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Abstract. The Kdhler—Yang—Mills equations are coupled equations for a Kéhler metric on
a compact complex manifold and a connection on a complex vector bundle over it. After
briefly reviewing the main aspects of the geometry of the Kéhler—Yang—Mills equations, we
consider dimensional reductions of the equations related to vortices — solutions to certain
Yang—Mills—Higgs equations.
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1 Introduction

I would like to single out two contributions of Jean-Pierre Bourguignon related to this paper.
The first one is concerned with the study of properties of the scalar curvature of a Riemannian
metric [9], more concretely, with the problem of prescribing the scalar curvature in a conformal
class (what is referred as the Nirenberg problem in the case of the standard conformal class on
the 2-sphere); the second contribution regards the study of Yang-Mills connections [10]. In this
paper we consider a system of partial differential equations that somehow combines these two
problems in a Ké&hlerian set up. These equations, known as the Kdhler—Yang—Mills equations,
were introduced in [1] based on the PhD Thesis of M. Garcia-Fernandez (Madrid, 2009) [20]. The
Kéahler—Yang—Mills equations are coupled equations for a Kéahler metric on a compact complex
manifold and a connection on a complex vector bundle over it. They emerge from a natural
extension of the theories for constant scalar curvature Kéhler metrics (Yau—Tian—Donaldson)
and Hermite—Yang—Mills connections (Donaldson—Uhlenbeck—Yau).

Fix a holomorphic vector bundle E over a compact complex Kéhlerian manifold M. The
Kahler—Yang-Mills equations intertwine the scalar curvature S, of a Kéhler metric g on M and
the curvature F of the Chern connection of a Hermitian metric H on E:

iNFy = \1d, Sy — aA*tr Ff =c. (1.1)

Here, AyFp is the contraction of the curvature Fy with the Kahler form of g. The equations
depend on a coupling constant a € R, and the constants A, ¢ € R are topological.

This paper is a contribution to the Special Issue on Differential Geometry Inspired by Mathemati-
cal Physics in honor of Jean-Pierre Bourguignon for his 75th birthday. The full collection is available at
https://www.emis.de/journals/SIGMA /Bourguignon.html
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Equations (1.1) have a symplectic interpretation. As observed by Fujiki [19] and Donald-
son [18], the constant scalar curvature condition for a K&hler metric has a moment map inter-
pretation in terms of a symplectic form w on the smooth compact manifold M. The group of
symmetries of the theory for constant scalar curvature Kéhler metrics is the group 5 of Hamil-
tonian symplectomorphisms of (M,w). This group acts on the space /Z of integrable almost
complez structures on M which are compatible with w, and this action is Hamiltonian for a nat-
ural symplectic form w y on # . The moment map interpretation of the HermiteYangMills
equation was pointed out first by Atiyah and Bott [7] for the case of Riemann surfaces and
generalized by Donaldson [17] to higher dimensions. Here, one considers the symplectic action
of the gauge group ¢4 of the Hermitian bundle (E,h) on the space of unitary connections </
endowed with a natural symplectic form w,. Relying on these two cases, the phase space for
the Kithler—Yang—Mills theory is provided by the subspace of the product & C #% x & de-
fined by the additional integrability condition for a connection A € o given by the vanishing of
the (0,2)-part of its curvature. Our choice of symplectic structure is the restriction to & of the
symplectic form wy = w » + ﬁaw%, for a non-zero coupling constant o € R. Here n is the
complex dimension of M. N

Consider now the ezxtended gauge group ¢, defined as the group of automorphisms of the
Hermitian bundle (E, H) covering Hamiltonian symplectomorphisms of (M, w). This is a non-
trivial extension

159 -G — A —1, (1.2)

where ¢ is the group of automorphisms of (E, H) covering the identity on M — the usual gauge
group —, and J#, as above, is the group of Hamiltonian symplectomorphisms of (M,w). The
group ¢ acts on & in a Hamiltonian way for any value of the coupling constant a. In [1],
the moment map u, is computed, and it is shown that its zero locus corresponds to solutions
of (1.1). The coupling between the metric and the connection occurs as a direct consequence of
the fact that the extension (1.2) defining the extended gauge group is non-trivial.

