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Abstract. We prove several de Finetti theorems for the unitary dual group, also called
the Brown algebra. Firstly, we provide a finite de Finetti theorem characterizing R-diagonal
elements with an identical distribution. This is surprising, since it applies to finite sequences
in contrast to the de Finetti theorems for classical and quantum groups; also, it does not
involve any known independence notion. Secondly, considering infinite sequences in W*-
probability spaces, our characterization boils down to operator-valued free centered circular
elements, as in the case of the unitary quantum group U,. Thirdly, the above de Finetti
theorems build on dual group actions, the natural action when viewing the Brown algebra as
a dual group. However, we may also equip the Brown algebra with a bialgebra action, which
is closer to the quantum group setting in a way. But then, we obtain a no-go de Finetti
theorem: invariance under the bialgebra action of the Brown algebra yields zero sequences,
in W*-probability spaces. On the other hand, if we drop the assumption of faithful states
in W*-probability spaces, we obtain a non-trivial half a de Finetti theorem similar to the
case of the dual group action.

Key words: de Finetti theorem; distributional invariance; exchangeable; Brown algebra;
unitary dual group; R-diagonal elements; free circular elements
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1 Introduction

In this work, we provide de Finetti theorems for the unitary dual group, also called the Brown
algebra or the Brown—Glockner—von Waldenfels algebra. De Finetti theorems have a long tradi-
tion in probability theory. In a nutshell, the aim is to characterize some notion of independence
and a distribution law by distributional symmetries of a sequence of random variables. The
question is how a symmetry object on the one side corresponds to a distributional statement on
the other side.

This paper is a contribution to the Special Issue on Non-Commutative Algebra, Probability and Analysis in Ac-
tion. The full collection is available at https://www.emis.de/journals/SIGMA /non-commutative-probability.html
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More precisely, the classical de Finetti theorem states the following: A sequence (x;);en of
real-valued random variables is (conditionally) independent and identically distributed if and
only if it is exchangeable, i.e., if and only if for all n € N the distribution of (z1, ..., zy,) is invari-
ant under permutation. Hence, i.i.d. sequences are characterized by the action of the symmetric
group S, and we may say that this is the distributional symmetry of classical independence.

Now, strengthenings on the side of symmetries — for instance by passing to groups contain-
ing S,, — implies certain distribution laws on the side of the sequence. Moreover, we may ask
for de Finetti theorems for other types of independences. Such de Finetti theorems have been
studied in various contexts going beyond the usage of groups as symmetry objects or classical
independence from probability theory.

1.1 Overview on some de Finetti theorems in free probability theory

Let us briefly sketch some de Finetti theorems in free probability theory. Let (z;);en be a se-
quence of random variables in a noncommutative W*-probability space satisfying certain as-
sumptions specified below. We have

Assumptions on (z;) ‘ Distributional properties | Symmetry object ‘ Ref.
x; = x], x;xj = vjx; | class. indep. symm. group Sp, 9]
or spreadability
x; =z}, xjxj = xjx; | class. indep., R-Gaussian | orth. group O, [10]
TiTj = T;T; class. indep., C-Gaussian | unitary group U, [10]
x = af free indep. symm. qu. group S;" | [19]
or qu. spreadability 8]
T =] free indep., semicircular orth. qu. group O;" 2]
no assumption free indep., circular unitary qu. group U," | [7]
T =X Boolean indep. Symm. qu. semigr. [21]
or Bool. spreadability | [22]
T =X} Boolean indep., Bernoulli | orth. qu. semigr. [23]
T =T monotone indep. mon. spreadability [22]
T; = (mi,azf) ‘ bi-free indep. ‘ strongly qu. bi-invar. ‘ [11]

Let us comment on the above table. Firstly, the classical results are well-known, an exposition
may be found in [17]. Note that exchangeability, as a characterization of i.i.d. sequences, may
be relaxed to spreadability, i.e., the distribution of (x;,,...,x;,) needs to be the same as that
of (x1,...,xy,) for all iy < --- < i, and all n.

In the free case, Kostler and Speicher [19] proved that free independence is characterized
by quantum exchangeability using the quantum analog of the symmetric group, namely Wang’s
quantum permutation group S;". This quantum symmetry has been relaxed to quantum spread-
ability by Curran [8] building on Sottan’s quantum families of maps [30]. On the other hand, the
free de Finetti theorem has been strengthened in [2] to several other quantum groups contain-
ing S;7, for instance to O;F, but also to H;" and B,". Note that in free probability the semicircular
distribution plays exactly the role of the real Gaussian in classical probability theory, for in-
stance in terms of central limit theorems [28]. The non-selfadjoint situation has been treated
by Curran [7]. In [2], there are also half-liberated versions of de Finetti theorems. Liu showed
that intermediate quantum groups do not necessarily give strengthenings of the distributional
properties [23].
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For Boolean independence, one has to employ quantum semigroup versions of the above
quantum groups, see [15, 21]. The crucial feature is that all algebras are non-unital. For
instance, the relation Y, u;, = 1 in C(S;) is replaced by >, u;xP = P for some projection P.
Again, the Bernoulli distribution is the correct analog of the real Gaussian. There is no unitary
version of a Boolean de Finetti theorem.

As for monotone independence, Liu [22] proved a de Finetti theorem which adapts Curran’s
quantum spreadability to the monotone situation. There is no kind of quantum exchangeability
for monotone independence and hence no quantum group like object involved. Also, there are
no strengthenings to distributional descriptions of “Gaussians”.

For bi-free independence, Freslon and the fifth author gave a de Finetti theorem [11]. Here,
we do not consider single variables z; but rather pairs (xﬁ, x:) The symmetry is basically given
by the quantum permutation group S,', but the action is more complicated. Moreover, the
de Finetti theorem requires some technical assumption (the splitting property) which hopefully
may be removed someday. Again, there is no “Gaussian” version of this de Finetti theorem.

1.2 The role of combinatorics in the proofs: partitions of sets

For the proofs of the above de Finetti theorems, a major role is played by the combinatorics
underlying the respective independence concepts and the other distributional properties. More
precisely, the proofs mainly go by decomposing the functional ¢ of the noncommutative prob-
ability space into cumulants indexed by partitions of sets. Then, both the independence as
well as the distribution (such as “Gaussianity”) are reflected by the choice of the partitions.
On the other hand, the algebraic relations of the quantum algebraic objects are also described
by partitions. This provides the link and is the essence in the proofs of all de Finetti theo-
rems.

We recall that classical independence is governed by all partitions of sets, the real Gaussian
arises from a restriction to pair partitions, and in the complex case we have to involve two colors
for the points of the partitions. The groups S,, O, and U, obey exactly the same combinatorics.
As for free independence and the corresponding quantum groups, all we have to do is to restrict
to noncrossing (also called planar) partitions, in the Boolean case we use interval partitions,
in the monotone case there are linearly ordered partitions, and bi-noncrossing partitions in the
bi-free case.

1.3 Different kinds of actions

Secondly, an important feature of a de Finetti theorem is to specify the kind of action. While we
have multiplicative actions in the classical and the free case, we must restrict to linear actions in
the case of Boolean and bi-free independence. Note that for both free independence and bi-free
independence, the symmetry object is the quantum permutation group S;". However, in the
first case, the action is a multiplicative one whereas in the second case, it is only linear (and also
twisted). Thus, the right choice of the kind of action is an important ingredient in the precise
formulation of de Finetti theorems.

1.4 Further reading

Besides the above mentioned articles related to de Finetti theorems, let us also mention the
work by Kostler on various exchangeabilities [13, 14, 18], and various de Finetti theorems in
quantum information theory [1, 3, 20] or quantum mechanics [6, 16]. See also [24, 29] for further
de Finetti theorems in the context of compact quantum groups.
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2 Main results

In the present article, we give a number of de Finetti theorems for the unitary dual group, also
called the Brown algebra, answering the question:

Which distributional symmetry is described by the unitary dual group as the symmetry
object?

Recall that the Brown algebra [4, 12] is the universal complex x-algebra Pol(U}¢) generated
by elements uji, j, k € {1,...,n} such that

n n
D ulun =) ujiugy = Gl
=1 =1

which is equivalent to the matrix u = (uji)i<jr<n being unitary, ie., u*u = uu* = 1. See
also [25, 32] for more on the Brown algebra, also called the Brown—Glockner—von Waldenfels
algebra. While this algebra does not give rise to a compact matrix quantum group (since
u' = (uj;) is not invertible [33, Non-Example 4.1]), imposing the additional relation u!(u')* =
(u')*u' = 1 we obtain the algebra Pol(U,") of Wang’s free unitary quantum group U,! [33]. Now,
U,f is a compact matrix quantum group with comultiplication

A: Pol (U) = Pol (U;}) @min Pol (U)))
to the tensor product, and U} is a dual group with a map to the free product:
A: Pol(Uy°) — Pol(Uy) U Pol(US).

Since we have a canonical *-homomorphism from Pol(U2¢) to Pol(U,") mapping generators
to generators, one is tempted to view U," as a “subgroup” of UZ°. One could thus expect
a strengthening of Curran’s de Finetti theorem [7] for U,I. However, our research reveals a more
complex situation.

