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Abstract. Riemann–Cartan geometries are geometries that admit non-zero curvature and
torsion tensors. These geometries have been investigated as geometric frameworks for po-
tential theories in physics including quantum gravity theories and have many important
differences when compared to Riemannian geometries. One notable difference, is the num-
ber of symmetries for a Riemann–Cartan geometry is potentially smaller than the number
of Killing vector fields for the metric. In this paper, we will review the investigation of
symmetries in Riemann–Cartan geometries and the mathematical tools used to determine
geometries that admit a given group of symmetries. As an illustration, we present new
results by determining all static spherically symmetric and all stationary spherically sym-
metric Riemann–Cartan geometries. Furthermore, we have determined the subclasses of
spherically symmetric Riemann–Cartan geometries that admit a seven-dimensional group of
symmetries.
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1 Introduction

Riemann–Cartan geometry is a generalization of Riemannian geometry where the non-metric
connection associated with covariant differentiation ∇ is still required to be metric compatible.
Therefore, the metric g is constant under covariant differentiation ∇g(X,Y) = 0 but ∇ is no
longer torsion-free. That is, the connection admits a non-zero tensor

T(X,Y) = ∇XY −∇YX− LXY ̸= 0,

where LX denotes the Lie derivative with respect to X. By allowing a non-trivial torsion, the
connection is no longer guaranteed to be uniquely defined in terms of the metric, unlike the Levi-
Civita connection in Riemannian geometry. However, given a torsion tensor, the connection can
be uniquely specified by taking the Levi-Civita connection and adding the contorsion tensor,
which is constructed from the torsion tensor using index notation as [17]

Kabc =
1

2
(Tabc + Tbca + Tcab).
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If the torsion tensor is unspecified, the choice of connection cannot be specified uniquely and this
freedom in the connection can complicate characterizing Riemann–Cartan geometries. Despite
this complication, we will denote a Riemann–Cartan geometry, as a triple (M,g,ω) where M is
the manifold, g is the metric, and ω is the metric-compatible connection defining ∇.

The motivation for studying Riemann–Cartan geometries includes torsion based theories of
gravitation, such as the Einstein–Cartan theory of gravitation, where torsion is associated with
the intrinsic angular momentum [8, 17]. This association is partially motivated by the search for
a quantum theory of gravity and the unification of gravity with other fundamental interactions
arising in the quantum domain. Alternatively, within the class of teleparallel gravity theories,
the curvature tensor vanishes and all information about the gravitational field is encoded in
the torsion tensor and its covariant derivatives. In teleparallel gravity theories, the metric is
subsumed by a frame basis as the primary object of study while the affine connection can be
computed from some, as yet arbitrary Lorentz frame transformation contained within the spin
connection plus the Weitzenbock connection associated with the frame basis [11].

In any theory of gravity, it is important to determine solutions that reflect our physical
Universe. However, due to the freedom in the choice of the connection, generating physically
meaningful solutions in Riemann–Cartan geometry is more difficult than in theories of gravity
based on Riemann geometry. Furthermore, the Ricci tensor is no longer necessarily symmetric,
and depending on the gravity theory, the requirement that the Ricci tensor is related to a sym-
metric energy momentum tensor will impose additional conditions that must be satisfied [18].

Symmetries and symmetry methods are powerful tools in the analysis of complex mathemat-
ical and physical problems. Techniques based on symmetry have been used in general relativity
(GR) to produce meaningful solutions with closed form expressions. An important example of
this is the Schwarzschild solution, which describes a spherically symmetric mass in vacuum and
provides the simplest model for a vacuum black hole solution in GR. This was accomplished
by requiring that the solution has spherical symmetry constraining the metric and curvature,
which contains all of the information about the gravitational field within GR.

To illustrate, we note that any continuous symmetry can be generated by an infinitesimal vec-
tor field X and if the metric g is invariant under such a symmetry then LXg = 0. The resulting
first order linear partial differential equations are known as the Killing equations whose solutions
are Killing symmetries or isometries. The study of Killing symmetries is well understood and
they have been used to find a wealth of solutions in GR [16].

While GR is based on Riemannian geometry, where symmetry techniques have been estab-
lished, in the case of alternative theories of gravity which are not based on Riemannian geometry,
less is known. Symmetries and application of symmetry techniques are currently under devel-
opment, particularly in teleparallel gravity [3, 9, 10, 12, 15]. Here, we are interested in using
symmetry techniques to determine the constraints on the geometrical framework in Riemann–
Cartan geometries, where many of the approaches in teleparallel gravity no longer apply.