It is worth pointing out that extended gauge groups feature in the paper by Bourguignon—
Lawson [10], where they are referred to as enlarged gauge groups. In particular they consider the
enlarged gauge group of a principal bundle P over a compact Riemannian manifold M given by

1—>%p—>£?p—>ﬂM—>1,

where %) is the group of isometries of M when the dimension of M is different from 4 and the
conformal group when the dimension is 4. As mentioned in [10], a connection on P determines
a splitting of the sequence of vector spaces obtained by differentiating the above extension at
the identity. This fact is also true in our set-up and plays a crucial role in the computation in [1]
of the moment map for the action of 4 on £.

It turns out that equations (1.1) decouple on a compact Riemann surface, due to the van-
ishing of the first Pontryagin term tr F}QI, and so in this case the solution to the problem re-
duces to a combination of the uniformization theorem for Riemann surfaces and the theorem of
Narasimhan and Seshadri [16, 34]. For an arbitrary higher-dimensional manifold M, determin-
ing whether (1.1) admits solutions is a difficult problem, since in this case these equations are
a system of coupled fourth-order fully non-linear partial differential equations.

Despite this, a large class of examples was found in [1] for small «, by perturbing constant
scalar curvature Kahler metrics and Hermite—Yang—Mills connections. More concrete and inter-
esting solutions over a polarised threefold — that does not admit any constant scalar curvature
Kahler metric — were obtained by Keller and Tgnnesen-Friedman [30]. Garcia-Fernandez and
Tipler [22] added new examples to this short list, by simultaneous deformation of the complex
structures of M and E.
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However the problem of finding a general existence theorem for the Kahler—Yang—Mills equa-
tions remains pretty much open. In [1], one of the main motivations to study these equations
was to find an analytic approach to the algebraic geometric problem of constructing a mod-
uli space classifying pairs (M, F) consisting of a complex projective variety and a holomorphic
vector bundle. The stability condition needed for this should naturally be the one solving the
Kéahler—Yang-Mills equations. In [1], obstructions for the existence of solutions to (1.1) were
studied, generalizing the Futak:i invariant, the Mabuchi K-energy and geodesic stability that
appear in the constant scalar curvature theory. The natural conjecture proposed in [1] is that
the existence of solutions of the Kéhler—Yang—Mills equations is equivalent to geodesic stability.

To test the above conjecture and provide a new class of interesting examples, inspired by [23],
a series of papers [2, 3, 4, 5, 6] have considered the study of dimensional reduction techniques.
The simplest situation considered is given by the dimensional reduction of the Kéahler—Yang—
Mills equations from M = X x P! to a compact Riemann surface X of genus g(X). Here P!
is the Riemann sphere. In this case, we consider SU(2) acting on M, trivially on X and in
the standard way on P'. We take a holomorphic line bundle L over X, and a holomorphic
global section ¢ of L. The pair (L, ¢) defines an SU(2)-equivariant holomorphic rank 2 vector
bundle over X x P! in a canonical way. One can show [2] that an SU(2)-invariant solution to the
Kéhler-Yang-Mills equations on the bundle E over X x P! is equivalent to having a solution of
the equations

1
iNgFh+ S (6l —7) =0, Sy+a(dg+7)(loz—7) =c (1.3)

for a Kéhler metric ¢ on X and a Hermitian metric h on L. Here, F} is the curvature of the
Chern connection on L defined by h, ||, is the pointwise norm of ¢ with respect to h, Sy is the
scalar curvature of g, and A, is the Laplacian of the metric on the surface acting on functions.
The constant ¢ € R is topological, and it can be obtained by integrating (1.3) over X, and 7 is
a real parameter.

Equations (1.3) are referred as the gravitating vortex equations since, in fact, the first equa-
tion in (1.3) is the well-known vortex equation of the abelian Higgs model, whose solutions
are called vortices, and have been extensively studied in the literature in the case of compact
Riemann surfaces [11, 23, 25, 36] after the seminal work of A. Jaffe and C. Taubes [28, 37] on
the Euclidean plane. In particular, the proof given by S. Bradlow [11] is based on the fact that
the vortex equation can be reduced to the Kazdan—Warner equation [29] — an equation that
plays a prominent role in the problem studied by Bourguignon—Ezin [9].