2.1 Finite de Finetti theorems for dual group actions

Firstly, note that while the unitary quantum group U, possesses a Haar state, by a gen-
eral theorem by Woronowicz, this is not the case for the unitary dual group U;°. How-
ever, the unitary dual group admits a Haar trace as shown by the second author and Ul-
rich [5]. Now, due to the special nature of this Haar trace, we may even prove a finite
de Finetti theorem for the unitary dual group, in contrast to the situation for U, ; here,

we consider dual group actions, i.e., actions going into the free product of algebras, see Sec-
tion 3.7.

Theorem (finite de Finetti theorem for dual group actions, Theorem 4.2). Let (z1,...,x,) be
a finite sequence of random variables in a noncommutative probability space. The following are
equivalent:

1. The family (1, ...,xy) is composed of R-diagonal elements such that the joint free cumu-
lants are zero except those of type kor (], Tiy, .-, T}, @i,) and Kop(Tiy, T3, Tig, -+ -, TS, Ty,
xj,) for all 1 € N. Moreover, these cumulants depend only on the length 2r.

2. The family (x1,...,zy) is invariant under the dual group action of ULC.

In case the underlying noncommutative probability space in the above theorem is tracial, the
above characterization (1) may be replaced by (see Proposition 4.6):
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(1) The family (x1,...,xy,) has the same x-distribution as (uix,...,u,x) where (uy,...,uy)
is a freely uniform unit vector, x is self-adjoint and (uq,...,u,) and x are *-free.

And in case we are dealing with a tracial W*-probability space such that > ; z7z; has trivial
kernel, the above element x is of the form (see Corollary 4.7)

2.2 Infinite de Finetti theorems for dual group actions

Secondly, we may pass to infinite de Finetti theorems. The above theorem has a direct analog
in the infinite situation replacing (z1,...,x,) by an infinite sequence (x;);cn, see Theorem 5.2.
However, passing to W*-probability spaces, we obtain a characterization of free centered circular
elements, just like in the case of the unitary quantum group U,’, compare with Curran’s result [7].

Theorem (infinite de Finetti theorem for dual group actions on W*-prob. spaces, Theorem 5.7).
Let (z;)ien be an infinite sequence of random variables in some W*-probability space (M, ). The
following are equivalent:

1. There exists some v € M such that (x;);cn is a B-valued free centered circular family whose
elements have identical variances

B3 b— E(xibx)) = p(xbx] )1 and B 3bw— E(x;bz;) = ¢(b)v,

where B is the conditional expectation from M to W*(v).

2. The distribution of (x;)ien s invariant under the dual group action of ULC.

In this case, the sequence (% 22:1 x;xj)neN strongly converges to v.

In case the underlying W*-probability space is tracial, the above characterization (1) may be
replaced by (see Proposition 5.8):

(1) The sequence (x;)ien has the same x-distribution as (c;x)ien where (¢;)ien @S a sequence
of free circular variables, x is self-adjoint and (¢;);eny and x are x-free.

See also the version Corollary 5.9 of Proposition 5.8.

2.3 Infinite de Finetti theorems for bialgebra actions

Thirdly, instead of considering actions going into the free product of algebras (dual group ac-
tions), we may also consider actions going to the tensor product of algebras (bialgebra actions).
In a way, these bialgebra actions are closer to the actions of quantum groups such as U;1; on the
other hand, they are less “natural” from the perspective of dual groups. Surprisingly, we have
a no-go theorem for bialgebra actions in case we consider W*-probability spaces with faithful
states.

Theorem (no-go de Finetti theorem for bialgebra actions, Theorem 6.3). The joint *-distribu-
tion of an infinite sequence (x;);en of random variables in some W*-probability space is invariant
under the x-bialgebraic action of U™ if and only if x; = 0 for all ¢ € N.

However, if we omit the assumption on the state being faithful, we do obtain some de Finetti
theorem, at least “half” of it, characterizing only one direction.
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Proposition (half a de Finetti theorem for bialgebra actions, Proposition 6.5). Let (z;)ien be
an infinite sequence in a W*-probability space (M,v) such that 1 is not necessarily faithful.
Suppose, there is a W*-subalgebra 1 € B C M and a conditional expectation E: M — B such
that (z;)ien s a B-valued free centered circular family whose elements have identical variances

B3>b~ 0(b) = E(z;bz}) € B and  B>bw—n(b) = E(xibx;) =0

for all i € N. Then the joint distribution of (x;);eN is invariant under the x-bialgebraic action

of U™,

3 Preliminaries

3.1 Partitions of sets

For any integer k > 1, let us denote the set {1,2,...,k} by [k].

We recall that @ = {V1,Va,...,V;} is a partition of [k] if and only if the blocks V;’s are
pairwise disjoint (non empty) subsets of [k] such that V; UV U --- UV, = [k]. Moreover, the
partition 7 is called noncrossing if for any two distinct blocks V' and W of 7w one cannot find four
points 1 <p < g <r < s < k such that {p,r} C V and {q,s} C W. The set of all noncrossing
partitions of [k] is denoted by NC(k). This is a partially ordered set with the reversed refinement
order.

12345 12345
Il S

Figure 1. A crossing partition on the left and a noncrossing one on the right.

Definition 3.1 ([28, Definition 9.14]). Let m, 0 € NC(k) be two noncrossing partitions, we write
7 < o if each block of 7 is contained in one of the blocks of o.

This partial order induces a lattice structure on NC(k). The maximal element of NC(k) with
respect to this partial order is the partition consisting of only one block, denoted by 1, and the
minimal element is the partition with k blocks, denoted by 0.

Definition 3.2 ([28, Definition 9.15]). The join of two partitions 7 and o, denoted by 7V o, is
the minimal element 7 in NC(k) such that # < 7 and o < 7.

The meet of two partitions m and o, denoted by 7w A o, is the maximal element 7 in NC(k)
such that 7 <7 and 7 < 0.

3.2 Noncommutative probability spaces, cumulants and freeness

Definition 3.3 ([26, Definition 1.12]). A noncommutative probability space (A, p) consists of
a unital x-algebra A and a state p: A — C, i.e., a unital positive linear functional. An element
a € A is called a noncommutative random variable.

If A is a von Neumann algebra and ¢ is a faithful normal state, then (A, ¢) is called a W*-
probability space.

Note that we do not assume that ¢ is a trace on A.

Definition 3.4 ([28, Definition 4.8]). Let (A, ¢) be a noncommutative probability space, and
(x;)ieny be an infinite sequence of noncommutative random variables in (4,¢). Let Q, =
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C(t1,t7,...,tn, ;) denote the unital *-algebra of noncommutative polynomials in n variables
with complex coefficients. Then

Pr = P(z1,...,zn) * Qn — Ca
p— @ (p(x))

is the joint x-distribution of x = (z1,...,x,), where p — p(z) is the canonical morphism from Q,,
to A.

Definition 3.5 ([28, Definition 5.3]). Let (A, ) be a noncommutative probability space and
let I be a fixed index set. Let, for each ¢ € I, A; C A be a unital subalgebra. The subalgebras
(4;)ier are called freely independent if

v(ajaz...ax) =0,

whenever we have the following:

e k is a positive integer,

e a; € Ay forall 1 <j <k,

e p(aj) =0forall1 <j <k,

e neighboring elements are from different subalgebras, i.e.,

i(1) #i(2) # -+ #i(k = 1) #i(k).

If the unital x-subalgebras A; generated by the random variable a; are freely independent, then
we call (a;);er *-freely independent, or x-free.

Definition 3.6 ([28, Definition 11.3]). Let (A, ¢) be a noncommutative probability space. The
corresponding free cumulants (kr)zenc are, for each n € N, m € NC(n), multilinear functionals

kr: A" — C,
(a1,...,an) ¥~ Krlag, ... anl,

which are defined as follows

Krla1,...,ap] == g Oolat, ..., anlu(o,m),
ceNC(n)
o=

where p is the Mobius function on the lattice NC(n) and

Oolat, ..., an] = Hgov[al,...,an] = H DAy, -+ ay,).

Veo Veo
V={vi1<-<v;}

We denote k1, by kp.

Proposition 3.7 ([28, Definition 11.4]). The free cumulants are also determined by the moment
cumulant formula:

elag---ap) = Z Relat, ..., an).

TeNC(n)

It is possible to compute the free cumulants of products, thanks to the following formula.
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Theorem 3.8 (|28, Theorem 11.12 and proof of Proposition 11.25]). For all ai, ..., a2, € A,
we have

kn(arag, ..., asp—1a2,) = E Rrlal, ..., a2,
TeNC(2n)
wNVo=1a2y

with o = {(1,2),...,(2n—1,2n)}. Moreover, a partition m € NC(2n) such that mV o = la,, has
the following property:

{(1,2n),(2,3),...,(2n—2,2n — 1)} < 7.

3.3 R-diagonal elements

Notation 3.9. A tuple (z1,...,x,) with entries from a set with two elements {a, b} is said to
be alternating (in a and b), if n is even and z; # ;41 foralli =1,...,n — 1.

Definition 3.10 ([28, Definition 15.3]). Let (A, ¢) be a noncommutative probability space.
A random variable a € A is called R-diagonal if for all n € N we have that x,(ai,...,a,) =0
whenever the arguments ay,...,a, € {a,a*} are not alternating in a and a*.

Example 3.11. Let us recall that a random variable ¢ € A is called circular when the only
non-vanishing cumulants are

ka(c,c*) = ka(c*,c) = 1.
Thus, a circular element is an R-diagonal element.

