at oo, denoted by koo, koo and Koo

satisfying Z /ﬁloo = 0. In this paper, we always assume that the exponent differences ng]o) ng?

(4)

(3)

are integers for j = 2,3, Then Z Iioo = 0 implies k&5 1Z for all j and so we may assume

( ) < /<;( ) < mgo). Similar assumptions are made for other cusps.
On the other hand, let zy € H be a singular point of (1.1) and write

Qj(Z) = AJ(Z — Zo)_j + O((Z — Zo)_j—H) at 20
then the indicial equation at zg is given by
k(k—1)(k —2) + A2k + A3 =0,

the roots of which are the local exponents of (1.1) at zp, denoted by /4;,(20), /4;(2) and ﬁg), satisfying

Zj mZO = 3. In this paper, we always assume that the exponent differences /-c,(%) - /@%) are
integers for 7 = 2,3. Then Zj n%) = 3 implies mgj(;) € %Z for all j and so we may assume
f@%) < ﬁ%) < /i,(zi). Since the exponent differences are integers, (1.1) might have solutions with
logarithmic singularities at zp. See Appendix A for all possibilities of the solution structure

of (1.1) at z9. The singularity zg is called apparent if (1.1) has no solutions with logarithmic
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singularities at zp. In this case, the three local exponents must be distinct, i.e., m%’ < mgﬁ) < /ig);

see, e.g., Appendix A. In this paper, we always assume that L is apparent at any singularity
2o € H. More precisely, we assume that the MODE (1.1) satisfies

(H1) The MODE (1.1) is Fuchsian on H U {cusps};
(H2) At any singular point zy € H, /@%) < m,(z?)) < mg’))
7 = 2,3. Furthermore, zq is apparent.

(H3) At any cusp s of I, mgl) < ngz) < n§3) satisfies mgl) € %Zgo and ngj) - HQ) € Z for j =2,3.

satisfy Iﬁ%) € %Zgo and ng) — m,(z(l)) € Z for

The motivation of all these assumptions will be clear from Theorem 1.1 below.

Note Ingy = 2Pz, Under our assumption (H3), (1.1) might have solutions containing
(Ingy)? = —%22 terms; see Remark A.9. In this case, we call the cusp oo to be completely not

apparent or mazximally unipotent, because under the Bol representation p that will be introduced
below, the corresponding matrix p(T) € SL(3,C) of T = (%) € I has eigenvalues {1,1,1}
but rank(p(T") — I3) = 2, i.e., p(T) is maximally unipotent. Here I3 denotes the 3 x 3 identity
matrix.

One class of the MODEs can be derived from quasimodular forms of depth 2. The no-
tion of quasimodular forms was first introduced by Kaneko and Zagier [20]. See Section 2 for
a brief overview of basic properties of quasimodular forms. In particular, given a holomorphic
function ¢(z) satisfying

(6],7)(2) = (cz + d) 2(v2) = ¢(2) +

ac
cz+d

for all v = (‘; Z) for some nonzero complex number «, any quasimodular form f(z) of weight k
and depth 2 with character x can be expressed as

F(2) = fo(2) + [1(2)9(2) + fa(2)8(2)%,
where f;(2) is a modular form on I' of weight k — 2j with character x and fy # 0. Consider

hi(z) 2 f(2) + az(fi(2) + 2f2(2)(2)) + a? fa(2)

ha(z) | = 22f(2) + a(fi(z) + 2f2(2)$(2)) (1.3)
h3(z) f(z)
and define
hi Ry RY
Wf(z) :=det | ho h/2 hg (1.4)
hs hh hf

to be the Wronskian associated to f. Then Wy(z) is a modular form on I' of weight 3k with
character x?; see Lemma 2.1 for a proof. This Wy(z) was first introduced by Pellarin [28] for
I' =SL(2,Z) and ¢(2) = Ea(2).

) . _hiz
Now we define g;(2) := 5 Bk then

g 9 91

det | g2 g5 g5 | =1,
95 95 95

and a further differentiation leads to

g g9 97

det [ g2 g5 g5 | =0, (1.5)

"

g3 95 95
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so g3(z) is a solution of (1.1) with

" " " "
g1 92 — 919 g 9o — g g

Q2(2> — JlJs J192 ; ; 2 , Q3(2> — M_ (1.6)
919 — 9192 9192 9192

It is easy to see that Q2(z) and Q3(z) are single-valued, and g1, g2 are also solutions of (1.1).
Our first result reads as follows.

Theorem 1.1. Let Q2(z) and Qs(z) be given by (1.6). Then

(1) (1.1) is a MODE, i.e., Q2(2) and Q3(z) — 1Q%(z) are meromorphic modular forms on T
(with trivial character) of weight 4 and 6, respectively.

(2) (H1)—(H3) hold for (1.1).
Furthermore, for T' = SL(2,Z), we have that
(3) At the elliptic point i, {3“1(1)’351(2)73“1(3)} ={0,0,1} mod 2.
(4) At the elliptic point p = *1%@, /fgj) € Z for all j and {/ﬁ(pl),/ﬁig ), /1,() } = {0,1,2} mod 3.

We emphasize that (1) and (2) in Theorem 1.1 hold for any T', not only for I' = SL(2,7Z).
They will lay the ground for our future study of general MODESs on other congruence subgroups.

As an example, in Section 6, we will work out the MODE in the case f(z) is an extremal
quasimodular form on SL(2,Z), introduced first in [18]; see Theorem 6.2.

Now we introduce the notion of the Bol representation of I' associated to the MODE (1.1),
which was first introduced in [25] for second order MODEs. It is well known that any (local)
solution y(z) of (1.1) can be extended to a multi-valued function in H through analytic contin-
uation. Fix a point zp € H that is not a singular point of (1.1) and let U be a simply-connected
neighborhood of zy that contains no singularities of (1.1). For v = (‘; g) € I, choose a path o
from zp to vzp and consider the analytic continuation of y(z), z € U, along the path. Then
y(vz) is well-defined in U. Define

(Yl-27)(2) = (cz + d)?y(r2),  z €U,

then by a direct computation or by using Bol’s identity [3], we see that (y|_27)(z) is also
a solution of (1.1). Thus, given a fundamental system of solutions Y (2) = (y1(2),42(2),y3(2))?,
there is 4 € SL(3,C) such that

(Y]_,m(=) =Y (),

where the fact det4y = 1 follows from that the Wronskians of Y and (YLﬂ) are the same.
Obviously, this matrix 4 depends on the choice of the path o. However, under the above
assumptions, all local monodromy matrices are I3 with €3 = 1, so different choices of o will

only possibly change 4 to e® 5 4. From here, we see that there is a well-defined homomorphism
p: I' = PSL(3,C) such that

27ik

Y| M) =e"5 p(7)Y(2),  ke{0,£1},

where y;(vz) are always understood to take analytic continuation along the same path for
j = 1,2,3. This homomorphism p will be called the Bol representation as in [25]. For the
convenience of computations, it is better to lift p to a homomorphism p: I' — GL(3,C) as
follows. Suppose that we can find a multi-valued meromorphic function F'(z) such that: (i) The
analytic continuation of §(z) := F(z)y(z), where y(z) is any solution of (1.1), gives rise to
a single-valued holomorphic function on H, and (ii) F(z)?3 is a modular form on T' of weight 3k
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with some character, where k € N. Such F'(z) can be constructed explicitly when I is a triangle
group. Then by letting Y (z) := F(2)Y (2), there is p(v) € GL(3,C) such that

(Y

) (2) = pVY (2), where ¢ = k — 2.

This homomorphism p: I' — GL(3,C), as a lift of p, will also be called the Bol representation
since there is no confusion arising. Naturally we consider the following problem:

Question. Can we characterize, in terms of local exponents, the MODEFEs (1.1) whose Bol rep-
resentations are irreducible?

One purpose of this paper is to answer this question for the case I' = SL(2,Z). For I' =
SL(2,Z), the above F(z) can be taken to be

m
(1) (1) (1) _ ()

F(z) = A(z) " Ea(z) % Bo(2) ™ [] Fi(=) ™", (1.7)

j=1

where
o0 3.n 0 5.n
n-q n-q 27iz

E =1 2405 E :1—5045 = 1.8
4(’2) + n:11_qn’ 6(2) n:11_qn’ q e ’ ( )

are the Eisenstein series of weight 4 and 6, respectively,

E4(z)3 — Eg(z)2

Alz) = 1728

=q—24¢> +252¢° — 1472¢* + - - -,

i=+—-1and p = (—1 + \/gi)/2 are the elliptic points of SL(2,Z), {z1,...,2m} Ui, p, o0}
denotes the set of singular points of the MODE (1.1) mod SL(2,7Z), t; := E4(z;)%/E¢(z;)? and
Fj(z) := Ey(2)® —t;Eg(2)?. Then F(z)? is a modular form of weight 3(¢+ 2), where the integer
{ =k — 2 is given by

0= -2 - 1250 — 4x{) — 6s{" — 12 kD).
j=1

In other words, besides the assumptions (H1)—(H3), we need to assume further that /@,()1) ez
such that ¢ € Z. Consequently, we will see from Lemma 3.2 that the Bol representation p is
indeed a group homomorphism from SL(2,Z) to SL(3,C).

Remark 1.2. The choice of F(z) is not unique since we can multiply F(z) by a holomorphic
modular form to obtain a new one. Different choices of F'(z)’s may give different weights & (and
so ¢) but keeping p(~) invariant. For example, when the MODE (1.1) comes from a quasimodular
form f(z) of depth 2 on I" as shown in Theorem 1.1, then one choice is to take {/Wy(z) as F'(z),
i.e., Y = (hy,ho, h3)! defined in (1.3). Note that for I' = SL(2,7Z), /Wi (z) might be different
from the F'(z) given by (1.7). To obtain that {/W(z) equals to the F(z) given by (1.7), we
need to assume that fy, fi, fo have no common zeros.

Note from /ﬁ‘/i(j) = 3 that we have either {3/61(1),3/4/1(2),3/%1(3)} = {0,0,1} mod 2 or {3/@1(1),
3&1(2), 3/@1(3)} = {1,1,1} mod 2. Our second result of this paper is
Theorem 1.3. Let I' = SL(2,Z) and suppose that the MODE (1.1) satisfies (H1)~(H3) and

n,(,l) € Z. Then the Bol representation p is irreducible if and only if {3&1(1),3/%(2), 351(3)} =
{0,0,1} mod 2.
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Note that all irreducible representations of SL(2,7Z) of rank up to 5 have been classified by
Tuba and Wenzl [31].! One may use their results, the work of Westbury [32], and Lemma 3.10
below to give another proof of Theorem 1.3 different from that given in Section 3. See Re-
mark 3.12.

As an application of Theorem 1.3, we can show that the converse statement of Theorem 1.1
holds. More precisely, we have

Theorem 1.4. Let I' = SL(2,Z) and suppose that the MODE (1.1) satisfies (H1)—~(H3) and
fi,(,l) € Z. Letyy(z) be the solution of (1.1) of the form y4(z) = q“g) Z;’;O ¢j¢’, co =1, and F(z)
be defined by (1.7).

(1) If {3/-151), 3/11(2), 3&1(3)} = {0,0,1} mod 2, then §4(z) := F(2)y+(2) is a quasimodular form
of weight ¢ + 2 and depth 2.

(2) If {351(1)7351(2)7351(3)} = {1,1,1} mod 2, then the Bol representation p is trivial, i.e.,
p(y) = I3 for all v € SL(2,Z). In particular, 12| and y(2) := F(2)y(z) is a modular form
of weight € for any solution y(z) of (1.1).

Together with Theorems 1.4 and 1.1, we can obtain

Corollary 1.5. LetI" = SL(2,Z) and suppose (H1)-(H3) and /@21) € Z hold for the MODE (1.1).
Then (3) and (4) in Theorem 1.1 are equivalent.

In the reducible case, Theorem 1.4(2) can be applied to construct solutions of the SU(3) Toda
system. See Section 4 for the precise statement. The Toda system is an important integrable
system in mathematical physics. In algebraic geometry, the SU(NN + 1) Toda system is exactly
the classical infinitesimal Pliicker formula associated with holomorphic maps from Riemann
surfaces to CPY; see, e.g., [7, 23, 24] and references therein for the recent development of the
Toda system.

The rest of this paper is organized as follows. In Section 2, we give the proof of Theorem 1.1,
namely we will prove that every quasimodular form of depth 2 leads to a MODE (1.1) satisfying
the conditions (H1)—(H3). We focus on the case I' = SL(2,Z) from Section 3. Theorems 1.3—1.4
and Corollary 1.5 will be proved in Section 3. In Section 4, we discuss the reducible case and
prove the converse statement of Theorem 1.4(2). We also give an application to the SU(3) Toda
system. In Section 5, we discuss the criterion on the existence of the MODE (1.1) which is
Fuchsian and apparent throughout H with prescribed local exponents at singularities and at
cusps. In Section 6, as examples of MODEs, we will work out the explicit expressions of Q;(2)’s
for an extremal quasimodular form f(z). Finally in Appendix A, we recall the theory of the
solution structure of third order ODEs at a regular singular point.

2 Quasimodular forms of depth 2
and its associated 3rd order MODE

The main purpose of this section is to prove Theorem 1.1. Let I' be a discrete subgroup of
SL(2,R) that is commensurable with SL(2,Z) and x: I' — C* be a character of I' of finite
order. A holomorphic function f(z) defined on the upper half plane H is a modular form of
weight k& with character y if the following conditions hold:

(D) (f[p0() = (ez +d)""f(y2) = x(7)f(2) for any 7 € (&) €T}
(2) f is holomorphic at any cusp s of T'.

1We thank the referee for providing the reference.
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For example, the Eisenstein series E4(z) and Eg(z) in (1.8) are modular forms of weight 4 and 6
on SL(2,7Z), respectively. We let 9 (T, x) denote the space of modular forms of weight k& with
character x on I'. For example, for I' = SL(2,7Z), oo is the only cusp and we assume that the
character is trivial, i.e., x = 1. Then condition (1) implies f(z + 1) = f(z), which implies
that f(z) can be viewed as a function of ¢ = e?™* and condition (2) just means that f is
holomorphic at ¢ = 0.

The notion of quasimodular forms was introduced by Kaneko and Zagier [20]. Originally, they
are defined as the holomorphic parts of nearly holomorphic modular forms. For our purpose,
it suffices to know that a holomorphic function f(z) is a quasimodular form of weight k& and
depth r with character x on I' if and only if f(z) can be expressed as

f2) =" fi(2)e(z),
j=0

where f;(z) € Mp_o;(I', x) with f, # 0 and ¢(z) is a holomorphic function satisfying that

ac
cz+d

(@],M(2) = (cz + d) p(v2) = ¢(2) + (2.1)

for all v = (‘é 3) € I' for some nonzero complex number a and ¢(z) is holomorphic at cusps
of I'. This ¢(z) is called a quasimodular form of weight 2 and depth 1 on I'. For example, if T’
is a subgroup of SL(2,Z), we can always let

d(z) = Ea(z) == ;mi/é;) =1- 242 na

and so a = %. We let S/Dv?ET(F, x) denote the space of quasimodular forms of weight k& and depth

< r with character x. One basic property is that the quasi-modularity is invariant under the

differentiation, namely if f(z) € ﬁfr(f‘, X), then f'(2) € N,i:;rl(f‘,x); see [33, Proposition 20].

