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Abstract. We develop a framework for systematic study of symmetry transformations of
sigma-model currents in a special situation, when symmetries have a well-defined projection
onto the target space. We then apply this formalism to pure spinor sigma-models, and de-
scribe the resulting geometric structures in the target space (which in our approach includes
the pure spinor ghosts). We perform a detailed study of the transformation properties of
currents, using the formalism of equivariant cohomology. We clarify the descent procedure
for the “universal” deformation corresponding to changing the overall scale of the worldsheet
action. We also study the contact terms in the OPE of BRST currents, and derive some
relations between currents and vertex operators which perhaps have not been previously
acknowledged. We also clarify the geometrical meaning of the “minimalistic” BV action for
pure spinors in AdS.
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1 Introduction

Consider a two-dimensional sigma-model invariant under some group of symmetries. Infinitesi-
mal symmetries form a Lie algebra g. For each £ € g, there is a corresponding infinitesimal field
transformation d¢. The Lagrangian is invariant up to a total derivative:

5e L = dar(€). (1.1)

We consider the Lagrangian as a two-form on the worldsheet; « is a one-form. We use angular
brackets, to emphasize that « depends on § linearly. Noether charge, which we denote Q(¢), is
given by an integral of a conserved current over a space-like contour on the worldsheet

The charges transform covariantly up to constant cocycles

0eQ(n) = Q([&, 7)) + C&,n),

where C(£,n) is constant (i.e., field-independent). In many cases, it is true that C(¢,n) = 0, and
we will here assume that this is the case. Then, it follows that the currents transform covariantly
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up to a total derivative

dej{m) = (&, n]) +d¥(E,n). (1.2)

In this paper, we will investigate various general properties of & and ¥, and the relation between
them, in one special case. This special case is when the symmetries are “projectable to the target
space”, in the sense which we explain now.

1.1 Symmetries projectable to the target space

The phase space is usually the cotangent bundle over the configuration space. Symmetries act in
the cotangent space. In this paper, we will concentrate on a special case, when the symmetries
have a well-defined projection on the configuration space. (This is not true in general, since the
symmetry transformation of coordinates may depend on momenta.) Moreover, we assume that
an infinitesimal symmetry & corresponds to a vector field v(¢) on the target space. (This would
not be the case if derivatives of the fields were involved.)

In this special case, a(€) of equation (1.1) can be viewed as a one-form on the target space
linearly dependent on £ as a parameter. Similarly, the U of equation (1.2) can be viewed as
a function on the target space parametrized by £ and 1. We explain that o and ¥ should be
thought of as defining the cochains of the bicomplex d +dy e, where d is the de Rham differential
in the target space X, and di;e the differential of the Lie algebra cohomology complex. We derive
several relations between «, ¥, and various objects associated with them. The first observation
is that there exists V', a 2-cochain of g with values in C*°(X), such that

(dLie + d)(V — Oé) =W —da,

where W is constant on the target space; it defines a cohomology class [W] € H3(g,R). See
Section 2.

The relation between o and ¥ is discussed in Section 5. We formulate it in terms of the
“BRST model” of equivariant cohomology (see [8]):

dBRST(V—a>=W+\I/+~--.

Details are described in Section 5.
As a first example, we consider the WZW model in Section 6. Then we discuss applications
to the pure spinor sigma-models.

1.2 Applications to pure spinor superstring

Our study is motivated mostly by the pure spinor sigma-model of [6], and it will be our main
example. We will restrict ourselves to Type II string. The corresponding sigma-model, in any
background, has the following distinguishing property. There are always two anticommuting
nilpotent symmetries, @7, and Qg:

{QL,Qr} ={Qr,Qr} ={QL,Qr} =0
and two u(1) symmetries called “ghost numbers”. The @1, and Qg have charges (1,0) and (0, 1),
correspondingly, under these two symmetries.
1.2.1 Universal vertex operator

The Lagrangian is only BRST invariant up to a total derivative

QL =doy, QrL = dag, Qror =dVyr,
Qrar + Qrar = dVig, Qragr = dVRpg.
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This defines the “universal vertex operator”
V =VLL + VLR + VR, (Qr +Qr)V =0.

It is the unintegrated vertex operator corresponding to the overall scale of the worldsheet ac-
tion. Its descent works off-shell on the worldsheet, and has a general description in any curved
background.

The case of flat space is special. In this case V' is BRST exact

V = OuT™0,) ARI™05) = —(Q1 + Q) @(Xm[(AereL) _ (AeraR)])>. (1.3)

Notice that (A\LT"™01) — (ArI"™0R) is the ghost number one vertex operator corresponding to the
translation. Generally speaking, exact vertices Q (v (X)[(ALI"01) — (ArRI'"™0Rr)]) correspond to
infinitesimal target space diffeomorphisms. In particular, the V' of equation (1.3) correspond to
space-time dilatations. Although the flat space V' is BRST exact, there is still an obstacle to
being able to choose a BRST-invariant Lagrangian. It is a nontrivial element of H* (Q, Olx ))
— the ghost number one BRST cohomology in one-forms on the target space. While in general
background the obstacle is in H?(Q, C*°(X)), in flat space it is in H'(Q, 2'(X)). See Section 10.

1.2.2 BRST invariance of BRST currents

While the Lagrangian is only invariant up to a total derivative, the BRST currents are BRST
closed strictly (not just up to a total derivative). Moreover, they are actually BRST exact.
We will give a concise proof of this in Section 8. This is a consequence of the ghost number
symmetry, which acts on fields as a phase rotation.

1.2.3 Non-covariance of global symmetry currents

Generally speaking, currents transform covariantly only up to a total derivative. As a simple
example, consider superstring in flat space in pure spinor or Green—Schwarz formulation. The
supersymmetry currents are, schematically

Sr, =0r0rpr +04X0;,

we have 67,57, ~ dx and §rSg ~ Ox. This is not covariant. (The covariant transformation would
have P = xdz on the right-hand side.) The difference is in the total derivative dxz. There is
a cohomology class responsible for this non-covariance, equation (10.6).

1.2.4 Contact terms

The BRST currents j(Qr) and j(Qg) are holomorphic and antiholomorphic, respectively
QL) =jid=,  j(Qr) = jidz.

In Section 9, we study the contact term in the OPE of j; and jr and formulate a conjecture

about its relation to the universal vertex operator.

1.2.5 Vertex operators corresponding to currents

In Sections 10 and 11, we apply our formalism to pure spinor sigma-models in flat space and AdS.

Global symmetry currents in AdS are invariant under psu(2,2|4). To each global current j,

corresponds a ghost number one vertex operator A,. Our formalism implies some relations

between them. We also clarify the geometrical meaning of the “minimalistic” B-field of [14].
In Section 12, we discuss some subtleties in taking the flat space limit of AdS.
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1.3 Previous work

There have been many studies of currents in sigma-model, in particular following [1]. We would
especially mention [15, 16, 18], which have some overlap with this work. Our treatment of the
worldsheet symplectic structure and global symmetries is similar to the one developed in greater
generality in [9] and [7]. It would be interesting to see if some results of our work could be
extended to more general case (dimension higher than two and symmetries not projectable to
the target space) using that more general approach.

