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Abstract. We show that the Lipkin—-Meshkov—Glick 2/N-fermion model is a particular case
of one-spin Gaudin-type model in an external magnetic field corresponding to a limiting
case of non-skew-symmetric elliptic r-matrix and to an external magnetic field directed
along one axis. We propose an exactly-solvable generalization of the Lipkin—Meshkov—Glick
fermion model based on the Gaudin-type model corresponding to the same r-matrix but
arbitrary external magnetic field. This model coincides with the quantization of the classical
Zhukovsky—Volterra gyrostat. We diagonalize the corresponding quantum Hamiltonian by
means of the modified algebraic Bethe ansatz. We explicitly solve the corresponding Bethe-
type equations for the case of small fermion number N = 1,2.
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1 Introduction

The Lipkin—-Meshkov—Glick model was proposed in [10] in order to describe shape phase transi-
tions in nuclei. The corresponding 2 N-fermion Hamiltonian is written as follows:

N w N
H _ £ O'CT Cig— — (CT CT Ci+C; —l—cT CT Ci_C; )
LMG — 9 7,0%3,0 ) 1,+5,— 0+~ i,— 3,4+ =%+
o=+ j=1 ij=1
N
14 o o
D) Z (Ci,+cj,+cjﬁciﬁ + Ci,fcj,—cj7+ci,+)v (1.1)
i,j=1
where ¢; o, c;-r’ o i =1,2,...,N, 0,0/ € {+,—} are fermion creation-anihilation operators,

The exact solvability of the model was shown in [13] using a kind of Bethe ansatz tech-
nique. Later a connection of the Bethe ansatz for the Lipkin—-Meshkov—Glick model with the
Bethe ansatz for the trigonometric Gaudin model [7] was established in [8]. The established
connection is very indirect. In more details, the Lipkin—-Meshkov—Glick Hamiltonian in the
bosonic representation was connected [8] with the combination of bosonized two-spin trigono-
metric Gaudin Hamiltonians in an external magnetic field directed along the third axis [9, 12].
In such a way the Bethe ansatz existing for two-spin trigonometric Gaudin model was used to
construct the Bethe ansatz for the Lipkin—-Meshkov—Glick model.

The described above construction of [8] seems to be somewhat artificial. Indeed, it is well-
known [13] the Hamiltonian (1.1) is rewritten in terms of gl(2) pseudo-spin operators S,
i,7 = 1,2 as follows:

X X R W . Vo R
H= %(511 — So) — 7(512521 + S21512) — 5(5%2 +5%), (1.2)
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where the commutation relations of the pseudo-spin operators S’ij, 1,7 = 1,2, are the following
ones:

[S’ija Skz} = 0k Sit — 0 Sh;- (1.3)

This Hamiltonian should be connected with the class of integrable one-spin (not two-spin!)
models.
In terms of the standard basis of s0(3) ~ sl(2) the Hamiltonian (1.2) is rewritten as follows:

H=ieS3+ (W +V)S2+ (W - V)83,  i=+—1, (1.4)
where S’a, a = 1,2, 3, satisfy the standard commutation relations of s0(3) pseudo-spin operators:
[Sa, Sg] = Eaﬁ,yg,y. (1.5)

We remind that standard Gaudin integrable spin chain Hamiltonians [7], i.e., the ones based
on the classical skew-symmetric r-matrices [16], contain spin-spin interaction terms for different
spins of the chain and do not contain one spin self-interaction terms. That is why it is impossible
to obtain the Hamiltonian (1.4) using the standard Gaudin Hamiltonians [7] with one spin. On
the other hand, in the series of our previous papers [17, 19, 20] we have proposed a generalization
of the Gaudin Hamiltonians based on the non-skew-symmetric classical r-matrices r(uy,u2) =
Zi =1 Tap(u1, u2) Xo®Xg, where X, is a standard basis in s50(3), satisfying generalized classical
Yang—Baxter equation [1, 2, 6] instead of the usual one. In one-spin-case our generalized Gaudin
Hamiltonian has the following form [17, 19, 20]:

H=

N

3 3
Z Tgﬁ(% V) (Sagﬁ + Sﬁga) + Z Ca(y)go“
a=1

=1

o,B
where 7‘35(1/, v) are the components of the regular part of the classical r-matrix r(ui,uz2), v is
a fixed non-singular [24] value of spectral parameter and c,(v) are the components of the so-
called shift element playing the role of an external field [20, 23].
In the present short paper we show, that the Hamiltonian (1.4) is a one-spin generalized
Gaudin Hamiltonian connected with the following r-matrix:

\/u+j2\/v+j1Xl®Xl+ Vu 4+ J17/v + J2
u—v u—v

f YU IV E Ry o X, (1.6)

u—"v

Xo ® Xo

r(u,v) =

which is a j3 — oo limit of the non-skew-symmetric elliptic r-matrix [17, 18, 19] defined on the
4 : 1 unramified covering of the Weierstrass cubic y? = (u + j1)(u + j2)(u + j3).