We refer the reader to [8, 20, 33] for the general theory of quasimodular forms.
Now we consider the Wronskian W(z) (see [28]) associated to

F(2) = fol2) + fu(2)e(2) + fa(2)d(2)? € MA(T, X),

where f;(z) € My_9;(T, x) with fo # 0. Then

() (2) = (cz +d)* f(72) (2.2)
2 ac 1\’ a b
ZX(V)jzgfj(Z) <¢(z)+cz+d> : v = <C d) erl.

As in [28], we set

2
Pp(t) =Y fi(2) (¢(2) + at)’
7=0

Qf(t) :=t*Py(1/t) = f(2)t* + a(f1(2) + 2f2(2)$(2))t + o fa(2),
Qr ()

0
Fiz) = | a9
16?

) @Qf(t) =
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2 f(2) + az(fi(2) + 2f2(2)¢(2)) + ? fa(2) ha(z)
= 22f(2) + alf1(2) + 2f2(2)6(2)) =: [ ha(2) | - (2.3)

and define Wy (z) as in (1.4) to be the Wronskian associated to f.
Lemma 2.1. Wy(z) is a modular form on I" of weight 3k with character 2.

Proof. For I' = SL(2,Z), this result is proved in [28] and can be also derived from Mason [26,
Lemma 3.1], and the approaches in [26, 28] can be easily applied to general discrete subgroups I
Here we provide an elementary proof for general I" for completeness. By (2.2) and ad — be =1
we have

a’c?

f(vz) = x(7)(cz + d)* [f + czai—id(fl + 2f20) + mﬁ

= X(7)(cz + d)F2(cPhy + cdhy + d®h3),

ha(12) = 222 (02) + alfi(02) + 2£2(1)6(r2)
az +b

— e+ ) 2T

(2 + d)*f + ac(ez + d)(f1 + 2f20)

20%¢

cz + df2

= x(7)(ez + d)*%[2achy + (ad + be)hy + 2bdhs),

b)? b

- ezt O‘ZI S(1(72) +2f2(72)0(72)) + o? fo(yz)

k2 (az )
(cz + d)?

az+b 202¢ o?

cz+d [a(fl +2f20) + cz + df2] * ((iz—l-cl)zf%

= x(7)(cz + al)k*2 [thl + abhsy + bzhg} )

+a?c fo) + alfi + 2f20) +

((cz + d)Zf + ac(cz + d)(f1 + 2f20)

L a2l f) +

Thus
a? ab b?
Fi(vz) = x(7)(cz + d)F 2 AF;(2), where A:=[2ac ad+bc 2bd
c? cd d?

Together with the fact det A = (ad — be)® = 1, it is easy to see that

Wy(vz) = det(Ff(v2), F}(v2), Ff (v2)) = x(7)* (¢z + )" W (2).
In particular, for the case v = ((1) v ), where N is the width of the cusp oo, the transformation
law shows that W¢(z) is a polynomial only in fy, fi, f2, ¢, and their derivatives. Thus, by
the computation above and the fact that the ring of quasimodular forms is invariant under
differentiation, Wy (2) is a quasimodular form that is actually modular. In other words, Wy (2) €
M3 (I‘, X3). This completes the proof. |

Now we define g;(2) := h;j(2)/{/Wy(z). Then (1.5) holds, so g3(z) is a solution of

Ly = 9" 4+ Qa(2)y + Q3(2)y = 0, (2.4)
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where

/1 " " "
g1 92 — 919 919 959
Q2(2) == 17,27 Q3(z) == M. (2.5)
9195 — 9192 9195 — 9192

Note that

(i) g1(z) and g2(z) are also solutions of (2.4) and g1, g2, g3 are linearly independent.

ii) Although ¢g; might be multi-valued, ¢’/g; is single-valued. Thus Q;(2) is single-valued
j /93 J
and meromorphic on H for j = 1,2. We will see from Theorem 2.2 below that any pole
of Q;(z) comes from zeros of W(z).

For 2y € H, we denote mgo) < /1(2) < /<;<3) to be the local exponents of (2.4) at 2.

Theorem 2.2. Under the above notations, Q2(z) and Q3(z) —1Q%(z) are meromorphic modular
forms on T' (with trivial character) of weight 4 and 6, respectively. Furthermore, all singular
points of (2.4) on H comes from the zeros of W(z), (H1)~(H3) hold, and every cusp of I' is
completely not apparent for (2.4).

Proof. To prove the modularity of @;, we consider
9(2) = (y|_y7)(2) = (2 + d)?*y(v2), 7 €T,
Then
7(z) =y (v2) + 2c(cz + d)y(vz),  §"(2) = (2 + d)"y" (72),

SO

Ly = (cz +d)"{y" (v2) + (cz + d)'Q2(2)y (72)

+ [(cz + d)6Q3(z) + 2¢(cz + d)5Q2(z)] y(’yz)}. (2.6)
Recalling g3(z) = V%’ we have
) — f ) = (cz+d)*f(vz) _ € 2 c 2
(93] _y7)(2) = (W’ﬂ)( ) reE) W( hi + cdhy + d*hs)

= 5(02g1(2’) + Cdgz(Z) + d293(2’)),

where €3 = 1. Thus (gg|_2'y)(z) is also a solution of (2.4). From this and (2.6), we have

Q2(72) = (cz +d)'Qa(2),
Q3(72) = (cz + d)°Qs(2) + 2c(cz + d)°Qa(2),
(

SO (Q2‘4"}/) = ()9 and ( Q3 — 2@’ ‘67) %Q’Q This proves the modularity of Q2 and Q3.
To prove (H1)—(H3), we let zy be any pole of QJ( ) for some j = 1,2. Clearly g;(z ) =
(2 — 20)% (¢j + O(z — 29)?) near zy for some a; € Z and c¢; # 0. By replacing g2 by g2 — Egl
if necessary, we may assume o1 # az. Then we easﬂy deduce from (2.5) that
al(al — 1)(0&1 — 2) — 052(042 — 1)(0[2 — 2) ~1
(CEQ—O[]_)(Z—ZO)Q +O((Z—Z()) )7
Oélozg[(OéQ — 1)(0(2 — 2) — (051 — 1)(0[1 - 2)]
(g —a1)(z — 20)3

Q2(2) =

Q3(Z) = + O((Z — 20)72),

S0 z¢ is a regular singular point of (2.4). Thus, (2.4) is Fuchsian on H.
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Let zp be any singular point. It follows from g;(z) = Shéézz ) that
f z
—ordzOWf .
9i(2) = (z—20)" 3 > _dj(z— 2, (2.7)
1>0

where ord,, Wy denotes the zero order of Wy(z) at 2. Since (g1, g2, g3) is a fundamental system
of solutions of (2.4) and g;’s have no logarithmic singularities at zy, we conclude from (2.7)

and Remark A.8 that (1) the local exponents Hg{)) € %Z and are all distinct; (2) the exponent

differences are all nonzero integers, namely m,(zf)) = m,(zgﬂ) — ﬁ%) — 1 are nonnegative integers for
j =1,2; (3) 2o is an apparent singularity of (2.4).
Since
Qi(2) = Ay(z — )T+ O((z — 20)7HY),  j=2,3, (2.8)
then the indicial equation of (2.4) at zp is
k(k —1)(k —2) + A2k + A3 =0, (2.9)
e 3 (%) (1) 2am{4m .
which implies > 7, £z’ = 3 and so k3, = —=——%5—" € 3Z<o. This proves (H2). Remark
that if 2o is not a zero of Wy(2), i.e., ord,,W; = 0, then it follows from (2.7) that /@2}) € Z>o
and so fs%) = mg}) = mg)) = 0, i.e., the local exponents at zg are {0,1,2}. This already

implies Ao = A3 = 0. Together with the fact that zy is apparent, we easily deduce from the
Frobenius method that both Q2(z) and Q3(z) are holomorphic at 2y, a contradiction with that
zp is a singular point. Thus zg is a zero of Wy (z). This proves that all singular points of (2.4)
on H come from the zeros of Wy(z).

Let N be the width of the cusp co and gy = e?™#/N. Since modular forms f;(z), Wy (2) are

holomorphic in terms of g5 and z = 2%1 In gy, we see from (2.3) that
3—j ordoo W oo
hj(z) ko~ ¢ :
g](z) = - = (ln qN) qN 3 Cj,k,th7 J= 17 27 37
VWr(2) kZ:O ;

so 0o is also a regular singular point of (2.4), i.e., (2.4) is Fuchsian at co and so Q;(z) is
holomorphic at oo for j = 2,3. Since (Ingy)? appears in the expression of g;(z), we see from

Remark A.9 that oo is completely not apparent and the local exponents /{Q < nff) < /@@ satisfy

mé{? € %Z and
mg)) = mg) — fi&) € Z>o, mg) = Ii(()i) — H(()%) € Z>o.

Note that the indicial equation at oo is

Wt <2N.>2Q2(00)F~3+ <2Nm)3623(00) —0,

i

; (1) (2)

which implies ) /-@fﬁo) =0 and so mé? = —%. We now consider other cusps.

Assume that s is another cusp of I' different from co. Let o = (2%) € SL(2,Z) be a matrix

such that oo = s. Regarding f(z) as a quasimodular form on FL: ker y N SL(2,Z), we can

express f(z) as f(2) = fo(z) + f1(2)Ea(2) + fa(2) Ea(2)? for some fj(z) € My_o;(I"). We check
that

(cz+d)*flo2) _ (cz+d)*(flro)(2)

(g3]-20) (2) = ~—; W(oz) s (Wylsko)(2)
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_ 6(cz +d)?p1(2) + ac(cz + d)pa(z) + a?cp3(2)
v (Wylsko)(2)

)

where
p1(2) = (folxo) (2) + (Filr—20) (2)Ea(2) + (folk—s0) (2),
p2(2) = (filk-20)(2) + 2(falr-1a0) (2) Ba(2),
p3(2) = (folp—a0) (2),

a = 6/7i and € is a third root of unity. Except for cz + d, every term in the expression has
a qar-expansion, where M is the width of the cusp o and qp = e2™#/M Since s # oo, we have
¢ # 0. This shows that there is a local solution at the cusp s having a factor z2. According to
the solution structure discussed in the appendix, the point s must be completely not apparent
and we have n§2) - &gl), mg3) - /{21) € 7. By the same reasoning as in the case of the cusp oo, the
sum £ + £ + kP s equal to 0 and hence k) € 17 for all j. This proves (H1), (H3), and
that every cusp is completely not apparent. |

For a MODE, the local exponents are invariant under zg — ~yzg for any v € T.

Proposition 2.3. Let zp be a singular point of (2.4). Then the local exponents of (2.4) at vz
are the same for all v = (‘Z 3) el.

Proof. Let
Qj(2) = Aj(z — v20) 7 + O((z — v20) 1Y), Jj=2,3.

Recalling (2.8) and (2.9). we only need to prove (AQ,Ag) = (Ag, A3).
Since

zZ— 20 Z— 20
_ — = 14+0(z—
7T (cz+d)(czo+d) (czo+ d)2( +0(z = 20)) as z = 20,

we have for z — zp that
Qa(2) = (cz 4+ d) ' Qa(72)
= (czo + d) " *(1 4+ O(z — 20)) [Aa(v2 — v20) > + O((v2 — 720) )]
= Ay(z—2) 2 + O((Z — ZO)_1)>

so Ay = A,. Since Q5 — %Q’Q is a modular form of weight 6, a similar argument implies
A3+A2:A3+A2andSOA3:A3. [ |

Now we consider I' = SL(2,Z) and discuss the local exponents of (2.4) at the elliptic points i
and p, namely to complete the proof of Theorem 1.1. For this purpose, we note that the remark
below could be used to simplify some computations.

Remark 2.4. If fy, f1, fo have a common zero zg € HU{oc}, we take M(z) to be a holomorphic

modular form such that it has only one simple zero at zp. Then f;(z)/M(z) are holomorphic

modular forms and f(z)/M(z) is a quasimodular form. Since Wy(z) = M (2)* W,y (2) and so
hi(z) _ hi(z)/M(z)

) =3 Wi(z) s Wf/M(z)’

namely all g;(z)’s are invariant by replacing f(z) by f(z)/M/(z), so the differential equation (2.4)
derived from f(z) and that from f(z)/M(z) are the same (Note that g;(z) are solutions of (2.4)
but neither f(z) nor f(z)/M(z) are solutions of (2.4), so we do not mean that f(z)/M(z)
satisfies the same differential equation as f(z)). Therefore, without loss of generality, we assume
throughout the section that fo, fi1, f2 have no common zeros on H U {occ}.
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By applying this remark, we have

Lemma 2.5. Let I'soc = £(T) be the stabilizer subgroup of oo in I'. Then there are at most two
right cosets Tooy in T \I' (the set of right cosets of T'oo in ') such that f(yzp) = 0.

Proof. Suppose that there are three distinct right cosets I'noy in T'so\I" such that f(vzg) = 0.
Without loss of generality, we assume that one of them is the coset of I, i.e., f(z0) = 0. Now
we have

2
(F1i) (2) = x(7) <f<z>+cj‘j d(f1(2)+2fz(Z)¢(Z))+( - ) fz(2)>

for v € . If f(y120) = f(7220) = 0 for 71 and 79 in two different cosets in I'oo\I', then we
have fi(z0) + 2f2(20)#(20) = f2(20) = 0. However, this implies that fo(z9) # 0 since f;(z) are
assumed to have no common zeros on H, and hence f(zp) # 0, a contradiction. [

Now we let I' = SL(2,Z). Given a character y, we have x(T) = e*™™/?* for some integer
m € [0, 23]. Recall the Dedekind eta function

oo
n(z) — e27riz/24 H (1 - eanriz)'
n=1

Since the MODE associated to f is the same as that associated to f/n™, by considering f/n™ if
necessary, we can always assume x(7') = 1 and so x(5) = x(R) = 1, i.e., we can always assume
that the character y is trivial for I' = SL(2,Z).

Proof of Theorem 1.1. The conclusions (1) and (2) are proved in Theorem 2.2. It suffices to
consider I' = SL(2,Z) and prove (3) and (4).

Let zo € {i,p}. By Lemma 2.5, we have f(yz9) # 0 for some v € SL(2,Z). Then it follows
from Proposition 2.3 that

1
NN C R A ) BRSPS

20 YZ0 Y20 g Wf(z) 3

Since W¢(z) is a modular form of weight 3k on SL(2,Z), it follows from the valence formula for
modular forms (see, e.g., [30]) that

ordi Wy —ord, Wy k
= - d1.
> T3 T
This implies kS = —Ord”% € Z<o and 3/{1(1) = —ordi Wy = k/2 mod 2.