2 Noether currents

2.1 Symmetries projectable onto the target space

Consider a classical field theory. Its phase space is T*F where F' is the space of field configu-
rations. We assume that our theory is a sigma-model. This means that field configurations are
maps from the worldsheet ¥ to the target space X:

F = Maps(%, X).

Suppose that the theory is invariant under a Lie group G, and the action of G comes from the
action on the target space X.

2.2 The structure of Noether currents
2.2.1 Symplectic structure on the phase space of classical sigma-model

The symplectic potential ¥ is a one-form on the phase space and a one-form on the worldsheet,
which is defined by considering the variation of the Lagrangian. Let us pick a solution of
classical equations of motion, and consider its infinitesimal deformation § as an off-shell field
configuration. This means that our variation does not have to preserve the equations of motion,
but the original configuration which we are varying s on-shell. Since the original configuration
is on-shell, the variation of the Lagrangian is a total derivative of some 1-form on the worldsheet:

0L = dv.

Here d is the de Rham differential on the worldsheet, and d is the de Rham differential on the
phase space. Pick a space-like closed oriented contour on the worldsheet, and let § ¢ mean
the integral of ¥ over this contour. The “symplectic potential” (a.k.a. “pdq”) is defined as the
restriction of § 9 to on-shell variations:

%ﬁ’on-shell = p5Q~
The density of symplectic form is the exterior derivative of ¥ on the phase space:
w = 67.

2.2.2 Equivalence class of one-forms on the target space associated to a symmetry

Definition of a(£). Consider a symmetry ¢ of the target space. If 9 is invariant under
the symmetry, then the Noether charge is the contraction of the infinitesimal symmetry vector
with pdg, i.e., Q(§) = pdeq. In this case, the corresponding current is

J(&) = Ll = w&;ﬁ%w
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This formula for the current is only valid if the Lagrangian is invariant under the symmetry.
However, the Lagrangian might change by a total derivative

5L = di*a(g),

where « is some 1-form on the target space, i: ¥ — X is the field configuration of the sigma-
model, i*« is the pullback of « to the worldsheet. The one-form « depends linearly on £ € g
as a parameter. Notice that we use angular brackets a(£) to emphasize that the dependence is
linear.

In this case,

0¥ = di*a(€)
and the current is
J{&) = te? + 1" a(§). (2.1)

The Noether charge is the integral of the current over a space-like contour:

S RG]
Indeed,

5OUE) = 1¢ 7{ w,
In terms of the momentum variables py,

§(€) = (Sex")pr + i*a(€).

(The expansion of j(¢) in powers of p terminates at the linear term, because we are assuming
that the symmetry is projectable to the target space.)

Ambiguities in the definition of a(¢). The 1-form « is defined up to a total derivative
and up to a symmetry variation of a one-form

(&) ~ a(€) + d(smth(g)) + L¢(smth).

The ambiguity of adding d(smth(¢)) is because the current j{(¢) is defined only up to a total
derivative.

The ambiguity of adding L¢(smth) is because the Lagrangian L is given only up to a total
derivative. Replacing L with L+dA with A € Q!(X) is equivalent to a canonical transformation:

0
(pj,xl) — (p[ + @F, xl> (2.2)
for any F' of the form

Fe f A,
T=const

where A is any 1-form on the target space. This would change

af§) — a(§) + LeA.
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2.3 Poisson bracket of charge with current
The charges satisfy
0¢Q(n) = {Q(€), Qn)} = Q([&, n])-

But the Poisson bracket of charge with current is more complicated. Let us choose, for each £ € g,
the corresponding « (i.e., “fix by hand” the ambiguity of adding d(...) to «), so that we have
a linear map

g — Q(X), o aff).
Then the charge-current Poisson bracket can be expressed through the Courant bracket:

{Q(),3(m} = 3 ([(&, al§)), (n, n))]courant),

where

(€, a(€)), (n, a(m))]courant = ([€; ], Logya(n) — Lymyal€) + deymyals)). (2.3)
Here the term L, a(n) comes from {$&pr,a(n)} and the term —Lymal§) + deygpalé) =

—Ly(myda(€) comes from {npr, § a(€)}.
2.4 Descent
The Lie algebra differential is defined as follows [10, 11, 12]:

(driea)(€ Am) = Lygyaln) — Lymyal) — a([&, ).

In particular, the deviation of the current from transforming covariantly is

dej(n) — 3([&,m) = driea(€ A ) + deymya(€). (2.4)
Lemma 2.1. Ezists V({ An) satisfying
(dLie){§ Am) = d(V(EAm)). (2.5)

Proof. The Poisson bracket of charges is

{Q©), Qm} = Q& n))-

Consider field configurations which have p = 0 at 7 = 0. For such configurations, equation (2.3)
implies

i (Cugatn) = Lugale) - allé.) =0

where the integral is over the spacial slice 7 = 0. The image of this spacial slice in the target
space can be any one-dimensional closed contour. Therefore, £, ¢ya(n) — Lymya(€) — a([€,n]) is

d-exact, equation (2.5). [
Consider
W = dp V. (2.6)

We observe that W is a function (0-form) and dW = 0; therefore W = const. Equation (2.6)
implies that W is exact as a 3-cocycle with coefficients in C*°(X). But since W = const, we
can as well consider W as a 3-cocycle of g with coefficients in R € C°°(X). Then we can ask
if it is exact in the cochain complex with constant coefficients. The question is: is it possible
to represent W as dre(...) where ... is constant on X7 If it is not possible, then W defines
a nontrivial cohomology class with constant coefficients:

(W] € H3(g,R).
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2.4.1 Case [W]=0

In this case we can assume that driV = 0, by adding a constant to V.

Case H?(g,C°° (X)) = 0. In this case V = dr;cu, we can modify a — « + du, and then
dricc = 0. Suppose that also H' (g, Ql(X)) = 0, then we can choose the Lagrangian to be
g-invariant, and the currents g-covariant.

In Section 10.6, we consider an example where H?(g,C*°(X)) = 0 but H*(g,Q'(X)) # 0.
Then, the Lagrangian can not be chosen to be invariant, and the currents cannot be chosen in
such a way that they would transform covariantly.!

Case H?%(g,C>° (X)) # 0. In this case, V € H?(g,C>(X)) is an obstacle to finding an
invariant Lagrangian. We may call it “generalized universal vertex operator”, because vertex
operators of pure spinor formalism provide an important example of this situation. The BRST
transformations generate a supercommutative Lie superalgebra ROI?, and H? (RO‘Q, C>(X )) #0.
This is precisely the BRST cohomology at ghost number two, corresponding to physical states,
therefore V' is one of the physical states. This is the “universal vertex operator”, see Section 8.