The introduction of a non-vanishing torsion tensor introduces additional conditions for a sym-
metry generator X, namely,

LXg = 0, LXT = 0, (1.1)

and these conditions can complicate the symmetry techniques used in GR. Any symmetry satis-
fying these conditions will be called an affine frame symmetry. For example, it has already been
shown that the only Riemann–Cartan geometry that admits a maximal number of ten affine
frame symmetries is Minkowski space in which the torsion vanishes [3]. Furthermore, any Rie-
mann–Cartan geometry with non-zero torsion admits at most a seven-dimensional affine frame
symmetry group [3, Corollary IV.1]. This is proven by applying the most general definition of
a symmetry within the framework of the Cartan–Karlhede algorithm and examining the linear
isotropy group of the torsion tensor.
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If the metric and torsion tensor is given, equation (1.1) is sufficient to determine if a vector
field X is an affine frame symmetry, even if the symmetry group admits non-trivial isotropy.
However, if instead one wishes to determine the most general class of Riemann–Cartan geome-
tries which admits a given Lie group as a symmetry group, equation (1.1) leads to a significantly
more difficult problem. However, by switching to a frame-based perspective, this problem can
be answered for any symmetry group. More concretely, in metric-affine theories, the quantities
in equation (1.1) can instead be represented in terms of the fundamental variables, the metric g,
the frame basis {ha} and the connection ω [7].

In this paper, we will review the current frame based symmetry techniques in Riemann–
Cartan geometry; namely, the affine frame symmetry approach [12] and the Cartan–Karlhede
algorithm. Using these tools, we will summarize the construction of spherically symmetric
Riemann–Cartan geometries, specialize to static spherically symmetric and stationary spheri-
cally symmetric Riemann–Cartan geometries and determine the subclasses of spherically sym-
metric Riemann–Cartan geometries that admit a seven-dimensional affine frame symmetry
group.

1.1 Notation

Coordinate indices will be denoted by µ, ν, . . . while tangent space indices will be denoted
by a, b, . . .. The spacetime coordinates will be xµ, unless specified otherwise. The frame fields
are denoted as ha and the dual coframe one-forms are ha. Then relative to a coordinate basis,
the vielbein components are h µ

a or haµ. The spacetime metric will be denoted as gµν while the
Minkowski tangent space metric is ηab.

To denote a local Lorentz transformation leaving ηab invariant, we will write Λ b
a (x

µ) and
Λa

b =
(
Λ−1

) b

a
as its inverse transformation. The connection one-form ωa

b is defined as
ωa

b = ωa
bch

c, and the metric-compatibility condition implies that the first two lowered indices
are anti-symmetric. The curvature and torsion tensors will be denoted, respectively, as Ra

bcd

and T a
bc.

Relative to a frame basis {ha} covariant derivatives with respect to a basis element will be
denoted as ∇a ≡ ∇ha

. Covariant derivatives with respect to a metric-compatible connection will
be denoted using a semi-colon, Tabc;e. Integral curves of a vector field X, with parameter τ , will
be denoted as ϕτ : M → M and we will write the corresponding Lorentz frame transformation
as ϕ∗

τh
a = Λa

(τ)bh
b.

Due to the variety of commutator relations used in the affine frame symmetry formalism, we
will use different indices to distinguish them. The commutators of the affine frame symmetry
generators {XI} are [XI ,XJ ] = CK

IJXK . The Lie algebra representations of the isotropy
group, λî = λa

îb
are [λî, λĵ ] = C k̂

îĵ
λk̂. Finally the commutator of the frames will be denoted

as [ha,hb] = ccabhc.

2 Riemann–Cartan geometries

Let M be a four-dimensional (4D) smooth manifold with coordinates xµ with a non-degenerate
coframe field ha defined on a subset U ⊂ M . We assume M is equipped with a symmetric metric
field gab derived from the coframe fields to determine lengths and angles. Lastly, we require
a notion of parallel transport and assume the existence of a linear affine connection one-form ωa

b.
From the perspective of metric-affine theories, the geometrical quantities gab, h

a and ωa
b are

independent quantities with 10, 16, and 64 independent elements, respectively [7]. We will
assume that our geometrical framework is invariant under the group of linear transformations
of the frame GL(4,R). Further, we shall assume that the connection is compatible with the
metric. These two assumptions impose constraints on the derived geometrical quantities.
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2.1 Gauge choices

A choice of gauge will refer to the choice of basis for the tangent space. Using the GL(4,R)
gauge, we can use the freedom in the tangent space to diagonalize the symmetric metric
gab = ηab = Diag[−1, 1, 1, 1] with respect to the coframe {ha} = (u,x,y, z); this is known as
the orthonormal gauge [6]. In this paper, {ha} will always denote a frame basis in the orthonor-
mal gauge. While other gauges are possible, such as the Newman–Penrose gauge [16], due to the
natural 3 + 1 split of spherically symmetric geometries, we choose to work in the orthonormal
gauge.