Recall that we may assume that fy, fi, and fo have no common zeros. When k = 0 mod 4,
we have

k
550 mod 2,

and we are done. When k = 2 mod 4, the weights of fy and f2 are congruent to 2 modulo 4 and
their expansions in w = (z —1)/(z + 1) are of the form

oo o0
folz) = (L=w)" Y agmpw® ', folz) = (1= w)" > coppw®
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while the expansion of fi(z) is of the form
fi(z) = (1= w2 byuw®
n=0

(See Proposition 5.1 and Remark 5.2 below.)
Let hj(z), j = 1,2,3, be given by (2.3). Then the local exponent of ahi(z) + bha(z) + chs(z)
at z =i must be one of

(0,62 — 5V &) _ a0y (2.10)

» By
for any (a,b,c) € C3. Consider the function

hi +ihg — hg = 2 (fo + fiE2 + f2E3) + az(fi + 2f2E2) + o fo
+2iz(fo + fiB2 + f23) +ia(f1 + 2foE2) — (fo+ frE2 + foI3)
= (z+1)fo+ +D)((z + D) B2+ @) fi + ((z + 1) B2 + @) fo.
We compute that z =i(1 + w)/(1 —w) and hence

, 2i dw 2i (1 —w)?
- = — = = . 2.11
S dz  (z2+1)? 2i (2.11)

Also, since B = 5--dlog A(z)/dz and the expansion of A(z) is of the form

A(z) = (1 —w)'? Z donw™,
n=0

we find that
(1 —w)? 12 3 2ndow?n !
E = — _
2(2) 4 —w > dopw?n
3 (1-w)? & n
= _(1-w)——— > g (2.12)
n=0

for some power series Y. db,, ;w1 It follows that, by (2.11),

. 6 1—w—
(z+1)E2(z) + — = Z w2t
=0

From this, we see that

o

hi +ihy — hs = (1 — w)k_2 Z 62n+1w2n+1

n=0

for some e;. This, together with (2.10), implies that either /{i(z) - /{i(l) or /{1(3) - /si(l) is odd. This

proves the assertion (3) that {3&1(1), 3&1(2), 3&53)} ={0,0,1} mod 2.
The proof of (4) is similar. We consider the function

hy = phy +p*hs = (2 = 0)*fo+ (2 = P)((z = D) B2 + @) fr + (2 = D) B2 + 0)* fo.
Setting w = (z — p)/(z — p), we have z = (p — pw) /(1 — w),
o V3i dw (1 —w)?

1—w’ dz VB

z —
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and

(= = P)Ea() + = o Z CNETa (2.13)

(since the expansion of A(z) is (1 — w)2 " ds,w® for some ds,). When k = 1 mod 3, the
expansions of f; are of the form fo = (1 — w)* 3" agp 1w, fi = (1 — w)¥ 2 by w2,
and fo = (1 —w)* 43" e3,w3". Therefore, the expansion of hy — pha + p2hs is of the form

hi — pho + p*hs = w)h 2 Z egnw”

which implies that either fi,(oz) /i,(ol) or fi,(og) — /i,(ol) is congruent to 1 modulo 3. Since the sum

of ng) is 3, we deduce that the set {/1,) ,/ﬁg), /@,(,3)} is congruent to {0, 1,2} modulo 3. Likewise,
when k = 2 mod 3, we can show that hy — pha + p?hs = (1 — w)*"23" es,12w3"*?2 and obtain
the same conclusion.

For the case kK = 0 mod 3, we need to make the computation more precise. Let

fo(z) = (1 —w)* Z aznw",
n=0
fl(Z) — (1 o w)k 2Zb3n 1w3n+1’
n=0
fQ(Z) _ (1 k 4 ch +2w3n+2
n=0

be the expansions of f;. A computation similar to (2.12) yields

2V/3
Ey(z) = —=(1—w) - iy, 4w
2(2) - ( 27“[ Z 3n+2W
and hence
1) = (=)t agu®
n=0

On the other hand, by (2.13), we have

hi — pha + p°hs

— (1 o w) ( 3 Zagnwiin + (Z d3n+2 3n+2) (i b3n+1w3n+1>
n=0

n=0

1 00 2 00
U 3n+2 3n+2
_ 477r2 E d3n+2w n-+ § C3n4oW n+
n=0
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We then check that the expansion of hy — pho + p?hz + 3f is of the form

(o)
(1—w)*? Z (e3n410™ ™ + €5, 0w 2),

n=0
which again implies that either HE)Q) (1) or n,(,) /ﬁg) is not congruent to 0 modulo 3 and
hence {/121), mf) ), Kp } ={0,1,2} mod 3. ThlS completes the proof. |

3 The MODE on SL(2,7%Z)

The purpose of this section is to prove Theorems 1.3 and 1.4, and Corollary 1.5. Let Q2(z) and
Q3(2) — £Q2(2) be meromorphic modular forms on SL(2, Z) of weight 4 and 6 respectively, i.e.,

Ly :=y"(2) + Q2(2)y'(z) + Q3(2)y(2) =0,  z€H (3.1)

is a MODE. In this section, we use the notations S = (1 51), T = ((1) %) and R = ST = ((1] *11)
such that S? = R = —I,. Suppose the MODE (3.1) has regular singularities at {z1,..., 2y} U
{i, p, 00} mod SL(2,Z), where p = (—1 + \/gl) /2 is the fixed point of R.

3.1 Proof of Theorem 1.4(1)

First we want to give the proof of Theorem 1.4(1), which is long and will be separated into
several lemmas. For this purpose, throughout this section we always assume that

(S1) m—f}?, 1( ) ”“2) %ZS and HE)) € Z<p such that
m
0= 21260 — 4x) — 6 123 kD e 72

(Note ¢ € Z implies ¢ € 27Z.) Furthermore, mgj) = ng+1) mij) —1 € Zxg for z €

{z1,...,zm} U{i,p} and j = 1,2, and m¥) = kS — kY e Z>g for j =1,2.
(S2) ODE (3.1) is apparent at any singular point z € {z1,...,2,} U{i, p}.
(83) {3x,36 36} = {0,0,1} mod 2.

Remark 3.1. Note that (S1) and (S2) are equivalent to the assumptions (H1)-(H3) and
n,(,l) € Z<p in Theorem 1.3, while (S3) is needed to obtain quasimodular forms as stated in
Theorem 1.3(1). In view of Theorem 1.1, the above assumptions (S1)—(S3) are necessary for the

validity of Theorem 1.4(1). We will prove below that they are also sufficient.

Set t; = E4(2j)%/E6(zj)* & {0,1,00} and Fj(z) := E4(2)® — t;Eg(z)%. Then this modular
form Fj(z) has only one simple zero at z;, up to SL(2, Z)-equivalence. Define

(1) <1>

F(2) = AG) ™ By(2) 7 Eg(2) 117

Then F(z)? is a modular form of weight 3(¢ + 2).
Clearly for any solution y(z) of (3.1),

9(2) = F(2)y(2)
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is single-valued and holomorphic on H. Furthermore, its order at z € {z1, ...,z } U{i, p} is one
of {O,m,(zl) + 1,m,(zl) + mg) + 2}, and at oo is one of {O,mg),m&) + m(()%)}

Fix a fundamental system of solutions Y (2) = (y1(2), y2(2), y3(2))t of (3.1) and let Y (2) :=
F(2)Y(2). Then for any v € SL(2,Z), there is a matrix p(y) € GL(3,C) such that

M) () = p(n)Y (2). (3-2)

This is a lifting of the Bol representation. We will use freely the notation 4 = p(v) just for

(Y

convenience.

Lemma 3.2. There holds det p(y) = 1 for any v € SL(2,Z). That is, p is a group homomor-
phism from SL(2,7Z) to SL(3,C).

Proof. The proof is similar to that of [25, Lemma 4.2], where the second-order MODE was
studied. Let

vioYoYy R oo 9
W(z)=det {42 vy w5 |, W(z)=det g 7 vy
ys Y3 Uh U3 U5 U3

Then W(z) = C is a nonzero constant. By (3.2) we have
(W‘3(5+2)7) (z) = det pA(’y)W(Z)
Since W (z) = F(2)3W (z) = CF(2)?, we also have

(Fg‘g(uzﬂ)(z) -
3(0+2)7 = C(F?’]g(@”)v) = F(z)3 W(z).

A

w

Thus

(F3|3(£+2)7) (Z>

det p(v) = F(2)?

This proves det () = 1 because F(z)? is a modular form of weight 3(¢ +2) on SL(2,Z). ®
o 1 1) (1)
D

Remark that under our assumption koo, Ky ', Kz,” € %Zgo and K
valued and meromorphic function on H for any solution y(z) of (3.1).

€ Z<o, y(2)? is a single-

Lemma 3.3. Under the assumptions (S1)—(S3), there is at least one solution y(z) of (3.1) such
that y(2)? is not a meromorphic modular form of weight —6.

Proof. Suppose the conclusion is not true, namely y(z)? is a meromorphic modular form of
weight —6 for any solution y(z). Then by the well-known valence formula for modular forms
(see, e.g., [30]), we obtain

ord; (y3) ord, (y?’) 1
> T3 2

mod Z,

; 2), 3/@1(3), these three

numbers are all odd, clearly a contradiction with our assumption (S3). [

so ord; (y3) is odd. Since ord; (y3) can be chosen as any one of 3,'@(1), 3/@5

Lemma 3.4. Under the assumptions (S1)—(S3), (3.1) is completely not apparent at co.

To prove Lemma 3.4, we need the following well-known lemma due to Beukers and Heck-
man [2].
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Lemma 3.5 ([2]). Let n > 2 and H C GL(n,C) be a subgroup generated by two matrices A, B
such that rank(A — B) < 1. Then H acts irreducibly on C" if and only if A and B have distinct
etgenvalues.

Let {a1,...,a,} and {b1,...,b,} be the eigenvalues of A and B respectively. The following
lemma, due to Levelt, is to recover A and B by their eigenvalues. See [2] for a proof.

Lemma 3.6 (cf. [2]). Suppose that rank(A — B) =1 and ay,...,an, b1,...,b, are all nonzero
complex numbers with a; # bj for any i, j. Then up to a common conjugation in GL(n,C),
A and B can be uniquely determined by

00 0 —A, 00 0 —Bn

10 -+ 0 —Ap 10 0 —Bn_1
A—0 1 0 —Ana|, p=|01 0 —Bno|,

00 -« 1 —A 00 1 -B

where A;’s and Bj’s are given by

n
Ht—aj )=t At A

(t—bj):tn+B1tn_1+"-+Bn.

:]: Ik

I
_

J

Corollary 3.7. Let A, B be 3 x 3 matrices such that rank(A — B) < 1. Suppose that A?> = I3
and the eigenvalues of A are {1,—1,—1}. Then A, B have common eigenvalues and so the
group H generated by A and B acts on C3 reducibly.

Proof. This corollary is trivial if rank(A— B) = 0, i.e., A = B. So we may assume rank(A — B)
= 1. Assume by contradiction that A and B have no common eigenvalues, then by (t—1)(t+1)? =
3+ 12 —t — 1, we see from Lemma 3.6 that A is conjugate to

0 0 1

1 0 1

01 -1

and so A? # I3, a contradiction with the assumption A% = I3.
Thus A and B have common eigenvalues, and it follows from Lemma 3.5 that H acts on C3
reducibly. |

Proof of Lemma 3.4. Suppose that the statement is not true. Then rank (T — I3) <1 (note
T = I5 if and only if co is apparent). Then R=2S8T implies rank (S — R) <1

By R® = p(R?) = p(—I) = (—1)I3 = I3 and det R = 1, we have either R = A3 for some
A% =1 or R is conjugate to diag (1 €,€ ) where £ = ¢2™/3_ Similarly, by 52 = ,0(52) = p(—12)
— I3 and det S = 1, we have either S = I3 or S is a conjugate of diag(1,—1,-1).

If S = I, then by rank (S R) < 1 we obtain R = I5. This implies that for any solution y(z)
of (3.1), 9(2)3 = F(2)3y(2)? is a modular form of weight 3¢ and so y(z)3 is a meromorphic
modular form of weight —6, a contradiction WithALemma 3.3.

Thus S is a conjugate of diag(1,—1,—1). If R = M3 for some A\ = 1, then by A\ # —1 we
obtain

1 > rank (S - R) = rank(diag(l1 — A\, =1 — A, =1 = X)) > 2,

a contradiction.
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So R is conjugate to diag (1,5,52). By Corollary 3.7, there is a subspace V' ; C? which is
invariant under the actions S and R. If dimV = 2, then there is an invertible matrix P such
that

* al b1

PSPt = (Al 0) . PRP'= <€1 0) 7
where A; and By are 2 X 2 matrices. This implies

A —B, 0 S
rank ( . ar — b1> =rank (R—5) < 1. (3.3)

Note a1 € {1,—1} and b € {1,5,52}. If a; # by, then (3.3) implies A; = By, namely S and R
have two common eigenvalues, a contradiction. So a; = by = 1. Then the eigenvalues of A; are
{-1, -1}, so A} = —I. Similarly, B; is conjugate to diag (6,82). Thus

1 > rank(A; — B;) = rank (diag (—1 —g,—1— 52)) =2,

a contradiction. So dim V' = 1, which implies the existence of an invertible matrix P such that

ap—1 (a1 0 5p—1 bl 0
PSP —<* A1>’ PRP —<* 31)7

where A; and Bj are 2 x 2 matrices. Clearly the same argument as (3.3) also yields a contra-
diction. This completes the proof. |

)1 (2) = F(2)y4(2), 41(2) = (93,9)(2) and ga(2) := (43],R)(2), and y;(2) =
=1,2,3.

Let g3(z) :=
9j(2)/F(z) for j

Lemma 3.8. Under the assumptions (S1)—(S3), 91(2), y2(2) and y3(z) are linearly independent
and 1(z) can be written as

3]1(2’) = 5223]3(2’) + ZTAYLT(Z) + m2<z), (3.4)
where B # 0 is a constant and mi(z), ma(z) are of the form

mi(z . 2 . o (z 1 A
B i) = o, T =) = e (35
Jj=0 J=0

Proof. Under our assumption, Lemma 3.4 says that oo is completely not apparent, so it follows
from Remark A.9 that (3.1) has a basis of solutions of the form (y_,y,,y+), where y1, vy, , and y_
are given by (A.19) and (A.20).

Step 1. We show that (%) is linearly independent with y3(2).

Suppose not, i.e., there is some constant o # 0 such that

(93],9)(2) = 91(2) = ags(2).

