Symmetry, Integrability and Geometry: Methods and Applications SIGMA 18 (2022), 015, 22 pages

An Atiyah Sequence
for Noncommutative Principal Bundles

Kay SCHWIEGER ® and Stefan WAGNER ®

a) jteratec GmbH, Zettachring 6, 70567 Stuttgart, Germany
E-mail: kay.schwieger@gmail.com
URL: https://wuw.xing.com/profile/Kay_Schwieger/cv

b) Blekinge Tekniska Hogskola, SE-371 79 Karlskrona, Sweden
E-mail: stefan.wagner@bth.se
URL: https://www.bth.se/eng/staff/stefan-wagner-stw/

Received July 26, 2021, in final form February 21, 2022; Published online March 07, 2022
https://doi.org/10.3842/SIGMA.2022.015

Abstract. We present a derivation-based Atiyah sequence for noncommutative principal
bundles. Along the way we treat the problem of deciding when a given *-automorphism
on the quantum base space lifts to a *-automorphism on the quantum total space that
commutes with the underlying structure group.
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1 Introduction

Chern—Weil theory is an important tool for many disciplines such as analysis, geometry, and
mathematical physics. For instance, it provides invariants of principal bundles and vector bun-
dles by means of connections and curvature, and thus a way to measure their non-triviality.
The Chern—Weil homomorphism of a smooth principal bundle ¢: P — M with structure group G
is an algebra homomorphism from the algebra of polynomials that are invariant under the ad-
joint action of G on its Lie algebra, into the even de Rham cohomology H3p(M,K). This map
is achieved by evaluating an invariant polynomial on the curvature of a connection 1-form w
on P. The latter procedure involves lifting vector fields on M horizontally with respect to w
to G-equivariant vector fields on P. An important remark in this context is that connection
1-forms on P are in a bijective correspondence with C'°°(M)-linear sections of the associated Lie
algebra extension

0 — gau(P) — V(P)¢ — V(M) — 0, (1.1)

which is well-known as the so-called Atiyah sequence of the principal bundle P (see, e.g., [4, 24]).
About three decades after the seminal works of Chern, Weil, and Atiyah, Lecomte described
in [26] a cohomological construction which generalizes the classical Chern—Weil homomorphism:
Lecomte’s construction associates characteristic classes to each Lie algebra extension, and the
classical construction of Chern and Weil arises in this context from the Atiyah sequence above.

The work presented here is an attempt towards a derivation-based Chern—Weil theory for
noncommutative principal bundles. More precisely, our main objective is to provide a derivation-
based generalization of the classical Atiyah sequence in equation (1.1) to the setting of noncom-
mutative principal bundles. For this purpose, we focus on free C*-dynamical systems, which
provide a natural framework for noncommutative principal bundles (see, e.g., [6, 19, 31, 30]
and references therein). Their structure theory and their relation to K-theory (see, e.g., [15,
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20, 34, 35, 36] and references therein) certainly appeal to operator algebraists and functional
analysts. Additionally, noncommutative principal bundles are becoming increasingly prevalent
in various applications of geometry (cf. [22, 23, 28, 37, 38]) and mathematical physics (see, e.g.,
[7, 10, 13, 14, 18, 21, 25, 41] and references therein).

For the sake of completeness, we bring to mind that the algebraic setting of Hopf-Galois ex-
tensions already comprises abstract notions of connections, curvature and characteristic classes
in terms of a universal differential calculus (see, e.g., [8, 9, 12] and references therein). Fur-
thermore, we recall that Neeb [29] associated Lie group extensions with projective modules that
generalize the classical Atiyah sequence for vector bundles.

Finally, we wish to mention the recent theory of pseudo-Riemannian calculus introduced by
Arnlind and Wilson in [3], which constitutes a derivation-based computational framework for
Riemannian geometry over noncommutative algebras (see also [1, 2]). It is our hope that this
work will advance to the development of pseudo-Riemannian calculus.

Organization of the article

Let (A, G, ) be a free C*-dynamical system with fixed point algebra B. After some preliminaries,
we review in Section 3 the notion of a factor system of (A, G, «), which is the key feature
of our investigation. In fact, factor systems provide us with a natural framework for doing
computations and constitute invariants for (A, G, «). In Section 4 we utilize factor systems to
give a characterization of when a *-automorphism on B can be lifted to a *-automorphism on .4
that commutes with o (Theorem 4.1). Moreover, we use our findings to examine an “integrated”
version of the Atiyah sequence for noncommutative principal bundles (equation (4.2)). Section 5
is devoted to the study of the special case when G is compact Abelian. Most notably, we get
a characterization in terms of second group cohomology on the dual group of G with values
in the unitary group of the center of B (Theorem 5.5). In addition, we are able to show that
if A is commutative, then every *-automorphism on B lifts to A provided it leaves the class
of A invariant (Corollary 5.7). In Section 6 we make use of the results of Section 4 to establish
a lifting result for 1-parameter groups (Theorem 6.4). This is of particular interest in Section 7,
where we finally present a generalization of the classical Atiyah sequence in equation (1.1) to
the setting of free C*-dynamical systems. Last but not least, we discuss infinitesimal objects
such as connections and curvature (Section 7.3).

Finally, we would like to mention that with little effort the arguments and the results in
Sections 3, 4, and 6 extend to free actions of quantum groups (see [36]).

2 Preliminaries and notation

This preliminary section exhibits the most fundamental definitions and notations used in this
article.

About groups. Let G be a compact group. We write Irr(G) for the set of equivalence
classes of irreducible representations of G' and denote by 1 € Irr(G) the class of the trivial
representation.

About Hilbert spaces. Let G be a compact group. Furthermore, let $,, o € Irr(G), be
a family of Hilbert spaces, and for each o € Irr(G) let T, be an operators on £),. Throughout
this article, we shall freely utilize the fact that ¢ — $, and ¢ — T, can be extended to
arbitrary finite-dimensional representations of G by taking direct sums with respect to irreducible
subrepresentations.

About C*-dynamical systems. Let A be a unital C*-algebra and let G be a compact group
that acts on A by *-automorphisms ay: A — A, g € G, such that G x A — A, (g,z) — o4(x)
is continuous. Throughout this article, we call such data a C*-dynamical system and denote it
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briefly by (A, G,a). Moreover, we typically write B := A% for the corresponding fixed point
algebra.

The conditional expectation P; onto B allows us to define a definite right B-valued inner
product on A by

(2,908 = PL("y) — /G aga'y)dg,  zyeA

The completion of A with respect to the induced norm yields a right Hilbert B-module, which
we denote by L?(A). The algebra A admits a faithful *-representation on L?(.A) by adjointable
operators given by A: A — E(LQ(.A)), Az)y := x -y, and consequently we may identify A with
A(A) C L(L?*(A)). Furthermore, for each g € G we have a unitary operator Uy on L*(A) defined
for # € A C L?(A) by Ugz := ag(z). The map G > g +— Uy € U(L?*(A)) is strongly continuous
and implements the *-automorphisms «y, g € G, via A(ay(x)) = UgA(z)U; for all € A. Like
every representation of GG, the algebra A can be decomposed into its isotypic components, let
us say, A(o), o € Irr(G), which amounts to saying that their algebraic sum

alg

A= B Alo)
celrr(G)

is a dense *-subalgebra of A. Furthermore, the isotypic components are pairwise orthogonal,

right Hilbert B-submodules of L?(A) such that L%(A) = DrcaAlm).
About freeness. A C*-dynamical system (A, G, a) is called free if the Ellwood map

P: A@ug A — C(G,A),  (z@1y)(g) = zay(y)

has dense range with respect to the canonical C*-norm on C'(G, .A). This condition was originally
introduced for actions of quantum groups on C*-algebras by Ellwood [19] and is known to be
equivalent to Rieffel’s saturatedness [32] and the Peter—Weyl-Galois condition [6].