It turns out that, when ¢ =0 and d = ¢;(L) > 0, X is constrained to be the Riemann sphere
and the gravitating vortex equations have a physical interpretation, as they are equivalent to
the Einstein—Bogomol’'nyi equations on a Riemann surface [42, 43]. Solutions of the Einstein—
Bogomol'nyi equations are known in the physics literature as Nielsen—Olesen cosmic strings [35],
and describe a special class of solutions of the abelian Higgs model coupled with gravity in
four dimensions [15, 31, 32]. Unlike the cases of genus ¢g(X) > 1, in genus ¢g(X) = 0, new
phenomena, not appearing in the classical situation of constant curvature metrics on a surface,
arise. Namely, there exist obstructions to the existence of solutions of (1.3), illustrating the fact
that, for g(X) = 0, the problem of existence of solutions is comparatively closer to the more
sophisticated problem of Calabi on the existence of Kéhler—Einstein metrics, where algebro-
geometric stability obstructions appear on compact Kahler manifolds with ¢; > 0.

After presenting the Kahler—Yang—Mills equations in Section 2, and reviewing in the theorems
on the existence of solution to the gravitating vortex equations in Section 3, in Section 4, we
ponder on the existence of solutions for a non-abelian version of the gravitating vortex equations
obtained also by dimensional reduction methods from the Kahler—Yang—Mills equations.
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2 The Kahler—Yang—Mills equations

In this section, we briefly explain some basic facts from [1] about the Kéahler—Yang—Mills equa-
tions, with emphasis on their symplectic interpretation. Throughout this section, manifolds,
bundles, metrics, and similar objects are of class C*°. Let M be a compact symplectic manifold
of dimension 2n, with symplectic form w and volume form vol, = %w". Fix a complex vector
bundle 7: E — M of rank r, and a Hermitian metric H on E. Consider the positive definite
inner product

—tr: u(r) xu(r) — R

on u(r). Being invariant under the adjoint U(r)-action, it induces a metric on the (adjoint)
bundle ad Ey of skew-Hermitian endomorphisms of (E,H). Let QF and QF(V) denote the
spaces of (smooth) k-forms and V-valued k-forms on M, respectively, for any vector bundle V'
over M. Then, the metric on ad Ey extends to a pairing on the space Q°(ad Eyr),

QP(ad Ey) x Q(ad Er) — QP9

that will be denoted simply —tra, A aq, for a; € @/(ad Eg), 7 = p,q. An almost complex
structure on M compatible with w determines a metric on M and an operator

A QP — qprla-l (2.1)

acting on the space QP¢ of smooth (p,q)-forms, given by the adjoint of the Lefschetz opera-
tor QP~1L4=1 5 OP4: 5 y Aw. It can be seen that A is symplectic, that is, it does not depend
on the choice of almost complex structure on M. Its linear extension to adjoint-bundle valued
forms will also be denoted A: QP4(ad Ey) — QP~ 1471 (ad Ey).

Let ¢ and &/ be the spaces of almost complex structures on M compatible with w and unitary
connections on (E, H), respectively; their respective elements will usually be denoted J and A.
We will explain now how the Ké&hler—Yang-Mills equations arise naturally in the construction
of the symplectic quotient of a subspace & C _# x & of ‘integrable pairs’.

The group of symmetries of this theory is the extended gauge group 4. Let FEr be the
principal U(7)-bundle of unitary frames of (F,H). Then, & is the group of automorphisms
of Ey which cover elements of the group ## of Hamiltonian symplectomorphisms of (M,w).
There is a canonical short exact sequence of Lie groups

159 —9 2w 1, (2.2)

where p maps each g € 4 into the Hamiltonian symplectomorphism p(g) € # that it covers,
and so its kernel ¢ is the unitary gauge group of (F, H), that is, the normal subgroup of %
consisting of unitary automorphisms covering the identity map on M.

There are ¥-actions on ¥ and 7, which, combined, give an action on the product ¢ x .7,

g(J, A) = (p(g)J, gA).