2.5 Ascent
Equation (2.5) implies
(dLiedOé) <§ A\ 7]) = 0. (2.7)

Suppose that the first cohomology group of H'! (g, 02X )) = 0. Then equation (2.7) implies the
existence of a two-form B such that

We denote
H =dB.
Then
H+W = (dye +d)(B—-—a+V).

It is often true that H'(g,Q*(X)) = 0, by some version of Shapiro’s lemma [10, 12]. For
example, this is true for the super-Poincaré symmetries in the pure spinor formalism in flat
space, see Section 10.

3 BRST language for Lie algebra cohomology

Until this point we assumed that g is usual (not super) Lie algebra. When considering the
cohomology complex of Lie superalgebras, sign rules may be confusing. Here we will suggest
a formalism which automatically takes into account the + signs.

Let M be a g-module. Let p denote the representation of g in M:

p: g — End(M).
The odd tangent space IIT'G is defined so that for all supermanifolds X:

Map(X, [ITG) = Map(X x R, G).

1'We want to thank the referee for correcting an error in the first version of this paper.
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Notice that the body of IIT'G is the space of “odd loops”:
(ITG),q = Map (R, G).

As a slight variation of the construction in [2], we consider the following linear space:
C(g,M) =M ®c C*(ITG).

It is possible to consider a family, parameterized by a supermanifold X:
Cx(g, M) =M ¢ C®(X x IITG).

We work in a formal neighborhood of the unit of GG, and M does not have to be an integrable
representation. Elements of C(g, M) are M-valued functions of the form

(x,9) = plg(¥))v(z, g(¥) " Dyg())). (3.1)

Here v € C*(X x Ilg), ¥ € C°(X) is some odd function on X, and we use an abbreviated
notation:

o) 0u9() = aacg(wrlg(w 1o,

where ¢ is a Grassmann odd variable.? It is useful to observe

dc(9(¢)"0cg(¢)) = —*{9 )710cg(€), 9(¢) 1 0cg(O) }-

We may decompose into the basis of g:

9(O) 1 0c9(0) = (9(0) 1 0cg(Q))  ta.

and introduce the “ghost” notation:

= (9(0) " cg(0)”

Elements of C(g, M) are in one-to-one correspondence with M-valued polynomial functions
on Ilg:

veM®S*(Ilg)*.

(Here S*(...) denotes the space of symmetric tensors of any rank, and therefore S®(Ilg)* the
space of polynomial functions on Ilg.) Given v, the corresponding function of the form equa-
tion (3.1) will be called Fu:

(Fo)(¢9) = p(9(¢))v(9() ™ 0cg(¢))-
The differential of the Lie algebra cohomology complex is denoted dr;. and defined as follows:
OcF = Fdije.

These definitions work for g a Lie superalgebra. If g is a usual (not super) Lie algebra, then we
can identify

M ® S*(Ilg)* = Hom (QB A"g, )

n>0

and our definition returns to the usual definition of Lie algebra cohomology complex.

2All we need from X is a Grassmann odd “constant” 1. In this approach to supermanifolds, we get it by
considering families of constructions parameterized by a supermanifold X.
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4 Target space bicomplex

The central role in our considerations is played by two anticommuting differentials. One is dp e —
the differential in the Serre-Hochschild complex of a Lie superalgebra. Another is d — the
de Rham differential on X. Here we will discuss some basic properties of the bicomplex d + dge.
Consider the nilpotent operator d +dp;e acting on the cochains of g with values in differential
forms on X. It is related to the de Rham operator d by a similarity transformation:
d +dpie = eCwa (d + dg)i‘)a)e_cAL”A7 dioii = ;CACBfABCagC-
where v4 is the vector field on the target space corresponding to the infinitesimal symmetry. In
this work, we only need differential forms which are polynomial in the differentials. We do not
need pseudodifferential forms. Let us assume that the de Rham cohomology of X is R (constant
functions). Then, equation (4.1) implies that the cohomology of d + dr;e is H*(g,R).
Let w € Q"(X). Then

n 1 n+1
dLie (%(C)"‘)) = n 1LU<JEJ)dw. (4.2)

(4.1)

To prove this, let us rewrite equation (4.1) as follows:
drie eCliva = [eCA‘“A,d] + eCAL”Adgl.
Acting by the left-hand side and the right-hand side on w, we get

A A
dpe €¢ aw = [ec L”A,d]w

since dﬁlw = 0. Consider the coefficient of C"*!. Since w is an n-form, only eCwadw con-
tributes from [eCALu A, d]w on the right-hand side, and equation (4.2) follows.

5 Transformation of currents
We will now investigate under which conditions the currents transform covariantly, i.e.,

Sej(m) = 3 (€, ). (5.1)

5.1 Currents transform in an extension of the adjoint representation

Currents transform covariantly up to a total derivative:

0gg(n) = 3 (& nl) + d(T{E)(m)- (5.2)
This is the definition of ¥(¢)(n). This defines an extension A of the adjoint representation of g:
= (X)

0—>T—>A—>adg—>0.

The explicit expression for the cocycle ¥ follows from equations (2.4) and (2.5):

o 0o
¥ mod const € Ext! (g, ¢ (X)> = H! <g,Hom (adg, c (X))>’

R R
\I’<£> <77> = V<§ A 77> + Lv(n>a<§>’ (53)
Ve H? (g, COOREX))

AV = dpeo. (5.4)

We will now develop a general formalism to understand equation (5.3).
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5.2 Some maps between complexes

For a Lie superalgebra g, let C'g be the Lie superalgebra generated by Lie derivatives L¢ and
contractions t¢ for £ € g, see [8, Section 10] where it is called gguper O gle]; it has a differential.
Let M be a differential g-module, i.e., a representation of C'g with a compatible differen-
tial dps. In our case, M is the space of differential forms on X.
Consider a map

L: C"(g,M) — C"(g,Hom(g,M)),  L(a) = [C — [~ L}/ (a(C))]].
This map is homotopy trivial:
L = Id}% + afem(eAy (5.5)

where

B 0
I: Cn(g,M) - C" 1(97H0m(gaM))7 ]I(a’) = |:77 = nAﬁcAa] ’

Indeed, using the notations of Section 3,

)
FL = (ng) 5.7

i.e., the infinitesimal left shift of g by 1. At the same time

d
FI=(Cng)g F-

Since dr e corresponds to ¢, equation (5.5) follows. The construction so far only requires that M
is a g-module.
But once M is a differential g-module, there is yet another map which we call J:

I: C"(g,M) - C"(g, Hom(g, M),  J(a) = [+ —2a].
It intertwines the two complexes:

Jd%e - dEiZm(Q’M)J‘

Indeed, in notations of Section 3,
Fl = —L,]y F.

It acts just on M, and does not know anything about g(¢).?> Notice that I+J intertwines cochain
complexes with values in M and Hom(g, M) with differential dps + dpe.
With these notations equation (5.3) can be written as follows:

U =1V — Ja.
In particular, if & = 0, then equation (5.1) is satisfied:
e If Lagrangian is invariant, then currents transform covariantly.