Definition 3.12 ([28, Definition 1.12]). Let (A, ¢) be a noncommutative probability space.
A random variable u € A is called Haar unitary if u is a unitary in A and all x-moments of the
form ¢(u*), k € Z, vanish unless k = 0.

Proposition 3.13 ([28, Proposition 15.1]). The alternating x-cumulants of a Haar unitary u
are given by

Kon(u,u™, ... u,u”) = Kop(u®,u, ..., u" u) = (—1)”_1071,1,

where C,, denote the n-th Catalan number. All the other x-cumulants of u vanish. Thus any
Haar unitary element is an R-diagonal element.

Lemma 3.14 ([28, Proposition 15.8]). Let {a;}icr and {b;};cs be x-free. We assume that, for
allm>1, (i1,...,0im) € I™, and e = (e1,...,em) € {D,*}™ the free cumulant

/fm(afll,...,af;”)

1s vanishing whenever e is not alternating.
Then, for allm > 1, (i1,...,im) € I"™, (Jj1,..-,Jm) € J™ and e = (e1,...,em) € {D,*}™ the
free cumulant

Km ((ailbjd )617 SERE) (aimbjm)em)
is vanishing whenever e is not alternating.

Proof. In [28], only the case of one a and one b is considered. However, the proof works mutatis
mutandis with families {a;}icr and {b;};c. [
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3.4 Operator-valued cumulants

Let us recall the definition and some basic facts about operator-valued cumulants, see [26,
Chapter 9].

Definition 3.15 ([26, Definitions 9.4 and 9.7]). A conditional expectation E: A — B from
a unital s-algebra A onto a *-subalgebra 1 € B C A is defined as a unit-preserving linear map
which has the bimodule property E(biabs) = b1 E(a)be, for all by,by € B and a € A. In such
a case we say that (A, F) is a B-valued probability space. The B-valued cumulants of E are
defined implicitly via the formula

E(ay---ap) = Z kElay,. .., an).

TeNC(n)

Here the arguments of xZ are distributed according to the blocks of 7, and the cumulants
inside xZ are nested according to the nesting of the block of 7, see [26, Chapter 9] for details
and examples. We denote /ﬁ:lEn by k2.

Note that the bimodule property for E implies that xZ is a map on the B-module tensor
product AQp A®p---p A.

E
n

Example 3.16. The cumulants (/-@

)n>1 of a B-valued centered circular element ¢ are of the
form a

bon(b1)be if n =2 and (e, e2) = (%, 9),
HTEL(bOCelbl)Ce2b27 .. -7Cenbn) = bpf(b1)by if n =2 and (e1,e2) = (I, %),

0 else

with n(b) = k& (c*b,c) and 0(b) = k¥ (cb,c*). The cumulants &£ [boz (b1, ..., 2{"by] appearing
in the sum above are uniquely determined by n(b) = k%’ (2%b, x1) and 0(b) = k& (x1b, z7).

More generally, we said that a sequence (z;);en is a B-valued free circular family with common
covariance if their cumulants are of the form

bon(b1)be if n =2, i(1) =i(2) and (e1,e2) = (*, D),
KE (boxf(ll)bl, xfé)bg, . ,xf(”n)bn) = q bof(b1)by if n=2, i(1) =i(2) and (e, e2) = (F, *),

0 else,

with 7(b) = k& (23b,z1) and 0(b) = k& (21, z}). Note that a sequence (z;);ey is a B-valued free
circular family with common covariance if and only if

Z KE [box by, ..., x7*b,| if k even,
E(bgl‘fll by--- a:f:) = § meNC§(k), m=keri
0 if k odd,

where NC§(k) = {m € NCa(k);V{s,t} € m,es # e:} and keri is the partition obtained by forming
blocks consisting in equal indices in i = (i1, ..., ).

3.5 Conditional expectations of free algebras

Given two unital x-algebras A and B, the free product A LI B is the unique unital x-algebra
with #-homomorphisms i4: A — AU B and ig: B — Al B such that, for all x-homomorphisms
f:A— C and g: B — C, there exists a unique *-homomorphism f Ll g: AU B — C such that

f=(fUg)oisand g = (fUg)oip.



10 I. Baraquin, G. Cébron, U. Franz, L. Massen and M. Weber

Let (A1, 1) and (Ag, p2) be two unital *-algebras endowed with a state and consider the
unital *-algebra A; U As with the state ¢ = @1 % @9. Following [26, Exercise 18], let us define
a conditional expectation from A; U As to A;. By setting A? = A; N kery;, we have the
decomposition

oo
AluAs=Cle P . A @ ® A,
n=1li£ig##in€{1,2}
Let us define the linear map EJ, : A; Ll Ay — A; to be the identity on A1 = C1 & A¢ and zero

on all remaining summands. Similarly, let us define EfQ: A1 U Ay — As to be the identity on
Ay = C1 @ A9 and zero on all remaining summands.

Proposition 3.17. The linear maps ES,: A1 U Ay — A; are two conditional expectations pre-
serving ¢, in the sense that ¢ o E5, = .

Proof. The bimodule property is a direct consequence of the definition. We have p(a) =
poEZ (a)ifae A; =Cla A? (because EJ,(a) = a) and we have ¢(a) =0 = ¢ o Eg,(a) for a
in any other of the summands, because of freeness of A; from As. [ |

Remark 3.18. As in [26, Theorem 19], it is possible to prove general formulas for calculating
such conditional expectations:

Vp > 1, V(Il,...,CIPEAl, Vbl,...,bpeAg,

EZla1by--apbpl = Y kfar,.. ] [ (e2)vibr. b T bos

TeNC(p) VeK(m) VEWast
V#‘/last
Ef [bray - bpay) = Y w221, b)) [ (eoviarsap) [ aw
WGNC(p) VGK(W) ve‘/last
V#‘/last

where K (7) denotes the Kreweras complement of 7 (see [28, Definition 9.21]), Vs is the block

of the noncrossing partition K (7) containing the uttermost right point and [] «, is the non-

'Ue‘/last
commutative product where the v’s are taken in increasing order.
In particular, we have:
Corollary 3.19. Letn € N and x = (x1,...,x,) be a family of random variables in a noncom-

mutative probability space (A, ). On the free product of the Brown algebra Pol(U}€) and Q,, we
have the conditional expectation EZ:*%. Thus EZ:*% o ay, 15 a map from Qy to Pol(U}L°).

We have also nice formulas for the operator-valued cumulants k2 with E = Eg., given by
the following theorem.

Theorem 3.20 ([27, Theorem 3.6]). Let A and B be two free subalgebras of a noncommutative
probability space (M, ). We assume that there exists a p-preserving conditional expectation
E: M — B and that ¢|g is non-degenerate (in the sense that 0 is the unique by € B such that
©(b1b2) =0 for all by € B). Then, for allm > 1 and all ay,...,any, € A, by,b1,..., by € B, we
have

K,ﬁ(boalbl, ey O 1bm—1, ambn) = &5 (a1, ..., am)@(b1) -+ ©(brm—1)bobm.

Corollary 3.21. Let (A, p1) and (B, ¢3) be two noncommutative probability spaces and consider
the conditional expectation E := ES,: AUB — B. Then, for allm >1 and dall ay, ... ,ay, € A,
bo, b1,...,bm € B, we have

KE (boarbi, . . ., Gm—1bm—1, Gmbm) = K21 (a1, ., am)a(b1) - - 2 (bm—1)bobm.
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3.6 Two structures on the Brown algebra

Definition 3.22 ([4, 12]). Let n > 1. Denote by Pol(UZ°) the universal unital x-algebra with n?
generators uj, 1 < j, k < n and the relations

n n
ZuﬂuZK =l = Zquwk.
=1 /=1

This algebra is called the Brown algebra or Brown—Glockner—von Waldenfels algebra.

For #-homomorphisms f: A — C and g: B — D, we denote by flg the x-homomorphism
(ico f)U(ipog): AUB — C U D, whereas, as above, fUg: AU B — C denotes the unique
s-homomorphism such that f = (fUg)ois and g = (fUg)oip, incase f: A— Cand g: B— C
are given. Recall that i4 denotes i4: A - AU B.

Definition 3.23 ([32]). A dual group in the sense of Voiculescu is composed of a unital -
algebra A and three unital *-homomorphisms A: A - AU A, 6: A — C and ¥: A — A such
that

e A is a coassociative coproduct, i.e., (idgUA) o A = (Alidy) o A,
e § is a counit, i.e., (6Uidg) o A =idy = (idgUd) o A,
e Y is a coinverse, i.e., (X Uidg) o A =46(-)14 = (ida U X) 0o A.

Lemma 3.24 ([32]). The Brown algebra Pol(UX°) is a dual group when it is endowed with the
following *-homomorphisms:

e the coproduct A defined on the generators by A(u;j) = > 5y ugi)u,(é),

e the counit § given on the generators by 6(u;;) = d;j,
o the coinverse ¥ given by X(u;j) = us;.

Remark 3.25. The Hopf x-algebra Pol(U,;[) of the quantum unitary group U,S defined by
Wang [33] is obtained by dividing Pol(U2¢) by the ideal generated by the relations

n n
ijuzk =l = Zu;gukg.
=1 /=1

In order to distinguish the two algebras Pol(U2¢) and Pol(U,), we will denote the generators
of the former by wu;i, and the generators of the latter by wjx, 1 < j, & < n. Denote the
canonical quotient map by 7: Pol(U2¢) — Pol(U;}), m(ujx) = wjk; this map can be viewed as
the restriction homomorphism of the inclusion U7 C U!° in some sense. But note that U2° is
not a quantum group.