The r-matrix (1.6) possesses the following shift element defining integrable external magnetic
field:

iks

= —X
c(u) + 5 8

2 .
ik
E —Xa
2v/u 4 Ja

a=1

where the constants k., @ = 1,2, 3, are arbitrary. It leads to the following quantum Hamiltonian:
H = ik1\/j251 + ikar/§15 + iks /511253 — j2S7 — §153. (1.7)

We call it generalized Lipkin—-Meshkov—Glick Hamiltonian. In the case k1 = ko = 0 it co-
incides — modulo the renaming of the constants — with the standard Lipkin—Meshkov—Glick
Hamiltonian (1.4).
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Note also that the Hamiltonian (1.7) coincide — up to the quadratic Casimir operator Cy =
S? + 83 + 52 and renaming of the constants — with quantization of Zhukovsky—Volterra Hamil-
tonian [28] which is written explicitly as follows:

f{ = blgl + bggg + b35’3 + als’% + QQS% + a35‘§.

Here the constant a;, b;, @ = 1, 2, 3, are arbitrary.

We use the discovered connection of the generalized Lipkin—-Meshkov—Glick Hamiltonian with
the r-matrix (1.6) in order to find its spectrum by means of the modified algebraic Bethe ansatz
(mABA). Indeed in our paper [26] we have constructed the spectrum and Bethe vectors for
the generalized Gaudin models with N spins associated with the r-matrix (1.6) using modified
algebraic Bethe ansatz. In [26] we have applied the obtained results to find the spectrum of the
Richardson-type model which is N-spin case of the Gaudin-type model with the same simplest
fundamental representation of each one-spin s((2) ~ s0(3) algebra in the chain of N spins. In
the present letter we apply the mABA to one-spin case of the Gaudin-type model and arbitrary
representation of the corresponding one-spin algebra and obtain the following spectrum of the
Hamiltonian (1.7):

vJiL—J2

where the rapidities vy satisfy the following set of modified Bethe equations:

ik17o + k
hi(vi,ve,...,vN) = 2N <( 1+J2)NiM+2j1 ZZ )

~ N(vg + j1) (vk + J2) - iky (v + j72) + ko(vg + J1)
Vg, V1 — J2

(vg + 71) (v + J2)

N
+ (2uk + j1 + j2) + 2 Z

n=1,n#k Uk = Un
1 v,iv
Z(l<+q:(NJr D) (k- F (N +1))— , k=1,...,N, (1.8)
[T (ox—wn)
n=1,n#k
corresponding to two sets of the modified Bethe vectors. Here kL = Ikeithy 4 ks and the

Vii—j2
number N is related with the representation space of sl(2) ~ s0(3) and coincide with the

fermion number.

It is necessary to notice that for generic values of k; both sets of modified Bethe equations (1.8)
seem to produce the same modified Bethe vectors and corresponding set of the eigenvalues
{h4(v1,v2,...,o5)} and {h_(v1,v2,...,vN)} coincide. For illustration purposes we solve the
modified Bethe equations (1.8) and explicitly find the spectrum of the Hamiltonian (1.7) in the
cases N =1, 2.

In the end of the introduction we remark, that the modified Bethe ansatz in the context of
the rational Gaudin model in arbitrary magnetic field has appeared in the paper [5]. In the
context of the “shifted” trigonometric r-matrix and the corresponding Richardson-type models
interacting with the environment the mABA has appeared in the papers [3, 11]. We also remark
that integrable models associated with certain limits of the non-skew-symmetric elliptic r-matrix
have been considered also in the recent papers [4, 15].

The structure of the present paper is the following: in Section 2 we describe the j3 — oo limit
of the non-skew-symmetric elliptic 7-matrix, in Section 3 we describe its Lax algebra and one-
spin Gaudin-type model. In Section 4 we consider its fermionization and obtain the generalized
LMG model. Section 5 is devoted to the modified Bethe ansatz. In Section 6 we conclude and
discuss the open problems.
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2 Elliptic r-matrix in the 33 — oo limit

2.1 Non-skew-symmetric elliptic r-matrix in so(3) basis

Let us consider the following tensor [17, 19, 25]:

3
uju2u3 v
r(uv) =) -t Xa ® Xa, (2.1)
(0%

a=1
where {X, | @ = 1,2,3} is a basis over C in sl(2) ~ s0(3) with the commutation relations

repeating the commutation relations (1.5) and the functions u,, ve, @ = 1,2, 3, are defined as
follows:

uzzu—l—ja, vizv—i—ja, a=1,23.
It is possible to show that (2.1) satisfies generalized classical Yang—Baxter equation [1, 2, 6]:
(112 (ur, ug), v (ur, us)] = [r? (ug, ug), r'?(ur, u)| — [ (us, ug), ' (uy, us)].