But the precise conditions for the covariant transformation of currents are weaker than the
invariance of Lagrangian, and we will now derive it. We will start by establishing a relation to
the formalism of equivariant cohomology.

3For example,

1 1 1 1
JdpiedX™ = J(—g(“YLFmdQL) - 5('YRFmdQR)) = —Q(WLanL) - 5(7RFmUR)7
1 1
drieJdX™ = die (nm - 5(77LFm9L) - 5(771?1””613))

= (T y) — (e yr) + %(WLFMVL) + %(URFWVR) - %(nLFva) - %(ﬁer’YR)~
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5.3 Relation to equivariant cohomology

Various relations between V, o, W and ¥ are encoded in the complex known as “BRST model
of equivariant cohomology”. We will now briefly review the construction of this complex, and
explain how it is useful in our context.

We will start with considering another complex, known as “Weil model”. This is a direct
product of two complexes, and the differential is the sum of two differentials, equation (5.6).
The BRST model is related to it by a similarity transformation, equation (5.7).

5.3.1 Weil model

Weil algebra W is a differential graded super-commutative algebra formed by generators® C
and 7 with the differential

0 1 0 0
dw = Urroll 5[0, C]% + [C,U]%-

We consider the space of functions of C' and n with values in M, with the differential
diot = dw + dar, (5.6)

where dj; is the differential of M.

5.3.2 BRST model
We have
e~ (dyy + dar)e4C” = dpie + day + 14+, (5.7)

where dre is the Lie algebra cohomology differential with coeflicients in Hom(S®adg, M). (In this

language I = n%.) The nilpotence of dr. + dpys + 1+ J follows from the nilpotence of dyy, + day.
We have

(duie + dar +I+I)(V —a) = W + ¥ — dyrar — Loy, (5-8)
where
W=dyV, U=IV-Ja.

It is useful to consider the “total ghost number” defined as follows:

Niot = (form rank) + C’aac + 277;7]7
Niot(V — ) =2(V — a),

Niot(W + ¥ —da — la) = 3(W 4+ ¥ — da — Ia).

The grading table is

Ntot form % 2778777

=
SIS
Wl Wl Wl W NN
NN OO~ O
O}—‘HQOH[\DQ

1Often C is called A and 7 is called F; in [8] C is 6 and 7 is 6.
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The term with (form,C%ﬂna%) = (1,2,0) is missing in equation (5.8), because of equa-
tion (5.4). The nilpotence of dyy + djs implies the nilpotence of dp;e + das + I+ J; this is called
“BRST model” in [8].

Therefore,

drieV +IW =0, dy ¥ = Jda + dp;clo. (5.9)
Since W is a constant
drie? =0 mod const.

(By const we mean constant in the target space, i.e., independent of X, 0, \; it only depends
on C and 7.) Indeed, this is necessary for the consistency with equation (5.2).

Equation (5.8) is not completely general. Without changing the range of gradings on the
right-hand side, we can generalize it as follows:

(dpie +day + I+ 0)(V —a+¢) = W + (¥ + driep) — dyra — (Ia — dary),
where
pE Co(g, Hom(adg, MO)) = Hom(adg,MO).

The gradings on the right-hand side are still (0, 3,0), (0,1, 2) and (1,0, 2). But ¢ can be removed
by adding an exact expression. Indeed, given ¢ € C* (g, M 0), the exact expression is: V' — o' +
¢ = (drie +dy + T = D); o = —dytp, V! = dpiet and ¢’ = Ip. This corresponds to the
ambiguity of adding a total derivative to a.

5.4 Obstacles to covariance of currents

Equation (5.9) implies that the first obstacle to the covariance of currents is
[IW] € H*(g, Hom(adgy, R)). (5.10)

If [IW] = 0, then we correct ¥ by adding to it a constant, so that dr; ¥ = 0. In that case, the
next obstacle is

(U] € H'(g, Hom(ady, C*°(X))). (5.11)

In many situations, this cohomology group is zero due to Shapiro’s lemma, and currents trans-
form covariantly.

To summarize, the condition of the covariance of the currents is that we can choose ¥ = const.
When this is so, equation (5.3) implies

Lymya{§) + (§ «» 1) = const. (5.12)

This follows from equation (2.3) and equation (5.1) symmetrized under £ <> . When equa-
tion (5.12) holds, equation (5.1) becomes equivalent to

1
Luigat) — Loa) — allél) = 4 5 mat) - wpale) ).
This means that we can choose V as follows:
1
V{END) = §(Lu<g>a(77> — Ly a(€)).

To summarize, here are the conditions for the currents transforming covariantly, i.e., d¢j(n) =

J([€m):

Lomya{&) + (§ <> m) = (€ o), where €(£ @ 7)) is constant, (5.13)
1
V<§ A 77) = 5(%(5)05<n> - Lv(n>a<§>)7 (5'14)

where £ @ 1) stands for symmetric tensor product, and V is from equation (2.5).
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5.5 Strong covariance condition

Equation (5.12) can be strengthened, by requiring: €(¢ e ) = 0. Then we have
Lv(§>a<77> + Lv(n)a<§> =0.

This is equivalent to the existence of a 2-form b € Q?(X) such that
alf) = Ly(e)b-

Then

(dLie)(E A M) = Lygya(n) — Lymyal§) — a([€,n]) = %(ﬁmabn + Ly Le — (€ m))b

= dbv<§>Lnb - Lv<§>Lndb. (5.15)

In particular, if ¢,(¢yty(;ydb = 0, then V(EAN) = ty(eyty b (ak.a. Ly(ey 0 (D) satisfies the cocycle
condition:

(dLieV)(E AN AC) = [d, by rumprniey | b = 0.
Under this strong covariance condition,

(dpie +d+ T+ ) (V —a+b) = H = db.

5.6 Asymmetric covariance condition

It is also possible to formulate a weaker condition. We can ask that for some two symmetries £
and n:

dej{m) = (&)

but perhaps 6,5(¢) # j([n,&]). This weaker condition follows directly from equations (2.3)
and (2.5):

V{EAN) = —tymya(§) mod const. (5.16)

This is not symmetric with respect to £ <> 7. For W(n)(£) we have, then

W) (€) = tomya(§) + tyyafn) mod const.