Note that quantum groups always have a Haar state, but this is not true for dual groups [5].

The second author and Ulrich also define a weaker notion: the Haar trace, and prove that the
Brown algebra admits a Haar trace with respect to the free product of states (this is also the
state McClanahan used in [25]).

Let us recall the description of the cumulants of the u;;’s with respect to the free Haar trace
in [5].

Proposition 3.26 ([5, Corollary 2.8]). The free cumulants of the noncommutative random
variables (uij)i<ij<n ond ((u*)ij)i<ij<n = (u;i)lgi,jgn in (Pol(UX), hy) are given as follows.
Let

1<, ki, ooyt b <n and (e1,...,em) € {@,x}™.
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If the indices are cyclic, i.e., i1 = ky, and ij = kj_1 for 2 < j < m, m is even and the e; are
alternating, we have

/1;‘1] [(uel)ilkl, . (ueW)imkm] = nlfm(—l)m/QflCm/z,l,

where, as before, Cy, denotes the n-th Catalan number. Otherwise, the left-hand side is equal to
zero.

We will denote the reduced and universal C*-algebras and the von Neumann algebras asso-
ciated to U, and U2¢ by CT(U,T/HC), CU(U;F/HC), and VN(U,T/HC). Here the reduced C*-algebra
of U} is defined as the closure of the image of Pol(U;;) under the GNS-representation w.r.t. to
the Haar trace defined in [5], and we set V. N(UZ2°) = C,.(U2°)".

3.7 Dual group actions
Note that the Brown algebra Pol(U;°) is both an involutive bialgebra (but not a Hopf x-algebra

for n > 1), cf. [12], and a dual group (in the sense of Voiculescu [32]), so we can consider two

kinds of actions.!

Note that a coaction of Pol(UR°) as a bialgebra induces also a coaction of Pol(U,!), so we can
exploit the results of [7], see Section 6.

Definition 3.27. An action of the dual group G = (Pol(G), A, §, X) on the unital *-algebra M
is a morphism a: M — Pol(G) U M satisfying

(AUidyr) o a = (idpgyg)Ua) o and (0Uidps) o v = id .

Define Q,, as the x-algebra of noncommutative polynomials with n variables and complex
coefficients. Define oy, : Q,, — Pol(U}¢) U Q,, as the unital *-homomorphism satisfying

n
Oén(ti) = Zuz‘jt]’
j=1
and the corresponding fixed point algebra

O .= {p € Qn | an(p) = p}.

It is straightforward to prove that a, is a dual action of Pol(U}¢) on Q,,, and thus we have the
following lemma.

Lemma 3.28. The Brown algebra acts as a dual group on the algebra Q, of noncommutative
polynomials with n variables and complex coefficients.

Proposition 3.29. We have

ofix = ¢ <Z t;ftj>
j=1

and more generally, if o, is a non-degenerate state on Q,, we have

By o om(Qn) = @ =C <Zt§tj> :
j=1

!Terminology: an action of UL or U, is a coaction of (one of) their algebras Pol(UJL‘CH), C(Uﬁ°/+).
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Proof. “C(}." it tj) C QX" Tt follows from the relations of Pol(U2) that

n n n n
an < > t;ftj> =3 YD it = Z Z 0ty = Z .
j=1

j=1k=11=1 k=11=1

Hence we have Y7, t7t; € ofix,
«Qfix ¢ E!}Z*‘p” 0, (Qy,)": Let x € O, Then we have

B o o an(z) = Eg e (x) = k" (1] -z = x.

“Eh *%oan(Qn) C ¢ > i=1tit) )" We want to compute the moments of (ay, (t1), . . ., an(tn))
with respect to E¢Z *#nIn order to do so, we will compute their free cumulants. We set E :=
Ef;z*‘p". Let m > 1, (i1,...,im) € [n]™, e = (e1,...,em) € {T,*}™ and by, ..., by_1 € QX We
can use Corollary 3.21 in order to compute

ﬁfn(a(tfll)bl,...,bm_la(tm)) = Z nﬁ{l(ufllkl,...,ufskm) X ().

kl»n-ykme[n]m

Thanks to the data of the free cumulants of the (u;;) (given by Proposition 3.26), we see that
all the terms of the sum are vanishing if e is not alternating.
Let us examine the case where m = 2r and e = (&, *,...,d, %) is alternating,

/{ﬁ(a(tfll)bl, e bm,la(tfr’:))
= Z R?n" (ui1k17 ey ufmkm)(p(thbltltg) (bg) (tk27 1b2r 1tk2r)

k‘l,...,kgre[n}zr
—-1,.1-2
= (_1)r n TCT—15i1=i2mi2=i3,m

X > (e, buth, ) @(b2) -+ @ (thy, s bar1th,, ).
k1:k2,k3:k47...€[n]2T

Similarly, if m = 2r and e = (%,9,..., %, &) is alternating, we have

K2 (a(t5)by, . bmra(t5m))
= (_1)7‘_171,1_27“(]7«715i1=i2,i3=i4,... Z tZ1tk2r(p(b1)¢(tk2b2t};3) o (p(bm,il).

k1=kor,ka=ks,...€ [n]2T

Finally, we have shown that the maps
(bs- -y bm1) = KD (a(E1)br, - b (E5)),

leave C( > tit ) invariant. This means that the moments of (an(t1),. .., an(ty)) wrt. E =

E!*m are in C( X% tit;), which implies that Ej" fn*en o o, takes values in (C< S tity). A

Jj=1% ]1]

4 Finite de Finetti theorems for dual group actions

In this section, we first consider the case of finite sequences: surprisingly, unlike in the quantum
group situation, we are able to prove a finite de Finetti theorem for the dual group action
of Pol(U;¢). Also, when restricting to the tracial case, we will give a refined characterization in
terms of freely uniform unit vectors.
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4.1 Invariance for finite sequences in the general case

Definition 4.1. The n-tuple (x1,...,z,) of random variables in a noncommutative probability
space (A4, ¢) is called invariant under U}, whenever its distribution is invariant under the

. . By % .
action oy, 1.e., pzlyne = B} #* o v, or more precisely
mn

Vm > 1, V(i1,...,im) € [n]", Ve = (e1,...,em) € {&,x}",

€1

h’VL x m
() -2l luge = By o an (£ - £7). (4.1)
Here comes our finite de Finetti theorem for the dual group action of Pol(U};€).

Theorem 4.2. Let n be a natural integer and (x1,...,2,) be a family of random variables in
a noncommutative probability space (A, ). The following are equivalent:

1. The family (z1,...,zy) is composed of R-diagonal elements such that the joint free cumu-

lants are zero except those of type kar (T}, iy, -, T}, @,) and Kop (T, T, Tig, - - -, T, Tiy s
xy,) for all r € N. Moreover, these cumulants depend only on the length 2r.
2. The family (x1,...,xy) is invariant under the dual group action au,.

3. We have @z = (hy * ©z) 0 ap.

Proof. Implication (3) — (1): Let m > 1, i = (i1,...,im) € [n]™, e = (e1,...,em) € {D, x}™.
We compute
kb (2, am) = kP (5. ) = lnxpa (an (1), .. an(t5™))
= Z H%*@z ((uilkltkl)el, ey (uimkmtkm)em),
kl,.‘.,kme[n]

where we used ¢, = (h, * ¢z) o o, for the second equality. By Proposition 3.26, the free
cumulants " (ufllkl, . ,ufr’:km) vanish if e is not alternating. Moreover, the elements {u;}
and {tx} are by construction *-free with respect to (Pol(U2°) U Oy, hy, * ¢z). Thus Lemma 3.14
implies that all the terms in the above sum are vanishing if e is not alternating.

Let us examine the case where m = 2r and e = (&,%,...,d,%) is alternating, the case
e = (%,2,...,% @) being similar. By using Theorem 3.8, we have
* _ hn*pg * *
“f@(miu ey xim) = Z Rm v (Uiﬂcltku s 7tkmuimkm)
k‘l,...,kME[n]

hn* * *
= E E Kn" o (Uilk17tk1, v 7tkm7 uimkm)7

k1,...,km€[n] mENC(2m)
w™Vo=1lom
with o = {{1,2},...,{2m — 1,2m}}.

Since the elements {u;;} and {t;} are x-free, their mixed cumulants vanish and hence only
such partitions 7 € NC(2m) contribute to the above sum for which each of their blocks connects
elements only from {w;,w} } or only from {¢j,t;}. For such a partition 7 € NC(2m), we
denote by m, € NC(m) the subpartition of 7 corresponding to the elements {u,u} } and by
7 € NC(m) the subpartition of 7 corresponding to the elements {t,}}.