Then with respect to (Fy_, Fy1,93(z)), we have

= (5 0).

where S is a 2 x 2 matrix. Then p(S)? = I3 implies S = I and o = 1, i.e., a« = £1.
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On the other hand, it follows from the expressions of (y_,y,,y+) in Remark A.9 that with
respect to (Fy77FyJ_7Q3(Z))t7

1 2 =«
AT) =0 1 1],
0 01

Sl0)
S s 1 2 =
)=o) = (3 7)o 1
0 01
From this and p(R)? = I3, we obtain
5 1 2
(SlRl) :IQ, where Rl = <0 1)7 (36)

and a® = 1, so @ = 1. Then det S = det p(S) = 1, which together with S7 = I easily implies
S1 = +1I,, and then (3.6) yields £(}§) = I2, a contradiction.
Step 2. By Step 1, there exists (/3,0) # (0,0) and e such that
Y1 = BFy- + 0Fy, + €ys. (3.7)

We claim that 8 # 0 and (3.4) holds.
Assume by contradiction that 5 =0, i.e., 41 = §Fy, + ey with d # 0. Then with respect to
(F'y—, 91, 93) we have

for some a € C,

O =N
>,

1
1) = [0
0

and

-1 b b

0 0 1 for some b € C,

0 10

where we used p(5)? = I3, det p(S) = 1, 71(2) = (93

S)(2) = (Gs] (= 12))(2) = (1) G3(2) = §(2)- (3.8)

/5)(z) and

(1

Thus

-1 b— % b+bd—a
S(R) = o)) = [0 0 |
0 1 1)

But this implies that —1 is an eigenvalue of p(R), a contradiction with p(R)3 = I3. This proves
B # 0 and so it follows from the expression of (y_,y,,y+) in Remark A.9 that (3.4) and (3.5)
hold.

Step 3. We show that §1(z), y2(z) and gy3(z) are linearly independent.

In fact, we see from R = ST that ga2(z) = (44 |,R)(2) = (41],T)(2) = §1(z + 1), from which
and (3.4) we obtain

G2 = h + 28293 + 1y + BYs. (3.9)
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By (3.7) and (3.9) we have

(0 Fy_ I} ) €
G2 | =A| Fy. with A= (B 28+0 *
s U3 0 0 1

Since det A = 232 # 0, we obtain that §1(2), 92(2) and g3(z) are also linearly independent. This
completes the proof. [ |

Recalling (3.4), we set 71 (2) and 70(2) to be

i (2) = 1 (2) + %imQ(z)Eg(z), (3.10)
i\ 2 i
U3(z) = (6) 1o (2) By (2)? + gml(z)EQ(z) + o (2). (3.11)

The following result can be seen as the converse statement of Theorem 2.2.

Theorem 3.9. Under the assumptions (S1)—(S3), the following hold.

(@) =1
(b) 1;(z) are meromorphic modular forms of weight £ +2 —2j for j =0,1,2, that is, y3(z) is
a quasimodular form of weight £ + 2 with depth 2.

Proof. (a) By Lemma 3.8, we can take Y () = (§1(2), §2(2), §3(2))* to be a basis and let T', S, R
denote the associated matrices p(T), p(S) and p(R) of the Bol representation. Recalling (3.8)
that (Qg‘ES) = y1(2) and (g)l‘eS) = y3(2), we have

R 0 0 1
S=1X -1 X], for some A € C, (3.12)
1 0 0

where $2 = I is used. Note from SR = S2T = —T that
gl‘ZR = g3}gSR = g3‘g(_T) = g3a

and from R? = T-1S that

@2 gR: Q3}KR2 = §3‘K(T_1S) = ’g3’45 = :’-}17
SO
R 0 01
R=1|1 00 (3.13)
010
Therefore,
S 0 0 1 0 01 0 1 0
T=S'"R=SR=|X -1 X|[1 0 o0]=(-1 X A (3.14)
1 0 O 010 0 0 1

On the other hand, by (3.9) we have

9|, T = |, T + 28203 + i + 3803 = =i + 202 + 2673.
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Hence (3.14) yields A = 2 and § = 1. This proves (a). In particular, it is easy to see from
(3.12)—(3.14) that the representation p is irreducible, i.e., there is no proper nontrivial subspace
of Cg1 + Cg2 + Cys that is invariant under p(SL(2,7Z)).

(b) To prove (b), we note that (3.4) and (3.9) become

91(2) = 22G3(2) + 2 (2) + 12 (2), (3.15)
92 = §1 + 2293 + M + Js, (3.16)
which implies that
y*(2) == 2zy3(2) + my(2)
is also a solution of (3.1) and
Yo =101+ 4" + U3, where " = Fy* :22Q3+m1<.
By (3.12) and A = 2, we have
2(2)in +mi|,S =5,S = (e — i — 93)|,S =t — G2+ 03 = =" = —2z03 — .
From here and (3.15), we obtain
z(mﬂﬁS)(z) = 2m](z) + 2ma(2). (3.17)
On the other hand, by (3.15),
A 182+ ANk .
Ys = yl‘es = ()"0 + () (i ) +m2{657
which implies
i = 223 + 2(m}],S) — 2% (2] ,9).
Again by (3.15), we have
z(m*{‘ZS’)(z) = zmj(z) + ma(z) + Zz(mg‘KS)(Z). (3.18)

Thus (3.17) and (3.18) imply mg‘ﬁ_zS = 22(7%2‘65) = . This proves that 7y (2) is a modular
form of weight ¢ — 2.

Recalling E2|QS = Ey + 6/7iz, it follows from (3.10) and (3.17) that

. . 6
z <7?L1 + ?ngb) + 2my = Z(mﬂéS) =z {ml\zS + %(m2\€_25) <E2 + )}

miz
. iz | .
= Z(ml‘ES) + ?mQEZ + 2mg,
which yields ml\ /S = my. This proves that 721 (2) is a modular form of weight £.

Finally, to prove the modularity of 7 (2), we use (3.15) and (3.11) to obtain

N L, T . N
223+ 2 (m1 + 3m2E2> + 1y = 1 = 3,9

B <7rfisz>2(mz|625)(E2+6.>2+ iz

Tiz 6

2

. 6 .
(ml}eS) (EQ + E) +m0’€S

. . i, . . .
= 22y3 +z (m1 + 3m2E2> +mo + mo}gs - 22m0,

which implies mo\ 0400 = z_Q(m[)! ,S) = 1. This proves that 1o (z) is a modular form of weight
£ + 2. The proof is complete. |

Clearly the above arguments imply Theorem 1.4(1).
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3.2 Proofs of Theorems 1.3 and 1.4, and Corollary 1.5

In this section, we complete the proof of Theorems 1.3 and 1.4, and Corollary 1.5. First we need
the following general observation.

Lemma 3.10. Let (S1)—(S2) hold. Then the eigenvalues of p(R) are precisely
e_%i(“%), k € {0, K,£)2) - /{21), /-;/()3) - Iil()l)}, (3.19)
and the eigenvalues of p(S) are precisely

P e {0 ) o

Proof. Under our assumption (S2) that p is apparent, it follows from Remark 5.2 and Lem-
ma 5.5 below that any solution y(z) of (3.1) has an expansion of the form

1 = n+k P
— AW , w=w(z) = —
A 2 W=7

at p, where ag # 0 and k € {m,(,j): 71=12 3}. Hence, §(z) has an expansion of the form

(=) S, e (0 = Rl -}
n=0

with by # 0. Recalling that p = (—1 + \/gi)/Z is a fixed point of R = ((1) _11), we denote
Ci=cp+d=p+1=e"/3

Then a direct computation gives
w(Rz) = (Pw(z),  1-w(Rz) ="z +1)(1 - w(2)),

SO

(@ ZR) (Z) = Cie(l - w)é Z bn (<72w)n+k'
n=0

Therefore, §(z) is an eigenfunction of f(R) if and only if the series expansion of §(z) is of the
form

(1—w)t Z b3nw®" r € {0, /@22) - KE)I), /ﬁf)g) — Rl()l)}
n=0

and the corresponding eigenvalue is ¢~¢~2¢ = e~ 5(H2%)  Note from p(R)? = (=1)'I3 = I3
that p(R) can be diagonizalied. We claim that the eigenvalues of p(R) are precisely those
in (3.19).

Indeed, for any k € {0, KEJQ) — /121), /ig;g) — mgl)}, we define

N, = #{k c {07H§2) _ Rgl),ﬂs,) _ ﬁgl)} ‘Cef% _ Cfefzn}‘

Clearly (3.19) holds if N, = 3 for some £ (and so for all k). So we only consider the case
N, € {1,2} for all k. Assume by contradiction that there are Ny+1 € {2, 3} linearly independent
eigenfunctions

o0
i = (L=w)" ) bjgnw®™, big=bro=bn10#0, 1<j<Ne+1,
n=0



Modular Ordinary Differential Equations on SL(2,Z) of Third Order 23

corresponding to the same eigenvalue ¢ ¢~2%. Then

o0

g1 —go=(1—w) Y (b0 — bazn)w™ "

n=no

is also an eigenfunction of ¢ _6_2”“, where ng > 1 is the smallest integer such that by 3,, — b2 3n,
= 0. This implies K,k + 3ng € {0, /15,2) — /-ﬁgl), ﬁ,()g) — RE)I)}, already a contradiction if N, = 1. If
N, = 2, then by using the linear combination of ¢, 2, 93, there is another n; > 1 satisfying
n1 # ng such that k,x 4+ 3ng, k + 3n; € {0, KE,Z) — mf)l), /<;E,3) - mf)l)}, again a contradiction with
N,. = 2. Thus, for any &, the dimension of eigenfunctions of ¢ ‘=2 is at most N,. This implies
the assertion (3.19).

The proof of (3.20) is similar and is omitted here.

Note that if (S3) does not hold, it follows from Iii(l)+1€i(2) —i—/ii(S) = 3 that {3”1(1)7 3&1(2), 3/{53)} =
{1,1,1} mod 2. We have

Theorem 3.11. Let (S1)-(52) hold and suppose {3’{1(1)’3”1(2)7351(3)} ={1,1,1} mod 2. Then
12|¢ and for any solution y(z) of (3.1), §(z) is a modular form of weight €. In particular, the
representation p is trivial.

Proof. By (3.20) and {3/<; 3/<e(2) 3/1( )} = {1,1,1} mod 2, we see that the eigenvalues of S are

all the same, so we see from 52 = I3 that S = I3. Consequently, T = R and then 73 = R3 = I3.
Since the eigenvalues of T are {1,1,1}, we obtain R=1T= I3, i.e., the representation p is
trivial and §(2) is a modular form of weight ¢ for any solution y(z). Furthermore, it follows from

Lemma 3.10 that e 3¢ =i~ = 1, s0 £ =0 mod 12. |
Proof of Theorems 1.3 and 1.4. Theorem 1.3 follows from Theorems 3.9 and 3.11. [ |

Proof of Corollary 1.5. Under the assumptions (H1)-(H3) and /ig;l) € Z, we have jo) €Z

for all j Together with /1(1) (2) + /-;23) = 3, we have either /-@E,l) = 55,2) = 52,3) mod 3 or
{fip ,/@p ,/ep )} = {0,1,2} mod 3.

First suppose {3/-{1( ), 3/1i(2),3/<ai( } = {0,0,1} mod 2. Then Theorem 3.9 holds, in particular,

R # I3 and the eigenvalues can not be all the same. This together with (3.19) imply that

f@,(gl) = mf) = /{E,?’) mod 3 is impossible, so
(
p

(), 5@ k) ={0,1,2}  mod 3. (3.21)
Conversely, suppose (3.21) holds. If {3/<a 3H(2 3/£(3)} = {1,1,1} mod 2, then Theorem 3.11

implies R = I3, which together w1th (3.19) imply HE)) = K(p2) = /@,(,) mod 3, a contradiction

with (3.21). Thus {3x{",3x* 3+} = {0,0,1} mod 2. n

Remark 3.12. We note the under the assumption that the eigenvalues of p(T") are all 1, Propo-
sition 2.5 and Corollary to Theorem 2.9 of [31] and results of [32] imply that p is irreducible
if and only if the eigenvalues of j(S) and p(R) are 1, —1, —1 and 1, e*™/3 e=271/3 respec-
tively. Our Theorem 1.3 shows that the irreducibility property of p is solely determined by
the local exponents at i. This link between the results of [31, 32] and Theorem 1.3 is provided
by Lemma 3.10. In other words, one may also use results of [31, 32] and Lemma 3.10 to give
an alternative proof of Theorem 1.3. Our approach has the advantage that it directly shows
that ¢4 (z) is a quasimodular form of depth 2. (Note that Westbury’s paper [32] does not seem
to be easily available. We refer the reader to the introduction section of [22] for a quick review
of Westbury’s results.)
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4 Reducibility and SU(3) Toda systems on SL(2,7Z)

In view of Theorem 3.11 or equivalently Theorem 1.4(2), it is natural to ask whether the converse
statement holds or not. The purpose of this section is to establish such a converse statement and
apply it to the SU(3) Toda system. Let I' be a discrete subgroup of SL(2,R) commensurable
with SL(2,Z). In general, there are at least three sources of modular forms and quasimodular
forms that will give rise to third-order MODEs on I':

(i) If f(2) € %EQ(F,X), then f(z)/3/Wy(z) satisfies a third-order MODE on I'. This case
has been studied in Section 2.

(ii) If f(2) = fi(2)o(z) + fo(z) € ﬁ1§l(rv><1) and g(z) € M1 (L, x2) with x1(—I2)x2(—12)
= —1, then a similar argument as Theorem 2.2 shows that

)\ Wrg(2),  (2f +aft)/{f/Wrg(2)  and  g(2)/{/ Wyy(2)

are solutions of some third-order MODE on I'. Here

f f/ f//
Wig(z) =det | z2f +afi (2f +afi) (zf+af)”
g q g"

(iii) If f(2) € M, x1), 9(2) € Mi (T, x2), and h(z) € My (T, x3) for some characters x; of I',

then f(2)/ &/ Wign(2), 9(2)/ S Wign(2), Mz)/{/Wrgn(z) are solutions of some third-
order MODE on I'. Here

f f/ f//
Wign(z)=det | g ¢ ¢"|. (4.1)
h h/ h//

To simplify the situation, we impose the condition that the values of x;(7) in the second and
the third cases are all the same (so that p(T") has only one eigenvalue with multiplicity 3). In
the case I' = SL(2,Z), this condition implies that x; are all the same, say, x; = x for all j, so
Case (ii) will not occur. Moreover, in Case (iii), we can divide f, g, h by an eta-power n(z)™
satisfying e?™™/24 = y(T'). The differential equation corresponding to f(z)/n(z)™ is the same
as that corresponding to f(z). Thus, in the case I' = SL(2,Z), we may assume that x is trivial.

Lemma 4.1. Let f,g,h € My (SL(2,Z)) be three linearly independent modular forms of weight k
on SL(2,Z). Define Wy q(2) by (4.1). Then Wy gy is a modular form of weight 3(k 4 2) on
SL(2,Z).

Proof. Let F(z) = (f(2),9(2), h(z))!, which satisfies F(yz) = (cz+d)*F(z) forall y = (24) €
SL(2,Z). Then the assertion follows from the basic properties of the determinant function. W

Theorem 4.2. Let f,g,h € My (SL(2,Z)) be linearly independent modular forms and Ly = 0 be
the differential equation satisfied by f/3/Wign, 9/3/Wigh, and h/ YWy gn. Then Q2(z) and

Qs3(z) — %Q’Q(z) are meromorphic modular forms of weight 4 and 6 respectively. Furthermore,
(H1)—~(H3) hold and oo is also apparent.