6 Case of WZW model

Here we will relate our considerations to the approach of [17] to WZW model. The target space
is the group manifold, and the symmetry is some combination of left and right shifts.
The non-invariance of the Lagrangian is due to the B-field not being strictly invariant:

£v<£>B = Lv<§>dB + dLv<§>B. (6.1)
A special role in [17] is played by the one-forms A, such that
Ly(eydB = £dA,. (6.2)

Remember that «(£) is defined up to d(...). Equations (6.1) and (6.2) imply that we can
choose a as follows:

alf) = &%\ + LU<£>B. (6.3)
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Therefore,

Loy () + (€ 1) = 1 (Lot Mo + Loty Aa) - (6.4)

The obstacle to gauging in [17] was the right-hand side of equation (6.4), and is therefore very

similar to equation (5.13). All currents in WZW model do transform covariantly, therefore both

equations (5.13) and (5.14) are satisfied. However, only a subgroup can be gauged, where the

constant on the right-hand side of equation (5.13) is zero. The obstacle to gauging is €(£ e n).
It was shown in [17] that

Ly M) = M[€,n))-

Now we have

£v<£>a<77> - ﬁv(n)a<§> - O‘([&v 77]> = dLU({)%(n)B - Lv({)%(n)dB + )‘<[€7 77]>

The last two terms actually cancel:

Loty bo(nydB = X([&, 1))

and therefore

(toigyae(n) — Loy al8))-

N

V{EAD) = tyeytomy B =

In the language of ghosts,

1
V= §Lv<c>a<c>.

Then, equation (4.2) implies that
WAE AN A C) = L)L) o) B
We have
(drie +d+I4+D0)(V-—a+B) =W+ V¥ + H+ A, (6.5)

where X is from equation (6.3), considered as element of CY(g,Hom(g,Q'(X))), and other
elements are

W =dneV € C3(g,R),

U =1V — Ja € C*(g,Hom(g, R)),

H=dB € C°(g, (X)),

A= —la+JB € C°(g,Hom(g, 2" (X))).

We have

IW + dpi eV =0,
JH +dA =0,
U =<(n,C),
IV + JA =0.

implies that this is equivalent to

IV = 0.
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Under this condition, also W 4 W is dy;e + [-closed. Equation (6.7) implies that this is equivalent
to the vanishing of the obstacle to gauging in [17]:

Equation (6.5) is the equivariant analogue of the WZW transgression relation
(dpje +)(V—-—a+B) =W+ H

replacing
drd+ T, drie — drie + I, Hw— H+ )\, Wi W+ W,

d with d +J and dr;e with dy; +I. Notice that equation (6.5) does not require the cancellation
of anomaly in the sense of [17]. In fact, JA cancels with I¥, equation (6.8).

7 Pure spinor sigma-model

In this section, we will give a very brief review of the pure spinor worldsheet sigma-model

Most of the applications in this paper are to the Type II pure spinor superstring sigma-
model [3, 6]. This sigma-model can be constructed for any consistent Type II supergravity
background. The set of fields includes some matter fields taking values in a supermanifold
(space-time), and the so-called “pure spinor ghosts”. The pure spinor ghosts are called A}
and )\%, they are constrained to take values in a cone:

(AZTaBAL) = (NRL3NR) = 0,

where Il are the ten-dimensional gamma-matrices.

In special backgrounds, such as flat space and AdSs x S°, the sigma-model has global sym-
metries, basically the isometries of the background. But, crucially, there are two fermionic
symmetries present at any background. They are denoted @1, and @Qr and called “BRST sym-
metries”. They are both nilpotent and anticommuting;:

{Qr,Qr} = {Qr,Qr} ={Q1,Qr} = 0.

Moreover, the Noether current corresponding to )7, can be chosen to be holomorphic, and the
Noether current corresponding to Qg antiholomorphic. They are

J(Qr) = Ajdat, - (Qr) = Afda—.

In flat space,

1 1

das = Pas + iawmrgtﬁeﬁ + g(azr%meg) moy, (7.1)
1 mpm B 1,3 m 5 m B

da = pa + 5027405 + g (OATT50_07)T 'O (7.2)

8 Universal vertex operator

Pure spinor superstring in any curved background has a natural deformation, which is the change

of the overall scale of the Lagrangian. It can be thought of as varying the string tension i In this
section, we will explain how this “universal vertex operator” is related to a(Q@), equation (8.6).
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8.1 Definition for arbitrary curved background

Equation (2.5) implies

LoalQ) = JAVIQ A Q) (8.1)

An important role is played by the ghost number symmetry. In other words, we assume that X
is a graded supermanifold of degree one. (Where x and 6 are of degree zero, and \ of degree
one.) Let N be the grading vector field

0

o 0 9
Loxg

A

N =2\ :
oXG

and fp be a function of degree zero (i.e., a function of x and 6 only). A direct examination of
the sigma-model Lagrangian in [6] shows that it is exactly invariant under N (since it is just
a phase rotation of ghosts and their momenta). Therefore,

a(N) = 0.
Using the freedom of adding a total derivative to a(Q), we can choose a(@) so that

iva(@) = 0. (8.2)
Indeed, if tya # 0, we modify

ar— a—diyo.

Also notice that we can choose V (N, Q) = 0. This is because N is just a phase rotation, therefore
Lya(Q) = a([N,Q]). With equation (8.2) this implies

W(QL)(N) = ¥(Qr){N) =0.

Therefore,
Qrj(N) = —j(Qr), (8.3)
Qri(N) = —j(Qr)- (8.4)

In other words, both j(Qr) and j(Qr) are BRST exact. Taking into account that LyV = 2V,
equation (8.1) implies

1
V= §LNdV =.nLoa = —1ga. (8.5)
Given equation (5.3), this is consistent with BRST currents being themselves BRST invariant,

in any background. As we know, they are both BRST exact, equations (8.3) and (8.4).
To summarize:

1
QL=dalQ).  Loal@ =d(~5i00@)). (5.6)
We must stress that this descent procedure does not require the use of the worldsheet equations

of motion. The second step, equation (8.6), involves purely geometrical objects in the target
space: vector field @ and one-form «(Q). This works for all pure spinor backgrounds.
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8.2 Generalization

Suppose that g is a graded Lie superalgebra. The grading operator will be denoted n: g — g.
Let us assume that n is diagonalizable, and all its eigenvalues nonzero (in particular, exists n_l).
Moreover, we will assume that there is a vector field N on X, a symmetry of the Lagrangian,
such that

[N,o(@)] =v(n),  Lnaf§) =alng),  LyV{EARN) =V(nEAn)+ ({Ann).
We can modify « as follows:

alf) — al) — dLNoz<n_1§>.
Then the modified o satisfies

tyoa = 0.
We have
V{nE An+Ennn) = LNdY<§ An)y = in (Lygyaln) — Lymall) —allEn]))

= (_)gbv(n§>a<n> - (_)ﬁbv(nn)a<§>' (8'7)
Suppose that equation (5.13) is satisfied, then equation (8.7) implies
1
VIEAn) = 5 (tugatn) = (€ < ).
This is a generalization of equation (8.5). If we assume that all eigenvalues of n are positive,
then it follows that V is a cocycle:

drieV = 0.

If its cohomology class in H?(g, C*°(X)) is nonzero, then it is a generalization of the universal
vertex operator.

9 Contact terms

We will here study the contact terms in the OPE of left and right BRST currents. These contact
terms do not have classical analogue.

9.1 BRST currents and universal vertex

Since j(Qr) is holomorphic and j(Qr) is antiholomorphic, their OPE is purely a contact term:
J(Qr)(2,2)j(Qr)(0,0) = V&2 (z, 2).

Since both currents are exactly BRST invariant, it follows:

(Qr +Qr)V =0.

We conjecture that V' is in fact the universal vertex operator. (In particular, this implies that
the universal vertex operator has ghost number (1,1).)