Here

T12(

rag(ul,uQ)Xa & Xﬁ & 1,
1

U, uz) =

R
e Mo

B(uy,u3) = rag(ui, u3) Xo ®1® Xg, etc.
1

r

=

«,

The r-matrix (2.1) satisfies — up to the overall multiplier vjvov3 — the following condition:

r(u,v) = ui + ro(u,v), (2.2)

where 2 = 2221 Xo ® X4 and 7o(u,v) is a regular on the diagonal u = v function.
An important characteristic of the r-matrix is the existence of the “shift element”, i.e.,
c-valued function c(u) = Y23 _ | ¢ (u) X, satisfying the “shift equation” [20]:
[TIQ(Ul,UQ),C(I)(Ul)] - [7‘21('&2,’&1),6(2)('&2)] =0,

where ¢ (uy) = ¢(u1) ® 1, @ (ug) = 1 ® c(us).
The following Proposition holds true [20, 23, 25]:

Proposition 2.1. The following sl(2) ~ so(3)-valued function is a shift element for the r-mat-
riz (2.1):

3 .
ikq
a=1 a

where the constants ko, a = 1,2,3, are arbitrary.
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2.2 The j3 — oo limit

2.2.1 The s0(3) basis

Let us consider the limit j3 — oo in the r-matrix (2.1) rescaled by ﬁ We will have

r(u,v) = D ¥ @ X+ Xo® Xo +

u—"v u—"v u—"v

U1V U1u2

X3 ® X3. (2.4)

It is easy to show that this r-matrix satisfies — up to the factor v;vy — the condition (2.2).
Let us now find what happens with the shift element (2.3) in this limit.

Proposition 2.2 ([25]). The following s0(3)-valued function is a shift element for the r-mat-
riz (2.4):

2
ik, iks

=Y X, + 23X, 2.

o0) =3 g X+ 5 Ko (25)

where the constants kq, a = 1,2,3, are arbitrary.

Remark 2.3. Rigorously speaking, in the limit j3 — oo the curve y2 = (u + j1)(u + j2) (u + j3)
stops to be elliptic. Nevertheless the r-matrix (2.4) and the corresponding integrable systems
are still completely anisotropic, since all anisotropy parameters j,, a = 1,2, 3, are not equal in
the considered case.

2.2.2 The gl(2) basis

Let us now use the connection of the so(3) basis in sl(2) with the standard gl(2) basis {X;; |
i,7=1,2}:

i 1 i .

X =—§(X21+X12), X2=—§(X12—X21), X3=—§(X11—X22), i=+v-1,
where the commutation relations among X;;, Xy, repeat the commutation relations (1.3).

In the gl(2) basis the r-matrix (2.4) acquires — up to the coefficient ; — the following explicit

form:

uruz(X11 — Xo2) ® (X11 — Xo2) n (viug + u1v2)(X12 ® Xo1 + Xo1 ® X12)
(v—u) (v—u)
(vug — u1v2)(X12 ® X12 + Xo1 ® Xo1)

+ o . (2.6)

The r-matrix (2.6) satisfies — up to the multiplier (—2v1v2) — the condition (2.2) with

r(u,v) =

1
Q= §(X11 — X22) ® (X11 — X22) + X12 ® Xo1 + Xo1 ® Xi2.
Instead of the s[(2) ®sl(2)-valued r-matrix r(u, v) given by the formula (2.6) it will be convenient

to consider the following equivalent gl(2) ® gl(2)-valued r-matrix:

_ 2uiug(X11 ® X11 + Xo2 ® Xo2) 4 (viug + u1v2)(X12 ® Xo1 + Xo1 ® X12)
(v —u) (v —u)
(viug — u1v2)(X12 ® X12 + Xo1 ® Xo1)

+ o . (2.7)

r(u,v)
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The r-matrix (2.7) satisfies — up to the multiplier (—2v;v2) — the condition (2.2) with
0= X171 ® X11 + Xo2 ® Xog + X192 ® Xo1 + Xo1 ® Xi9.

The shift element (2.5) is rewritten in terms of the gl(2) basis — up to the coefficient % — as
follows:

c(u) = k3(X11 — Xaz) + ( - u>X12 + (u + u>X21. (2.8)

It satisfies the shift equation for both r-matrices (2.6) and (2.7).

3 Lax algebra, generating function and one-spin model

3.1 Lax algebra in the j3 — oo limit: the general case
3.1.1 The so0(3) basis and generating function of the quantum integrals

Let us at first consider the Lax matrix corresponding to the r-matrix (2.4) in the natural so(3)-
basis:

3
L(u) = La(u)Xa.
a=1

The corresponding Lax algebra

(LM (u), L (ug)] = [ (ua, uz), LM (wr)] = [r* (uz, ur), L®) (ug)],

[L1(u), Lo (v)] = (u—0) (Ls(u) — La(v)),

[Latw), Lo(v)] = =2 s L) + (2 o),
[La(u), La(v)] = (;‘%) 1 (u) — %ﬁm
[L1(u), L1(v)] = [La(u), La(v)] = [La(u), L3(v)] = 0

Let us consider the following quadratic functions in the elements of the Lax algebra:
#B(u) = — (L3 (u) + L3(u) + L3(w)). (3.1)

As it follows from the general results of [21] the generating function 72 (u), #(2)(v) commute

since the r-matrix — modulo the overall multiplier vjvy — satisfy the condition (2.2).