Proof. The proof is similar as that of Theorem 2.2. The only difference is that oo is also
apparent because f/ /Wy g, g/ &/Wygn and h/ /Wy g 1, are linearly independent solutions. M

Proposition 4.3. Let f, g, h € M(SL(2,Z)) be linearly independent modular forms and Ly = 0

be the differential equation satisfied by f/ /Wy gn, 9/3/Wign, and h/ /Wy g . Then the local
exponents of Ly = 0 at the elliptic points i and p = (—1 + \/gi)/Q satisfy
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1) /4;1(2) — /{i(l), I-ii(s) — M =0 mod 2, and

i

2) /igj) € Z for all j, and /{E,l) = /{22) = /@23) mod 3.

Proof. Note that every solution y(z) of Ly = 0 can be written as

(af(2) +bg(2) + ch(2))/{/ Wr.g.n(2)

for some a,b,c € C. As a, b, and ¢ vary, the order of y(z) at i (respectively, p) will go through
all possible local exponents of Ly = 0 at i (respectively, p). Since

ord;(af + bg + cz) n ord,(af +bg+cz)  ordi(f) = ord,(f)

5 3 = 5 + 3 mod Z,

SO

ordi(af + bg + cz) —ord;(f) =0 mod 2,
ord,(af 4+ bg + cz) —ord,(f) =0 mod 3

hold for any (a,b,c) # (0,0,0). From here and

"'fi(j) + %ordi Wy gn(z) € {ordi(af + bg + cz) | (a,b,c) # (0,0,0)},
ng) + %ordp Wi gn(z) € {ord,(af + bg + cz) | (a,b,c) # (0,0,0)}

for all j, we obtain the assertion (1) and HE)Q) — m,()l), /123) - /{511) = 0 mod 3. This together with
FLE}) + m,(?) + Klgg)) = 3 imply n,()] ) € 7 for all j and so the assertion (2) holds. [

The above result is precisely the converse statement of Theorem 1.4(2).

Example 4.4. Recall that the smallest weight k& such that dim 9, (SL(2,Z)) = 3 is 24. Let
f(2) = Ey(2)8, g(2) = E4(2)3A(2), and h(z) = A(2)?, which form a basis for Mo (SL(2,Z)). To
determine the differential equation

Ly = D3y(z) + Q(2)Dgy(2) + (;chxz) + R<z>) y(z) =0

satisfied by f/$/W¢gn, 9/ 3/Wtgn, and h/ /Wy g, we use Ramanujan’s identities

E2—E, EyEy — Fg EyEg — E2

DqE2 = 12 9 DqE4 = 3 9 DqEG = 2 )

and compute that Wy, 5(2) = cEs(2)%Eg(2)3A(2)? for some nonzero number c. Noticing that

Wy g.n(2) has a zero of order 3 at i and a zero of order 6 at p, we know that /ii(l) = -1, IQE,l) = -2,
which, by Proposition 4.3, implies that mi(Q) =1, ”1(3) =3, ng) =1, and /i,()?’) = 4. In other words,
the indicial equations at i and at p are (x +1)(z —1)(z —3) =0 and (z+2)(x — 1)(xz — 4) =0,
respectively. Also, we have ordy f — %ordOO Wign = —1, ords g — %ordOO Wign = 0, and
ordeg h — 2 ordeg Wy,g, = 1, which implies that the indicial equation at oo is (z + 1)z(z — 1).
Therefore, according to Lemmas 5.7, 5.8, and 5.9, the meromorphic modular forms Q(z) and R(z)
in Ly are

3 Eq(2)(Ba(2)’ — Ee(2)?) | 8 Eu(2)” — Eg(2)?
4 Eo(2)? 9 Eu2)?

Q(z) = —Eu(z) -
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(note that this can also be computed directly using (2.5)) and

_ mEu(z)’ — B(2)”
i EG(Z)

R(z)

for some complex number si(l). Using the apparentness condition at i, we can show that si(l) =0.

In other words, the differential equation is D3y(z)+Q(z) Dgy(z)+ 1D,Q(2)y(z) = 0. We remark
that the reason why the differential equation is of this special form is due to the fact that it is
the symmetric square of some second order MODE.

It is worth to point out that Theorem 4.2 can be applied to construct solutions of the SU(3)
Toda system

N
Avy + 2e"t — e =4n Z 11,%0p; »
k=1 T2
N in R,
Avy + 2e"? — e =47 Z 12 10p,,
k=1

where A = 88—;2 + 63722 is the Laplace operator and ¢, denotes the Dirac measure at p. We always
1 2

use the complex variable w = x1 + izs. Then the Laplace operator A = 49,,5.
As in Theorem 4.2, we let f, g, h € My (SL(2,Z)) be linearly independent modular forms and

y"(2) + Q2(2)y'(2) + Q3(2)y(2) =0,  z€H (4.2)

be the MODE satisfied by y1(2) = f(2)/3/Wysgn, v2(2) = 9(2)//Wygn, and ys3(z) =
h(z)/3/Wygn- Denote the set of regular singular points of (4.2) modulo SL(2,Z) on H by

S ={z1,...,2m,1,p}. Foreach z € S, it follows from Theorem 4.2 that there are mgl),m,(f) €

Z>( such that the local exponents of (4.2) at vz are the same as those at z and are given by

W@
p) = _2me Fms 2) (

3 ) Hg = Hgl) +m;

Doy, %23) = K(ZQ) + mg) +1
for any v € SL(2,Z). Similarly, there are mg,), mg) € N such that the local exponents of (4.2)
at the cusp oo are given by
(1) (2)
2 oo (o0}
) = e Fiee )

e @ = )0 4 m®. kB = 1@ 4 m®.

[o ol o [e.o]

Given any A, it > 0, we define

e U = — (2 Yy 2 4 123 gl + A ys)?),

e

e V2= S IAIW (g1, )P+ A2l W (g2, 98) 2+ A (W (s, )]
where W (y;,y;) == y;y; — y;yi- Note that e~Urau(®) is single-valued for any z € H and 0 <
e Uran(®) < o0 as long as z ¢ SL(2,7)S. We have

Lemma 4.5. Given any A\, p > 0, there holds

AU-. 2000, 0=U2in,p —
{ Uau + €2~ = 0, in H\ (SL(2,2)S). (4.3)

AUs. ut e2U2a,u=Urau = )
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Proof. The proof can be easily adopted from [7, 23, 24]; we sketch the proof here for the
reader’s convenience. Given any A, 4 > 0, we define

3 3
A2yr p2ys Y3

3 3
Wi = Ajyi u;yé yh
Aeyl peyy s

Since the Wroksian W (y1,y2,y3) = 1, we have det W) , = ()\u)%. Define a positive definite
matrix

_ 55— 1
Ry = () Wy W,

then det Ry, = 1. For 1 < m < 3, we let R) ., denote the leading principal minor of R) , of
dimension m. Since y;(z) is holomorphic in H \ (SL(2,7Z)S), a direct computation leads to (see,

e.g., [24])
Rk,u;m(aziRA,u;m) - (8ZR>\,u;m)(82R)\,y;m) = RA,u;m—lR)\,u;erl? m = 17 27 (4-4)

for z € H\ (SL(2,Z)S), where Ry .0 := 1.
On the other hand,

1 1 )
i = Z(AM) YOSy 2+ 13 y2]? + Jysl?) = e Vin(®),

Define e~ Vau(?) .= %R,\,M;g. we will prove that e VAu(2) = =V u(2),
Note that Ry .3 = det Ry, = 1. Letting m = 1 in (4.4) leads to (note 0 < e~V1au, e Van <
+oo in H \ (SL(2,Z)S))
e~ Vo = Ry 2 = 16[e*UW’” ((%ge*Ul?M‘) — (aze*Ul?*’”) ((%e*Ul?M‘)]

= —16e V109, Uy .y, = —de V12 AUy, in H\ (SL(2,Z)S), (4.5)
and letting m = 2 in (4.4) leads to
de Y = Ry 1 = 16[e_v*v“ (8256_‘/*””) — (aze—Vw) (age_v*’“)]
= —16e 2210,V , = —de 2 AV, , in H\ (SL(2,Z)S).

1/2 —-1/2

. —Uy, 1 2 -
Furthermore, we insert e Utnw = 13 |a;jy;|? (where a1 = Au=12%, az = pA and az =

(Aw)~Y2) into (4.5), which leads to

%e_VA,u — e_Ul;A,u (azze_Ul;A,u) _ (826_[]1;)"“) (aze_Ul;A,u)

= 15 [(Srawr) (o) - (i) (o)
= 1176 [[W(a1y1, a2y2)|* + |W (a2y2, azys)|* + |W (asys, ary1)[*],

so e Vau(2) = e7U2xu(2) | This proves that (Uy.y ,(2), Uaa u(2)) solves the Toda system (4.3). W
Now any z € S, it follows from the local behavior of y;’s that near vz,

Uiau(z) = —2&21) In|z —~vZ] + O(1),

Usppu(z) = —2(2 - /igg)) In|z —~vZ| + O(1).
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Similarly, at the cusp oo, we have

Uiapu(z) = —2m 1n|q\+0( ),
Usapu(2) = 2688 In [q| + O(1),

where ¢ = e?™#. Since f, g, h, Wy, are modular forms of weights k, k, k and 3(k + 2)
respectively, we easily obtain

(=)
lcz + d|*’

W (i, ;) (2)]?

. X 2
|W(yl,y])('yz)] |CZ+d|4

ly;(v2) > =

for any v = (%) € SL(2,Z), so

Uinu(v2) = Ujp pu(2) +41n ez + d|, j=12.
Now we define

(Ul;/\,m u2;>\,u) = (QUI;A,# — Uzapu, 2020 — UI;ML)-
Then we have

A ) 2 U\, aU2;), :0
{ Ut + 20010 — etz = (), in H\ (SL(2,Z)S),

Au2§)\7ﬂ + 2e%2an — eUlidp = ()

and near vz,

(1)

uiau(2) = 2mz In|z — 2]+ O(1), ugau(2) = 2m 'In |2 =72+ 0(1),

while at the cusp oo,
uiau(z) = 2m{Y) Inq| + O(1), ugau(z) = 2mE) In|q| + O(1)
Therefore, (u1;x, u2;1,,) is a solution of the following SU(3) Toda system

Auq + 2e* —e"2 = 4772 ( : 5«/1 + m 5%0 + Zm(l)&yzj> on H,
7=1

Aug + 2e¥2 — "t =47 Z < ) 571 + m 5%0 + Zm(Q)cSVZJ) on HI, (4.6)
7j=1
up(2) = 2m¥) In|q| + O( ) as Imz — oo,

uj(vz) = uj(z) +4Injcz +d|, Vvy e SL(2,Z).

Now consider the modular function w: H — C defined by

E4(z)3
E4(Z)3 — E6(2)2 ’

It is well known that w(z) is holomorphic, surjective and

w=w(z):=

w(i) =1, w(p) =0, w(oo) = 0.

A direct computation gives
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Denote p; := w(vyz;). Then all points of {p1,...,pm,1,0} C C are distinct. Now we define
(v1(w), va(w)) for w € C by

uk(2) = vp(w(z)) + 21n |w'(2)], z € H.

Since w(vz) = w(z) gives w'(yz) = (cz + d)*w'(2), it follows from ug(vz) = uk(2) + 41n |cz + d|
that vg(w) is well-defined for w € C. Now outside {p1,...,pm, 1,0}, we have

Auy(z) = 40.zup(2) = 40pgvr(w)|w' (2)]? = |w'(2)]* Avg (w)
= ot (2) _ 9gur(2) = \w'(z)|2(e”k’( w) 2e”k(w)),
S0
Avg(w) 4 26 ) — gV (W) — 0
where {k, k'} = {1, 2}. Furthermore, since w'(z;) # 0, we have that at w = p; = w(z;),
vp(w) = up(z) — 2In |w'(2)| = ng? In|z — 2|+ 0(1) = ng';) In|w —p;| + O(1).
At w =w(i) = 1, since ordj(w — 1) = 2 and ord; w’ = 1, we have
vp(w) = ug(2) — 2w’ (2)] = 2(m* = 1) |2 —i| + O(1)
= (m®™ — 1) In|w — 1|+ O(1).
At w = w(p) = 0, since ord, w = 3 and ord, w’ = 2, we have
vk(w) = up(2) — 2w’ (2)] = 2(m) —2) In|z — p| + O(1)
k
= 2((3)2)1n\w| + O(1).
At w = w(o0) = oo, since
w(z) =Cq ' (1+0(q),  w'(z) = —2mCq™" (1+ O0(q)),
where ¢ = 271
ox(w) = w(2) — 21 0/ ()] = 2(m® + 1) I Jg| + O(1)
= —2(mg§) + 1) In|w| + O(1).
Therefore, (4.6) is equivalent to

and C # 0 is a constant, so

(1) ( ) _

m;
Av1+2e”1—e”2:4ﬂ751+4w 50+47T E m Op, in R?,
(2) (2)
m; 1 (4.7)
Avg + 2e? — e¥! = 4%761 + Ao "2 50 + 47 E m pJ in R?,
| vk (w) = —2(mes ® 4 )Injw| +0(1) as |w| = oc.

Note from Proposition 4.3 that

(k) +1= (kH) (k) =0 mod 2 and m/(,k) +1= /@2’”1) - K]E)k) = 0 mod 3,
m®) _1

SO € Z>o and ™ 2 ¢ Z>q for k = 1,2. In conclusion, starting from any given linearly
independent modular forms frg,h € ML(SL(2,Z)), we can construct a two-parametric family
of solutions to certain Toda system (4.7):

Theorem 4.6. (vi;) ,(w),v2.x,(w)) defined by
Ukau(W(2)) = wenu(2) —2Infw'(z)],  z€H

are a two-parametric family of solutions of the SU(3) Toda system (4.7), where X\, > 0 can be
arbitrary.
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5 Polynomial systems derived from the conditions (H1)—(H3)

In view of Theorem 1.3 proved in Section 3, a natural question is whether given a prescribed
set of singular points and the local exponents at singularities and at the cusps, there exist
MODE:s (1.1) satisfying the conditions (H1)—(H3). We will see in this section that this problem
of existence is equivalent to that of solving a certain system of polynomial equations. Note that
in view of Theorems 1.1 and 4.2 such a MODE (1.1) exists for certain sets of data.

5.1 Solution expansions for MODEs

Let I" be a discrete subgroup of SL(2,R) commensurable with SL(2,Z) and (1.1) be a MODE
on I'. To verify the apparentness of a singular point 2o of (1.1), we use the classical Frobenius
method. However, since (1.1) is modular, it will be more convenient that all functions are
expanded in terms of w as introduced in [25] rather than z — zp.

Fix zp € H, we let w = (2 — 20) /(2 — Zo) and
w Am¢*(20) Im 29

ith A= —"T—~~~+— — 5.1
14+ Aw’ W o ’ (5.1)

w =

where ¢(z) is the quasimodular form of weight 2 and depth 1 on T', i.e.,

(¢,7)(2) = 6(2) + ﬁ T <Z Z) <

for some nonzero complex number «y (note ap = 27ia for « given in (2.1)), and ¢*(z) :=
¢( ) + 271_1(2 Z)" Clearly QZ)*(Z) satisfies

(¢" ;) () =¢"(2), y€T.
The advantage of the expansion in terms of w is the following result.