Here, p(g)J denotes the push-forward of J by p(g). To define the @-action on &, we view the
elements of & as G-equivariant splittings A: T Ep — V Eg of the short exact sequence

0—>VEy — TEy — m"TM — 0,

where VEg C TEp is the vertical bundle on Eg. Then, the @-action on & is gA :=goAog!,
where g: TE — TE denotes the infinitesimal action on the right-hand side.
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For each unitary connection A, we write A'y for the corresponding horizontal lift of a vector
field y on M to a vector field on Ef. Then, each A € o/ determines a vector-space splitting of
the Lie-algebra short exact sequence

0= Lie? — Lie9 25 Lies# — 0

associated to (2.2), because Atn € Lie% for all 1) € Lie . Note also that the equation

Npw = dp

determines an isomorphism between the space Lie 7# of Hamiltonian vector fields on M and the
space C§°(M,w) of smooth functions ¢ such that [, ¢ vol, = 0, where vol, := ™.

The spaces ¢ and &/ have &-invariant symplectic structures w 4 and wy induced by w,
that, combined, define a symplectic form on _# x o7, for each non-zero real constant o, given by

4oy

mw%. (2.3)

Wa =W g +
The following result provides the starting point for the theory of the Kéahler—Yang—Mills equa-
tions. This result builds on the moment map interpretation of the constant scalar curvature

equation for a Kahler metric, due to Fujiki [19] and Donaldson [18], and the classical result of
Atiyah and Bott [7].

Proposition 2.1 ([1]). The g—agtz’on on (7 x & ,wa) is Hamiltonian, with & -equivariant
moment map fio: f X A — (Lieg)* given by

(ua(J, A), () = dia /M tr AC A (IAF4 — A1d) vol,

—/ % (SJ —aA?tr Fy A Fy —41)\aAtrFA) vol,,
M

for any C € Lie¥ covering n, € Lie 5, with ¢ € C§°(M,w).

Here, F4 is the curvature of A, A € R is determined by the topology of the bundle and the
cohomology class [w] € H2(M,R), and Sy is the Hermitian scalar curvature of J. Explicitly,

. n—1
Fpo=—A[A* AY] € Q2(ad Ey), A= 2mnen (B) - W'

rlwl?

with the convention 2me; (E) = [itr Fla]. A key observation in [1, 20] is that the space ¢ x .o/
has a (formally integrable) complex structure I preserved by the ¥-action, given by

I\(J,A) (77 a) = (J7a _a(‘]>) for (77 a) S TJ/ O Tad .

For positive «, I is compatible with the family of symplectic structures (2.3), and so it defines
Kahler structures on ¢ x /. The condition o > 0 will be assumed in the sequel.

Suppose now that there exist Kéhler structures on M with Kéahler form w. This means the
subspace _# e # of integrable almost complex structures compatible with w is not empty.
For each J € #Z7, let %}’1 C < be the subspace of connections A with Fy € Q},’l(ad Ey),
where Q77 is the space of (p, ¢)-forms with respect to J. Then the space of integrable pairs

P C I xdd,
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consisting of elements (J, A) with J € #% and A € o Jl 1 is a @-invariant (possibly singular)
Kahler submanifold. The zero locus of the induced moment map p, for the ¥-action on &
corresponds precisely to the solutions of the (coupled) Kdhler—Yang—Mills equations

iAF4 = \d, S;—aN*trFa AN Fa=c. (2.4)

Here, S is the scalar curvature of the metric g5 = w(-,J-) and the constant ¢ € R depends
on «, the cohomology class of w and the topology of M and FE (see [1, Section 2]).

One can express the Kéahler—Yang—Mills equations from an alternative point of view in which
we fix a compact complex manifold X of dimension n, a Kéhler class Q € H'!(X) and a holo-
morphic vector bundle E over X. Then these equations, for a fixed constant parameter o € R,
are

iA,Fry = \d, S, — al2tr Fy A Fip = c, (2.5)

where the unknowns are a Kéhler metric on X with Kéhler form w in 2, and a Hermitian
metric H on E. In this case, Fy is the curvature of the Chern connection Ay of H on F,
and S, is the scalar curvature of the Kéhler metric. Note that the operator in (2.1) depends
on w, and the constant ¢ € R depends on «, {2 and the topology of X and FE.