3.1.2 The gI(2) basis and the generating function of quantum integrals

Let us consider the Lax matrix that correspond to the r-matrix (2.7) in the natural gl(2)-basis:

2
L(u) = Lij(u)Xy;. (3.2)
i,j=1
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The corresponding Lax algebra

[LD (u1), L (up)] = [ (ur, uz), LV (w1)] — [r?! (uz, wr), L (ug)],

where LM (uy) = L(uy) ® 1, L®(ug) = 1 ® L(ug), has the following component form in this
basis:

[Ea1(u), Lro(v)] = W o (u) + WM(@ - (i“f’i)ﬁu(v), (3.30)
[ill(u)7i21(1})] = Wﬁm(l&) — Wﬁgl(u) + (ivivj})f/gl(’v), (3.3b)
[L1a(w), Lor (v)] = W(ﬁn(u) — Las(u) = L11(v) + Laa(v)), (3.3¢)
[filz(u), jllz(v)] = W(ﬁll(u) - I:22(U) - jjll(v) + ﬁ22(“))> (3.3d)
[La1(w), Loa (v)] = —W(ﬁn(u) — Lap(u) = L1 (v) + Laa(v)), (3.3¢)
[Loa(u), Li2(v)] = —[Lu1(u), Liz(v)], (3.30)
[i/QQ (u), ixgl(v)] = — [IA/H(U), ixgl(v)] y (3 3g)
[ﬁu(u),i}ll(v)] = [i}n(u),ﬁgg(v)] = [ﬁgg(u),igg(v)] = 0 (3311)

From the commutation relations (3.3) immediately follows that
# () = Ly (u) + Laa(u)

is a central element of the Lax algebra.
The generating function of the quadratic integrals is written in terms of gl(2) basis as follows:

@ (u) = 2 (L3 (u) + L3y (u) + Liz(u) Lot (u) + Lot (u)Lia(u)). (3.4)

N

Since the r-matrix — modulo the multiplier —2v;vy — satisfies the condition (2.2) and 71 (u)
is a central element of its Lax algebra, the generating functions 72 (u), 7 (v) commute [27]:

[#@(u), 7@ ()] = 0.

The generating function 7(?) () given by (3.4) coincide with the generating function 7(2) () given

by (3.1) up to the square of the central element, namely, up to (%(1;(") )2 = %(i}u(u) + ﬁgg(u))Q.

Remark 3.1. In what follows we will, slightly abusing the algebro-geometric language, use the
explicit formulae for u,, v, in terms of square roots:

Ug = \/UTF Jas Vo = /U + Ja, a=1,23.

3.2 Lax algebra and Hamiltonian: case of the one-spin model
3.2.1 The so(3) basis

Let us explicitly describe the Lax matrix of a quantum spin in the external magnetic field
corresponding to the considered r-matrix in the forms (2.4) and (2.6).
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We start with the form (2.4) corresponding to the s0(3) basis. As it follows from the general
theory [17, 19, 20, 26], the Lax matrix with the first order pole in the point u = 0 is written as
follows:

ﬁ(u) = — (\/‘72 ;_'_ J1 Sle + 7\/‘71 :+]2 SQXQ + \/‘E\/ES’;;X;),) + C(u),

where S, is the a-th component of the spin operator with the commutation relations (1.5), the
shift element c(u) is given by the formula (2.5).

The corresponding integrable quantum Hamiltonian is obtained from the generating func-
tion 7 (u):

@ (u) = —(L3(u) + L3(u) + Li(u)).

In more details, we will consider the following Hamiltonian:

H = res,—o7? (u).

The direct calculation shows that it has the form (1.7).

3.2.2 The gl(2) basis

Let us now rewrite the Lax matrix and Gaudin-type Hamiltonians in an external magnetic field
in gl(2) basis corresponding to the r-matrix (2.6). It has the form (3.2) with the following
components:

. 2 g g S,
Lii(u) = \/‘H\;EH + k3, (3.5a)
: 2V71v/725
Loa(u) = J]T;{Tzzz — ks, (3.5b)
For(u) = VT 1772 (821 + S12) + VFivu + jo(Sa1 — Sia)
12 -
u
k1 . ko >
+ =1 — |» 3.5¢
<m e (3:5¢)
Lo (u) = Vu = j1vi2 (21 + S12) — Viivu + j2(S21 — Si2)
21 -
u
kq . ko >
+ =+1 = |, 3.5d
(m e (3.5)

where we have used that the components of the shift element c(u) are given by the formula (2.8).
The components of spins S;;, 4, j = 1, 2, satisfy commutation relations (1.3). The correspond-
ing integrable Hamiltonian [22] is obtained from the generating function 7 (u):

. L. o - - A -
#(u) = 5 (L3 (u) + L33(u) + Liz(u) Lo (w) + Lai (u) L12(u)).

More explicitly, we will have that one-spin Gaudin-type Hamiltonian H
H = res,—o7? (u),

has the following explicit form:

H = (jy +j2)(§125’21 + §215'12) — (j1— j2)(3%2 + 5’221) + 2v/ 51/ j2k3 (5'11 — 5‘22)
+ 2+/j2k1 (S12 + Sa1) + 2iv/j1k2(S21 — S12). (3.6)
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Remark 3.2. Observe that the Hamiltonian (3.6) is four times Hamiltonian (1.7). This differ-
ence is explained by the renormalisation of the corresponding r-matrix we have performed after
passing to gl(2) basis.

Remark 3.3. Observe also that in the case k1 = k9 = 0 the Hamiltonian H coincide with the

spin form of the Lipkin—Meshkov—Glick Hamiltonian and in the case partial case k1 = ko it is
equivalent to the so-called “extended” Lipkin—-Meshkov—Glick Hamiltonian [14].