There exists a subgroup of GL(4,R) of residual gauge transformations that leave the form of
the metric unchanged. This subgroup is the orthogonal group O(1, 3) under various representa-
tions. Due to physical motivations, we will require that the orientation of space and the direction
of time cannot be changed. This constraint restricts the remaining gauge transformation from
this subgroup to be the proper orthochronous Lorentz subgroup, SO∗(1, 3) of O(1, 3). We will
denote the action of the Lorentz group on the coframe as ha → Λa

bh
′b.

In the orthonormal gauge, the metric is completely fixed and only the coframe and connection
are independent dynamical variables yielding 16+64 = 80 independent elements with a remain-
ing 6-dimensional SO∗(1, 3) gauge freedom. To obtain a Riemann–Cartan geometry, we impose
the assumption that the connection be metric compatible, i.e., Qabc ≡ −∇cgab = 0, whence the
connection becomes anti-symmetric, ω(ab) = 0. Due to the algebraic nature of this constraint,
it can be implemented easily without loss of generality.

The fundamental variables remaining are the 16 elements of the coframe ha and the 24
elements of the anti-symmetric connection one-form ωa

b. In terms of these quantities, the
torsion tensor is of the form: T a

bc = ωa
cb − ωa

bc − cabc, where [hc,hd] = cecdhe and cecd are the
coefficients of anholonomy for the frame ha. The torsion tensor can be decomposed into three
irreducible parts under the local Lorentz group [7],

Tabc =
2

3
(tabc − tacb)−

1

3
(gabVc − gacVb) + ϵabcdA

d.

Here V denotes the vector part which is the trace of the torsion tensor: Va = T b
ba. Lowering the

index of the torsion tensor and applying the Hodge dual of the resulting tensor gives the axial
part A: Aa = 1

6ϵ
abcdTbcd. Finally, we can construct the purely tensorial part t:

tabc =
1

2
(Tabc + Tbac)−

1

6
(gcaVb + gcbVa) +

1

3
gabVc.

We will call each of these tensors the vector part, axial part, and tensor part of the torsion tensor.
The tensor part satisfies the following identities:

gabtabc = 0, tabc = tbac, tabc + tbca + tcab = 0.

In a similar manner, the curvature tensor associated with the coframe and connection is
defined as

Ra
bcd = hc[ω

a
bd]− hd[ω

a
bc] + ωe

bdω
a
ec − ωe

bcω
a
ed − cecdω

a
be,

where [hc,hd] = cecdhe and cecd are, again, the coefficients of anholonomy for the frame ha. This
tensor can be decomposed into irreducible tensors [13]: the Weyl tensor, two symmetric rank
two tensors, an anti-symmetric rank two tensor, the Ricci scalar and a pseudo-scalar. Through
contractions of the Riemann tensor and its Hodge dual we may construct the Ricci tensor and
co-Ricci tensor, respectively,

Rab = Re
aeb, R̄ab =

1

2
Reacdϵ

cde
b,
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where ϵabcd is the Levi-Civita tensor associated with the Hodge dual. The Ricci scalar and
pseudo-scalar follow as contractions of these tensors: R = Ra

a, R̄ = R̄a
a. Denoting sTab = T(ab)

and aTab = T[ab], respectively, as the symmetric and anti-symmetric parts of an arbitrary rank
two tensor, T, we may construct the trace-free Ricci tensor and trace-free co-Ricci tensor,

Sab = sRab −
1

4
Rgab, S̄ab = sR̄ab −

1

4
R̄gab.

We note that aR̄[ab] =
1
2ϵ

cd
ab aR, and therefore we will only consider the anti-symmetric part of

the Ricci tensor.

The irreducible parts of the curvature tensor are then [13]

(2)R cd
ab = S̄ [c

e η
d]e

ab,
(3)R cd

ab = − 1

12
R̄η cd

ab , (4)R cd
ab = −2S

[c
[a δ

d]
b],

(5)R cd
ab = −2aR

[c
[a δ

d]
b],

(6)R cd
ab = −1

6
Rδ

[c
[a δ

d]
b].