3 The gravitating vortex equations

Let X be a compact connected Riemann surface of arbitrary genus. Let L be a holomorphic line
bundle over X and ¢ € H(X, L) a holomorphic section of L. We fix a parameter 0 < 7 € R,
a coupling constant a € R, and a real parameter c.

The gravitating vortex equations, for a Kéahler metric on X with Kéhler form w and a Her-
mitian metric h on L, are

iAuFL+ 5 (6 1) =0, Sutaldut (e 1) =c (3.)

Here, S, is the scalar curvature of w, F} stands for the curvature of the Chern connection
of h, |¢)|}QL is the smooth function on X given by the norm-square of ¢ with respect to h and A,
is the Laplace operator for the metric w, defined by

Axf = 2iA,00f for f € C™(%).

We will now show how to derive the gravitating vortex equations (3.1) as a dimensional
reduction of the Kdhler—Yang-Mills equations (2.5). To do this, we associate to (X, L, ¢) a rank 2
holomorphic vector bundle E over X x P!. This is given as an extension

0—=p'L—FE— q"Op(2) =0, (3.2)

where p and q are the projections from X x P! to X and P! respectively. By Op1(2) we denote
as usual the holomorphic line bundle with Chern class 2 on P!, isomorphic to the holomorphic
tangent bundle of P'. Extensions as above are parametrised by

H'(X,p"L ® q*Op1(—2)) = H*(X, L) ® H' (P', Op1 (—2)) = H(X, L),

and we choose E to be the extension determined by ¢. Let SU(2) act trivially on X, and
in the standard way on P! = SU(2)/U(1). This action can be lifted to trivial actions on F
and p*L and the standard action on Op1(2). Since the induced actions on HY(X,L) and
H'(P!, Op1(—2)) = HO (P!, Opl)* 2 C are trivial, F is an SU(2)-equivariant holomorphic vector
bundle over X x P!
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For 7 € Rxg, consider the SU(2)-invariant Kéhler metric on X x P! whose Kihler form
iSw; =pfw+ %q*wFs, where w is a Kéhler form on X and wpg is the Fubini-Study metric on P?,
given in homogeneous coordinates by

idz Adz
WFs = —————5
(1 +[2)
and such that [;; wpg = 27. Assuming that the coupling constants cv in (3.1) and (2.5) coincide,
we have the following [2].

Proposition 3.1. The triple (X, L, ®) admits a solution (w,h) of the gravitating vortex equa-
tions (3.1) with parameter T if and only if (X x PY, E) admits an SU(2)-invariant solution of
the Kdhler—Yang—Mills equations (2.5) with Kdhler form w, = p*w + %q*wps.

For a fixed Kéhler metric w, the first equation in (3.1) corresponds to the abelian vortex
equation

. 1
ihoFh + 5 (167 — 7) =0, (3.3)

for a Hermitian metric h on L. In [11, 23, 25, 36], Noguchi, Bradlow and the author gave
independently and with different methods a complete characterisation of the existence of abelian
vortices on a compact Riemann surface, that is, of solutions of equations (3.3).

Theorem 3.2 ([11, 23, 25]). Assume that ¢ is not identically zero. For every fized Kdhler
form w, there exists a unique solution h of the vortex equations (3.3) if and only if

7 Vol (X)

L
Cl( )< 47

(3.4)
Inspired by work of Witten [41] and Taubes [38], the method in [23] exploited the dimensional
reduction of the Hermitian—Yang—Mills equations from four to two dimensions, combined with
the theorem of Donaldson, Uhlenbeck and Yau [17, 39, 40].
The constant ¢ € R is topological, and is explicitly given by
27(x(X) — 2arci (L))

‘- Vol,(X) ’ 39

as can be deduced by integrating the equations. The gravitating vortex equations for ¢ = 0, are
equivalent to the condition that w be a constant scalar curvature Kahler metric on X and h be
a Hermite—Einstein metric on L. By the uniformisation theorem for Riemann surfaces, the exis-
tence of these ‘trivial solutions’ reduces by Hodge theory to the condition ¢; (L) = 7 Vol,(X) /4.