4 Fermionization and the LMG model

4.1 Fermionization

Having obtained quantum integrable spin system it is possible to derive, using them, integrable
fermion systems. For this purpose it is necessary to consider a realization of the corresponding
spin operators in terms of fermion creation-anihilation operators.

Let ¢; o/, czT,U’ i,j=1,2,...,N, 0,0" € {+,—} be fermion creation-anihilation operators, i.e.,
T RN | toef P Lo e —
ci,oc]ﬂ' + CJ,O'/Ci,o - 500'/51]7 ¢ Neg j o’ + C] oG o 07 Ci,0Cj,a’ + Cjo'Cio = 0.

By direct calculation it is possible to show that the following formulae:

N N N N
Sie=3 ¢ ¢ So=3 ¢ ¢ Siu=> ¢ ¢ Spp=Y cl ¢ (41)
12 = 5,4-Cd—> 21 = G —Cj+> 11 = Cj +Cj,+> 22 = C;—Cj,— .
j=1 j=1 j=1

j=1
provide realization of the Lie algebra gl(2).

Remark 4.1. Note, that after the restriction to the subalgebra sl(2) we obtain, substituting
S12 =S4, So1 = S_, S11 — S92 = 2iS3, the fermionization of the Lie algebra sl(2) given by the
following formulae:

N

N

o § : o T

S+ - C;7+Cj7_7 S_ - chz_cj’_‘_’
Jj=1

j=1

(e yeis =l _cin).

||M.2

4.2 The LMG Hamiltonian

In the partial case k; = ko = 0, applying to the Hamiltonian (3.6) the fermionization formu-
lae (4.1), we obtain the following integrable fermion Hamiltonian:

N N
H = (j1+ J2) Z c;[7+ci7_c;{7_cjj+ + Z c;f’_cz-#c;f»’_s_cj,_
ij=1 ij=1
N N
—Gr=d2) | Do elied e+ D e e o
t,j=1 i,j=1
+2/51\/j kgz( el ejp—cl _ej). (4.2)
7j=1

This is the famous Lipkin—Meshkov—Glick Hamiltonian, which can — up to a multiple of Casimir
operator/ number of particle operator N = ZZ =1 ( ;.[+ci,+ + c} _cj,_) — be rewritten as follows:

N

N W
Hiyvig = = Z Z oc Z (c;_s_c;_cjﬂrci’, + cjj_c;r.’_s_cj,,ciﬂr)

o=+ j=1 ij=1
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w\<

N
Z Ci +C, -I—CJv*C’h* + CZ,—C;,—CJ7+C’L'7+)7 (43)

where € = 4v/j1v/Joks, W = —2(j1 + j2), V = 2(j1 — j2)-
The Hamiltonian (4.3) is a particular example of the following general fermion Hamiltonian:

N
UC] oCj,o + ‘/173701702,03,0461‘,0'1 Cj,O'QC]7U3CZ7U4'

g-_i j=1 01,02,03,04=7% ,5,k,l=1

Remark 4.2. The case V = 0 of the Hamiltonian (4.3), i.e., the case j; = jo of the Hamilto-
nian (4.2), is treated relatively simply due to the Cartan-invariance of the corresponding classical
r-matrix. The diagonalization of the Hamiltonian (4.2) in the case j; # js is more complicated.
It will be performed in the next section of this article. Our main tool will be the (modified)
algebraic Bethe ansatz.

5 Modified Bethe ansatz

5.1 The ABA basis in the Lax algebra and the gauge transformation

In order to proceed with the algebraic Bethe ansatz it is necessary to consider a special basis in
the Lax algebra (3.3). In more details, let us consider the following linear functions on the Lax
algebra [26]:

ivVii—J2 -

Alu) = l(ﬁnm) +Lw) — g I Liaw)
\/u + 71— Vu+j2 -
N Lo1(w), (5.1a)
Blu) = =5 (Euw) = Las(w) = 5T Lia()
Vu+j1 —Vu+ jo
S R ), (5.1b)
C(u) = %(ﬁn(u) — ﬁQQ(U)) - 2(\/u+jll:;]/2u+j2)ﬁ12(u)
Vu+j1 —Vu+jo 2
B 271 — jo Lo (w), (5.1c)
D(u) = l(ﬁn(u) + Loa(u)) + S iv]it \]/Z — o)
\/U+‘71+\/U+12L21(u)' (5.1d)

2v/J1 — J2

In terms of these functions the generating function 7()(u) given by (3.4) is written as follows:

#(u) = %(1212(11) + D?(u) + B(u)C(u) + C(u) B(u)).