Then the non-zero mixed cumulants can be written as

*

h h
’iwn*wz( uimkm) = ”wz (ui1k1v cee 7u:mkm)’i7ff (tk17 s ’tzm)‘

uilkl)t/ﬂ? s 7tz'm7
Moreover, Theorem 3.8 tells us that

{(1,2m),(2,3),...,2m —2,2m —1)} <7
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in all the terms of the above sum. Thus, thanks to the data of the free cumulants of the (u;;) given

by Proposition 3.26, all the terms RQZ (Wiyky s - - - ,ufmkm) are vanishing unless 11 = i, 2 =13, ...
and ki1 = kg, k3 = kg4, .... Moreover, in this particular case, the value of n’,ﬁz (Wiykys ooy U] 3 )
does not depend on the indices 71, ..., .
Implication (1) — (2): We set E := EZ:*‘PZ. Let m > 1, (i1,...,0m) € [n]™, e =
(€1,...,em) € {@,*}™. We can use Corollary 3.21 in order to compute
/ﬁg(an(tfll),...,an(tfg)) = Z mﬁ((uilkltkl)el,...,(uimkmtkm)em)

e o €[]

= Z /{%x(t%,...,tm) X (%)

]{,’1,...7k‘m6[n]m

= Z R (2, i) x (%),

k1,....km€n]™

where the term (%) depends on i, e, and ki, ..., k. By assumption the cumulants 3, (:L'le, cee
:EZ:Z) vanish if e is not alternating and the same holds for x5, (an (1), ..., an(t5™)) by the above
equation.
Let us examine the case where m = 2r and e = (&, *, ..., d, %) is alternating.
E *
Hm(a(th)? SRR a(tim))
z * * * *
= Z K/Tfl, (tkl, oo 7tkm)hn (uisz ui3k3) T h?’l(ui2T72k27.,2ui2r71k2r71)uilkl ui2'rk2'r
k‘l,...,kgre[n}zr
= kP (¢ ] hap (u; ¥ han (u; : ; :
= Kn ( 1yeees 1) n(u’LSkSuing) U n(u22r71k2T71ui2T72k2T72)u11k1 Wi, ko,
k1=kar,
k2:k3,...€[’n]2r
. * . *
= H,ﬁf (tl, e ,t1)6i1:i27,72’2:i37“.1U’;VL746 = I*i,ﬁ;“ (ti17 BN ’tim)lU}LLC'

Here, the first equation follows again from Corollary 3.21. Moreover, we used our assumptions
on the cumulants x{;¥ for the second and fourth equation. In addition, the second equation uses
the traciality of h,.

Similarly, if m = 2r and e = (%, 9, ..., *, &) is alternating, we have

K2 (an(t]), o an(ti,)) = KEF (8, i) Lume.
Finally, we have shown that the equality

i (om (1), am (E5m)) = K& (151, 5™ ) e

im

is always true, which means that E o ay, = @, 1yge.
Implication (2) — (3): If EZ:*‘P”” 0 oy = @glyne, we have just to apply h, in order to get
(hn*(pm)oan = Pg- |

In direct comparison with Curran’s de Finetti theorem [7] for the unitary quantum group U,
we observe that our de Finetti theorem has a characterization of distributional invariance of finite
sequences — whereas in Curran’s de Finetti theorem, we only have a characterization of infinite
sequences.

Example 4.3. Let us give several examples of sequence that satisfy the conditions of the de
Finetti Theorem 4.2.
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4.2

. As a finite sequence, we can take the elements of the first column of the matrix of generators

of Pol(U}€), i.e., x; = u;1, i = 1,...,n, equipped with the Haar trace of UR°. It follows
from Proposition 3.26 that the distribution of (z;)i—1,.., satisfies the first condition of
Theorem 4.2 and consequently is invariant under the dual group action «,.

A sequence of free centered circular elements is invariant under the dual group action of
Pol(UR€). Conversely, if the z;’s are invariant and free, then they are circular, because
freeness implies vanishing of all cumulants ko (], iy, - - -, T} , i) and Koy (74, , T

i) 9> Ligy e s
* ) * _
T}, Ti,, vy ) unless 7 =1,

If the distribution of (u;)i=1,... » is invariant under the dual group action «,, and z is *-free
from (w;)i=1,. n, then (u;jz)i=1,. , is invariant under the dual group action a,. Indeed,
Lemma 3.14 says that the free cumulants

Hn((ui(l)x)ela PN (Ui(n)l')en)

is vanishing if (e1,...,e,) is not alternating, and, in the case where (eq,...,e,) is alter-
nating, Theorem 3.8 allows to says that the joint free cumulants are zero except those of

* * * * *
type kor (¥}, Tiy, ..., ¥; , @) or those of type kap(wiy, T}, Tig, - .., T} , T4, ] ). Moreover,

these cumulants depend only on the length 27.

If (24)i=1,..n is *free from (w;j)ij=1,..n € UyS, then the distribution of the tuple

n
E ui]’Ij
Jj=1 i=1,...,n

is invariant under the dual group action «,,. Indeed, the distribution of ( Z?Zl Uij$]’)¢:1 N

is given by (hy, * ¢z) © a, and

(hn * ((hn * pg) 0 an)) 0 an = (B * b * g © ((idPol(U;;C)L'Oén) o ay)
= (hn * hn % z) 0 ((Alidg) © an) = (i * z) © 0,

which means that the last condition of Theorem 4.2 is satisfied.

Invariance for finite sequences in the tracial case

Let us now refine Theorem 4.2 in the case when our probability space (A, ) is tracial. We
prepare the statement with the following proposition.

Proposition 4.4. The x-distribution of a family (z1,...,xy,) of random variables in a noncom-
mutative tracial probability space (A, ) which is invariant under the dual action oy, is uniquely
determined by the distribution of > i | xfw;.

Proof. Note first that by Theorem 4.2, the *-distribution of (z1,...,z,) is uniquely determined
by the sequences of cumulants (q,)m>1, and (By)m>1 where

and

R * *

m 2= Kam(Z]), Tigs o, )5 Tiy, ) m>1
P . * ) *

Bm = Kom(Tiy, oo TF T4, T3, m > 1.

However, by traciality, we have that (am)m>1 = (Bm)m>1-
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Thanks to Theorem 3.8, let us compute,

n

n n
* * * *
Km g ajixi,...,g iz | = E Kom (25, @iy -, 2] 4,,)
i=1 i=1

15 77:m:1

* *
= g E K (T35 Tigs o5 ], T,

i1, tm=1 TENC(2m)
mVo=1lam

with o = {{1,2},...,{2m — 1,2m}}. Exactly as in the proof of [28, Proposition 15.6], all the
cumulants appearing in the sum are of the form «,. (or 3, which is in our tracial case the same
as a,) for r < m. In fact, by taking out the term 7 = 1g,,, we have more precisely

n
* *
KEm i Ty rix; | =n" o + K (T35 Tigs o5 TF, Ty, ),
i=1

Uyetm=1 TENC(2m)\{lom}
w™Vo=1lam,

where all the cumulants appearing in last sum are of the form «, for » < m. This formula can
be inductively resolved for (c,)m>1 in terms of the cumulants of > | zFz;, which shows that
the x-distribution of (z1,...,zy) is uniquely determined by the distribution of >_7" ; zfz;. W

Proposition 4 5. Let us consider the x-algebra S;¢, defined by the quotient of Q, by the
relation Y | tit; = 1. There exists a unique tracial x-distribution on Sp°, which is invariant
under the dual action o,.

Proof. The uniqueness is due to the last proposition. The existence is due to the fact that
the *-distribution of the first column (u;1)1<i<n is such an example of x-distribution, see Exam-
ple 4.3. |

When the *-distribution of a family (z1,...,z,) such that > ", zfz; = 1 follows this par-
ticular x-distribution, we say that it is a freely uniform unit vector of random variables. For
example, the elements of one of the columns of the matrix of generators of Pol(U%), i.e., ; = w,
1=1,...,n and k fixed, equipped with the Haar trace of U}°, is a freely uniform unit vector.

We will now prove two versions of a finite de Finetti theorem for tracial probability spaces

(4, ¢).

Proposition 4.6. Let (x1,...,x,) be random wvariables in a tracial probability space (A, ).
Then the following statements are equivalent.

1. The x-distribution of (z1,...,xy) is invariant under the dual action .
2. The tuple (x1,...,xy) has the same x-distribution as (uix, ..., u,x) where (uy,...,uy) s
a freely uniform unit vector, x is self-adjoint and (u1,...,u,) and x are x-free.

In this case, 2% and oy wlix; are identically distributed. More generally, the distribution of =
can be taken as any distribution such that 2 and Yotz are identically distributed.

Proof. Implication (2) — (1): It is just an application of Example 4.3.

Implication (1) — (2): By enlarging (A, ¢) if necessary, we consider a freely uniform unit
vector (u1,...,u,) and a self-adjoint variable z, free from (uy,...,u,), and such that z2 and
Yo, xfx; are identically distributed. Thanks to Example 4.3, the family (uiz, ..., upx) is
invariant under the dual action «,, and the distribution of Y"1 | (u;z)*u;z = 2? is the one of
Yo zix;. As a consequence of Proposition 4.4, the families (uix, ..., upx) and (z1,...,2x)
have the same *-distribution. |
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If the square root /Y ;" | xfxz; exists, for example in a tracial C*-probability space (A4, ¢),
the distribution of  can be taken as the distribution of /> 1 ;| zz;.

Corollary 4.7. Let (z1,...,xy,) be random variables in a tracial W*-probability space (A, p)
such that Y7 | zfx; has a trivial kernel. Then the following statements are equivalent.

1. The x-distribution of (x1,...,xy,) is invariant under the dual action cu,.

2. We have the decomposition (x1,...,x,) = (wix,...,u,x) where (ui,...,u,) is a freely

uniform unit vector in A, which is x-free from x = /> " | xix;.