Excluding this trivial case, the sign of ¢ plays an important role in the existence problem for
the gravitating vortex equations. The dependence of the gravitating vortex equations (3.1) on
the topological constant ¢ is better observed using a Ké&hler—Einstein type formulation. Using
that X is compact, (3.1) reduces to a second-order system of PDE. To see this, we fix a constant
scalar curvature metric wp on X and the unique Hermitian metric hg on L with constant A, Fp,,
and apply a conformal change to h while changing w within its K&hler class. Equations (3.1)
for w = wo + dd°v, h = e*/hg, with v, f € C>°(X), are equivalent to the following semi-linear
system of partial differential equations (cf. [2, Lemma 4.3])

1
Af 4 5 (|9 — 7)ators 2ot oF =2 — e (),

Ay + glof =209 —2e0 — (3.6)
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Here, A is the Laplacian of the fixed metric wp, normalised to have volume 27 and |¢| is
the pointwise norm with respect to the fixed metric hy on L. Note that w = (1 — Av)wy
implies 1 — Av > 0, which is compatible with the last equation in (3.6).

For ¢ > 0, the existence of gravitating vortices forces the topology of the surface to be
that of the 2-sphere, because ¢;(L) > 0 implies x(X) > 0 by (3.5). When ¢ in (3.5) is zero,
the gravitating vortex equations (3.1) turn out to be a system of partial differential equations
that have been extensively studied in the physics literature, known as the Finstein—-Bogomol'nyi
equations. As observed by Yang [44, Section 1.2.1], the existence of solutions in this situation
with a > 0 constrains the topology of X to be the complex projective line (or 2-sphere) P!,
since ¢ = 0 if and only if

X(X) = 2arei (L).

We are assuming that 7 > 0 and ¢;(L) > 0.
In the case ¢ = 0, for L = Op1(N) and e?* = 1 — Av the system (3.6) reduces to a single
partial differential equation

1
Af+ e (e’ —7) = —N, (3.7)
for a function f € C'* (]P’l), where
u=2arf —ae?|p|? + ¢,

and ¢’ is a real constant that can be chosen at will. By studying the Liouville type equation (3.7)
on P!, Yang [44, 45] proved the existence of solutions of the Einstein-Bogomol’nyi equations
under certain numerical conditions on the zeros of ¢, to which he refers as a “technical re-
striction” [44, Section 1.3]. It turns out that these conditions have a precise algebro-geometric
meaning in the context of Mumford’s geometric invariant theory (GIT) [33], as a consequence
of the following result.

Proposition 3.3 ([33, Chapter 4, Proposition 4.1]). Consider the space of effective divisors
on P with its canonical linearised SL(2,C)-action. Let D = >_jnipj be an effective divisor,
with finitely many different points p; € P! and integers n; > 0 such that N = Zj n;. Then

(1) D is stable if and only if n; < %N for all j;

18 strictly polystable if and only 1 = 5INp1 + 5Np2, where p1 # p2 an 18 even;
2) D is strictly polystable if and only if D = SNpy + 2 Nps, wh dN i
(3) D is unstable if and only if there exists pj € D such that n; > %N.

Using Proposition 3.3, Yang’s existence theorem has the following reformulation, where “GIT
polystable” means either conditions (1) or (2) of Proposition 3.3 are satisfied, and

D= anpj
J

is the effective divisor on P! corresponding to a pair (L, ¢), with N = jnj=oca (L).

Theorem 3.4 (Yang’s existence theorem). Assume that o > 0 and that (3.4) holds. Then, there
exists a solution of the Finstein—Bogomol'nyi equations on (IP’l, L, qb) if D is GIT polystable for
the linearised SL(2, C)-action on the space of effective divisors.

The converse to Theorem 3.4 is given in [4, 5].

Theorem 3.5. If (Pl,L,¢) admits a solution of the gravitating vortex equations with o > 0,
then (3.4) holds and the divisor D is polystable for the SL(2,C)-action.
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Remark 3.6. Notice that this theorem is more general than being a converse to Theorem 3.4
since it does not assume that ¢ = 0, and deals with the general gravitating vortex equations (3.1)
and not just with the Einstein—Bogomol'nyi equation.

Combining now Theorems 3.4 and 3.5, we obtain a correspondence theorem for the Einstein—
Bogomol'nyi equations.