The basis in the Lax algebra consisting of the above A — B —C — D functions is the basis suitable
for the algebraic Bethe ansatz. We will hereafter call it ABA basis. It is possible to show [26]
that

A(u) = Ly (), D(u) = L§y(u),  Blu)=L3(w),  Clu) = Liy(u),
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where

L9(u) = g~ (u) L(u)g(u)

and g(u) is a two by two numerical matrix of the following explicit form:

_i\/u+j1 —Vu+j2 Vutji—Vu+je
g(u) = Vi1 — J2 Vi1 —J2 : i=+/—1. (5.2)

-1 i
The shift element (2.8) under the above similarity transformation acquires the following form:

1 ( Vu + o \/u+j1>(X11 ~ Xo)
Vi R\ Vatqn  CNuatj

k1 + iko ) <—]€1 + iko . >
+ | ——= +ik3 | X2+ | —F—== —ik3 | Xo1.
< VJ1— J2 VJ1— J2

c(u) = —

5.2 Lax matrix and spin Hamiltonian in the new basis

Using the formulae (5.1) and the explicit form of the components of one-spin Lax matrix (3.5) it
is easy to show that the components ij(u) of the transformed one-spin Lax matrix are written
as follows:

A(w) = 19, (u) = 2utiutipTu 1 < vutiz \/U+J1> (5.32)

u VD Varn  Vath
D(u) = Liy(u) = NW:{WTQQ + ﬁ( % +k %) (5.3b)
O(u) = L, (u) = 2@;/72@1 (11 — Too) + (% k3>, (5.3¢)
B(u) = L, (u) = W —i(Th1 — Ta2) + <i’/"’% — k3> (5.3d)

The components of “T-spins” Tij, i,7 = 1,2, satisfy commutation relations of gl(2)
(T35, Tt] = 0T — 6 Tj-

They coincide with the components of the gauge-transformed “S-spin” S, where the transfor-
mation matrix is given by (5.2) with v = 0. In more details, we have

T = 5(5’11 + 522) ;%Slg ;m So1, (5.4a)
Ty = %(511 + SQQ) - ;\/‘]E,l__\;?zgm + ;\/]%1—_\2»2 So1, (5.4b)
Ty = %(5’11 - 5'22) - ;\/'T;l__fglg - ;\/Jlll—_\i% o1, (5.4c)
Ty = —%(gn - 5’22) — ;wgm — ;\/%Sm (5.4d)

The corresponding spin Hamiltonian in the external magnetic field

H = res,—o7? (u)
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is — up to Casimir operator C@ = Tfl + T222 + T 12T 21 + T21T12 — explicitly written as follows:

H= —i\/j>1\/j>2((T11 - TQQ) (Tm + T21) + (T12 + T21) (Tn - T22))
A N 2 o N
+ 2041 + J2) (T1 + T5) — ——=C(ik1j2 + kojr) (T11 — T
.= ik + k2 - .= ik + k2 s
+ 21/ J1V/ J2 ( + 7433) Ti2 + 2iv/j1V/ J2 < - k‘3> Ty1. (5.5)
\Ff VI —J2 \F\F VJ1—J2
Applying the transform (54}) to the Hamiltonian (5.5) we recover — modulo the square of the
linear Casimir operators I = S11 + S22 — the spin Hamiltonian (3.6).

Observe that in the case k1 = ko = 0 the Hamiltonian (5.5) acquires the following simple
form:

H =2i\/ji\/jalks + 1) (Th2 — To1) — 2iv/51v/J2 (Ti1 — Ta2) (Th2 + Ton1)

+2(j1 + j2)(T121 + T222) (5.6)

5.2.1 The representation space

In order to apply the results of the previous subsections to the considered spin model in an exter-
nal field we need to describe the space of representation of the corresponding Lax algebra (5.3).
For this purpose we consider an irreducible finite-dimensional irreducible representation of the
algebra gl(2) of “I-spins” in some space V. Each such the representation V' contains the lowest
and highest weight vectors v and v_ such that

T11V+ = )\1V+, T22V+ = )\2V+, T21V+ = O,
T11V_ = )\QV_, T22V_ == )\1V_, T12V_ =0.

The space V is spanned by the vectors
Vim) = (T12)™v,, m=0,...,(A2— A1),
or by the vectors
v = (D)™, m=0,...,(h — \1).
The dimension of the space V' is hence equal to ny = (A2 — A1) + 1.

Remark 5.1. We will hereafter put A\s = N, \; = 0. This will correspond to the considered
below fermion representation, where the vector v, is annulled by the fermion operators f; 4, f }77,

j=1,...,N, and the vector v_ is annulled by the fermion operators f; _, f}_w j=1,...,N.

5.3 The fermionic LMG model in the new basis
5.3.1 Second fermionization and the canonical transformation

Similar to the previous subsection, we will need to construct the fermionization of the Lie
algebra gl(2) in the new basis, i.e., to fermionize the operators Tj;. The fermionization will

be written with the help of another group of fermion creation-anihilation operators f; ,, fi o
i,j=1,...,N, 0,0 € {+, —} satisfying the same Clifford algebra of anti-commutation relations:

Holio + o fle = bewbiss  floflo + Hofla =0 fickio + fiorfia =0.
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The same type of formulae provide the realization of the Lie algebra gl(2):

N N
To=Y fl.fin  Tu=> 1l f+

j=1 j=1
N N
Tn=> fl fiv: To=> fl_fi_ (5.7)
j=1 j=1

The following proposition holds true:

Proposition 5.2. Let the operators Tij and Skl, m = 1,...,N, be connected by the trans-
formation (5.4). Then f- and c-types of fermions are connected by the following canonical
transformation:

1 VJ1—J2 \/> \/>T

1 |
= + ~Cm —, +Cpy s 5.8a
e =5 iy et e = e (:52)
1 — —
o = VJ1—J2 Gt + Cm, : il = _Mc;fmJr _ ic:fn’; (5.8b)
2V —VR Vil = j2
Proof. The proof is achieved by straightforward verification. |

5.3.2 LMG Hamiltonian in the new basis

Using the fermionization formulae (5.7) and the explicit form of the Hamiltonian (5.6) we obtain
the following simple form of the LMG Hamiltonian (5.6) in the new fermion basis:

N N

H=21\/ji\ja(ks + 1) > (fL fim = fL_fi) = 21V/iVd2 Z (i fiw = £1_f5m)

j=1
N N 2
XZ +fj—+f fj+)+2.71+.72 ((Zf]Jrf], ) (Zf;]%—) )a (5.9)
7=1 Jj=1

Remark 5.3. Observe that the Hamiltonian (5.9) coincide — up to the transform (5.8) and
identity operators — with the Hamiltonian (4.2). That is why, diagonalizing the Hamiltonian (5.9)
we will automatically diagonalize also the Hamiltonian (4.2) and vice versa.

5.4 The spectrum and Bethe equations: the general case

The main ingredient of the algebraic Bethe ansatz are the Bethe vectors. For the definition of
the Bethe vectors we will use the following products [26]:

N N ~

B(vi,va,...,vN5) = Bi(v1)Ba(va) - - - By (vn),
where
Bi(v) = B(v) —i(2k—1)Id, keZ,  i=+—1,

and v;, 1 = 1,..., N, are “rapidities” — complex numbers to be determined from the Bethe-type
equations. Due to the symmetry of the structure of the Lax algebra we will also consider the
products

C(v1,va,...,on) = Cr(v1)Ca(v) - - Cn(vn),
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where
Co(v)=Cl)+i(2k—1)Id, keZ,  i=+v—1,

and the values of rapidities v;, ¢ = 1,..., N, have to be determined from the other Bethe-type

equations.
The following theorem is a consequence of the more general theorem of [26]:

Theorem 5.4.

(i) Letky = %ik‘g andk_ # N+1,N+3,...,3N+1. Let the rapiditiesvg, k=1,..., N,

satisfy Bethe-type equations

~ N(vg + 1) vk +2) k1 (vg + Jj2) + ko (v + 1)

Uk VJ1— J2
N . .
. . v + v +
Vg — Un
n=1,n#k
1 v,]cv
= (ks =N =1)(k- = N = 1)—5 . k=1,...,N. (5.10)
IT (vk—vn)
n=1,n#k

Then the following vectors in the space V
V+(U13U27"'7UN) = B(UI,U27' . 'aUN)V+

are the eigen-vectors of quantum Hamiltonian H with etgenvalues

ik jo + koj N
hi(vi,va,...,uN) = 2N (j1+j2)N+M+2j1j2 — .
vVJ1 — J2 ;Un

(i3) Let ky = % +ks and ky #—(N+1),—(N+3),...,—(3N +1). Let the rapidities vy,
k=1,..., N, satisfy Bethe-type equations

_ Mok A g0 (o +J2) | k1 (v + J2) + ka(vr + 1)

Vg Vi1 —J2
N . .
+ (2ug + j1 + j2) + 2 Z (v +J1)_(Uk + J2)
n=1,n#k Yk = Un
1 v,iv
:Z(k:++N—I—1)(k,+N—I—1) ~ , k=1,...,N. (5.11)
[T (vk—vp)
n=1,n#k

Then the following vectors in the space V
V_(’Ul,vg, cee ,’UN) = é(’l)l,'UQ, NN ,’UN)V_

are the eigen-vectors of quantum Hamiltonian H with etgenvalues

. . N
. . ik172 + ko1 L. 1
h_(v1,v2,...,o8) = 2N | (j1 + jo) N — —F——== + 2j1J2 — . (5.12)
( ) VJ1— J2 ; Un
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Remark 5.5. Observe that the exclusion of certain values of k4 in the theorem is due to our
way of proving it [26]. The statement of the theorem seem to be true for any values of k4, but
we have the proof in the cases k= # N +1,N +3,...,3N + 1 and ky # —(N +1),—(N + 3),
..., —(3N + 1) respectively.

Remark 5.6. Note that consideration of small N examples shows that for the generic values
of k;, i = 1,2, 3, both systems of the eigenvectors {V (v1,ve,...,vn)} and {V_(vi,ve,...,vN)}
are the same. The sets of the corresponding eigenvalues {hy (vi,ve,...,vn)} and {h_(vi,ve,...,
vn)} also coincide.

5.5 Example: N =1 case

Let us consider the simplest case N = 1 corresponding to two-dimensional representation of s[(2)
and g[(2). In this case there is only one rapidity v; and the Bethe equation (5.10) acquires the
form

(vt +j2)  iki(v + J2) + ke(v1 4 1)
v1 Vi1 —J2
1
+ (201 + 1+ J2) = (ks = 2k~ 2)v1 =0, (5.13)

where, as previously, k+ = % + k3.