The remaining irreducible part, the Weyl tensor, may be found by subtracting the above parts:

(1)R cd
ab = C cd

ab = R cd
ab −

6∑
I=2

(I)R cd
ab .

In this paper, we will work primarily with the Weyl tensor, the Ricci tensor, the torsion tensor
and the covariant derivative of the vector part of the torsion tensor. Thus, we will ignore the
finer decomposition of the Riemann tensor.

3 The Cartan–Karlhede algorithm
and the dimension of symmetry groups

The Cartan–Karlhede (CK) algorithm iteratively fixes a frame in an invariant manner by choos-
ing canonical forms for the curvature tensor, the torsion tensor and their covariant derivatives.
At the conclusion of the algorithm, the components of these tensors will be invariants for the
geometry. However, these invariants only provide a local characterization of the geometry, and
hence regularity within an open region is assumed so that the metric and its derivatives are
continuous [16, Chapter 9]. This is necessary to avoid regions where the linear isotropy group
drops in dimension, for example in the Szekeres Swiss-cheese models which arise from matching
the Szekeres quasi-spherical solutions with spherically symmetric solutions, where the dimension
of the linear isotropy group can drop from one to zero [2].

To write the algorithm compactly, we will write Rq and T q to denote the set of components of
the curvature tensor and its covariant derivatives up to the q-th order, and the set of components
of the torsion tensor and its covariant derivatives up to the q-th order, respectively.

The CK algorithm is then [3, 4, 5]:

(1) Set the order of differentiation q to 0.

(2) Calculate Rq and T q .

(3) Determine the canonical form of the q-th covariant derivative of the curvature tensor and
the torsion tensor.

(4) Fix the frame as much as possible, using this canonical form, and record the remain-
ing frame transformations that preserve this canonical form (the group of allowed frame
transformations is the linear isotropy group Hq).
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(5) Find the number tq of independent functions of coordinates xµ in T q and Rq in the
canonical form.

(6) If the dimension ofHq and number of independent functions are the same as in the previous
step, let p + 1 = q, and the algorithm terminates; if they differ (or if q = 0), increase q
by 1 and go to step 2.

If dim(Hp) ̸= 0, the frame resulting from the CK algorithm is known as an invariantly
defined frame fixed completely up to linear isotropy. While if Hp is the trivial group, so that
dim(Hp) = 0, we say that the frame is an invariant frame. Relative to the frame determined
by the algorithm, the non-zero components of Rq and T q are then the set of Cartan invariants
and we will denote the sets as R ≡ Rp+1 and T ≡ T p+1.

In addition to these invariants, there are two sequences of discrete invariants: the dimension of
the linear isotropy group, dimHq at each iteration q, and the number of functionally independent
components of the curvature tensor, torsion tensor and their covariant derivatives up to order q,
denoted as tq. The linear isotropy group Hq is a subgroup of the Lorentz frame transformations
that do not change the form of the curvature tensor, the torsion tensor and their covariant
derivatives up to q-th order. Assuming the frame basis and connection are sufficiently smooth,
the 4D geometry is uniquely locally characterized by these two discrete sequences and the values
of the (non-zero) Cartan invariants up to order q which provides classifying functions.

The CK algorithm provides a straightforward approach to determining the number of sym-
metries of a Riemann–Cartan geometry. Since there are tp functionally independent invariants,
they can be treated as essential coordinates xα

′
. Then, the remaining 4 − tp coordinates xα̃

are ignorable, and so the dimension of the affine frame symmetry isotropy group (hereafter
called the isotropy group) of the spacetime will be s = dim(Hp) and the affine frame symmetry
group has dimension: r = s + 4 − tp. Using this formula, we can determine the dimension for
the largest group of affine frame symmetries by determining the best values for tp and s. Due
to the negative sign in front of tp, it follows that the best value is tp = 0 so that all Cartan
invariants are constants. This is equivalent to the spacetime being locally homogeneous. We
are left to consider the permitted values of s, which is determined by the linear isotropy of
the Riemann curvature tensor and the torsion tensor. While the largest isotropy group for the
Riemann curvature tensor is 6-dimensional, i.e., when the Weyl tensor vanishes and the Ricci
tensor is proportional to the metric. However, the linear isotropy group of the torsion tensor
was determined [3] and it was shown that the largest linear isotropy group is 3-dimensional.
This occurs when the tensor part of the torsion tensor vanishes and both the vector part and
axial part of the torsion tensor are proportional. Thus, the largest group of affine symmetries
for Riemann–Cartan geometries with non-vanishing torsion is 7-dimensional.