Theorem 3.7. A triple (Pl,L,qb) with ¢ # 0 admits a solution of the Einstein—Bogomol'nyi
equations with o > 0 if and only (3.4) holds and the divisor D is polystable for the SL(2,C)-
action.

Another result, conjectured by Yang and proved in [4] is the following.

Theorem 3.8. There is no solution of the Einstein—-Bogomol'nyi equations for N strings su-
perimposed at a single point, that is, when D = Np.

An existence theorem for the gravitating vortex equations (3.1) with ¢ > 0 for a triple
(IP’I,L, qS) with ¢ # 0, similar to Theorem 3.7, is obtained combining Theorem 3.5 with the
converse direction in this situation, proved by Garcia-Fernandez-Pingali-Yao [21].

In genus g(X) = 1, the gravitating vortex equations (3.1) (with ¢ # 0) always have a solution
in the weak coupling limit 0 < o < 1 (see [2, Theorem 4.1] for a precise formulation), and it is
an interesting open problem to find effective bounds for « for which (3.1) admit solutions.

Paper [4] deals also with the existence theorem of solutions of (3.1) for surfaces of genus g > 2,
for which one has the following.

Theorem 3.9. Let X be a compact Riemann surface of genus g > 2, and L a holomorphic line
bundle over X of degree N > 0 equipped with a holomorphic section ¢ # 0. Let T be a real
constant such that 0 < N < 7/2. Define
2g —2
= > (. 3.8

T NG2oN) (3.8)
Then, the set of a for which (1.3) admits smooth solutions of volume 27 is open and contains
the closed interval [0, ). Furthermore, the solution is unique for a € [0, a].

This shall be compared with the classical uniformization theorem which establishes that
a compact Riemann surface admits a metric of constant curvature with fixed volume, unique up
to biholomorphisms. The proof of Theorem 3.9 involves the continuity method, where openness
is proven using the moment-map interpretation, while closedness needs a priori estimates as
usual. The hardest part is the C° estimate, and in fact it is for this estimate that the value
of a should not be too large. With these estimates at hand, we prove uniqueness by adapting
an argument by Bando and Mabuchi in the Kéhler—Einstein situation [8]. An interesting open
question is to see what the largest value of « is, for which solutions exist. Notice that in the
dissolving limit 7 — N/2 of the vortex we have ¢ — 0 (see [23]), and a* in (3.8) becomes
arbitrarily large.

4 Non-abelian gravitating vortices

One can consider the dimensional reduction of the Kéahler—Yang—Mills equations for higher rank
SU(2)-equivariant bundles on X x P!, where X is a compact Riemann surface. In particular one
can consider extensions of the form

0—=p'E1 — E —p'Ey®q"Op(2) = 0, (4.1)
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where F; and E5 are holomorphic vector bundles on X and, as above, p and ¢ are the projec-
tions from X x P! to X and P! respectively. Extensions of the form (4.1) are in one-to-one
correspondence with triples T' = (E1, E2, ¢), where ¢ is a sheaf homomorphism from Fs to Ej,
that is an element in H°(X, Hom(Es, E1)). As (3.2), these extensions define SU(2)-equivariant
(in fact, SL(2, C)-equivariant) vector bundles over X x P!.

Given a triple T' = (E1, Ea, ¢) over X we can consider the gravitating coupled vortex equa-
tions for a metric on X with Kéahler form w, and Hermitian metrics A1 and ho on Eq and FEs,
respectively, given by

iAthl + ¢¢* =T1, iAthz - qb*gb = T2,
Sw + aly|o|* — a (A2 tr F,%l + A2 tr F,?2 + 47 tr(iA Fp, ) + 47 tr(iA F,)) = c. (4.2)

See Section 3 for the notations. Here 71 and 7o are real parameters (of which a certain linear
combination is linked to the Chern classes of E; and Fs), so that 71 — 72 > 0, a € R is a coupling
constant, and ¢ € R depends on «, 71 — 72, and the topology of X and E; and FEs.

Remark 4.1. When referring to the gravitating coupled vortex equations we are of course
assuming that at least one of the two vector bundles has rank bigger than one. The case in
which both vector bundles have rank one can be reduced to the study of the abelian gravitating
vortex equation as shown in [1].