One of the key tools used in this article is a characterization of freeness that we provided
in [36, Lemma 3.3], namely that a C*-dynamical system (A, G, «) is free if and only if for each
irreducible representation (o,V,) of G there is a finite-dimensional Hilbert space $), and an
isometry s(o) € A ® L(V;,$,) satisfying ogy(s(0)) = s(o) - o4 for all g € G. A rich class
of free actions is given by so-called cleft actions, which are characterized as follows: For each
irreducible representation (o,V,) of G there is a unitary element u(o) € A® L(V,) such that
ag(u(o)) =u(o) - o4 for all g € G (cf. [35, Definition 4.1]).

About 1-parameter groups. Let A be a unital C*-algebra and let (¢;)icr be a 1-parameter
group of *-automorphisms ¢; € Aut(A). We typically use the letter A> to denote the smooth
domain of (¢¢)er, which is the set of elements x € A such that R 3 ¢ — ¢¢(x) € A is smooth.
Moreover, we let

Dpi: A — A%, Dyy(x) == %g% pulz) =@

stand for the corresponding *-derivation.
About derivations. Let A be a unital *-algebra. We let der(A) stand for the Lie algebra
of *-derivations of A. Furthermore, we write A%%¢" C A for the subset of skew-adjoint elements,

ie., A%V := g € A:a* = —a}, and recall that each a € A%V gives rise to a *-derivation
defined by A 5 z +— [a,z] = ax — za € A.
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3 Factor systems

Let (A, G, ) be a free C*-dynamical system. Furthermore, for each o € Irr(G) let $), be a finite-
dimensional Hilbert space and let s(c) € ARL(V,, $,) an isometry satisfying a,(s(0)) = s(0)-0,
for all ¢ € G (cf. [36, Lemma 3.3]). For 1 € Irr(G) we choose $); := C and let s(1) := 14.
A key feature of (A, G, «) is the factor system associated with the isometries s(o), o € Irr(G),
(see [36, Definition 4.1]), which we now recall for the convenience of the reader. First, we put
B := A®. Second, for expediency, we naturally extend o — ), and ¢ — s(o) to arbitrary
finite-dimensional representations o of G by taking the direct sum with respect to irreducible
subrepresentations. For each finite-dimensional representation o of G we may then define the
*-homomorphism

Yo: B—=B®L(Hs), Yo (b) :=s(0)(b® 1y, )s(0)*,

and for each pair (o, ) of finite-dimensional representations of G the element
w(o,m) = s(o)s(m)s(c @7m)* € BR L(Dowr, No @ Hx).

Then the following relations hold:

wio, ) w( ) 70®F(15) w<av W)w(d, W)* = VU(VW(IB)% (3'1>

(o,
w(o, T)Yowr (b) = Yo (x(b))w(a, 7),
w(o, mw(o @, p) = Yo (w(, p))w(o, T ® p)

for all finite-dimensional representations o, m, p of G and b € B (see [37, Lemma 4.3]). The
triple ($),7,w) of the above families is referred to as the factor system of (A, G, a) associated
with s(0), o € Irr(G), or simply as a factor system of (A, G,«) when no explicit reference to
the isometries is needed.

We recall from [36] that, for o € Irr(G), the isotypic component A(c) of A can be written as

A(o) = {Tr(ys(0)): y € B& L(H0, V) }

In fact, the map y — Tr(ys(o)) is bijective from B® L(Hs, Vs)yo(18) to A(o). The action a on
the isotypic component takes the form

ag (Tr(ys(o))) = Tr(og - ys(o)) (3.4)

for all g € G and y € B® L($,,V,). The multiplication between isotypic components can be
written as

Tr(yos(0)) - Tr(yas(m)) = Tr (Yoo (yr)w(o, m)s(oc @ 7)) (3.5)

for all o, € Irr(G), ¥y, € B® L(H, V), and yr € B @ L(H7,Vz). The element on the
right hand side is, in fact, a sum of elements in the isotypic components corresponding to
subrepresentations of o @ 7. Hence equation (3.5) uniquely determines the multiplication on the
dense *-subalgebra A; of A. The involution can be phrased in terms of the factor system, too
(see [36, Section 5] or [30, Lemma 2.4]). In order to see this, let us fix o € Irr(G), choose an
isometric intertwiner vg: C — V5 ® V,, and write wo: C = $Hzg, for the associated isometry.
Then the element p, := (dim o)?wyvy does not depend on the choice of the intertwiner. It can
be shown that there are element 41, ...,9, € B® L(H5,V5) and y1,...,yn € B& L(He, V) such
that

Po = Z gk’)/&(yk)w(&7 U) (3'6>
k=1
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and that, for each y € B® L(H,, Vs ), the element

1 & i}
J(y) = dlmo' ; YV (Tr(yky )) € B & L(f)a, Va)
does not depend on the choice of 71, ...,%, and y1,...,y,. The involution on Ay then reads as

Tr(ys(o))" = Tr(J(y)s(o)*)

forally € B® L(Ho, Vy).
Noteworthily, the notion of a factor system of (A, G,«a) only depends on the fixed point
algebra B and the group G, which leads to the following definition:

Definition 3.1. Let 5 be a unital C*-algebra and let G be a compact group.

1. A factor system for (B,G) is a triple ($),7,w) comprising families of Hilbert spaces $),,
o € Irr(G), *~homomorphisms v,: B — B® L(Hs), 0 € Irr(G), and elements w(o, ) in
B ® L(Nowm, No @ HNz), 0,7 € Irr(G), satisfying equations (3.1), (3.2), (3.3), as well as
the normalization conditions 7 = C, v, = idg, and w(1,0) = v,(18) = w(o,1) for all
o € Irr(G).

2. Two factor systems ($),7v,w) and ($/,v',&’) for (B,G) are called conjugated if there are
partial isometries v(o) € B ® L($q,9,), 0 € Irr(G), normalized to v(1) = 15, such that

Adlu(o)] oy =75, Adfv(0)] oG =0,
v(0)7e (v(T))w(o, ™) = (0, T)v(0 @ T)

for all o, 7 € Irr(G). In this case we write ($/,v,w’) = v($,v,w)v* or simply ($,7,w) ~
($,+',w") when no reference to the partial isometries is needed.

Note that, above, we have implicitly used functorial versions of the families $),, 7., v(o), and
w(o,m), o,m € Irr(G).

By construction, each factor system of (A, G, «) is a factor system for (B,G) and, by [36,
Lemma 4.3, all factor systems of (A, G, «) are conjugated. In fact, given any unital C*-algebra B
and any compact group G, we have shown in [36, Section 5] that the equivalence classes of free
C*-dynamical systems (A, G,«) with fixed point algebra B are in 1-to-1 correspondence with
conjugacy classes of factor systems of (B,G).

Remark 3.2. For a factor system (9, v,w) of (A, G, ) equations (3.1) and (3.2) suggest to look
at the K-theory of B and the induce positive group homomorphisms Ko (v,): Ko(B) — Ko(B) for
a finite-dimensional representation o of G. Indeed, these maps only depend on the conjugacy
class of the factor system and thus amount to invariants for (A, G,«). In fact, the mapping
o — Ko(vs) constitutes a nice functor: For direct sums o & 7 of representation o, 7 of G, we
obviously have Ko(Yoqr) = Ko(vs) + Ko(vx). Moreover, by equation (3.2), we have

KO(’YU@W) = KO(VU) © KO(’YW)

for all finite-dimensional representations o, 7 of G.
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4 Lifting an automorphism

Let (A, G, ) be a free C*-dynamical system with fixed point algebra B and let 5 be a *-automor-
phism of B. In this section we address the question whether 8 can be lifted to a *-automorphism B
of A that commutes with all g4, g € G. In the affirmative case we say that 3 lifts to A and
that 3 is a lift of S.