In flat space-time, the contact term is somewhat ill-defined, since the conserved currents are
only well-defined up to terms which vanish on-shell. However, in the general curved space-time,
there is no ambiguity. Indeed, all equations of motion have the conformal dimension (1,1),
except those for pure spinor ghosts, which have dimension (1,0) or (0,1) (i.e., O_Ap = ---).
The only possibility would be adding something proportional to 04 A to j{(Qr), and something
proportional to d_Ar, to j(Qr). But that would have wrong ghost number.

We computed the contact terms in flat space (with the most economical definition of the
currents) and in AdSs; x S°. In both cases, the coefficient of §2(z,2) in the contact term is the
universal vertex operator.
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9.2 Case of AdS; x S°
The easiest way to compute them is to use
QLQR(STr((w£+)\%) (z, 2))STr((w§AR)(O, 0))) = regular.

On the other hand, this is equal to

J+(Qr)(2,2)7-(Qr)(0,0) + (Qrj+(QL) (2, 2))STr (wiAg)(0,0).

In the second term, Qrj+(Qr)(z, 2) is zero on-shell. Whenever something is zero on-shell, there
is a corresponding vector field on the space of fields. In particular, the vector field corresponding

to Qrj+(Qr)(22) is STr()\Lﬁ). This implies
7+(Qr)(22) j—(QRr)(0,0) = STr(ALAR)d* (2, 2).

9.3 Case of flat space

The contact term is due to the contraction of d;z and d_z in equations (7.1) and (7.2):

7+(Qr)(22) j-(QR)(0,0) = (6T AL) (ORI ™ AR)d% (2, 2).

10 Pure spinor sigma-model in flat space

10.1 Symmetries of the pure spinor sigma-model in flat space

The (manifest) symmetries of the pure spinor sigma-model in flat space are:

e The super-Poincaré group &8 which is the semi-direct sum of the supersymmetry group
(translations and supersymmetries) and the Lorentz group. The Lie superalgebra of the
super-Poincaré group will be denoted s (notation: 8 = super-Boincaré)

e Two odd nilpotent symmetries Q7 and Qg. The corresponding ghosts will be called xp,
and xg.

The Lie superalgebra cohomology differential is

deperdz, = dop + X0 + XRER.

Explicitly, each part is

) o 1 ) (0 15 8
B af Y 2pBpm al Y _ ZpBpm
dop =% T <aeg 200 5a axu) LA (aea 2R 4 axu)

1 a, Bru 9 &, Bru 9
+ i’YL’YLFaﬁ@ + §’YR’YRF5[3@

0 0 0
] [ xm — —
+c <X OXV + (QLF/LZ/ 89L> + <9RF,LU/ 8(9]{))

and

0 XL 0 0 0

1 9 e
Q= XL)‘Laea 5 (ALl QL)aX,u +XR)‘R89a + xR 5 (gD HR)E)XN'
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10.1.1 Supersymmetries

The infinitesimal supersymmetry transformations are

1 o .8 (1 1

fe = — §(€LFM9L)W + EL@ + <2(ELFu)aa+XH + 8(€LF#0L)(8+9LFM)Q>
o,
0%

The corresponding one-form of equation (2.1) is

Opta
0

1 o 4
—*(ERF“GR)i—f-ER ap_&'

2 oXH

1 1
(3Rt a0 " + L{eanT 02)(0-6aT)s

1 1
alsp(y,c) = Z(’YLFMGL)qu — ﬂ(’YLFMGL)(deLFueL)

1 1
= 3 ORI OR)AX, + o (YR 0R) (0T LOR).

10.1.2 BRST transformations

The BRST transformation is the following vector field on the space of worldsheet fields:

' a4
Xm T Sw,

5o
Q—ALE+§(>\LF 1)

1 3 1
+ (-28+Xm(>\LFm) + g()\LFmGL)(a+9LFm) + 8(8+/\er0L)(0LFm)>

51 5 5
O Lo 4
FArgge + 5 ARl 0r) s +domm

o
op+

1 3 1 )
+ (28Xm(>\RFm) + é()\RFmHR)(a,QRI‘m) + 8(8>\er03)(9}grm)> W
The corresponding one-form of equation (2.1) is

1 1
algo(x) = — ZXL()\LFmeL) (de - 29LFmd9L>

1
+ AL 00) (X, — J08D )

It can be represented as
a(x) = tgb, (10.1)
where

1
b=~ (d0L1"0) — (A0RT™0R)) dX™ + £ (A6LT™0L) (ORI ™0 R), (10.2)

|

1 1
db =~ ((d6LT"™d6L) — (AT d0R))AX™ + £ (dOLT™" 0L ) (ORI " 0r)
1
— 5 (d6LI™6,)(A0RT ™ d0)

_ i((deerdam _ (dORT™d0R)) (—de + %(daereL) (deereR)>.

1

2
Therefore, L%db = 0 and equation (5.15) implies that equation (5.14) is satisfied and therefore
the BRST current is BRST closed:

Qi(Q) = 0.

This is also true for general curved backgrounds, and is a consequence of the ghost number
symmetry, see equation (8.5).
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10.2 Ascending in form rank
Because of Shapiro’s lemma,

H' (s, 0*(X)) = 0. (10.3)
Therefore, exists b € Q?(X) such that

da(€) = Leb for £ € &B. (10.4)

This is the same b as in equation (10.2), except equation (10.4) defines it unambiguously (while
equation (10.2) only defines b up to an expression having zero contraction with @). Its exterior
derivative H = db is super-Poincaré invariant:

LeH = 0.
Equations (10.1) and (10.4) together imply for £ € s and x € R2,

V{EAX) = 1xal(f).

This is a particular case of the “asymmetric covariance”, equation (5.16). Namely, the BRST
currents are super-Poincaré-invariant, but the super-Poincaré currents are not BRST-closed, see
Section 10.5.2.

10.3 Descending in form rank

We will use the Faddeev-Popov language. Let 77, 7% be the ghosts for left and right supersym-
metries, ¢ and c/*! the ghosts for translations and rotations. We will also consider the BRST
symmetries. The ghosts for BRST symmetries will be denoted x 1, and xgr. The descent goes as
follows:

driea = dV,

1 1 1
V= g('YLF#‘gL)('YRFu‘gR) + Z(VLFWL)X“ - Z(’YRFWR)X“ - %(ALF“HL)(VRFWR)

+ )ZTR()\RFNHR)(%F#GL) - %()\RFHGR)('VRFMHR) + %(ALF“9L)(7LF;L9L)

- XLQCR()\LF“HL)()\RFHOR), (10.5)
drieV =W,

1 w1 n
W=7 (nluye)e” = L (RDuyr) e (10.6)

The last line of V' contains (as the coefficient of x1xr) the universal vertex operator of flat
space, i.e., (ALT*0r)(ARL L0R).