Let o := 71 — 72, and consider now the SU(2)-equivariant Kahler form
Wy = op*w + ¢ wrs,

where w is a Kéhler form on X and wrg is the Fubini-Study metric on P! (see Section 3).
Similarly to Proposition 3.1, one has the following [3].

Proposition 4.2. Let T = (E1, Es, ¢) be a triple over X. The pair (X,T) admits a solution
(w, h1, ha) of the gravitating coupled vortex equations (4.2) if and only if (X x P1, E) admits an
SU(2)-invariant solution of the Kdihler—Yang—Mills equations (2.5) with Kdhler form w,.

For a fixed Kdhler metric w, the first two equations in (4.2) are the coupled vortex equations
introduced in [24], where it was shown that they are dimensional reduction of the Hermite—
Yang—Mills equations. An existence theorem for the coupled vortex equations was given in [12]
in terms of a certain notion of stability for the triple T' depending on the parameter o. To define
this concept, let T = (Ey, Eq,¢) and TV = (E1, E}, ¢') be two triples on X. A homomorphism
from T” to T is a commutative diagram

/
Ey — E)

Lo

By — B,

where the vertical arrows are holomorphic maps. A triple 77 = (E{, E}, ¢') is a subtriple
of T = (E1, F2,¢) if the sheaf homomorphims E] — E; and E, — FEs are injective. A sub-
triple 7" C T is called properif T" # 0 and T' # T.

For any o € R the o-degree and o-slope of T are defined to be

deg,(T) = deg(F1) + deg(Es) + o rk(E»),

_ deg,(T)
Ho(T) = 0B + (B

rk(E2)
I‘k(El) + I‘k(EQ) ’

=u(E1®Ey) 4o

where deg(F), rk(F) and u(E) = deg(F)/ rk(E) are the degree, rank and slope of E, respectively.
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We say T'= (E1, Eq, ¢) is o-stable if 1,(T") < ps(T) for any proper subtriple "= (E}, Ef, ¢').
We define o-semi-stability by replacing the above strict inequality with a weak inequality.
A triple is called o-polystable if it is the direct sum of o-stable triples of the same o-slope.
We denote by M, = M,(n1,n2,dy,ds) the moduli space of o-polystable triples T' = (Ey, E2, ¢)
which have rk(E;) = n; and deg(E;) = d; for i = 1,2.

There are certain necessary conditions in order for o-semistable triples to exist. Let u; = d;/n;
for i = 1,2. We define

n1 + no

Om = 1 — U2, oM = <1+ ’) (1 — p2), ni # na.

[n1 — n2
Proposition 4.3 ([12, Theorem 6.1]). The moduli space My(n1,n2,d1,ds2) is a complex analytic
variety, which is projective when o is rational. A necessary condition for My(ny,na,dy,ds) to
be non-empty is

0<om<o<onm if ni#ne, 0<o, <o if ni=no.

The non-emptiness and topology of these moduli spaces have been studied in [13, 26, 27].
Triples play an important role in the study of the moduli space of Higgs bundles and character
varieties of the fundamental group of X [13, 14].

The study of existence of solutions to the gravitating coupled vortex equations (4.2) in the
higher rank case is entirely open, to the knowledge of the author. Solving this problem will most
likely require new analytic and algebraic tools and techniques, that may turn out to be very useful
for the study of existence of solutions of the Kéhler—Yang-Mills equations (2.4). A particularly
interesting situation, similarly to the abelian case should be the case in which X = P'. In this
situation, one may conjecture the following.

Conjecture 4.4. Let T = (Ey, Ez, ¢) be a triple over P*. The pair (P*,T) admits a solution to
the gravitating coupled vortex equations (4.2) if and only T' is o-polystable and the point T € M,
is GIT polystable for the natural action of SL(2,C) on M, induced by the action of SL(2,C)
on P!,

Remark 4.5. When n; = ng = 1, o-stability of the triple 7' reduces to the condition (3.4),
where L = F1 ® E5 and o is essentially the inverse of 7. Then, the proof of this conjecture
reduces to Theorem 3.7.
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