To phrase our result we note that Aut(B) acts on the factor systems for (B,G). For g €
Aut(B) and a factor system (9, v,w) for (B, G) we may define a new factor system (,6, vﬁ,wﬁ)
for (B, G) by putting

’yg =fov,087L, wﬁ(a, ) = 5(w(a,7r))

for all o, € Irr(G). With this we give an answer to the above lifting problem by proving the
following theorem:

Theorem 4.1. Let (A, G, ) be a free C*-dynamical system with fixed point algebra B and let B
be a *-automorphism of B. Then the following statements are equivalent:

(a) B lifts to A.
(b) For any factor system ($,7,w) of (A, G, &) we have (§,7v,w) ~ (£,77,w?).

Remark 4.2. By the above theorem, a necessary condition for 3 to lift to A is that K (7[3 ) =
Ko(v,) for all o € Irr(G) or, equivalently, that Ko(v,) commutes with Ko(f3) for all o € Irr(G)
(cf. Remark 3.2). In particular, K((f) is needs to fix the characteristic classes [y,(15)] € Ko(B),
o € Irr(G).

We split the proof of Theorem 4.1 into a sequence of lemmas. For a start we fix, for each
o € Irr(G), a finite-dimensional Hilbert space ), and an isometry s(o) € ARL(V,, $H,) satisfying
ag(s(o)) = s(0)-04 for all g € G; for 1 € Irr(G) we take $; := C and s(1) := 1 4. Asin Section 3,
we write (£),7,w) for the associated factor system. Our first result establishes the implication
“(a)=>(b)” of Theorem 4.1:

Lemma 4.3. If § lifts to A, then ($,v,w) and (5’),7’8,00’8) are conjugated.

Proof. Let § be a lift of 3. For each o € Irr(G) we put s°(0) := 5(s(0)) and note that s°(0) is
an isometry in A® L(V,,, H,) satisfying a4 (s7(0)) = s°(c0) -0, for all g € G. Clearly, s°(1) = 1 4.
Furthermore, it is readily checked that the associated factor system is equal to (YJ,’yB ,wﬁ).
The claim thus follows from the fact that all factor systems of (A, G, a) are conjugated. |

The task is now to prove the converse implication, “(b)=-(a)”, of Theorem 4.1. For this
purpose, we consider partial isometries v(o) € B® L($,), o € Irr(G), normalized to v(1) = 15,
such that (§,77,w?) = v($,7,w)v*. Then for each o € Irr(G) we obtain a well-defined map on
the isotypic component A(co) by putting

B (Tr(ys(a))) := Tr(B(y)v(o)s(o)) (4.1)

for all y € B® L(9,, V). Taking direct sums gives a map /3 on the dense *-subalgebra Ay. Due
to the normalizations v(1) = 15 and s(1) = 14, we have 3(b) = B(b) for all b € B. That is, /3
extends 3. Furthermore, a few moments of thought show that B is bijective. In fact, its inverse
is given by the direct sum of the maps 5~1: A(c) — A(0), o € Irr(G), defined by

B (Te(ys(0))) = Tr(87 (yv(0)")s(0))

for all y € B® L(9,,V,). We proceed to establish further properties.
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Lemma 4.4. The following assertions hold for the map 5 on Ay:

1. Boozg:agoﬁforallgeG.
2. B is multiplicative.
3. B s involutive.
Proof. 1. This is immediate from equations (3.4) and (4.1).

2. Let o,7 € Irr(G), let , = Tr(yss(o)) € A(o) for some y, € B® L(H,, V), and let
Tz = Tr(yzs(m)) € A(m) for some yr € B L(Hx, Vz). Then

A~

Blws) - Bln )*3(Tr(y08(0))) B(Tr(yrs(m)))
Tr(B(ys)v(0)s(0)) - id @ Tr(B(yr)v(m)s(m))
Tr(B(ye)v(0) 7o (B(yn)v(m))w (o, m)s(0 ® ).

Using the conjugacy equations in Definition 3.1 now yields

Tr(B(yo) 75 (B(yx)) (o) (v(m))w(o, 7)s(0 @ m))

)
Tr (B(Yo Vo ()’ (0, m)v(0 @ 7)s(0 @ 7))
Tl‘(ﬁ(ygfyg(yw)w(a, m))v(o @ m)s(o @ ﬂ-)) - B(l?a Tn);

v

v

B(zs) - B(xﬂ)

which establishes that B is multiplicative.

3. Let 0 € Irr(G). To deal with the involution, we choose 1,...7, € B ® L($5,V5) and
Yly-- -y Yn € BR L(Hy, V,) satisfying equation (3.6) (cf. Section 3). Now, let z = Tr(ys(o)) be
in A(c) for some y € B® L($,,V,). Then

B(z*) = B(Tr(J(y)s(5) dlmo_ ZB (675 (Tr(yxy™))s(5)))
= S T (B (Trlyey)0(0)s(0).
k=1

It is easily checked that @75 := B(yr)v(d) and y,f = B(yr)v(o), 1 < k < n, also satisfy equa-
tion (3.6). Since there is no loss of generality in assuming y = yv,(15), we thus get

Ba)" = Tr(B(y)v(0)s(0))* = Tr(J(B(y)v(0))s(a))
- > T (B 0(0)76 (Te(Blyr)v(o)v(0)*B(y")))s(a))

dimo

N T (B(7)v(6)9 (8 © Tr(uiy™))s(5)).
1

~ dimo
k—

Invoking the conjugacy equations in Definition 3.1 finally gives

n

Bla) = —— 3 TR (B (B @ Tr(ury))o(0)s())
= S (@ (el )e(0)s(0)) = Ha”),
k=1

which shows that B is involutive. |



8 K. Schwieger and S. Wagner

Lemma 4.5. We have (8(z1), B(x2))5 = B((z1,w2)B) for all x1,29 € Ay.

A~ ~

Proof. Since isotypic components are pairwise orthogonal, it suffices to show (8(x1), 5(x2))5
= B((z1,22)B) for all z1,z9 € A(c) and o € Irr(G). To this end, let o € Irr(G) and let
21,29 € A(0o). By Lemma 4.4, we obtain

(B(21), B(w2))B = P1(B(21)"B(x2)) = Py (B(x}a2)).

We now decompose xjz2 as » ;. Tr(y;s(0;)) for some mutually distinct representations o; €
Irr(G) and y; € B® L($,,, Vs,) and note that there is ig € I such that o;, = 1, which is due to
the fact that o ® ¢ contains 1 as a subrepresentation. Hence

Pi(B(xi22)) = Pi(B(yi,)) = B(Pi(yio)) = B(Pr(z}22)) = B({z1,22)8). n

By Lemma 4.5, the bijectivity of B , and the fact that Ay is dense in L?(A), we may extend B
to a unitary map, let’s say, U on L2(A). Consequently, there is a *-automorphism on A, for
which we shall use the same letter 5 by a slight abuse of notation, such that

AB(x)) = UNx)U*

for all x € A. It is easily checked that B extends § and commutes with all oy, g € G. Summa-
rizing, we have shown the implication “(b)=(a)” of Theorem 4.1, which concludes the proof of
this theorem.

We now turn to an application of our findings: The group

Autg(A) = {p € Aut(A): aqgop =poa, VgeG}
admits a short exact sequence

1 — Gau(A) — Autg(A) — Aut(B)g — 1, (4.2)
where

Gau(A) := {p € Autg(A): ¢p =idg}
is the group of gauge transformations of (A, G,a) and Aut(B) 4 C Aut(B) is the group of

*-automorphisms that lift to \A. Theorem 4.1 states that Aut(B) 4 can be characterized in
terms of a factor system (9, 7y,w) of (A, G, «) as

Aut(B) 4 = {8 € Aut(B): (9,7,w) ~ (ﬁ,vﬁ,wﬁ)}.