The 3-cocycle W is nontrivial in H3(s3) C H? (E‘B@ R%‘I%{ST)7 it does not involve xr and xg.
In fact, it could not possibly contain x7, and x g, because it is constant (does not depend on X,
01, 0r). The degree of x equals the ghost number. Expressions with nonzero ghost number can
not be constant.

10.4 Relation between H = db and W

Now we have the relation

H+W = (d‘i‘ds‘ﬁ)(b_as‘ﬁ"‘vs‘ﬁ)
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and its equivariant analogue

H 4+ Agp + Wop + W = (d 4 dop + Lap + Joyp) (b — e + Vap).
Such relation exists because b exists because of equation (10.3). It is limited to s C s @ RO2,
because there is “no b for Q”. There is no such b which would satisfy Lgb = da(Q). The
Hb (Q%(X)) is nonzero.
10.5 Non-covariance of s currents

10.5.1 P currents are not s*P-covariant

This is because IW is not zero in H?(g, Hom(ady, R)), see equation (5.10). This is different from
the case of WZW model. In the case of WZW model, IW is zero in H?(g, Hom(adg, R)), due
to the existence of the invariant €, see equation (6.7).

10.5.2 sP currents are not BRST closed

Since W is only nontrivial in H3(s8) C H? (5‘3 @ R%‘?{ST), the corresponding component of IW

is zero. In this case, the next obstacle, equation (5.11), is nontrivial:
U € Hj(Homgyp(adsy, C(X))).

Let us use

U(x.Qr + XrQr)(eLQL + €rRQRr) = 0,
(xLQr + xrQR)¥(XLQL + XRQR){-|sp) = 0.

The first follows from the BRST closedness of the BRST current, and the second from IW (Q e
Q) = 0. Also, we use

(IW)(Csp ® Cop){-|sp) = 0.

(We hope that the notations are not too confusing; Cyy is the ghost for B, and _|sp means that
the argument (the 7n) is restricted to 8 C P @ RO‘Q.) It implies

Q\II<055T3><*‘5‘B> = dﬁ%(qj<Q> <f‘s‘¥?>)‘
This implies that

U(xzQr + XrQR)(-lsp) mod (x£Qr + xrQR)(.-.)
€ H (s, Hom (adep, H' (R, C>(X)))).

In other words, it is an intertwiner between the adjoint of s*J3 and the ghost number one BRST
cohomology. This intertwiner associates to each element of 8 the corresponding ghost number
one vertex operator. It is enough to compute ¥(Q) on an infinitesimal translation, i.e., n = Mim.
In this case, the IV in ¥ = IV — Ja does not contribute, and we are left with —Ja which gives

1 1
tajaxma(Q) = _ZXL()\LPmeL) + ZXR()\RFm%)-
Instead of being BRST closed, they satisfy
Qj(n) = dA(m),

where
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10.6 Cohomology of @ in one-forms
The last term in equation (10.5) is BRST exact:

XLXR
8

(ALT*OL)(ART wOR) = (X2 Q1L + XRQR)(éXm(XR()\RFmHR) - XL()\LFmeR))>-

This implies that we can add a total derivative to a(Q) so that the modified (improved) a(Q)
is BRST-closed. It is given by the following expression, which contains “bare” X"

1
Qimpr(Q) = g(XL()‘LFmQL)de +xp(d(ALI™0L)) X™

— xrALT™0L)(0,1™d0L) — (L <> R)).

We still can not make the Lagrangian BRST-invariant, since aimpr represents a nontrivial coho-
mology class:

[aimpr] € H! (Qa Ql(X))

Moreover, the currents do not transform covariantly. Indeed, the right-hand side of equation (2.4)
becomes digaimpr(Q) with

1
LQimpr (Q) = —§XLXR()\LFm9L)()\RFm9R) # 0.

On-shell @iy is BRST-equivalent to 2x1,(ALI™01) (0X™ — 1(6,1™80.)) — (L > R). In a gen-
eral curved background, the universal vertex operator is a nontrivial element of H*(Q, C*®(X)).
But flat space is a special case. What would be a ghost-number-two universal vertex is now
BRST exact. Instead, what prevents the Lagrangian from being BRST invariant is a nontrivial
element of H'(Q, 2'(X)).

10.7 Covariance with respect to a smaller subalgebra

We can achieve covariance with respect to a smaller subalgebra b C 13, if the restriction of W
to b vanishes. For example, let h be the subalgebra preserving the half-BPS state, then W
vanishes. In fact,

V{EAD) = (dLieU)(E An) and  dpie(a—dU) =0.
This implies
a(§) = dU(§) + Le f-

Then, the modified Lagrangian L — f is h-invariant.
We will now show this explicitly. We will denote X* = X% + X?. We will choose the mo-
mentum of the half-BPS state in direction X, then the following bosonic generators annihilate

the state: Mi,, %7 where 7 runs from 1 to 8. The ten-dimensional gamma-matrices are

A 0 ot 0 0 Sap 0
i = . b + frd - = ab

we W) el (B0
00 _ 0 —O'iaj) +eo 5ab 0 —ee __ 0 0

r - <_aidb 0 ) ) r - ( 0 0/’ r - 0 5db ’

We have to restrict

c+:O, 7%20, 7?3:0.
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The first line of equation (10.5) becomes

1 o o 1 R | L
V= —3 (VEoeab?) (VRowabh) + 1(7%02119%)01 - 1(77%‘72@9?2)01
It is dye-exact:

V= dLie Ua

where

U = (=5 030L20%) (otath) + 15 (1E0La08) (holadh)
+ 1 CRotath)e ~ (Orolath)c)
4 4
and
a =dU + dpif,

1 1 o
f=- f(H%dQ% - HRdGR)X+ + 5 (6108367 )dX; - (eR ol ,0%)dX;
(GL aaeL) ) (eRo-aaeR) (d (Il%o-aaeR)

(6

(Lo'aa )(d L%a ) (eRgaaeR)(deRJaaeR)
a01)
[y

oo\»aoo
oo\Hoo\H

S\HE\H

( (GRO' dQR) (GRO'CLGGR) (deLO'aaeL)

(0%0%,0%) (030%,d0%) + — (0%.0%,0%) (d0%a%,0%).

6(
11 Pure spinor sigma-model in AdS5 x S°

11.1 Lagrangian is invariant under psu(2,2[4)

This is because H3(psu(2,2[4)) = 0. It is useful to compare this to flat space. The flat space
limit of psu(2,2[4) is sP5,5 C 5B — the subalgebra of the super-Poincaré algebra, excluding
those Lorentz rotations which do not preserve the 5 + 5 split of the tangent space. We can
consider the differential psu(2,2[4) as deformed differential of 5, 5:

dpsu(2,214) = demp,, 5 + d,
where d’ is a correction. Then W € H3(s'B; 15) gets cancelled by an element of H 2(sBs 45)

W = d'STr(vLyR)-

11.2 Universal vertex operator

a) =0 for £ € psu(2,2[4),
Q) = STr((dgg ") A3),  a(Qr) = —STr((dgg~");A1)-

Therefore,

V{QLNQL)=V(QrNQRr) =0, V{QL A Qgr) = STr(A3)1).
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The currents of the global symmetries are only Q-invariant up to a total derivative:
Qja=dAa, Ao =d(STr(tag™ (A3 — M1)g)).