Proposition 5.1 ([25, Propositions A.4 and A.7]). Let f(z) be a meromorphic modular form
of weight k on T'. Then f(z) admits an expansion of the form

o0

fz)= (1= 1+ D) D an(—4rImz)d)".

n=ng

Furthermore, if zo is an elliptic point with the stabilizer subgroup I',, of order N, then a, = 0
whenever k 4+ 2n # 0 mod N.

Remark 5.2. Note that when f(z) is a holomorphic modular form, the coefficients a,, in the
series can be expressed in terms of the Serre derivatives of f(z). See [25, Proposition A.4] for
the precise statement.

Also note that when zy is an elliptic point, we have A = 0 and hence w = w. This is
because ¢* transforms like a modular form of weight 2, but any modular form of weight 2 will
vanish at every elliptic point.

By Proposition 5.1, we can write

Q(z) = g‘;(jg = (1= 1+ D) D an(—4m(Tm 20) )",
n=-2
R(z) := Qs(2) = 305(2) =1-(1+Aw Z by (—47(Im zp)w)".

(27i)3

n=-—3
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Then (1.1) is equivalent to

1
D(e) + QD) + (5D4Q0) + R u(z) =0, (5:2)
where D, := qdiq = %% In particular, Proposition 5.1 yields

Corollary 5.3. Suppose —I> € I' and let zy be the elliptic point of order e of I'. Then N = 2e
and so ap, =0 ifnZe—2mod e and b, =0 if n Z e — 3 mod e.

For later usage, we recall Bol’s identity in the following form.

Lemma 5.4. Let v = (¢%) € GL(2,C) and r be a positive integer. Set
w ="z = (az+b)/(cz+d).

Then for a (r + 1)-th differentiable function g(z), we have

drt1 [ (det~)"/? (@ — cw) 2 dr+!
r+1 — r (w - r/2+1 r+lg(w)'
dz (a — cw) (det)"/2+1 dw

Proof. Bol’s identity states that

(y‘_ﬂ) (r+1)(2) _ (y(r+1)‘r+27)(z)-
Noticing that

az+b  dety
cz+d cz+d

a—Ccw=a—=c¢

we find that the factor (det~)'/2/(cz + d) appearing in the slash operator can be written as

(det ~v)1/? _a—cw (5.3)
cz+d  (detny)l/2’ '

which yields the version of Bol’s identity stated in the lemma. |

To apply Frobenius’ method by using the expansion in Proposition 5.1, we need the following
result.

Lemma 5.5. Let Q(z) and R(z) be meromorphic modular forms of weight 4 and 6, respectively,
on T'. Assume that Q(z) = > anz™ and R(x) = bpx™ are the power series such that

Q(z) = (1— (1 + A)D)*Q(—4r(Im 29) @),
R(z) = (1 — (1 + A)®)°R(—4n(Im z) ). (5.4)
Then
1 - “\NTo
y(z) = (TR ;::Ocn(—élﬂ(lm 20)W)"F (5.5)

is a solution of (5.2) if and only if the series y(x) =Y ooy cnx™ ™ satisfies

3 - ~ ~
o) + Qo) 3o (0) + (51 Ql) + Bo) ) ) = (5:6)
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Proof. Let

_ (—4rImzy O 1 0\ (1 —z\ [—4rImzy (4rImzp)zo
7= 0 )\a 1)1 —=z) "\ 144  —Ax-7%
with dety = —4n(Im20)(z0 — Zo). Let x = vz = —4n(Imzp)w. Note that if we write v as
= (21, ten
(a — cx)?

=2ri(1 — (1 + A)w)2.
det mi(1 — (1 + A)w)

Thus, by (5.3), y(2) and y(x) are related by
y(z) = 2mi(y]_y7) (2).

Hence, applying Lemma 5.4 with r = 2, we obtain

1 a3

3
DY) = g 1) (2) = (1= L+ @) £536).

Also, a direct computation yields, by (5.3),

de dyz det v (a — cx)? ) 9
dz  dz  (cz+d)? dety mi(l = (1 + A)@)’,

and

dw 1 dr (1-(1+A)w)?

&__47&11120@_ 2iIm zg

Hence,

1 d 1 _
I%M@:2ﬂdZQl—u+Ammy@0

1+A N d _
C2n(Im ) (1 — (14 A)@)y(x) + @y(x),

and
D) = g (1 1+ ADQ())
=(1- w)° 1+4 O(x i~ T
= ﬂ*“)<ﬂmmm—a+mQM)+mQ“)

Putting everything together, we find that

Diy(e) + Qo)D) + (304() + R ) (o)
3 - ~ ~
= (1= (1 ) 700 + Q) 7 + (542 000) + Fila) ) 7))
Thus, y(z) is a solution of (5.2) if and only if y(z) is a solution of (5.6). [

We will see from Lemma 5.10 below that Corollary 5.3 and Lemma 5.5 can be applied to
prove that (1.1) or equivalently (5.2) is apparent at elliptic points of order e > 3. This is a great
advantage of using expansions in terms of w rather than z — zg.
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Remark 5.6. In practice, the power series @(m) and ]Tz(x) can be computed using Proposi-
tion A.4 of [25]. For example, for the Eisenstein series F4(z) and FEg(z) on SL(2,Z), we find
that

Ey(z) =01 -1+ Aw)? <BC +752B2 2—@BCU +- >
Es(z) =(1—(1+ A)w)® <C — 53% + @BC’uZ + - ) : (5.7)

where u = —4r(Im z0)w, B = E4(z0), and C = Eg(z0).

5.2 Existence of Q(z) and R(z)

In this section we shall discuss the criterion of the existence of meromorphic modular forms Q(z)
and R(z) of weight 4 and 6, respectively, on SL(2,Z), such that the differential equation (5.2)
is Fuchsian and apparent throughout H with prescribed local exponents at singularities and at
cusps.

Throughout the section, we let z;, j = 1,...,m, be SL(2,Z)-inequivalent point on H, none
of which is an elliptic point. We let i = /—1 and p = (—1 +3 i) /2 be the unique elliptic point

of order 2 and 3 of SL(2, Z) respectively. For z = z;, i, or p, we assume that /<;(1) 22) < nf’),

are rational numbers in Z such that Ii(l) + ﬁg) + nS”) = 3 and mg) — 9) € Z (and hence
(3) _ (1)

Kz Z). When z = i, we further assume that

(361,36 35} = {0,0, 1} mod 2. (5.8)

(4)

Also, when z = p, we note that the assumptions on x5’ above imply that /1,()) € 7Z for all j. We

further assume that
{63k} ={0,1,2}  mod 3. (5.9)

Finally, for the cusp oo of SL(2,7Z), we let mg) < /@( ) < /@()i) be three rational numbers in %Z
such that Hgo) + /1(()0) + ;@é‘? =0 and /-;c()%) — /-c(()?, /{c()?é) — /-cg;) € Z. We shall consider the problem
whether there exist meromorphic modular forms Q(z) and R(z) of weight 4 and 6, respectively,
on SL(2,Z), such that (3.1) is Fuchsian and apparent throughout H and the local exponents x’s

are given as above.

Lemma 5.7. Let notations i and p be as above. Then meromorphic modular forms Q(z)
and R(z) of weight 4 and 6, respectively, on SL(2,7Z) that have poles of order at most 2 and 3,
respectively, at points SL(2, Z)-equivalent to z;j, i, or p and are holomorphic at other points and
cusps are of the form

4(2)Ao(z )+ (2) Do(z)
E6( )? "o Ey(z)?

@) E4 Ao(2)* | 1y Ea(2)Ao(2)
*Z( )2 T TERG) >
)Ao( z)? e Ay(2)

E¢(2)? 7' Eg(z)

2y Fg(2)Ao(z
) 624)(2)03( )

Q) = reoEa(z) + 0L

R(z) = secEs(2) + 31(3

where Ag(z) = 1728A(z) = (E4(2)? — E¢(2)?) and Fj(z) = E4(2)® — tjEs(2)* with t; =
Ey(2)° ) Eo(2;)*.
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Proof. By Corollary 5.3, there are no meromorphic modular forms of weight 4 having a pole
at i or p with a nonzero residue. Also, the order of a meromorphic modular form of weight 6 on
SL(2,Z) at i is necessarily odd, while that at p is congruent to 0 modulo 3. Thus, we can take

r® @@ U such that

. —7“-(2)E4(Z)A0(z) = . oy Ea(z () T()E4(Z)AO(Z)
Q) T e N (e

Jj=1

is a holomorphic modular form of weight 4 on SL(2,7Z), so it must be a multiple of F4(z). The
proof for R(z) is similar. [

We first determine the indicial equations of (5.2) at oo, i, p, and z;, j =1,...,m.

Lemma 5.8. Suppose that Q(z) and R(z) are meromorphic modular forms given by (5.10).
Then the indicial equation of (5.2) at the cusp oo is

a:3+roox+soo:O.

Proof. It is clear that Q(z) = oo +O(q) and R(z) = Soo+O(q). Assume that there is a solution
of (5.2) of the form y(z) = ¢*(1 + O(q)), @ € R. We compute that

1
Din(e) + Qo)D) + (50Q0) + AE) ) o)
= a3qa + rooq® + S00q” + O(qa—&-l)’
from which we see that the indicial equation at 0o is 2% + 7ee + 500 = 0. |

We now consider the indicial equation of (5.2) at a point in H. Let 2y be one of z;, i, or p
and w be defined by (5.1) with ¢*(z) = E5(z) := FEa(2)+6/(mi(2—%)). Recall that in Lemma 5.5
we have proved that if Q(x) and R(z) are the Laurent series in z such that (5.4) holds. Then

y(z;a) = = 1 A ch —47r(Im zo)w)" T, co(a) =1,

is a solution of (5.2) if and only if the series y(x; ) = > 07 cn(a)z™T* satisfies

3 . ~ ~
e a) + Q) 7wie) + (5 4-Q00) + Ri@) ) o) =0, (.11)
Let
~ s 1d~ ~ >
Qlw) = n; ana”, 5 2-Q() + R(x) = n;3 bn", (5.12)

where each a, and b, is linear in the parameters r’s and s’s. Then following the computation
in Appendix A, we see that (5.11) is equivalent to

|
—

n

R, (a) = fla+n)ep(a) + )Y [(a+k)ap—k—2+ bp—p—3]ck(a) =0 (5.13)

R‘

=0
for all n > 0, where f(t) :=t(t — 1)(t — 2) + a—at + b_3. In particular, Ro(a): f(a) = 0 is the
indicial equation at zp, i.e.,

f) = (¢ = w5)) (¢ = G (¢ = £5)).

Using (5.7), we can work out the coefficients a_ and b_3.
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Lemma 5.9. Suppose that Q(z) and R(z) are meromorphic modular forms given by (5.10).
Then the indicial equations of (5.2) ati, p, and zj, j =1,...,m, are

z(x—1)(z—2)+ 4ri(2)a; —4r® — 831(3) =0,

z(x—1)(z—2) — QTE,Q):C + 97“/()2) + 2755,3) =0,
r2 (2) (3)

Zj Tz; Sz;

t; t t5

z(zr—1)(z—2)+ =0,

respectively.

Proof. For the elliptic point i, we know that Fg(i) = 0. Hence, using (5.7), we find that

~ 47“1(2) ~ 8352)
Qx) = 2 +..., R(x) =— 3
Therefore, we have a_s = 47“1(2) and b_3 = —47“i(2) — 851(2). Similarly, for the elliptic point p, using

E4(p) = 0 and (5.7) again, we find that a_o = —97",()2) and b_3 = 97",(,2) + 27823). For the point z;,
letting B = F4(z;) and C = Eg(2;), we compute that
Ag(2)
1-(1+Aw)
F;(2) 1 ~2 ’ Lo ~2
= (B - - _t. —-B
1t A ( 3C’u+0(w) t(C—3 u+O(w?)

= (t; — 1)B*Cu+ O(w?),

= = (B~ C?) + 0(@) = C*(t; — 1) + O(@),

2

where v = —4m(Im z;)w. It follows that
A 2 pvd (2)
Oy =r U= U BO 15
7 (tj — 1)QB4CQ.T2 tjCCZ
and
- t.—1 307 (3)
Rle)=s® G-V 5
i (t; —1)3BSC3 tiad
Therefore, a_y = rg)/tj and b_3 = —T’g)/tj + sgi)/t?. This proves the lemma. [ |
The two lemmas show that the parameters 7o, Soo, 7'-1(2), 31(3), 7’,(;2), 323), fr’g), and sg), ] =
1,...,m, solely depend on the local exponents k’s. The remaining parameters are

1) (2 .

r,(zj), s,(zj),sgj), forj=1,...,m,

s

D

That is, the number of remaining parameters is 3m+1. We now show that the apparentness con-

dition will impose 3m + 1 polynomial constraints on the remaining parameters. For convenience,
(1) (1) 1H 2 @ 2 @)

we let r and s denote 72,”,... 7z, and s, 83,7, 82,,..., 52, Sz, respectively.
. . k
Let zp € {i,p, 21,...,2m}. Assume that « is one of the local exponents ngo). We observe that

one can recursively determine ¢, («) using (5.13) as long as f(a + n) # 0. Thus, there always

exists a solution 3 (:c;n(fg)) with local exponent /{g); see, e.g., Lemma A.2. For the exponent

2
o= /@'go), because

flatwl) = kB)) = () =0,
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we can only solve for ¢, () up to n = mfg) - /@%) —1. At n/ = f-cg) - mg), the relation R,/ («)
becomes

n'—1
Z [(Oé + k?)an/_k_g + bn/_k_3]ck(04) = 0. (514)
k=0
If ek (a), k = 0,...,n'—1, do not satisfy this relation, then there is no solution with exponent nﬁ?.
If ek (a), k= 0,...,n' —1, satisfy this relation, we then can choose ¢,s(«) to be any number and

solve for ¢, () recursively and obtain a solution y (x; /1,(2%)) with local exponent KZS;%). Likewise, for

the local exponent a = /@'g}), there will be two conditions (5.14) corresponding to n’ = niﬁ) — H%)

and n' = m,(;é) - fi,(zé) that ci(a) must satisfy. Thus, there are three polynomial equations

on7k17k2(r, S) = 0, (]{71, k‘Q) € {(1, 2), (1, 3), (2, 3)}

that r and s need to satisfy. However, we will see in a moment that when zj is an elliptic point,
some or all of the three polynomial equations hold trivially.

Lemma 5.10. Assume that zy is an elliptic point of order e of SL(2,Z). Let (k1,k2) € {(1,2),
(1,3),(2,3)}. If /1,(2’32) — /iggl) # 0 mod e, then the polynomial P, , i,(r,s) is identically zero.
In particular, under our assumptions (5.8) and (5.9), the differential equation (5.2) is apparent

at p for any r and s, and also there is at most one pair (ki,ka) such that P, i, i,(r,s) # 0.