Looking at equation (4.1), we easily see that different choices of v(o), o € Irr(G), amount to
different lifts. Hence the construction, in fact, shows that Gau(.A) is isomorphic to the group

U(ﬁa’Y?w) = {u = (U(U))aelrr(G): u(f—)ary’w)U* = (ﬁ’77w)}a

which consists of all families of unitaries u(o) € 75(18) (B ® L($4))75(18), o € Irr(G), that lie
in the commutant of ~,(B) and satisfy the equation

w(0)7o (u(m))w(o, 7) = w(o, Yu(o © )

for all o, 7 € Irr(G).
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5 The special case of a compact Abelian structure group

Let G be a compact Abelian group, let (A, G, «) be a free C*-dynamical system with fixed point
algebra B, and let 8 be a *-automorphism of . In the previous section we showed in Theorem 4.1
that g lifts to A if and only if (9, v, w) ~ (Y), vﬁ,wﬁ) for any factor system (9,7, w) of (A, G, «).
In this section we give another characterization of when g lifts to A in terms of second group
cohomology on the dual group G := Hom(G, T) with values in the group U4 Z(B) of unitaries in
the center of B.

To begin with, let us fix, for each o € G, a finite-dimensional Hilbert space ), and an isome-
try s(o) € A® L(C, H,) satisfying ay(s(0)) = o(g) - s(o) for all g € G. For the trivial character,
denoted by 0, we choose £y := C and s(0) := 1 4. Just as before, we write (9, y,w) for the asso-
ciated factor system. We shall also make use of the so-called Fréhlich map A: G — Aut(UZ(B))
associated with (A, G, @), which is for each o € G defined by restricting the map

A,: B— B, Ay (b) := s(0)*bs(0).

We point out that, since all factor systems of (A, G, «) are conjugated, the Frohlich map does
not depend on the choice of the factor system. R
Given a lift 5 of 8, we have seen in the proof of Lemma 4.3 that v(o) := 5(8(0))3(0)*, o €@,

are partial isometries in B ® £($),), o € G, normalized to v(0) = 15, such that

75 = Adp(0)] oY, e = Ad[v(0)] 0 7] (5.1)

o)

()76 (v(m))w(o, 7) = W’ (o, m)v (o + 7) (5.2)
for all o, 7 € G. A moment’s thought shows that equation (5.2) can be rewritten as
s(oc+m)* g1 (v(o + m)w(o, m) e (v(7)*)v(0)*) s(0)s(m) = 1p.

Our objective is now to give a group cohomological interpretation of the latter equation.
For this purpose, let us for a moment assume that for all o € G the *-homomorphisms ~, and 75
are conjugated, i.e., there is a partial isometry v(o) € B ® L($),) satisfying equation (5.1). We
freely use the fact that there is no loss of generality in assuming that 7,(13) and ~2 (1g) are the
initial and final projections of v(o), respectively. Let us now consider the map wu: GxG—B
defined by

u(o,m) = s(o +m)* B (v(o + mw(m, o) v (v(e)*)v(r)*)s(7)s(o). (5.3)
Lemma 5.1. The following assertions hold:

1. u(o, ) is central in B for all o,7 € G.
2. u(o,m) is unitary for all o,m € G.

3. u constitutes a 2-cocycle, i.e., for all 0,7, p € G it satisfies

u(o + 7, p)u(o, ™) = u(o, 7+ p)As (u(r, p)).

Remark 5.2. We recall from [34, Corollary 3.11] that, for each o € G, the isotypic compo-
nent A(c) is a Morita equivalence bimodule over B and that, for all o,m € G, the canonical
multiplication map mgr: A(c) ® A(r) — A(o + m) is an isomorphisms of Morita equiv-
alence bimodules over B. All assertions in Lemma 5.1 may be derived from the facts that
Motrp O (Mo ®1d) = Mg rqp 0 (Id®@my ) for all o,m,p € G and that the maps

®(o,m): A(o+m) = Ao + ), (o, ) := /éa_—fl—n © Mg © (BO’ ® Bw) ° m;,ﬂ-
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for all o, 7 € G, with 8,, o € G, being defined by equation (4.1), are automorphisms of Morita
equivalence bimodules over B. Instead, we decided to present basic direct proofs despite rather
long computations.

Proof. 1. Let 0,7 € G. Then for each b € B we have

bu(o,m) = bs(o +7) B (v(o + mw(m, 0)*vx(v(o)*)v(r)*) s(m)s(0)
Yotr (0)B7H (v(0 + mw(m, o) yr(v(0) v (m)*) s(m)s(0)

= s(oc+m)
(3.1) s(o 4+ m)* B (v(0 + T)Yoir (B(D))w(m, o) yr (v(a)*)v(7)*) (1) s(0)
(3.2) s(o+m)* B (v(o + mw(m, 0) 4 (o (B(B))v(0)*)u(m)*)s(m)s(0)
1) s(o+m) B (v(o + mw(m, 0) 3 (v(0)*)o(1)*)1x (V6 (b)) s(T)s(o)

= s(o+7)* B (v(o + mw(m, o) vx(v(0)*)o(m)*) s(m)s(o)b = u(o, 7)b

That is, u(o, 7) is central in B as claimed.
2. Let o,m € G. Then u(o, 7)*u(o, ) is equal to

s(0)"s(m)* B~ (v(m)re (v(0))w(m, o) U+7r) )
X Your(1g) - B (v(0 + m)w(m, o) Yx(v(0) v (1)*) s(n)s(0)
= 5(0)"s(m)* 57" (v(m) = (v(0 )) ( o)w(m, o) yx(v(0) v (m))s(m)s(0)

1)

D (o) s(m) B (0(m) 7w (0(0)) 1 (0 (18) 9 (0() Yo (7)) () 5(0)
%D 5(0)s(m) 0 (7 (18))s(0) () = 1.

In other words, u(co, ) is an isometry, and hence unitary due to part 1 above.
3. Let o,m,p € G. To prove that u(oc + m, p)u(o,7) = u(o, ™ + p)As(u(m, p)), we examine
both sides of the equation. Indeed, the left hand side reads as

w

(

ot

s(c+m+p)pt (v(o + 7+ p)w(p, o + m) y,(v(e + ) )v(p
X Yoir(15) - 67 (v(0 + mw(m, ) (m)*
=s(c+m+p)*B  (v(o+ 7+ p)w(p, o+ ) ,(v
x 71 (v(o + mw(m, ) e (v(o)Jo(m)*) s(m)s(
=s(oc+m+p) g~ 1( (o + 7+ p)w(p, U+7T)*7
X (p 0 B71) (v(o + m)w(m, o) va (v(
O so 47+ p)p! (v(o+ 7+ p)w(p, o+ W)*Vp(W(m o))
X Yp (Y (0(0) ) (0(m) v (p)*) s(p)s(m)s(0).

Moreover, a similar computation shows that the right hand side is given by

:1
\_//—\
2
S
N~—
»
—~
3
CIJ
O

S(o+ 7+ p) B (00 + 7+ plulr + p, ) w(p, 7)*
X (v (0(0))p(0(m)")0(p)*) (p)s(m)s(0).
Comparing these two expressions, we see that the 2-cocycle equation will be established once
we verify that w(p,o + m)*y,(w(T,0)*) = w(m + p,0)*w(p,7)*. But this is immediate from
equation (3.3). [

Lemma 5.3. The cohomology class of u is independent of all choices made. More precisely,
the following holds: Let ($)',7',w') be another factor system of (A, G,«) with generators s'(o),
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o € G. Furthermore, let v'(c) € B® L($,), o € G, be partial isometries, normalized to
V'(0) = 1p, satisfying equation (5.1) for .. Write u': G x G — UZ(B) for the corresponding
2-cocycle defined by equation (5.3). Then u and u' are cohomologous.