But both BRST current and a(Q) are strictly invariant under the global symmetries. Therefore,
equation (5.3) implies

Ay = 14,0(Q).

This can be directly verified:

STr(tagfl()\g — Al)g) = LtaSTI‘(/\3 (dggil)1 -\ (dggil)s).

This can be also interpreted in the following way. Since Lea(Q) = 0, we have

deea(Q) = —1eQL.

Here QL is the pullback of an exact two-form from the target space, and 1¢QL is (by a slight
abuse of notations) the pullback of its contraction with . Therefore,

teQL = Qj(&).

11.3 “Minimalistic” B-field

According our general scheme, d(xra(Qr) + xra(Qr)) is the variation of the Lagrangian under
xL®Qr + xrQ@r. We would like to stress that the Lagrangian can not be seen as a geometrical
object on the target space. The Lagrangian is not a pullback of a differential form on the
worldsheet, as it contains terms like dX A *dX and p0X. But, one can ask: is it possible to find
such a 2-form B on the target space that its Lie derivative along x Q1 + xrQr be equal to that
total derivative? The answer is negative, in fact d(xra(Qr) + xra(Qr)) is a nontrivial element

of H? (ROB%ST, Q%(X)). But, it is possible to find such B if we do not require it to be smooth.
In fact,

d(xL(Qr) + xr(QR)) = Lx,Qr+xr@rB, B =STr(Js(1 —2Ps1).J1)

Here P3; is some projector, which is a rational function of Az, and Ar. See [14] for details.
We will here list some properties of B and ‘H = dB:

H =dB, QM =0, eCB=B-a+V, H=d+Ly)(B-—a+V),

where Q = x1.Qr+ xrQ@r- This is a particular case of equation (4.1), when the Lie superalgebra

is R92. The C-ghosts are x1, and xr, and dgi = 0 because the Lie superalgebra R9? is abelian.

Moreover,
I+0)(B—-a+V)=0.
Therefore, H is a coboundary in the BRST model of equivariant cohomology:
H=(d+dppoe +I+0)(B-a+V).
This can be extended to the full g = R%? @ psu(2,2[4), giving an analogue of equation (6.5):
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where the nonzero component of ¥ is

U(xr, Xr)(M) = STr(ng ' (xLAL — XrAR)9), 7 € psu(2,2[4).

Here Jpsy is the contraction with 7 € psu(2,2(4).

The 2-form B is the key ingredient in the BV formulation of the AdS sigma-model developed
in [4, 5, 14]. The one-form J,q B satisfies the analogue of equation (6.6) for A of the WZW
model:

dq]]psuB + Jpsu% - 0

In BV formalism of [14], ¢, H = {Spv,v} for any vector field v on the target space, where
v = vtz is the corresponding BV Hamiltonian. Therefore, Jpsu B can be interpreted as a “topo-
logical current”. We hope to further investigate the properties of these currents in a future
publication.

12 Flat space limit of AdSs x S°

Consider pure spinor superstring sigma-model with the target space AdSs x S° of the radius R.
If the motion of the string is limited to a neighborhood of a point, then in the limit R — oo
the space-time is effectively flat. The details of how the limit is taken were worked out, e.g.,
in [13]. Here we will address the following question: why is it that the Lagrangian in flat space
is only invariant up to a total derivative, while in AdS it is exactly invariant? This can be
understood in the following way. First of all, psu(2,2]4) is actually not a deformation of 8, but
rather the deformation of a subalgebra s5 5 C s (the one which preserves the constant RR
5-form F3). Those Lorentz transformations which do not preserve Fj are broken in AdS, they
do not correspond to any elements of psu(2,2|4). All other elements survive deformed, so that
sP5, 5 C 5P gets deformed to psu(2,2[4). Unlike 5B, 5B, 5 has a nontrivial second cohomology
group H?(s%B5,5,R), see equation (12.1). At the same time, dr; gets deformed. It turns out
that the obstacle W defined in equation (10.6) is cancelled by the deformation of dr;e acting on
that element of H%(s%5,5, R).
We will now describe in detail how this happens.

12.1 Zooming on a point in AdS
The scale of the fundamental fields 8 and x are
[z] = R, 0] = [\ = R™'/2, [p] = [w] = R™%/2.

The action up to order R2 is
S :/d% R™'Li + R % (Lo + L3 + Ly)
— / d’r [R‘18+038_0L + R™? <;8+x8_93 + L3+ L4>}
with

1
Ly = _5([9R7a+0R]78—x) (8-‘!-1"7 [9[/76_0[/])’

1
2

1
Ly= —ﬂ([9L73+9L], [0r,0-01])
1
6

57021081, 0. 0-0r) — 35 ([0, 010l 01,001

(168, 0+01) 0, 0-61]) — 5 (101,04 0], 102, 0-5)) — 5 (11, 0+ 0], [0, 001,
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We introduce the first order formalism in the first term by introducing p fields, such that
p1 = p1+ € g1 and p3 = p3— € g3. The relevant term in the action is substituted by

R™10,0r0_0; — R 2(p140_01) + R %(p3_0,0r) — R™>p14p3_.
Integrating out in p, we ga back to the original Lagrangian, in which case:
P14 = RO O, p3— = RO_0r.
Now, we redefine the p fields:
1 1
P+ =D1+ + 5 [9L7 Orx] + 4[9L; 0L, 040L]] + ﬂ[eL, [Or, 0+ 0R]|
1
+ 6[91%, [0, 040L]] + g[eR, 01, 0+ 0R]],
1
P3— =D3—+ [9R73 ] + 4[9}%, [0r, 0-0R]] + 5 [0R, [0, 0-0L]]
1
+ 6[9L, [0r,0-0r]| + 6[‘9L7 [Or, 0-0L]].

This makes the leading order on the action to be

1
S = /d27’ R? |:(p1+89L) + (p37a+9]{) + Q&raz@,x .

12.2 How W arises in the flat space limit

The obstruction W, which is an element of the H3 (5‘1369R%§ST, C) cohomology begins to appear

when we observe that the flat limit is obtained from AdS limit only after integrating by parts,
and then introducing the momentum p:

L{)s = L), +dB + O(R™®)
such that d;e8 = —a + dA, so that drijcLags = 0. The explicit formula is

B = —*HLdQR +51 [95:, 0r][d0g,01).
This 8 satisfies

= —dpauf +dA
with
1
A= [9R7’YR]95 +t51 [91%7 Or)[vr. 0] — *’YLHR-

Therefore, dV = dga = d(dgA) and then

V=dpsud+C,
where C' is a constant in the target space:

C = STr(yyr) = ViVEST(TLTS). (12.1)
Finally,

dpsuC = ([vL,7L] = [YRs YR])C = W.

See [15] for a previous discussion of this, and [13] for a somewhat similar story with the defor-
mation of the BRST operator.
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