Proof. Implication (2) — (1): It is just an application of Example 4.3.

Implication (1) — (2): The fact that x = /) ;" ; 2 x; has a trivial kernel implies that we
can invert it (in the algebra of affiliated operators) and we can define u; := z;-2~! in such a way
that z; = u;x. It remains to prove that u; and x are *-free with the x-distribution announced.

Let (41, ..., U,Z) be the realization of the x-distribution of (x1,...,z,) (not necessarily in A)
appearing in Proposition 4.6 with T positive. But this means that the von Neumann algebra
generated by (z1,...,x,) is isomorphic to the von Neumann algebra generated by (1%, . . ., 4,Z)
via the mapping z; — @;Z. We extend this mapping to the algebra of affiliated operators (not
necessarily bounded). The image of z is />~ ,(@;%)*%Z = 7 and the image of u; = x; - 27!
is 4,7 - x7!. As a consequence, the *-distribution of (u1,...,u,, ) is the *distribution of
(U1,...,1Un,Z): they are bounded, and (uq,...,u,) is a freely uniform unit vector in A, which

is -free from = := /> " | xfx;. u

Note that the condition on the kernel Y ;" ; zx; can not be avoided if we want to define the
unit vector (uq,...,u,) in A. For example, the vector (0,0,...,0) is invariant under the dual
action «, even if the tracial W*-probability space (4, ¢) does not contain any freely uniform
unit vector (ug,...,un).

5 Infinite de Finetti theorems for dual group actions

We now turn to the characterization of infinite sequences, building on our finite de Finetti
Theorem 4.2. We will prove several variants: a general case, as a direct consequence of our finite
de Finetti theorem; a version adapted to von Neumann algebras, i.e., to W*-probability spaces;
and, as in the previous section, a strengthening in the tracial case.

5.1 Invariance for infinite sequences in the general case

Definition 5.1. Let (z;);en be a sequence of random variables in a noncommutative probability
space (A, ). The distribution ¢, of (z;)ien is said to be invariant under the dual action of U™,
if, for any n > 1, (x1,...,x,) is invariant under «,.

As a direct consequence of our finite de Finetti Theorem 4.2, we obtain the following char-
acterization of infinite sequences under the action of the Brown algebra.

Theorem 5.2. Let (z;)ien be a sequence of random wvariables in a noncommutative probability
space (A, ). The following are equivalent:

1. The distribution ¢, of (x;)ien is invariant under the dual action of U™.

2. The sequence (x;);en is composed of R-diagonal elements such that the joint free cumulants

* * * * *
are zero except those of type ko (T}, @iy, .., 27, @i,) and Kop(Tiy, TF,, Tig,s - - T, Ty, TF)-

Moreover, these cumulants depend only on the length 2r.
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Proof. The equivalence between the first two conditions is a direct consequence of Theorem 4.2.
If the first condition is true, for any n > 1, (z1,...,z,) is invariant under «,,. As a conse-
quence, for any n > 1, the second condition holds for (z1,...,zy), which implies that the second
condition is true since n can be as large as wanted.
Conversely, if the second condition is true, we have in particular that, for any n > 1,
(z1,...,Ty) is invariant under a,. [ |

5.2 A technical lemma on actions on infinitely many variables

We extend the action «, from Definition 3.27 to the infinite situation as follows. Let (x;);cn be
a sequence of random variables in a noncommutative probability space (A, ¢). Define Q. as the
x-algebra of noncommutative polynomials with infinitely many variables (¢;);>1 and complex
coefficients.

Define 3,,: Qs — Pol(U°) U Q as the unital *-homomorphism satisfying

n
ul-jtj if 1 § ) S n,
Bn(tz') = ;

t; if i > n.

Lemma 5.3. If the distribution ¢, of (x;)ien is invariant under the dual action of U™, then,
foralln > 1,

P *
Eh: 7o By = Pa-

Proof. We want to prove that for all m > 1, (i1,...,im,) € N e = (e1,...,em) € {D, %}, we
have

hnxpa m _ m
By o [Ba(t) - Bu(tin)] = walti - 1],
Set N := max(n,il, ey Zm) We define (Uij)lgi,jgN by
Ujj if1<1,7<n,
Vi —
“ (52‘]‘11301([]2(:) if max{i,j} >n
in such a way that, for all i € [N], we have

N

Bulti) = > virts.

k=1

We set F := E;Z:*W. Let m > 1, (i1,...,im) € [N]™, e = (e1,...,em) € {@,*}™. We can use
Corollary 3.21 in order to compute

A (Bu ()5 Bat) = D0 s ((vamti) s (Vi b))

Kt .ok €[N]™

= Z R (G-t ) X (%),

kla“-»kme[N}m

Using the particular form of the free cumulants sy (tzll, e ,tz::ll), given by Theorem 4.2, we see
that all the terms of the sum are vanishing if e is not alternating.
Let us examine the case where m = 2r and e = (9, *,...,d, %) is alternating.

Fm (B (tin)s -, Bu(t5,))
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= Z ﬁ;’;Lz (tkﬂ ttt 7tzm)hn (U’Z’;k‘zviSkB) T h’n (U:2772k2r72Ui2r71k2r71)/Uilkl /U’ZkzrkgT
kl»maere[N]Qr
= K”rflx (t17 R ’tT) Z hn(vi3k3/l};<2k.2) o hn(viQ’l‘flk“QTflU;kQT_QkQT_Q)UilkIU;;erT
ki1=kar,
k:gik:g,...E[N}ZT

= Iif{” (tl, A 7tT)5i1:i2T,i2:i3,“.1U;’Z‘c = Iif{” (til, - ,t;(m)lU;er.

Similarly, if m = 2r and e = (x,9, ..., *, &) is alternating, we have
E z
Ko (Br(tiy)s -, Bu(ty ) = K5 (tiys - -, 7 ) Lume.

Finally, we have shown that the equality
KB (B t0). B (t50)) = W (2. 150 L

is always true, which means that E o 8, = ¢ 1yne. |

5.3 Invariance for infinite sequences for von Neumann algebras

We now put more structure on our noncommutative probability space, passing to W*-probability
spaces, and we prove a de Finetti theorem in this situation.

Let (x;);en be an infinite sequence of random variables in some W*-probability space (M, ¢)
with faithful state. Set By := W*(x1,x2,...). More generally, we set

n

* *

B, =W ( E xjxj,xn+1,a:n+2,...>.
Jj=1

We have B, 11 C By, and we set

B := ﬂ B,,.

n>1
We define (B, (x;))i>1 elements of the W*-probability space (W*(U2) x By, hy, * ) by

n
~ Zuijznj 1f1§z§n,
Bn(xz) =9 j=1

T; if i > n.
By [31, Theorem IX.4.2], there exists a unique @-preserving conditional expectation

Elme WH(UR) * By — Bo.

Lemma 5.4. We set E := Eﬁ"w. Foralln >1,m > 1, (i1,...,im) € N, (e1,...,ep) €
{@,x}™ and by ... by, € By,

Ko, [ﬁNn(ZEil)elbl, e abm—lgn(fﬂim)em]
is in By. In the case where n > max(iy,...,iy), we have more precisely the following:

e If ¢ is not alternating, the cumulant is vanishing.

e Ifm is even and e = (D, *,...,D, %), we have

KE (Bn(wi)b1, - -+ s bm—1Bn(4,,)")
= (=1 TR i 16y isia (210127 (b2) - - - (11 2]).
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o Ifm is even and e = (%, 9, ...,*, &), we have

K (5n($i1)*b1, RN bmflgn(ﬁim))

= (_1)m/2_ln_m/20m/2—15i1=i2,i3=i4,~~

x (b1)p(@1baa}) - Q(@1bm—27)p (b 1) > @,
j=1

Proof. Set N := max(n,ii,...,%n,). We define (vi;)1<ij<n by
Uij 1f1§z,]§n,
Vs —
Y 6ij1pol(U7rL1c) if max{i,j} >n
in such a way that, for all i € [N], we have

N

Bn(w:i) =Y vin.

k=1
We can use Corollary 3.21 in order to compute
KE (B (i) b1, - b1 Ba(@4,) ™) = D v ) X (%),
kl,...,kmE[N]m

where the term (x) is dependent of i, €, b1, ...,by,—1 and kq, ..., ky,. We know the free cumulants
of (uij)1<i j<n (given by Proposition 3.26), and we deduce that the free cumulants of (v;;)1<i j<n
are vanishing except if m = 1 or if m is even with e alternating. It yields that all the terms of
the sum are vanishing except if m = 1 or if m is even with e alternating.

Let us examine the case where m = 1:

0 if 1 <iy <n,

Ty if i1 > n.

appa (Bu(@i)) = 37 KA vk, ), = {

kle[N}
Let us examine the case where m = 2r and e = (&, *,...,d, *) is alternating,
K5 (B (@i )b1, - -« b1 Bn(Ti,,)*)

= Z ’%ﬁr;ﬂ (Uilku cee ,U;(mkm)g(?(wklbl.%%)@(bg) t So(kaquflxzm)lM-
k1,....km€[N]™

Finally, if m = 2r and e = (%, 9, ..., *, &) is alternating, we have
KE (Ba (i) b1y b1 Bn(24,,))

S RO Vi )P0 bat ) - (b )
kl,...,k‘me[N]m

which is vanishing if 71 > n or i, > n. When 0 < 41,4, < n, k1 must equal k,, and we have
K2 (Bu(2i,)*b1, -« b1 Bn(2i,,))

n

J— * h * *

- Zxkxk E : ’{n{l(vilbvilkw""Uim_lkm_laviml)
k=1 kz,...,k‘m_1€[N]m

x o(b1)p(wrybazy,) - - o(bm—1).