Proof. As a preliminary step, let us denote by w(o) := s(o)s'(0)*, o € G, the family in
B® L($, %) implementing the conjugation between (£',7',w’) and (£,7,w). We define a map
u: G — B by

For each o € G the element u(o) is, in fact, central in B, because for each b € B we have
u(@)b = 5(0)* 87 ((@)w(0) (0)* B, (1)) ' (o)
D (o) 5 (Br(b)o(o) (o) (0)*)s' (0) = bulo).
Furthermore, it is straightforwardly checked that
B~ w(o) v(0™))s(0)ulo) = 7 (v/(0)")s (o) (5.4)
for all o € G. For each (o,m) € G x G we may thus compute

u'(o,m)=s

Since u(o) and u(rw) are central in B, we may collect the terms u(o + 7), u(o), and u(n).
Traversing the arguments for the first equalities further yields

u'(0,7) = Ao (u(m))u(o)u(o + )" s(o +7)"f~
x (v(o + mw(o +m)w'(7m,0) = (w(o)) w(m)" e (v(e) )v(m)") s(m)s(o)
Ag(u(m))u(e)ulo +m)" - u(o, 7).

This shows that v and ' are cohomologous as asserted. |
Lemma 5.4. Suppose that u is a 2-coboundary for some 1-cochain w: G — Uz(B), i.e.,
u(o,m) = Ay (u(m))u(o)u(o + m)* (5.5)
for all o,m € G. Then
(9,7%,w7) = ' (H,7,0) ()"
for the partial isometries v'(0) := By (u(o))v(c), o € G.

Proof. Using that each u(c), o € G, is unitary in B, we see at once that v/(c), o € G, are partial
isometries in B® L(,), o € G. Since u(0) = 1p, it is also clear that v/(0) = 15. We proceed to
prove that (f),’yﬁ,wﬁ) = V'(9,v,w)(v')*. For this, we first observe that equation (5.3) can be
rewritten as

v(o + mw(m, o) vz (v(o)")v(r)* = B(s(o + m)u(o, 7)s(o)*s(m)*)
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"D B(s(0 + myulo + 1) u(0) Ay (u(m))s(0) s(r)*) = ()P (r,0)"

for all 0,7 € G. Combining this with the fact that the partial isometries v(0), o € G, sat-
isfy equation (5.1) gives v(9,~,w)v* = (5,75, (w’)ﬁ). Next, for each o € G we put §' (o) =
s(o)u(o)* = 75 (u(o)*)s(c) and note that §'(o) is an isometry in A ® L(V,,$,) satisfying
ag(s'(0)) = §'(0) - oq for all g € G. Evidently, s'(0) = 14. We write (£,7/,w’) for the
associated factor system. As each u(c), 0 € G, is central in B we see that 7/ = . More-
over, by construction, y(u)($,y,w" )y(u*) = (9,7,w) (cf. [36, Lemma 4.3]). It follows that
ﬂ’y(u)(ﬁ,'yﬁ, (w’)ﬁ)ﬁ’y(u*) = (ﬁ,qfﬂ,wﬁ). We may thus conclude that

V' (8,7, w) (V) = By(w)o($,v,w)vBy(ut) = (9,77,07). u
In summary, we have thus proved:

Theorem 5.5. Let G be a compact Abelian group, let (A, G, «) be a free C*-dynamical system
with fized point algebra B, and let 5 be a *-automorphism of B. Suppose that v and ~® and are
conjugated and let u denote the corresponding 2-cocycle. Then (3 lifts to A if and only if the
cohomology class of u in H? (G,UZ(B))A vanishes.

Proof. The assertion that the cohomology class of u in H? (é,UZ (B)) A Vanishes if 3 lifts
to A follows from the introductory considerations in this section. The converse follows from
Lemma 5.4 when combined with Theorem 4.1. |

Corollary 5.6. Let (A, T, «) be a free C*-dynamical system with fized point algebra B. Identify T
with 7. and write 1 € Z for its positive generator. Furthermore, let 8 be a *-automorphism of B
such that ~v1 and ’yf are conjugated for some factor system (9,v,w) of (A, T,«a). Then [ lifts

to A.

Proof. The hypothesis does not depend on the choice of the factor system. For this reason,
as a first step, we may choose the following system. Let s € A ® L(C,$;) be an isometry
satisfying a,(s) = s(1l4 ® z) for all z € T. For each n > 1 this element yields an isometry
s(n) € A® L(C,H1 ® -+ ® H1) satisfying a,(s(n)) = s(n)(lg ® z") for all z € T by putting
s(n) = s1251,3 - S1,n+1. Here and subsequently, the subindices refer to the leg numbering
in the respective tensor product. It is easily checked that the coactions associated with the
family s(n), n > 0, satisty Vmin = (Ym ® id) o 7, for all m,n > 0. Moreover, for each n > 1 we
put

v(n) == v12512( (V10810 (V1,n41)81 ) =+ )81 2

and note that v(n) € B® L(H1 ® -+ ® H1). A straightforward induction now proves that v(n)
satisfies equation (5.1) for all n > 1. Since similar considerations apply to the partial adjoint
s(—1) := ()T € A® L(C, $H1), we ultimately obtain partial isometries v(n), n € Z, normalized
to v(0) := 1, satisfying equation (5.1). Hence the assertion follows from combining Theorem 5.5
with the fact that H?(Z,UZ(B))a vanishes (cf. [27, Chapter VL.6]). [

In the remainder of this section we additionally assume that A is commutative. In this case,
the Frohlich map A is trivial. Furthermore, for each o € G we have Yo (b) = by,(1p) for all b € B,
and for each (o,7) € G x G it may be derived that w(r,o) = flip(w(o, 7)), where flip stands
for the tensor flip of £($,) ® L(Hx). In consequence, the 2-cocycle u: G x G — UZ(B) from
Lemma 5.1 above is untwisted and symmetric, and hence a 2-coboundary by [5, Lemma 3.6].

Corollary 5.7. Suppose that A is commutative. Let G be a compact Abelian group, let (A, G, «)
be a free C*-dynamical system with fixed point algebra B, and let 8 be a *-automorphism of B.
Then B lifts to A if and only if Bv,(1g) is Murray—von Neumann equivalent to v,(1g) in
B® L($,) for all o € G.
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Remark 5.8.

1. Turning to Ko(B), we see that the “if” condition in Corollary 5.7 is equivalent to the
condition that Ky(3) fixes the elements [v,(15)] € Ko(B), o € G, which form a subgroup
of Ko(B) by Remark 3.2.

2. Let A= C(P) and B = C(X) for some compact spaces P and X, respectively, and con-
sider P as a topological principal G-bundle over X. Let h: X — X be the homeomorphism
such that 3(f) = foh for all f € C(X). Then the “if” condition in Corollary 5.7 states

that, for each o € G, the vector bundles determined by 7, (13) and v, (15) o h, respectively,
are equivalent.

Proof. The “only if” direction is clear from Theorem 4.1. For the converse direction let,
for each o € G, v(o) € B® L($,) be a partial isometry such that v(o)*v(c) = 7,(15) and
v(o)v(o)* = Bv,(15). By Theorem 5.5 and the discussion prior to the corollary, it remains to
prove that equation (5.1) holds for all o € G. Thus, let o € G. Then for each b € B we have

715(0) = B(B7(0)10(18)) = bB(15(18)) = bu(0)v(0)* = v(0)bv(0)*
=0(0) - 075 (15) - v(0)" = v(0) - 76 (b) - v(0)" = (Ad[v(0)] © 75)(b)-

By conjugating with v(o)*, we also get v, = Ad[v(0)*] o 75. [ |

6 Lifting 1-parameter groups

Let (Bt)tcr be a smooth 1-parameter group of *-automorphisms 5; € Aut(B) and let § := D,
denote the corresponding *-derivation on its smooth domain B> (cf. Section 2). In this section

we investigate whether there is a smooth 1-parameter group (Bt) teR of *-automorphisms 3y €

Aut(A) such that, for each ¢ € R, B, is a lift of B, In the affirmative case we say that (Bt)ter
lifts smoothly to A and that (B;)icr is a smooth lift of (B;)icr.

Example 6.1.