The eigenvalues of the Hamiltonian H given by (5.5) are written as follows:

C oy, dkja + kaga 2j1j2>
hy(v) =2 +J2) + , = + . 5.14
o) =2 (G )+ PR 2 (.10
Introducing the variable z = v} ! we rewrite the equation (5.13) as follows:
o (ko +kogi)r 1 5 1 (=ky +ik)?
—j1jea” — — ==+ k3 + ————— = 0. 5.15
J1J2 /—]1 > 4 3 4 (]1 _]2) ( )

The equation (5.15) has two solutions

B 1 <il€1j2 + ka1
I =

- \/Jékf + j1k3 +]'1j2k7§> ;

2152 \ Vi1 — 2
1 ikle + k2j1 . 2 . 2 .. 2
Ty = ——— = = +\/j2k + j1ks + j1joks | .
27172 < Vi1 — J2 ! 2 3

Substituting them into the formula (5.14) we obtain the following eigenvalues of H:

hi = 2j1 4 2ja + 2\/j2k% +j1k3 + j1jak3,  ha = 251 + 2ja — 2\/jzk% + J1k3 + jrjaks.

We remark that the formula (5.12) and Bethe equations (5.11) produce in the generic case
the same spectrum, i.e., the vectors V,(v;) and V_(v;) for the generic values of k;, i = 1,2, 3,
are proportional.

We also remark, that in the considered two by two matrix representation the eigenvalues
of (5.5) are easily calculated by the direct method and are shown to coincide with the hy, heo
written above.
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5.6 Example: N = 2 case

Let us consider the case N = 2 corresponding to three-dimensional representation of s((2)
and gl(2). In this case there are two rapidities v; and vy and the Bethe equations (5.10) acquire
the form

_2(01 + j1)(v1 + j2) _ iky(v1 + j2) + ko(v1 + 71) (v1 + j1)(v1 + j2)

+ (2v1 + j1 +j2) +2

U1 Vit —J2 V1 — U2
_ i(m _3)(k_ —3) (vlv—%vg)’ (5.16a)
_2(v2 +j1U)2(Uz +Jj2)  iki(ve +]2;1t@z(vz ) (202 + j1 + jo) + o (V2 +UJ'21)_(7;21+J'2)
= (ke 3k - 3)(02”_%“, (5.16b)
where, as previously, ky = kitke 4

Vii—J2 .
The eigenvalues of the Hamiltonian H given by (5.5) are written as follows:

) ) ik1jo + k 1 1
h+:4<2(]1+]2) vljjl—]22]1+21 2( 1+112>).

In order to solve the equations (5.16) and to find the spectrum we at first make a change of
variables X = (U1_ Ly Uy 1), Y = (U1 - Uy 1). Then we consider the sum and the difference of
the equations (5.16a), (5.16b) and obtain the following equations for X, Y:

2j152(j1 — j2)X° + 401 — j2) (1 + 52) X + (651721 — j2) Y2 + (1 — j2)kS + (2 — 1)
+ (k1 — ik)? + 6(iky + ko)\/j1 — j2) X + 4(ikrja + koji) /1 — j2Y 2 =0, (5.17a)

Y2 13x2 4 (2m(i.k1‘j2 ‘-i- k2?1) + 352 — j22)X B k§
J1J2(j1 — Jj2) 27172
. .
N (2(ik1 + k) V1 — Jo + g1 — jo — (k1 — ik2)?) _ 0 (5.17b)

2j172(J1 — j2)

Resolving the equation (5.17b) with respect to Y2, substituting it into (5.17a), taking into
account that

_ ((jl + j2) N ik1j2 + kaj1 )
8j1J2 J1J2 27172V J1 — J2

we finally derive the following equation for the eigenvalues h:

R —20(j2 + j1)h3 + (12857 — 161k3j2 + 272512 + 12853 — 1651k35 — 1652kT ) hy
+128(j1 + j2)j1jaks + 644221 + j2) kT + 6451 (j1 + 272)k3
— 128(71 + 242)(241 + j2)(j1 + j2) = 0. (5.18)

We remark, that in the considered three-dimensional representation the characteristic poly-
nomial of the Hamiltonian (5.5) is easily calculated by direct method and coincide with the
polynomial (5.18).

We also remark that the formula (5.12) and Bethe equations (5.11) produce in the generic case
the same spectrum, i.e., the vectors V, (v1,v2) and V_(vy,vy) for generic values of k;, i = 1,2, 3,
are proportional.
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6 Conclusion and discussion

In the present paper we have shown that the Lipkin—-Meshkov—Glick 2/ N-fermion model is a par-
ticular case of one-spin Gaudin-type model in an external magnetic field based on the non-skew-
symmetric classical elliptic r-matrix in the j3 — oo limit. We have also constructed a further
integrable generalization of the Lipkin—-Meshkov—Glick model, which, written in the spin form,
coincides with the quantum Zhukovsky—Volterra gyrostat. We have diagonalized the correspond-
ing quantum Hamiltonian by means of the modified algebraic Bethe ansatz and explicitly solved
the corresponding Bethe-type equations for small number of fermions N =1, 2.

It will be very useful to find — at least numerically — the solutions of the constructed Bethe-
type equations for the case of the arbitrary IN. This problem is open. It will be also interesting
to compare the obtained Bethe ansatz with other variants of the Bethe ansatz, existing in the
literature for the (non-generalized) Lipkin-Meshkov—Glick model [8, 13].
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