In all cases, the cumulant x2 (5n(xil)elb1, cee bm_lgn(mim)em) belongs to B,,.
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Whenever n > max(iy, ..., 4,) (or equivalently N = n), we can pursue the computation. In
the case where m = 2r and e = (&, *,..., d, *) is alternating, we have

HEL (Bn(xil)bl, cee 7bm—116~n(xim)*)

= Z K?r? (uilkp cee ’ukam)gp(:ﬂlﬂ blng)W(bﬂ t ‘70($/€m71bm*1$2m)
]{,’1,...7km€[’n]m

_ m/2—1,_1-m o
_(_1) / n Cm/271511:zm,12:23,...

X > Pz, bizy,)p(b2) - - - o(Tk,,  bn—17},)
k1=k2,k3=ky,...€[n]™

= (=)™ TR 8 iy, (110127 )0 (B2) - (@1bm 1Y),
Similarly, if m = 2r and e = (x,9, ..., *, ) is alternating, we have
/{ﬁ (,én(-xil)*bl, e ,bm_lgn(l‘im))
= <_1)m/Qilnlimcm/Zf15i1:i2,i3:i47---

X > Thy Tl P(01)(2hy b2y ) -+ - 0 (brm—1)
k1=km,ka=ks,...€[n]2"

= (_1)m/271nim/ZCm/Zfl5i1:i2,i3:i4,---

x @(b1)@(w1ba}) - p(w1bm—22])@(bm—1) > w5;. u
j=1

During the rest of this section, we assume that the distribution ¢, of (gci)ieN is invariant

under the dual action of U™. Thanks to Lemma 5.3, the *-distribution of (Bn(xj))j>1 and the

*-distribution of (x;);>1 are the same, which means that we can extend B, to a homomorphism
from By to W*(URC) % By such that (hy * ) o B, = ¢.

Lemma 5.5. The linear map E, := EZ”*“" 0By is a p-preserving conditional expectation from
By to B,.

Proof. We have po Eﬁ"w 0 By = hy * po B = . Moreover, because
n n _ _ 5 _
Z-x;xj = Zﬁn(xj)*ﬁn(xj)a Tn+l1 = Bn(xn+1)7 Tn42 = 517,(1'11—&—2)7 )
j=1 j=1

we know that 3, is the identity on B,, and we can write the bimodule property: for all a € By,
and by, by € By,
E!*? o B [braby) = EL*? b1 Bn(a)bs] = by ER*? B (a)]bo.

It remains to prove that E,, takes value in B,,, which is true because

E(Zn*g, o /én [(wh)el . (xim)em] _ Ezn*tp [gn(xil)el e gn(xim)em] S Bna

thanks to Lemma 5.4. [ ]
Proposition 5.6 ([7, Proposition 4.7]). For any x € M, the sequence E,[x] converges in strong
topology to a conditional expectation E: By — Bso. Moreover, for allm > 1, ai,...,am € M,
we have

lim &Er(ay,. .. am) = kE(a1,. .. am).

n—o0
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Here comes our infinite de Finetti theorem in the case of von Neumann algebras, i.e., for
W*-probability spaces.

Theorem 5.7. Let (x;);en be an infinite sequence of random variables in some W*-probability
space (M, ). The following are equivalent:

1. There exists v € M such that, setting E: M — B the conditional expectation from M
to B := W*(v), (x;)ien is a B-valued free centered circular family whose elements have
identical variances

B3 b— E(xibx]) = p(xbx] )1 and B 3bw— E(x;bz;) = ¢(b)v.

2. The distribution ¢, of (z;)ien s invariant under the dual action of U™C.

In this case, the sequence (% Z?Zl :c;fazj)neN strongly converges to v.

Proof. Implication (1) — (2): First of all, the variables z7z; are freely independent and iden-
tically distributed with respect to [E. As a consequence, the normalized sum (% Z?:l :r:;xj)n
strongly converges to E[z}x;] = v thanks to the free law of large number.

Now the strategy is the following: we will consider a sequence of variables which are invariant
under the dual action of U™, and which converges in distribution to (z;);en.

More precisely, let us consider (Bn(acz)) We set B = Eﬁ"w. For almn > 1, m > 1,

€N’ -
(i1, yim) € N™ and by ... by, € B, Lemma 5.4 gives us the exact value of
KE [Br(@i )1, - . ., b1 Bn(24,,)°™]
in the case where n > max(ii,...,iy,). By letting n tend to oo, we get 0 if m # 2, or if e; = ea.

The only non-vanishing cases are

nh_)rgo KQE [Bn(xll)b7 /BH(IW)*] = 5i1,i290(x1bx1<) = ”Ig[xh b, $:<2]

and

nlglolo Rg [ﬁn(xh)*b? /Bn(xlz)] = 5i1,i290(b)v = ng[xz b, xiz]'

iy under E = B¢
converge strongly to the free cumulant &%, of (x;);eny under E. Moreover, by induction, it is also
true for the free cumulant xZ of a noncrossing partition 7 which converges to the corresponding
free cumulant xE. It implies firstly that the distribution of (Bn(mz)) under Ez"w converges

As a consequence, we can say that the free cumulants 2 of (Bn(xz))

iEeN !
strongly to the distribution of (z;);en under E and secondly that the distribution of (5, (;))

€N
under h, * ¢ converges strongly to the distribution of (x;);cny under .
In order to conclude, we remark that, for any 1 < m < n, the distribution o
(ﬂn(xl)a cee aBn(xm))
is invariant under a;,. As a consequence, for any 1 < m, the distribution of (T1,...,Tm) is
invariant under oy, (as it is the limit of the distribution of (8,(z1),..., Bn(zm)) when n tends

to 00).

Implication (2) — (1): Lemma 5.5 tells us that E,[z]z1] = %ijl zjzj, and this variable
converges to v := E[zjx;] thanks to Proposition 5.6.

Forallm > 1, m > 1, (i1,...,im) € N™ and by ...b,, € Bs, Lemma 5.4 gives us the exact
value of

E el e
K [azil by,... 7bm—1$i:;]
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in the case where n > max(iy,...,4,). By letting n tend to oo, we get 0 if m # 2, or if e; = es.
The only non-vanishing cases are

. En * * . n [ %
Dim wy" [0, b, 27, ) = Oy i p(@ibay) - and lim Ry (25,0, 20 = 04 i 0 (D).

Proposition 5.6 allows us to conclude that the cumulants &% of (z;) are always vanishing,
except

Boo 3 b k¥ [x:b, x}] = p(x:ba})1p and Boo 3 b k¥ [x}b, 2] = o(b)v,

which means that (z;);en is a Boo-valued free centered circular family whose elements have
identical variances. Because B is invariant by the action of these variances, we get the result. H

5.4 Invariance for infinite sequences for tracial von Neumann algebras

Just like in our finite de Finetti theorem (see Section 4.2), we now consider the tracial case, i.e.,
of W*-probability spaces where ¢ is a trace.

Proposition 5.8. Let (x;);en be an infinite sequence of random variables in some tracial W*-
probability space (M, ). The following are equivalent:

1. The distribution ¢, of (x;)ien is invariant under the dual action of U™.
2. The sequence (x;);en has the same x-distribution as (c;x);en where (¢;)ien 1S a sequence
of free circular variables, x is self-adjoint and (¢;);en and x are x-free.

In this case, x> and the strong limit v of (% Yo x;'kxi)neN are identically distributed. More

generally, the distribution of  can be taken as any distribution such that > and v are identically
distributed.

For example, the distribution of = can be taken as the distribution of /v.

Proof. Implication (2) — (1): It is just an application of Example 4.3.

Implication (1) — (2): By enlarging (M, ¢) if necessary, we consider a self-adjoint variable x
and a sequence of free circular variables (¢;);en *-free from x such that 2?2 and v are identically
distributed. Denoting by E the conditional expectation from M to W*(z), we can compute the
W*(x)-valued cumulants of (¢;x, (¢;z)*);en thanks to Theorem 3.20. They all vanish except

KL (cih, (z¢;)*) = go(xzb) 5y and kY ((c;)*b, z¢;) = @(b)a?, Vb € W*(x),

which means that (¢;x);en is a W*(x)-valued free centered circular family. The variance leaving
invariant the subalgebra W* (xQ), (ciz)ien is a W* (xQ)—Valued free centered circular family with
variances

W*(2*) 2 b+ (2°b) 1y and W*(22) 2 b= p(b)a’.

Using Theorem 5.7, we know that (x;);cn is a W*(v)-valued free centered circular family with
variances

W*(v) 3 b @(z;bx} )1y = @(vb)1p and W*(v) 3 b ¢(b)v,
where we used the traciality and the exchangeability to write
* * : 1 - *
o(zibx )1y = p(bx;z;) 1y = limp <b- < lexl>> 1ar = p(vb) 1.
n n
i=1

The distribution of v and x? being the same, (7;);en and (c;z);eny have the same x-distribu-
tion. |
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Corollary 5.9. Let (x;)ien be an infinite sequence of random variables in some tracial W*-
probability space (M, ). The following are equivalent:

1. The distribution ¢, of (x;)ien is invariant under the dual action of U™ and the strong
limit v of (% Yoy xjxi)neN has a trivial kernel.