1. We recall from the classical theory of smooth principal bundles that every smooth 1-pa-
rameter group on the base manifold lifts (smoothly) to the total space of the principal
bundle. For a compact Abelian group G this follows from Corollary 5.7, because, for each
o € G, the projections v5(15) and B7,(15) are obviously homotopic, and hence Murray—
von Neumann equivalent.

2. The example in [5, Section 4] shows that not all 1-parameter groups lift.
Let us fix, for each o € Irr(G), a finite-dimensional Hilbert space £, and an isometry s(o) €
A® L(Vy, H,) satisfying ay(s(0)) = s(o) - o4 for all g € G; for 1 € Irr(G) we take $; := C and

s(1) := 14. Throughout the following, we make the standing assumption that the associated
factor system (), y,w) is smooth in the sense that

Yo (B*) C B® ® L($,) and w(o,m) € B® ® L(Nowm; HDo @ Hr)
for all o, m € Irr(G).

Lemma 6.2. Let (Bt)teR be a smooth lift of (Bt)tcr and let 5= DBt denote the corresponding
*~derivation on its smooth domain A*°. Suppose that, for each o € Irr(G), the isometry s(o) is

smooth for (Bt)teR’ i.e., s(o) € A® € L(V,,9,). Then the element

H(o) :=6(s(0))s(o)".
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lies in B® ® L($H5) and for all o, 7 € Irr(G) we have

5'70(1)) = 705(17) + H(U)Va(b) + ’VU(b)H(U)* vb € B%, (61>
d(w(o,m)) = H(o)w(o,m) + 7o (H(7))w(o,m) + w(o,m)H (o @ 7).
Proof. Let o € Irr(G). We first note that A™ is a *-subalgebra of A satisfying 6(A>°) C A®

and (A>®)¢ = B>, the latter being due to the fact that Bt is a lift of (6;)ier. Therefore
teR

the assumption on s(c) implies that H(c) = 6(s(c0))s(0)* € B ® L($,). Furthermore, for each
t € R and b € B it follows from the lifting property that

Be(7(0)) = Bi(s(0)bs(0)*) = Be(s(0))Be(0) Be(s(0))".

Taking the derivative at t = 0, for each b € B> we get equation (6.1):

575(b) = 6(s(a))bs(a)* + 5(0)d(b)s(o)* + s(o)bd(s(a))*
= H(U)’Ya(b) + 705(17) + ’Ya(b)H(U)*'

Now, let o, 7 € Irr(G). Just as above, for each t € R we find that

Be(w(o,m)) = Bu(s(0))Be(s(m))Be(s(0 @ m))".

Taking the derivative at ¢ = 0 yields equation (6.2):

§(w(o,m)) = 6(s(0))s(n)s(0 @ 7)* + s(0)d(s(m))s(0 @ 7)* + s(c)s(w)d(s(o @ 7))*
= H(o)w(o,m) + v, (H(m))w(o,m) + w(o,7)H(c @ 7)*. [ ]

Lemma 6.3. Let H(0) € B* ® L(H),), 0 € Irr(G), be a family, normalized to H(1) = 0,
satisfying equations (6.1) and (6.2). Then there is a smooth lift (ﬁt)teR of (Bt)ter with

Dpi(Tr(ys(0))) = Tr(DB(y)s(o) +zH(0)s())
for ally € B* ® L($H5,V,) and o € Irr(G).

Proof. Without loss of generality we may assume that H(o) = H(0)7,(15) for all o € Irr(G),
because replacing H (o) by H(0)v-(1g) does neither change equation (6.1) nor equation (6.2).
The task is now to prove that (ﬁ,’yﬁf,wﬁt) ~ (9,7,w) for all ¢ € R. For this purpose, let
o € Irr(G). To handle the first conjugacy condition, we examine the differential equation
(o) = Be(H(0))ve(o) in B @ L(Hs)Ve(1g) with initial condition vg(c) = 75(1g). Indeed,
by [11, Section 3], it admits a unique solution v(c) € B® L($,)7,(15) satisfying the S-cocycle
equations

Vs1(0) = By(vs(0))ui(o)  and  v_y(0) = B (ui(0)") (6.3)

for all s,t € R. In particular, each v.(0), t € R, is a partial isometry with initial and final pro-
jection given by vi(0)*vi(0) = v5(1g) and vi(o)v(0)* = Be(v-(18)), respectively. Furthermore,
for each b € B> we consider the function ¢ — b; := 75? (b) = BBy 1(b) which is clearly smooth
and satisfies the differential equation

= Bi0758; 1 (D) — Bivo03, (b) = By (5%@71(6) - %5551(17))
“’ Y By (H ()08 (6) + 9B (0)H(0)7) = By(H (0))by + biBy(H (0)

for all ¢ € R with initial condition by =
satisfied by the function ¢ — v(0)v,(b)v

75 () = v1(0) 76 (D)ur (o) (6.4)

Yo(b). As the same equation and initial condition are
+(0)* we must have
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for all t € R and b € B. By conjugating with v;(0)*, we also obtain 7, = Ad[v(0)*] o yﬁt.

Next, let 0,7 € Irr(G). To deal with the second conjugacy condition, we look at the function

t = w = v(0)Ye(v(m))w(o, v (o ® m)*. Evidently, this function is smooth. Moreover, it

satisfies the differential equation
Wt = 0t(0) Y6 (0e() )wrr (0 @ T)* 4 ve(0) Yo (04 () )wvr (0 @ T)* + vi(0) Vo (Ve(T) )win (o0 @ 7)™
= Bi(H(0))wt + ve(0)ve Bt (H (m))ve(0) wi + we H (o @ )
L BuH () + Brvo ((H(m)wr + wi (o @ m)°

for all ¢ € R with initial condition wy = QJ(J, 7). The same equation and initial condition are
satisfied by the function t + w? (0, 7) = Bi(s(c)s(m)s(c @ 7)*). It follows that

W (o,7) = ve(0) e (v(m))w(o, T)ve(0 © 7)*

for all + € R. Summarizing, we have shown that ($),v%,w®) = v(9,v,w)v; for all t € R.
Hence, for each ¢ € R, Theorem 4.1 provides us with a lift 8; of 3; satisfying

Bi(Te(ys())) = Tr(Bu(y)vi(o)s(a)) (6.5)

for all y € B® L(H,,V,) and o € Irr(G) (cf. equation (4.1)). In addition, equations (6.3)
imply that (3)tcr constitutes a l-parameter group as required. Finally, it is immediate from
equation (6.5) that, for each y € B> ® L($,, V,), the element Tr (ys(a)) is smooth and that

DB(Tr(ys(0)) = Tr(DB(y)vo(0)s(0)) + Tr(yio(o)s(o))
T (DA(y)s(0)) + Tr(yH(0)s(0))
for all o € Irr(G) and y € B® @ L(H5, V). |
Combining Lemmas 6.2 and 6.3, we have established:

Theorem 6.4. Let (A, G, ) be a free C*-dynamical system with fixed point algebra B. Further-
more, let (Bt)ier be a smooth 1-parameter group of *-automorphisms 5y € Aut(B). Then the
following statements are equivalent:

(a) (Bi)ier lifts smoothly to A.

(b) There is a family H(o) € B*® ® L(Hq, V), 0 € Irt(G), normalized to H(1) = 0, satisfying
equations (6.1) and (6.2) for all o,m € Irr(G) and b € B*.

7 An Atiyah sequence for noncommutative principal bundles

In this section we generalize the classical Atiyah sequence in equation (1.1) to the setting of free
C*-dynamical systems. In addition, we explain how this can be used to produce characteristic
classes.