Proof. By Corollary 5.3, the coefficients a;,, in the expansion of @(:z:) vanish whenever n % —2
mod e. Likewise, the coefficients b, in R(x) vanish whenever n # —3 mod e. Using these facts,
we find that the condition (5.13) reduces to

flo+n)ep(a) + > (o + k)an_p—2 4 bn_p_3]cx(a) = 0. (5.15)

k=n mod e, k<n—1

Then we can easily prove by induction up to n =n’ — 1 that ¢,(«) = 0 whenever n Z 0 mod e.
Now if n’ #Z 0 mod e, then (5.14) automatically holds because every summand is 0 due to the
facts that a,/_g_o and b, _p_3 are nonzero only when k& = n’ mod e and ¢ () is nonzero only
when k£ = 0 mod e, but k cannot be congruent to n’ and 0 at the same time. This proves the
lemma. |

In the following, we let Pi(r,s) denote the only nonzero polynomial P, k,(r,s) in the
lemma. The discussion above shows that there are 3m + 1 polynomial equations P;(r,s) = 0,
Pk ko (r,8) = 0,5 =1,...,m, (k1, k) € {(1,2),(1,3),(2,3)} in 3m+1 variables such that (5.2)
is Fuchsian and apparent throughout H and all SL(2,Z)-inequivalent singularities belong to
{i,p,21,...,2m} with the given local exponents if and only if the parameters r and s are com-
mon roots of the polynomials. We now consider the degree of these polynomials.

Proposition 5.11. We have

k8D R0 s (k) = (1,2) or (2,3),

deg P,. r,s) = J
g J,k1,k2( ) {’i,(z?) _ H(Zi) —1, if (k1 ke) = (1,3),

and

deg P,(r,s) = (ni(kQ) — mi(kl))/Q,
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where (ki,ka) is the unique pair such that /-sl(k2) mi(kl) = 0 mod 2. To be more precise, for

a polynomial P(r,s) in r and s, we let LT(P) denote the sum of the terms of highest degree
in P. Then, up to nonzero scalars, we have

ngk?)f/-c,(zk,l)
j J

LT(Poyks(ri8) = [ (58 + k= 3/2)dirl) + dys?))
k=1

for (ki,k2) = (1,2) or (2,3), and
LT(PZj,Lg(I" S)) = (d382) + dllrg) + .4 d;nr(l))

X H ((x (kl)—l—k 3/2)d1r )+d28(2))
b, e D o D)
i "%

where dy,da,ds,d, ... d, are complex numbers with dy,ds,ds # 0.
Also LT(P(r,s)) is a product of (mi(k2) —Hi(kl))/Q linear sums in si(l) and v with the coefficients

of s bemg nonzero.

Proof. By Lemma 5.7, each of a, and b, in (5.12) is a linear combination of r’s and s’s. The

key observation here is that only Tg) (which has been determined by the local exponents and

is regarded as a constant) appears in a_s, only rg) and 'rg) appear in a_j, only r( ) (3)

(which has been determined by the local exponents and is regarded as a constant) appear in b_s,
only 7“2), 7“,2), Sg), and sg) appear in b_o, and only rg), r,g]l), sg’), sg), and 52) appear in b_q.

In particular, we have

and sz

1
IT(ay) =dir),  LT(b) = —idlrg) +das?, (5.16)

where d; and dy are the leading coefficients in the series expansions of E4(z)A(z)/Fj(z) and
Ee(2)A(2)?/Fj(2)* in w (and hence are nonzero). Consider (5.14) for the cases (a,n’) =

(/ﬁg),m%) /ig?)) and (a,n’) = (Hg),lig) — ng)) first. From (5.13) and (5.16), we can eas-
ily show inductively that, up ton =n’ —1,

s

e (a)) = _LT((a +k—1)a_1+b_2)
(e = [T ( E b i)
1y (e+k=3/2)dirl) 1 dost)
- I:cl_[l ( fla+k) ’ (5.17)

where d; and dy are the two nonzero complex numbers in (5.16), and hence

S k= 3/2)dir) + dys?
o+ 172, + d2sz;
LT (P kg, (r,8)) = H < >
J Pt fla+k)

for (kl,kg) = (1,2) or (2,3)

We now consider (5.14) for the remaining case («,n’) = (fi%), /ig?) —Ii%)). Let n” = nﬁf) —/ig).
Up to n = n" — 1, the terms of highest degree in c,(«) is given by (5.17). Since P,; 1 2(r,s) = 0
is assumed to hold, (5.13) holds for n = n” for arbitrary ¢,~(«). Here, we simply choose ¢, ()
to be 0. Then we have, by (5.13)

cry1() = — 7 Z a+k)apr g1+ bpr_p_a]er(a),
fla+n"+1) e
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and hence

1

Fag g et = Dao+ by Lenr-a (),

LT (e 1 () = —

which, by (5.17), is equal to

LT((a+ " — 1)ag + b_1) ”ﬁl (k= 3/2)dirt)) + dos?
farw+n Al fla+h) |

Then using (5.13) we can inductively show that for n with n” +1<n <n' —1,

LT(Cn(a)) = LT(CnN_H(Oz)) H <_LT((a + k — 1)0171 + b2)>

AL fa+h)
= (a+k— 3/2)6111”,(21.) + dgs,(zz)
=LT Cp « — . ! ! .
( +1( )) k];+2 ( f(Oé + 1/)

Thus, for (ki1,k2) = (1,3), we have

LT(PZJ., 3(r,s)) = LT(cpr41 ()
1,3 +1 kln_lw Fla+h)
LT((a+n" —1)ag + b_1)

Fla+n+1)
v (a+k— 3/2)d1r,(331.) + dgsg)
% H <_ fla+k) '

" <_ (a+k— 3/2)d1r2) + ngé?)

k=1, k#n' ,n"+1
Note that LT((a +n” — 1)ag + b_1) is of the form

dss) + dirl) + - 4 dpr ),
where ds, d,...,d,, are complex numbers with ds # 0.
We next consider the case where zg =i is the elliptic point of order 2. There exists a unique

pair of ki and ky with ki < ko such that £ — k*) = 0 mod 2. We let a = &™) and

n' = lii(kQ) - /iggl). We have seen earlier that ¢, (a) # 0 only when 2|n. Also, from (5.15), we can

inductively show that

T LT((+ 2k — 2ag + boy)
LT (¢ () = kHl (‘ fla+2k) )
and
W20 LT((0+ 2k — 2)ag + b 1)
LT(P,(r,s)) = k];[l <— Flot 2k) ) '

Noting that LT((« + 2k — 2)ag + b—1)) = dsi(l) + (a linear sum in r) for some nonzero complex
number d (which is the leading coefficient of the expansion of A(z)/Es(z) at i in w), we conclude

that LT(P;(r,s) is a product of (Iii(kQ) — ni(kl))/Q linear sums in si(l) and r with all coefficients
(1)

of s;7” nonzero. This completes the proof. |
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Remark 5.12. The proposition suggests that when the local exponents «’s are fixed, for generic
points z;, the number of pairs (Q, R) of modular forms such that (5.2) satisfies the conditions

(S1)-(S3) is

(k2) (kl s 3 2 3 1
II D) (5 — 5 ) (k&) — kD — 1),

where k1 and ko are the integers such that ﬁi(kZ) — /ii(kl) € 2N. (Notice that if (ﬁi ), /@,(z ), Hf’))
(0,1,2) for all z € H, this number is 1, as expected.) However, because the polynomials have
intersection of positive dimension at infinity in general, we are not able to use the Bézout theorem
to obtain this conclusion. (Even the existence of (Q, R) with an arbitrary set of given data is
not established yet.) We leave this problem for future study.

6 Extremal quasimodular forms

We note that by using some results in Section 5, Theorem 2.2 can be improved in some special
case. More precisely, the main result of this section is Theorem 6.2 below, which states that
Q2(z), Q3(z) in Theorem 2.2 can be explicitly written down in the case f(z) is an extremal
quasimodular form on I' = SL(2, Z).

Definition 6.1 ([18]). A quasimodular form f € ﬁET(SL(ZZ)) is said to be extremal if its

vanishing order at oo is equal to dim ﬁfr(SL(Q, Z)) — 1. We say f is normalized if its leading
Fourier coefficient is 1.

Pellarin [28] proved that if » < 4, then a normalized extremal quasimodular form in
M="(SL(2,Z)) exists and is unique.

Theorem 6.2. Let f(z) be an extremal quasimodular form of weight k and depth 2 on SL(2,Z)
and

Din(s) + Q) D) + (5 0Q0) + R(z)) y(z) =0 (6.1)

be the differential equation satisfied by f(z)/Y/W as derived in Section 2.
(i) If k=0 mod 4, then

2 3
QR = —Fie),  R() =~ Folo)

(74) If k =2 mod 4, then

—92)2 z 2)3 — 2)?
Q(Z) = —(k 482) E4(Z) - ;E4( )(Eé622)2 EG( ) )a
and
_9)3 23— Ee(2)2)?
R(z) = B gy 4 2 LA e )

12 — (k — 2)2 Ey(2)® — Eg(2)?
144 FEg(z)
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Remark 6.3. We note that the differential equation in the case £k = 0 mod 4 is equivalent to
the following equation studied by Kaneko and Koike [18, Theorem 3.1]:

k(k

4_1)DqE2qu_ k(k — 1) (k — 2

24

k
Dgf = E2Dif + )Dgng =0.

Indeed, by letting f(z) = A(z)%y(z), a direct computation shows that y(z) solves
2

2
3
Dyy — 45 Ea(=)Day — 153

48 (3E(2)E4(2) + (k — 3)Eg(2))y = 0.

To prove Theorem 6.2, we need the following general lemma, in which the quasimodular
form f(z) is not assumed to be extremal.

Lemma 6.4. Assume that

F(2) = fol2) + [i(2) Ba(2) + f2(2) Ba(2)? € M2 (SL(2, Z)),
fj(Z) € mtk_gj(SL(Q, Z))

Let
9(2) = fi(z) + 2f2(2)E2(2),  h(z) = fa(z),  m = min(ords f,ordss g, ordes ).
Let H((i,) < /ig,) < mgi) be the local exponents of (2.4) at co.
(1) If ordes f =m, then orde Wy = 3m and K,( =0 for all j.

(i1) If ordec g = m and ords f # m, then orde Wy = orde f + 20rdee g and n&) = 533 =
(ordes g — ordes f)/3 and kS = 2(ordso f —ordes g)/3.

(iii) If ordeo h < 0rds f < 0rdag g, then ordes Wy = 20rda f + ordag h and k%) = 2(ordag h —
ords f)/3 and k2 = kQ) = (ordeo f —ordeo h)/3.

(w) If ordec h < orde g < ords f, then ordee Wy = orde f + orde g + orde h and /@Q) =
ordec h — 3 Lorde Wy, Ii( ) — = ordeo g — %ord<>O Wy, and m((;z) =ordeo f — %ordOO Wy.

Proof. Let r = 3 Lords Wy. Since up to scalars, g3(z 2) /YW is the unique solution
of (2.4) without logarithmic singularity near oo, accordmg to Frobemus method for complex

ordinary differential equations (See e.g., Appendix A) we must have ﬁg) = ordy f—1. Likewise,

because g2(z) = (22f(2) + ag(z))//Wy(2) and g1(z) = (22f(2) + azg(z) + a?h(2))//W;(2)

are the other two linearly independent solutlons of (2 4), we have

k) = min(ordy f, ords g) — k) = min(ords f, ordes g, ordsg h) — 7
Analyzing case by case, we obtain the claimed conclusions. |

Proof of Theorem 6.2. First of all, recall that

dim M=2(SL(2,Z)) = 1 + MJ . (6.2)

Let f(2) = fo(2) + f1(2)E2(2) + fa(2)E2(2)?, fj € Mi_2;(SL(2,Z)), be an extremal quasimod-
ular form in E)JTQ(SL( 7)). Note that f;(z) cannot have a common zero on H. To see this,
say, assume that f;(z) has a common zero at zy. Let F(z) be a modular form of weight &’
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with a simple zero at zp and nonvanishing elsewhere. Then f(z)/F(z) € ﬁ%fk,(SL(Q,Z)) has
order |k/4] at oo, which is impossible by (6.2) and the facts that &' > 4 and that extremal
quasimodular forms of depth 2 exist for any weight and are unique up to scalars. Therefore,
fj(2) have no common zeros on H.

Now according to Pellarin’s argument [28], one has orde Wy = ords f = |k/4]. Hence, we
have

W;(2) cA(z)F/4, if £ =0 mod 4,
Z) =
/ cA(2) 2/ Eg(2), if k=2 mod 4,

for some nonzero complex number c. Also, by Lemma 6.4, we must have ordo (f1 + 2f2E2) =0
and the local exponents at co must be —r/3, —r/3, and 2r/3, where r = |k/4]|. In other words,
the indicial equation of (2.4) at oo is

- —r——=0. (6.3)

Consider first the case £ = 0 mod 4. In this case, since A(z) has no zeros on H, (2.4) has
no singularities on H. Hence, Q(z) is a multiple of E4(z), while R(z) is a multiple of Fg(z). In
view of (6.3) and Lemma 5.8, we see that

k2 K3
Q(z) = —gBal2),  R(z) =~ Eo(2).

We now consider the case k = 2 mod 4. In this case, Wy(z) = cA(z)*2/4 E4(2) has a simple
zero at 1. Thus, the local exponents of (2.4) at i are —1/3, 2/3, and 8/3 since the differences
must be positive integers and the sum must be equal to 3, and the indicial equation at i is

2 16
3 2
-3 = — =0. 6.4
2t = 32%+ So+ oo (6.4)
We will use this information, together with the apparentness property, to determine Q(z)

and R(z).
First of all, according to Lemma 5.7, Q(z) is of the form

- 2) Ea(2) (Ba(2)® — E(2)?)
Q(2) = rocBa(z) + 1y Eo(2)2 )

while R(z) is of the form

(Ea(2)® — Eo(2)*)’
Eg(2)3
1(2), Soo, 51(3), and si(l). The parameters r, and so, are determined

by the local exponents at co. As in the case £k = 0 mod 4, we find that ro, = —(kZSQ)Z) and

s — _(=2)°
o0 = T R64
By (6.4) and Lemma 5.9, we have r

+ M Ey(2)? — Eg(2)?

z) =S z S-(3)
R( ) OOEG( )+ i i EG(Z)

for some complex numbers 74, T

. We now determine the other parameters.

i(2) = —% and 51(3) = 5%. To determine the remaining

parameter si(l), we let w = (z —1)/(z + i) and recall that, by (5.7),

5 5
E4(z):(1—w)4 <B+72B2u2+691233u4+”'>

and
7

1 7
E — (1 — 6 _732 _733 3—7B45
6(2) = (1 —w) ( 2P T T )
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where u = —4mw and B = Fy(i). (Note that Fg(20) and the constant A in Lemma 5.5 are
both 0 when zy = i.) Then the power series Q(z) and R(z) such that Q(z) = (1 — w)*Q(—4mw)
and R(z) = (1 — w)SR(—47w) are

(2 (2) 2
~ B 4ri 4Ti o 4 (k‘ — 2) 4
Q) = —3 +(roo 27>B+~--— 3$2+< s +81)B+
and
R(z) = 8 (s BB o 2 m O +
g3 i 9 i T T 2718 486

respectively. By Lemma 5.5, the series (5.5) with ¢g = 1 is a solution of (6.1) if and only if the
power series g(z) = Y o7 ¢,z satisfies (5.6). Consider y(z) with a = 2/3. The coefficients ¢,
need to satisfy

o

> ca(n +2/3)(n — 1/3)(n — 4/3)2" /3

n=0
1 1 (k 2)2 } : i 1/3

16 65 (1) n+2/3
ikl 2 o)y 24 . = 0.
* <27:c3 * <486 % ) z );C v 0

Considering the coefficients of z71/3, we find that si(l) = %. This completes the proof of

the theorem. H

A The solution structure of third order ODE
In this appendix, we apply Frobenius’ method to study the solution structure for

d? d
Ly = - 5y(@) + Qa) y(w) + R(@)y(x) 0. (A1)

See, e.g., [15, 16] for detailed expositions of Frobenius’ method. The following arguments are
known to experts in this field. However, since we can not find a suitable reference, we would
like to provide all necessary details for later usage.