2. We have the decomposition (z;)ien = (¢;z)ien where (¢;)ien s a sequence of free circular

variables in M, x is the strong limit of (\/%Z?:l xz‘xi)neN, x has a trivial kernel and

(¢i)ien and x are x-free.

Proof. Implication (2) — (1): It is just an application of Example 4.3, with the additional
observation that v = 22 and « have the same kernel.
Implication (1) — (2): The fact that v has a trivial kernel implies that we can invert = := /v

which is the strong limit of (4/ % Yoy x;‘xz)n cn (in the algebra of affiliated operators) and we

can define ¢; ;= z; - 1 in such a way that z; = ¢;x. It remains to prove that (¢;);en and z are

in M and are *-free with the %-distribution announced.

Let (¢;Z);en be the realization of the x-distribution of (z;);en (not necessarily in M) ap-
pearing in Proposition 5.8, with & positive. But this means that the von Neumann algebra
generated by (z;)iey is isomorphic to the von Neumann algebra generated by (¢;Z);en via the
mapping z; — ¢Z. We extend this mapping to the algebra of affiliated operators (not necessarily

bounded). The image of x is the strong limit of \/ % >4 (€x)*¢;x, which is Z, and the image of
¢ =x;-x Vis &% -2 = . As a consequence, the xdistribution of (ci,x); is the x-distribution
of (¢;,Z): they are bounded, and (¢;);en is a sequence of free circular variables in M, which is

w-free from = /> " | xfx;. |

6 De Finetti theorems for bialgebra actions

We now pass to a different kind of action of the Brown algebra: to bialgebra actions. These
are actions which make use of the tensor product of algebras (bialgebra actions) rather than
of the free product (dual group actions). Surprisingly, there cannot be a de Finetti theorem in
that case: we will show a kind of no-go theorem for this situation. However, if we weaken the
assumption of a W*-probability space to a space (M, ¢) where ¢ is not faithful, we do obtain
a non-trivial de Finetti theorem.

6.1 Bialgebra actions

Denote again by Q,, the unital free x-algebra generated by t;, i = 1,...,n. The Brown algebra
Pol(U}°) has also an action as *-bialgebra on Q,,, since for every n € N there exists a unique
s-homomorphism ~,: @, — Pol(U}) ® Q,, with ~,(t;) = 2?21 uij ® tj, which furthermore
satisfies the coaction identities

(A®id) oy, = (id ® 7,) o v, and (§ ®id) o 7, = id.

Definition 6.1. Let (z;);en be a sequence of random variables in a noncommutative probability
space (A, ¢). The distribution ¢, of (z;);cn is said to be invariant under the x-bialgebraic action
of U™ if ¢, is invariant under the coactions ~,, i.e., if

(id ® pz) 0 Y = @e1,

for all n > 1.
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Remark 6.2. A sequence (z;);eny of quantum random variables is invariant under the -
bialgebraic action of U™ if and only if we have

Do Ul s e(af - aft) = o(af ), (6.1)

1<iy,..ig<n

forallk €N, 1 <ji,...,j5k <n,e=(e1,...,ex) € {D,x}F.

6.2 No-go de Finetti theorem for faithful states

In the case of usual W*-probability spaces (M, y), where ¢ is a faithful state, we prove that
there exist no non-trivial sequences that are invariant under the x-bialgebraic action of U"¢. This
constitutes our no-go de Finetti theorem for the Brown algebra under these kind of actions.

Theorem 6.3. Let (x;);en be an infinite sequence of random variables in some W*-probability
space (M, ). The joint x-distribution ¢, of (x;)ien is invariant under the x-bialgebraic action

of U™ if and only if x; =0 for all i € N.

In the proof of this theorem, we will use the following finite-dimensional representations of
Pol(UL€).

Lemma 6.4. There ezists a unique unital x-homomorphism m,: Pol(U}¢) — M, (C) such that
Tn(Wjk) = €k;

for 1 <j, k <n. This homomorphism does not factorize via the quotient map qy: Pol(U;°) —
Pol(U,F) forn > 2.

Proof. Indeed, the assignment wji — ey, u;fk > e satisfies the two defining relations uu* =
1 = u*u of Pol(U}°):

an(ulk)ﬂn(ujk) = 51‘]‘ Zekk = 5@'1, Zﬂ'n(uzl)ﬂ'n(u;@) = (51']‘ Zekk = 5ij1-
k k k k

But for n > 2 it does not satisfy the other two relations u'u = 1 = wu® that define Pol(U,"),
instead we have

> () m(uge) = neij, Y mn(ugs) i (uf) = nei;. u

k k

Proof of Theorem 6.3. Let n > 2. Applying the x-representation m, defined in Lemma 6.4
to invariance condition (6.1) for products of the form z7zg, 1 < j,k <n, we get

n n
p(xfar)l = 7( > u;fiIUkiz«p(w%‘lfviz)) = eji Y p(afmi),
i1 sia=1 i—1

which implies in particular ¢(z}z;) = 0 and therefore, by faithfulness of ¢, z; = 0 for all
1<i<n. [ |
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6.3 Half a de Finetti theorem for non-faithful states

Our proof of Theorem 6.3 depends in a crucial way on the assumption that the von Neumann
algebra M is equipped with a faithful state. We will now show that there do exist sequences that
are invariant under the x-bialgebraic action of U"¢, if we weaken this assumption. Let us call
a pair (M, 1) of a von Neumann algebra equipped with a not necessarily faithful state 1 a weak
WH*-probability space. It is straightforward to extend the notions of a joint x-distribution in
Definition 3.4 and of invariance under the *-bialgebraic action of U"¢ in Definition 6.1 to weak
W*-probability spaces.

We have half a de Finetti theorem for the case of weak W*-probability spaces, i.e., we can
only prove one direction of the usual de Finetti theorems.

Proposition 6.5. Let (z;);en be an infinite sequence of elements of a weak W*-probability space
(M, ).

If there exists a W*-subalgebra 1 € B C M and a conditional expectation E: M — B such
that (z;)ien s a B-valued free centered circular family whose elements have identical variances

B>bw 0(b) = E(xz;bx}) € B and B> b n(b) = E(zjbx;) =0,

for all i € N, then the joint distribution of (x;)en is invariant under the x-bialgebraic action
of U™C.

For e = (eq,...,eq) € {@,*}?*, denote by
NCS’(Q’*) (k) = {7T € NCQ(k)SV{Sat} € T, Emin(s,t) = g, €max(s,t) = *}7

the pair partitions whose pairs ‘join’ a & to a x*.
We will need the following lemma.

Lemma 6.6. Let k > 1, j = (j1,...,521) € {1,...,n}?*, e = (e1,...,ea) € {3,%}?*, and
T E NCS’(Q’*)(k). Then we have

e e )1 if ™ 2 kerj,
Jie J2k2k 0 else
1<41,..0yiok, m=<ker ¢ '

Proof. We will prove this by induction. For k = 1 this is simply one of the defining relations
of Pol(U;°).
Suppose now k£ > 1. Then 7 contains an interval V = (£,£ + 1) with ey = &, epy1 = *.

Therefore
€1 €2k
Z s iy Ui,

1<i1,eenyior, Tker ¢

n
— €r .. 82k,
- Z Ujiy Z Ujeillsy yi Ujonion?
=1

1<01 50yl 1,004250 02k, T\V Sker i

=Ojgiot1

from which the result follows with the induction hypothesis. |

We will also need an expression for the conditional expectation of circular elements with one
vanishing variance 7(b) = k% (27b, 1) = 0. From the last formula in Section 3.4, we get in this
case

Z kE [boz1by, ...,z 7*by] if k even,
E(boxlby -~ xF) = { meNCy @) k), n<keri (6.2)
0 if £ odd.
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Proof of Proposition 6.5. We check that equation (6.1) is satisfied. For the odd moments
we clearly have

er .., %2k+1 ( er . 62k+1)_ _ ( er . . €2k+1)
Z u]lh u]2k+17/2k+1¢ :CZl x12k+1 0 ¥ x]l x]2k+1 1

1<ty top 150

Let j = (j1...,50%) € {1,...,n}?* and e = (e1,...,ea) € {@, *}?*. Then

€1 .. 82k, €1, .. p2k
Z Ujiiy Ujonior, (‘O(xll Loy, )
1<iy i <n

= Z u;iil o -ujﬁ’;mgo(E (xfll h xl@j}f))

1<i1,..nyin <n

— er .. .2k E(, el eak

o Z Ujiig Ujopiog Z K (mzj 7o 7$i2k)
lgilu---vingn WENC;(Q’*>,7T<I<€I‘Z-

— E er ..., 62k E(, .e ek

o Z Ujiiy ujmcizk(’o(ﬁﬂ ($i1 e Tigy ))
WGNC;’(g’*) 1<i1,.unyinp <n, m=<ker i

— E( e ek _ €1 ... .Ck

= E <p(/<c7r (le,...,xj%))l—go(le xjk)l,
reNcy )

where we used first Lemma 6.6, and then equation (6.2). [
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