To this end, we consider a free C*-dynamical system (A, G, «) with fixed point algebra B
and we fix a dense unital *-subalgebra By C B. Again, for each o € Irr(G) we choose a finite-
dimensional Hilbert space ), and an isometry s(o) in A ® L(V;,$,) satisfying oy(s(o)) =
5(0)(14 ® g4) for all g € G; for 1 € Irr(G), we take $; := C and s(1) := 14. We denote by
($),7,w) the associated factor system and assume that

VU(BO) CBy® E(ﬁa) and W(Ua 7T) € By® L(ﬁa@ﬂ'aﬁa ® ﬁﬂ')
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for all o, 7 € Irr(G). Similar arguments as in [37, Section 5.1] establish that
Ao = span{Tr(ys(0)): o € Ir(G), y € Bo ® L(Ho, V) }

is a dense, a-invariant, and unital *-subalgebra of A such that AS = By (cf. Section 3). The
algebra Ay depends on the choice of the isometries s(o), o € Irr(G). However, any other choice
of isometries §'(0), o € Irr(G), such that §'(0) € Ay ® L(V,, H,) yields the same subalgebra.
In fact, Ag is the smallest *-subalgebra of A such that Ay O By and s(o) € Ay ® L(V,,$H,) for
all o € Irr(G).

7.1 The associated Atiyah sequence

For a *-derivation § on By we say that § lifts to Ag if there is a *-derivation 5 on Ao that
extends 0 and commutes with all ay, g € G. In this case we call § a lift of 6. As an immediate
consequence of Theorem 6.4 we obtain:

Corollary 7.1. Let 6§ € der(By). Then the following statements are equivalent:

(a) ¢ lifts to Ao.

(b) There is a family H(o) € Bo @ L(H0, Vs), 0 € Irr(G), normalized to H(1) = 0, satisfying
equations (6.1) and (6.2) for all o,m € Irr(G) and b € By.

Moreover, under the assumptions of (b) a lift of 0 is given by linearly extending
5(Tr(:cs(0))) = Tr(0(z)s(0) + zH(0)s(o))
for o € Irr(G) and x € By ® L(H4, Vs).

Remark 7.2. Suppose that G is compact Abelian and that (A, G, «) is cleft. This is essentially
the setting studied by Batty, Carey, Evans, and Robinson in [5], but without the factor system
terminology. Combining Corollary 7.1 with the results from Section 5, we obtain a generalization
of the main results in [5] to the setting of free actions of compact groups.

To formulate a generalized Atiyah sequence, we consider the Lie algebra
derg(Ap) := {0 € der(Ap): agod =0d0ay Vg € G}.
This Lie algebra admits the short exact sequence

0 — gau(Ao) — derg(Ag) — der(Bp)(y,u) — 0,
where

gau(Ao) := {6 € derg(Ao) : 65, =0}

is the Lie algebra of infinitesimal gauge transformations of Ag and der(Bo) is the Lie sub-

algebra of all *-derivations of By that lift to Ag. By Corollary 7.1, we have

vsw)

der(Bo)(y,w) = {0 € der(By): ¢ satisfies the condition in Corollary 7.1(b)}.

(yw

Furthermore, it follows from Corollary 7.1 that gau(Ag) can be identified with the Lie algebra,
let us say, H($,~,w), consisting of all families of skew-symmetric elements H (o) € By ® L(9,),
o € Irr(G), satisfying the equations

H(0)v:(b) + v (b)H(0)* =0 Vb€ By,

H(0)w(o,7) + 7 (H (1)) (0, 7) + (o, 7) H(o ©7)* = 0

for all o, 7 € Irr(G).



An Atiyah Sequence for Noncommutative Principal Bundles 17

Remark 7.3. Suppose that (A, G, a) is cleft with compact Abelian G and that w(o, ) lies in
C-1gforall o,m e G = Hom(G, T). Then H($),~,w) may be realized as the Lie algebra of all
crossed homomorphisms G — B5kev:

7! (G,Bﬁkew) = {H: G — BXY: H(o+ ) = H(0) + v, (Hy) Vo, 7 € G}

Definition 7.4. A linear section x: der(Bp)(y..) — derg(Ap) of the Atiyah sequence in equa-
tion (4.2) is called a connection of Ay.

Remark 7.5. If q: P — M is a smooth principal bundle with structure group G, then the
previous definition reproduces, up to a suitable completion, the classical setting of connection
1-forms when restricted to sections V(M) — V(P) that are C°°(M)-linear (see, e.g., [24,
Chapter XII)).

Given a connection x: der(Bp)(y,,) — derg(Ap) of Ag, we may utilize Lecomte’s Chern—Weil
homomorphism to associate characteristic classes with (A, G, «). More precisely, for each k € Ny
we get a natural map

1
Ck: Symk (gau(.Ag), B())derG(AO) — H2k ( deI‘(Bo)(%w), Bo), f — H [fx],

which, as a matter of fact, is independent of the choice of x. Here, Sym*(gau(Ag), By) stands
for the space of symmetric k-linear maps gau(Ag)® — By and fx is the 2k-cocycle in
C?*(der(Bo) (., Bo) associated with x (cf. [26, 40]).

7.2 An example: quantum 3-tori

Let 6 be a real skew-symmetric 3 x 3-matrix and, for 1 < k,¢ < 3, put Ay := exp(2mby ) for
short. In the following we consider the quantum 3-torus Ag, which is the universal C*-algebra
with unitary generators wi, ug, ug satisfying the relation upuy = A pupuy for all 1 < k, £ < 3.
The classical torus T? acts naturally on Ag via the *-automorphisms given by 7(uy) = 2 - uy, for
all z = (21,21,23) € T? and 1 < k < 3. This is the so-called gauge action, whose generators are
the *-derivations dy(ug) = 2wy 0 - ug, 1 < k,¢ < 3, where 05, ¢ denotes the Kronecker delta.

Our study revolves around the restricted gauge action a: T — Aut (Ag) defined by

a,(u1) = uq, az(ug) := ug, az(ug) ==z - usg

for all z € T. Its fixed point algebra is the quantum 2-torus Ag, generated by the unitaries u
and ug, where 6’ denotes the real skew-symmetric 2 X 2-matrix with upper right off-diagonal
entry #12. More generally, for each k € Z, the corresponding isotypic component is Ag(k) takes
the form u’?ng,. In particular, the C*-dynamical system (Ag, T, a) is cleft and therefore free.
The factor system associated with the unitaries u(k) := uf, k € Z, is given by the following
data: For k € Z we have v, = 7, with z = (A’gl,A’?fQ, 1), and for k,l € 7Z the cocycle w(k,1)
computes as 1,2 .

Next, we look at the dense unital *-subalgebra By of Ag, generated by all noncommutative
polynomials in u; and up. Then A is given by the dense unital *-algebra of A3 generated by
all noncommutative polynomials in wy, uo, and us, as is easily seen. Furthermore, it follows
from [17, Section 3.4] that the *-derivations of By split as a semidirect product of inner and
outer *-derivations, i.e., der(Bp) = Inn(der(Bp)) x Out(der(Bp)). If moreover 615 is irrational,
then Out(der(Bp)) is linearly generated by d1)5, and d2)5,. Obviously, d1)5, and dg)5, may be
lifted to d1)4, and d2)p3,, respectively. It is also clear that each inner *-derivation of By lifts
to Ag. In consequence, der(By) ) = der(By). Since we also have Z'(Z, Bkew) = BgkeV via the
evaluation map f +— f(1), it follows that the associated Atiyah sequence reads as

0 — B — derg(Ag) — der(By) — 0
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(cf. Remark 7.3). Finally, a moment’s thought shows that this sequence is split, and so it
does, unfortunately, only give trivial Chern—Weil-Lecomte classes. However, if needed, one may
associate secondary characteristic classes as described in [40].

7.3 Associating connections and curvature

Connection 1-forms are the fundamental tool in the theory of smooth principal bundles and
give rise to the notion of connections on associated vector bundles. Such a connection or, more
precisely, its induced covariant derivative is an operator that can differentiate sections of each
associated vector bundle along tangent directions in the base manifold.