Suppose 0 is a regular singular point of (A.1) with three local exponents

K1, Ko = K1 + mi, K3 = K2 + ma, where my,mg € Z>o,

Since the exponent differences are all integers, there might be logarithmic singularities for solu-
tions of (A.1), or more precisely, the local expansion of some solutions at = 0 might contains
Inz terms or even (Inx)? terms. This leads us to give the following definition.

Definition A.1.

(1) We say (A.1) is apparent at x = 0 if all solutions have no logarithmic singularities at
x = 0. Otherwise (A.1) is called not apparent at = = 0.

(2) If (A.1) is not apparent at x = 0 and the local expansion of some solutions contains (In z)?
terms, we say (A.1l) is completely not apparent at z = 0.
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Since 0 is a regular singular point of (A.1), both z2Q(x) and z3R(z) are holomorphic at
z = 0, so we may write

Qx) = Z anz”, R(z) = Z bpz™.
n=—2 n=-3
Let
y(z;a) =z ch(a)x", where ¢p(a) = 1.
n=0

Then

00 n—1
Ly(z;a) = Z (f(a + n)ep(a) + Z[(a + k)ap—k—2 + bnk-g]ck(@)>xn+043

n=0 k=0
= 2273 Z Ry (a)x", (A.2)
n=0
where
3
f(s):=s(s—1)(s—2)+sa_a+b_3= H(s — Kj),
j=1

i.e., f(s) =0 is the indicial equation of (A.1) at 2 = 0. Note Ryp(a) = f(«).
For any « satisfying |a — k3| < 1/2, we have

fla+n)#0 for any n > 1,

so by letting

n—1

Ra(a) = f(a+n)en(@) + S [0+ K)an—x-z +bur-slep(@) =0, n>1,
k=0

we see that ¢, (a) can be uniquely solved for any n > 1 such that
Ly(x;a) = 2273 f(a), for any |a — k3| < 1/2. (A.3)

Note that ¢, () € C(«) is a rational function of « for any n > 1.
In particular, letting o = k3 in (A.3) leads to Ly(x;k3) = 0, so

Lemma A.2.
o0
y(a;ws) = 2" Y en(ks)a™
n=0

is always a solution of (A.1) with the local exponent k3.

By (A.3), we have

ﬁay(;oi % _ 3 f(a) Iz + 23 (a),
SO
EM = 273 (k3). (A.4)

8@ a=K3
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Similarly,
2, (.
578 y(@; a) = 21‘”3_3]‘"’(/@3)1111: +:U”3_3f"(/€3). (A.5)
(90(2 a=K3
Note that
ay<x§O‘) : = /
kANt Rt = (1 s ks) + " n i A6
9o - (Inx)y(z; k3) + ;C(/ﬁs)l‘ (A.6)
PV@0)| (tnaylaih) + 2ina)e™ 3 dyra)a® +a5 3 chfra)e” (A7)
907 locns — nz) y(x; ks nzx)z nZICn K3)x™ 4+ x nZICn K3)x™. )

Theorem A.3. If k1 = ko = 3, then &) la=ry and & gxa la=rs given in (A.6) and (A.T)
are the other two linearly independent solutions of (A.l), namely (A.1) is completely not ap-
parent at x = 0.

Proof. Since f(s) = (s —k3)3, we have f'(k3) = f”(k3) = 0, so this theorem follows from (A.4)
and (A.5). [

Next we consider the case k1 < kg = k3, i.e., mq > 0, mg = 0 and f(s) = (s — k1)(s — k3)%

Then f'(k3) = 0 and f”(k3) # 0, so L\a rs given in (A.6) is the second solution of (A.1),
and (A.5) becomes

O%y(z; a)

3&2 a=K3

L =273 f"(k3) £ 0. (A.8)

On the other hand, f(k; +n) # 0 for n € N\ {m;}. Thus by letting ¢, (k1) = 0 and
R, (k1) =0 for any n € N\ {m1} in Ly(z; K1) (see (A.2) with o = k1), we see that c,(k1) can
be uniquely solved for any n € N\ {m;} such that

Ly(x; k1) = 273 Ry, (k1)2™ = Ry, (k1) 2™ 73, (A.9)
where
myp—1
Ry (51) = Y (51 + k) —k—2 + by —k—3]cr (1)
k=0

is a constant. Thus we obtain

Theorem A.4. Suppose k1 < kg = k3. Then 245 |a kg given in (A.6) is the second solution
of (A.1). Furthermore,

(1) If Ry, (k1) =0, then

o0

:L'I-il E

is the third solution of (A.1l) that has the local exponent k.
(2) If Ry, (k1) # 0, then (A.8) and (A.9) imply that

o? : "
y3(z) == ya(jQ & s Rfm(,:sz)y(x; K1)
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= (Inx)?y(z; k3) + 2(In2)z"* Z e (k3)x™

n=1
oo "
K 1" n f (H3) .
+x 3;671(/4;3)33 — my(fﬂ,ﬁl)

is the third solution of (A.1) that corresponds to the local exponent k1, namely (A.1) is
completely not apparent at x = 0.

The remaining case is k1 < kg < K3, i.e., Mo = k3 — Ko > 0. Then for any « satisfying
|ae — ko| < 1/2, we have

fla+n)#0 for any n € N\ {ma},
and
fla+n)=0 for n > 1 if and only if & = k9 and n = meo,

so by letting ¢, (o) = 0 and R, () = 0 for any n € N\ {mq} in Ly(z;a) (see (A.2)), we see
that ¢, () can be uniquely solved for any n € N\ {mg} such that

Ly(x;a) =223 f(a) + 22T 3R, (a), for | — Ka| < 1/2, (A.10)
where
mo—1
Ry (@) = D [(@+ k)my k-2 + byny—k-3]er(@) € C(a),
k=0

because c;(a) € C(a) for any n € N\ {ma}.
Similarly as before, it follows from (A.10) that

Ey(x; ’{2) = $53_3Rm2 (“2)a (A.ll)
an(axoia) _ xm—i&f/(,@) + xf-c;g—BR;n2 (/ig) + (lna:)x”3_3Rm2(n2), (A.12>
a=kKsg
where
oy(x; ; 0 .
V) (gl + 0 Y e
n=1

Theorem A.5. Suppose kK1 = ko < K3.

(1) If Ry, (k2) =0, then (A.11) implies that y(x; k2) is the second solution of (A.1), and

_ Oy(z;a) Ry, (k2) Oy(z; o)
ys3(z) == T o N - f'(k3) B N
= (na)y(w; r2) +2" ¢y (w)a"
n=1
R;n2("€2) n\ulz: Kk 3 = A (k)™
S T (CETCIOREC) WEAREY

is the third solution of (A.1).
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(2) If Ry, (k2) # 0, then (A.4) and (A.11) imply that
Oy(z; ) f'(ks)

Ja a=K3 B Rm2 (:"ﬁlg)y(x7 H2)
f'(k3)

= (Inx)y(z; k3) + 2" Z c (k3)x™ — my(% K2)

is the second solution of (A.1), and
0%y (x; 2f oy (x;
ys(z) == LQO‘) _ f'(k3) Oy(x; )
80[ a=K3 Rm2 (k‘Q) aOé a=Ko
_ J"(k3) Ry (K2) — 2f’('f3)R§n2(/f2)y(x% )
B, (12)? o

= (Inz)?y(x; k3) + 2(In z)z"™? Z e (k3)x™ + " Z cn(kg)z"

n=1 n=1

2f/("<“3) . K2 - / n
— m ((ln x)y(z; ko) + ; cn(KR2)T )

I (k3) By (K2) — 2" (r53) Ry (2)
Ry, (52)2

is the third solution of (A.1), namely (A.1) is completely not apparent at x = 0.

y(z; K2).

Proof. Since k; = kg < k3, i.e., m; = 0, ma > 0 and f(s) = (s — k2)*(s — K3), so f/(k2) =0
and f'(k3) # 0.

(1) Note that (A.12) becomes
ay(x;a)‘

80& a=K2

L

= m”‘”’_?’R;m (k2),
we see from (A.4) that Lys = 0.

(2) Note that (A.12) becomes
Oy (x; )

6@ ‘a:/ﬁg

Then (A.5), (A.11) and (A.13) together imply Lyz = 0. [

L = 2™ 3R (ko) + (In2)2"™ 3 Ry, (K2). (A.13)

Finally, we consider the last case k1 < kg < K3, i.e., m; > 0 and mg > 0. Then f'(xk;) # 0
for all j. Since f(k1 +mn) =0 for n > 1 if and only if n € {m1,m; + ma}, by letting ¢, (k1) =
Cmi+my = 0 and Ry, (k1) = 0 for any n € N\ {m1,m; +ma} in Ly(x; k1) (see (A.2) with a = k),
we see that ¢, (k1) can be uniquely solved for any n € N\ {mj, m; + ma} such that

Ly(x; K1) = R, (k1) 2273 + Ry oy (1) 27273, (A.14)
where
mi—1
Ry (k1) = Y (K1 + k)@ k2 + by —k—3)cx(k1),
k=0

mi+mo—1

le+m2 (Hl) = Z [("{1 + k)amri-mz—k—z + bm1+m2—k—3]ck(/{1)7
k=0

are constants.
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Theorem A.6. Suppose k1 < k2 < k3 and Ry, (k2) = 0. Then (A.11) implies that y(x; k2) is
the second solution of (A.1). Furthermore,

(1) If Ry (K1) = Rpmy+my(k1) = 0, then (A.14) implies that y(x;ks3) is the third solution
of (A.1), namely 0 is an apparent singularity of (A.1).

(2) If le("{l) =0 and Ry +mo (”1) 7é 0, then

#(k3) )y(x; 1)

Q=K3 - Rm1 +ma (’%1
f'(k3)

y(w; k1
Rm1+m2("€1) )

ys(x) := aygza)

= (Ina)y(e; rs) + 2" Y ¢l (ka)a" —

n=1
is the third solution of (A.1).
(3) If Ry, (k1) # 0, then

s R{;(llzi)l)y(ﬂf; K1)
_ le ("Jl)R;nQ (“2) - f/(HZ)Rm1+m2 (ﬁl) ay($; a)
f'(k3) Ry (K1) Do

= (Inx)y(x; K :16”2006,/{35”_M
—(1 )y( ) 2)+ ; n( 2) le(kl)

le(ﬁl)R;ng(HQ)_f/("i?)Rm1+m2<"€1) K 2h8 - A (k)™
P 2 (W) 03 )

n=1
is the third solution of (A.1).

) - 2

a=K3

y(w; K1) —

Proof. Note that (A.12) becomes
Oy (x; )

6@ a=K2

L =273 f(kg) + 2™ 3R], (K2). (A.15)

(2) Note that (A.14) becomes
Ly(z;51) = Ry 1my (51273 #£ 0. (A.16)

From here and (A.4), we easily obtain Ly3 = 0.
(3) Similarly, it is easy see from (A.4), (A.14) and (A.15) that Ly3 = 0. [

Similarly, we can obtain

Theorem A.7. Suppose k1 < ko < k3 and Ry, (k2) #0. Then (A.4) and (A.11) imply that

U~ Lo = Gt St~ L

y(a:;m)

n=1
is the second solution of (A.1). Furthermore,

(1) If Rm, (k1) = Rmy+me(k1) = 0, then (A.14) implies that y(x;k3) is the third solution
of (A.1).

(2) If Ry, (k1) =0 and Ry, +m,y (K1) # 0, then (A.11) and (A.16) imply that
Rm1+m2 (’{1)
Rm2 (’{2)
is the third solution of (A.1).

y(x; K1) — y(x; ko)



48 Z. Chen, C.-S. Lin and Y. Yang

(3) If R, (k1) # 0, then (A.5), (A.11), (A.12) and (A.14) imply that

2f/(k3) By(w;)
a=kK3 Rm2 (RQ) 80&

%y(x; o
yg(ﬂT) = a(a2 )

+ Cry(z; k1) — Coy(z; ko)

a=kK2o

= (Inz)%y(z; k3) + 2(In x)z"* Z A (k3)x" + 2yl (kg)z"

- lm <(ln v)y(w; ko) + a2y C%(m)ﬂf”) + Cry(z; k1) — Coy(a; K2)

is the third solution of (A.1), where

oy = 2 (5s) [ (2)

. RmQ (KQ)RWH (’il) ’

1 niy 2 () Ry (h2) | 2" (k) f'(K2) Ry (1)
Co= g ) [f ) R(r2) T Ry (2) By (1) }

In particular, (A.1) is completely not apparent at x = 0.

Remark A.8. It follows from Theorem A.6(1) that 0 can be apparent only for the case k1 <
Ko < K3.

Remark A.9. Clearly all the above arguments work when we study whether the regular sin-
gularity oo is apparent or not for

y"(2) + Q2(2)y'(2) + Qs(2)y(2) =0,  z€H, (A.17)

when the local exponents mé}} < nﬁf} < ﬁﬁfj’) satisfy mé{? - ﬁé{fl) € Z. Since Q;(z)’s have Fourier

expansions in terms of gy = N (where N is the width of the cusp co on I' and N =1 for
I' = SL(2,Z)), this is equivalent to whether the regular singularity ¢y = 0 is apparent or not
for

d\* N? d N3
_—y + —— = 0. Al
<QquN> y+ (271)2 Q2QquNy (2mi) QR3y =0 (A.18)

All the above statements are true for (A.18) in terms of gy. In particular, (A.17) or equiva-
lently (A.18) always has a solution of the form

yi(2) = Y enk@)ak, o =1, (A.19)

n=0

and (A.17) is completely not apparent at z = oo or equivalently (A.18) is completely not apparent
at gy = 0 if and only if the local expansion of some solutions in terms of ¢y contains the term
22y, (2) because of Inqy = 27wiz/N. More precisely, if (A.17) is completely not apparent at
z = 00, then it follows from Theorems A.3, A.4(2), A.5(2) and Theorem A.7(3) that (A.17) has
two solutions of the following form

y—(2) = 22ys(2) +2m(z) +p(2), yil(z) = zy4(2) + ma(2), (A.20)
such that (y_,y.,y+)! is a basis of solutions, where
Hg) - n :‘fg) G n Hg) - n
m(z) = qy Cn,14N s n2(2) = dy Cn,24N s n3(2) = qy Cn,39N-
n=0 n=0 n=0

Note that cp; = 0 may happen for any j; see Theorem A.3 for example.
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