In this section we discuss suitable generalizations of theses notions to the C*-algebraic setting
of noncommutative principal bundles. In particular, we provide explicit formulas for connections
and curvature on associated noncommutative vector bundles. To do this, we proceed as follows:

For each finite-dimensional representation (o,V,) of G we consider the associated natural
inner product Ay ® L(V,) — Bp-bimodule

FCay(Vo) =T 4y(0,V5) ={x € Ay @ V5: (ag ® 0g)(x) = Vg € G}

with left Ao ® L(V,,)-valued inner product , o £(Va) (+,-) and right By-valued inner product (-, -)z,
defined on simple tensors by

doscny(@®vb@w) = ab* @) (w|  and  (a®v,b®w)s, = (v,w)a’b

respectively. Notably, the bimodule structure and the inner products are related by the com-
patibility condition AO®£(V0)<$, y).z=x.(y,2)p, for all x,y,z € T 4,(V5).

Remark 7.6. The space I'4,(V,) may be interpreted as associated noncommutative vector
bundles (cf. [39]).

The following result provides a criterion for ensuring that the space I" 4, (V5 ) admits a so-called
standard right-module frame (see, e.g., [33, Section 2]).

Lemma 7.7. Let (0,V,) be a finite-dimensional representation of G. Then there are elements
S1y---y8q4 € T4y (Vi) such that

d

Z Ao@L(Vy) Sk 5k) = Lage(v,)-
k=1

In particular, the reproducing formula r = Zzzl Sk - (Sk,x)B, holds for all x € Ta,(V,). If
(A, G, a) is cleft, we find such elements with (s, s1)B, = 0k, - 1 for all 1 < k,l1 < d.

Proof. Let eq,...,eq be an orthonormal bases of $), and let s, € Ag ® V,, 1 < k < d, be the
columns of s(o)* € Ay ® L(Ho, Vs). Then s, € T'4,(V5) for all 1 < k < d, which is due to the
fact that agy(s(0)) = s(o)(1a ® o4) for all g € G. In addition, a moment’s thought reveals that

d
ZAO@E(V0)<Skask> = s(0)*s(o) = Lagc(v,)-
k=1

If (A, G, ) is cleft, then (sy, s;)5, = i, - 1 for all 1 < k,1 < d follows from the fact that s(o) is
unitary. The verification of the reproducing formula poses no trouble and is left to the reader. W

In what follows, we consider a fixed finite-dimensional representation (o, V,) of G and elements
S1y.-.,54 € ['4y(Vy) as in Lemma 7.7.
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Lemma 7.8. Let (0,V,) be a finite-dimensional representation of G. If 6: By — By is a *-de-
rivation, then the linear map

Vg: F.AO (G) — FAO(U)7 Vg(.ﬁ) = Zsk '5(<5k7$>6’0)

satisfies the following equations
V§(x.b) =V§(z).b+x.0(b), (7.1)
6 ((z,9)5,) = (V5 (), y)5, + (2, V5 (Y)) 5

forall x,y € T 4,(0) and b € By.

Proof. Let x,y € I'4,(c) and b € By. Using first the right By-linearity of (-, -)s,, second the
derivation property of §, and finally the reproducing formula for z, we obtain

VS (x.b) Zsk d ((sg,z.b)B,) Zsk d ((sk,z)B, - b)
k=1

—Zsk ((sk,2)8,) - b+ (Sk, )5, - (b)) = VE(2). b+ x.5(b).

Likewise, it may be concluded that

d
<Vg($), y>Bo + <3§‘, Vg(y)>80 = Z (<Sk 0 (<5k7x>80) 7y>l30 + <3§‘, Sk -0 (<sk>y>30)>30)
k=1

d
((5 <<.%', 3/€>Bo) . <5k7 y>80 + <$7 3k>Bo : 5 8k7 Z 5 {E Sk Sk, y>80)
k=1

I
o~
a M&
—

d

6 ((@, sk - (Sk: Y)Bo)By) = 6 <<$728k : <5kay>Bo>Bo> =06 ((z,¥)Bo) »

k=1

k=

—_

where for the second equality we have exploited the fact that ¢ is a *-derivation. |

We refer to equation (7.1) as the Leibniz rule and to equation (7.2) as the metric compatibility
between the inner product and the map V§. In addition, we draw attention to the fact that
Lemma 7.8 entails that the map

V7: der(Bp) x I'gy(0) = I 4,(0), Ve(6,x) = V§(x)
is a so-called metric connection over I' 4,(c) (see, e.g., [3, 16]).
Corollary 7.9. For each finite-dimensional representation (o,V,) of G the associated vector

bundle I' 4,(c) admits a metric connection.

Next, let x: der(Bo)(y.w) — derg(Ao) be a connection of Ag. It is straightforward to check

that, for each ¢ € der(Bo)(y,4), the map

(V¥)§: Tag(0) = Taplo),  (VN§(2) := x(0) @ idy, (2)

is well-defined, linear, and satisfies the Leibniz rule. Moreover, since

ZX ®idy, (sk) - (sk, 2By + V5(2) Vo € Tgy(0),

similar computations as in the proof of Lemma 7.8 yield the following result:
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Corollary 7.10. Let x: der(Bp)(y.) — derg(Ao) be a connection of Ag. Furthermore, let
(0,Vy) be a finite-dimensional representation of G. Then

VX7 der(Bo) (yw) X Tag(0) = Laplo),  VX9(6,2) = (V¥)§(2)
18 a metric connection if and only if

(x(8) @ idv, (), y)B, + (x,x(6) ®idv, (y))5, =0
for all 6 € der(Bo)(y,w) and z,y € T 4,(0).

To proceed, we bring to mind that, given a finitely generated projective right Bp-module E
together with a connection V: der(By) x £ — E, its curvature R := Ry with respect to V is
the map defined by

R: der(Bp) x der(By) x E — E, R(01,02,¢) := [Vs,, Vs, |(e) — Vis, 5, ().

Lemma 7.11. Let (0,V,) be a finite-dimensional representation of G. Then the curvature
R? := Ryo of I' 4,(0) with respect to V takes the form

d
(01,02, 2) = Y sk (01((sks80)80) - 02 ({s1,2)By) — sk - 02 ({Sks 1)) - 01 ({51, 7))
k=1
for all 01,69 € der(Bp) and x € T 4,(0).

Proof. Let 61,92 € der(By) and x € I' 4, (0). Then a straightforward computation gives

R7(81, 09, ) = [V§,, VE,](x) = V{5, 5,)(x) = V5, (VE, (2)) — VE,(V§,(2)) = V5, 5, (%)

I
M=~

sk - (01((8ky 518, - 02((s1,2)By)) — 02((5k> 51050 - 01 ({51, %) 5,)))

>

M=~ L

Sk - [517 62](<5k’ ‘T>Bo)
1

I
[~ =

sk - (01((sky 51)8,) - 92({s1, ) By) + (5K, 51) B, - 01(02((s1, %) 5,))

kS
O«u Il
N

(<5k’ 5l>30) 61(<5l7m>50) - <5k751>80 ’ 52(51(<5lax>50)))

s (01(d2((s1, ¥),)) — 02(01((s1,2)8,)))

M= S

=1

M=

sk - (01((5ks 51)8o) - 02((51, ) Bo) — 5k - 02 ((sk, 81)8,) - 01 ({51, 2)15,)). W
kl

Il
—

As a corollary we can conclude that cleft actions have vanishing curvature:

Corollary 7.12. Let (A,G,«) be cleft. For a finite-dimensional representation (o,V,) of G
let V7 denote the metric connection. Then R°(61,02,2) = 0 for all 61,02 € der(By) and z €
L 4,(0), i.e., the curvature vanishes identically.

Remark 7.13. With a little more effort one can also find a similar formula for the curvature
associated with the metric connection VX2,

Remark 7.14. Corollary 7.12 implies that cleft C*-dynamical systems yield trivial (primary)
characteristic classes.
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