3.1 Lorentz frame transformations

Any Lorentz frame transformation can be constructed in an orthonormal frame by combining
boosts in planes spanned by the timelike direction and a spacelike direction, with spatial rotations
in planes spanned by two spacelike directions.

We will briefly describe boost and rotations using two examples. For an orthonormal frame, if
we consider a boost in the u−x plane, with real-valued parameterB, the resulting transformation
is then

u′ =
B2 + 1

2B
u+

B2 − 1

2B
x, x′ =

B2 − 1

2B
u+

B2 + 1

2B
x, y′ = y, z′ = z. (3.1)

Similarly, a rotation in the y − z plane, with parameter Θ is then

u′ = u, x′ = x′, y′ = cos(Θ)y + sin(Θ)z, z′ = − sin(Θ)y + cos(Θ)z.
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4 Affine frame symmetries with isotropy

To discuss symmetries for a given Riemann–Cartan geometry (M,g,ω) in a frame context, we
will consider the frame generated at the conclusion of the CK algorithm. The linear isotropy
group Hp encodes the freedom in specifying an invariantly defined (co)frame. That is, the CK
algorithm produces an invariantly defined (co)frame ha up to linear isotropy Hp such that for
any diffeomorphism ϕ : M → M that acts as an isometry of the metric, the invariantly defined
(co)frame satisfies: ϕ∗ha = Λa

bh
b, where Λa

b belongs to Hp and arises from the coordinate form
of ϕ, i.e., yµ = ϕµ(xν) [14]. If ϕ = ϕτ is generated by exponentiating the vector field which locally
represents an infinitesimal generator of an affine frame symmetry X with some parameter τ ,
then we can calculate the effect of the Lie derivative of X on the frame as

LXha = λa
bh

b, (4.1)

where λa
b is the Lie algebra generator for Λa

(τ)b associated with ϕτ . By using an invariantly
defined frame, up to the linear isotropy group, we have reduced the number of unknown functions
in λa

b and restricted their functional dependence to only those coordinates which are affected
by ϕτ . Recall, to distinguish between those coordinates which are affected or unaffected by the
affine frame symmetry generators we employ xα

′
and xα̃, respectively.

In addition to the frame, we must consider the effect of the affine frame symmetry on the
metric-compatible connection one-form ωa

b = ωa
bch

c, where ωab = −ωba. If X is an infinites-
imal generator of an affine frame symmetry for the geometry, then it must also be an affine
collineation [1],

(LXω)abc = 0. (4.2)

From the conditions (4.1)–(4.2), it follows that the Lie derivative of the curvature tensor,
the torsion tensor and its covariant derivatives with respect to X will all vanish. That is, any
vector field satisfying equations (4.1)–(4.2) will necessarily satisfy equation (1.1). Similarly, the
condition of a symmetry (1.1) implies conditions (4.1)–(4.2) once an invariantly defined frame
has been chosen. Hence this frame based definition of an affine frame symmetry is necessary
and sufficient to generate an affine frame symmetry of the Riemann–Cartan geometry. In light
of this, we introduce the following definition

Definition 4.1. An affine frame symmetry generator is a vector-field satisfying equations (4.1)
and (4.2).

Note that if λa
b = 0, then the original definition of an affine frame symmetry in [3] is recovered.

That is, the linear isotropy group is trivial and the frame resulting from the CK algorithm is an
invariant frame. In practice, when generating solutions, the above definition is not practical, as
one requires knowledge of the curvature tensor, the torsion tensor and their covariant derivatives
in order to determine the parameters of the Lorentz transformations.

We will instead consider a more general class of frames. These frames are acted on by the Lie
algebra generators of the isotropy group under Lie differentiation with the affine frame symmetry
generators.

Definition 4.2. Consider a Riemann–Cartan geometry (ha,ωa
b) admitting an affine frame

symmetry X. The class of symmetry frames ha are those frames that satisfy

LXha = f î
Xλa

î b
hb, (4.3)

where f î
X(xα

′
) are arbitrary functions and λa

î b
are basis elements of the Lie algebra of the

isotropy group (so that λîab = −λîba) and î ranges from 1 to the dimension of the isotropy
group.
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The functions f î
X have been introduced to permit the possibility of an arbitrary infinitesimal

generator of an element of the isotropy group. This definition represents a choice of the frame
basis and can be applied for any affine frame symmetry. We note that this definition has an
advantage over the previous definition since Λa

b now has a definite structure that allows for the
frame to be further fixed and determine the functional forms of the f î

X as well.

In general, a symmetry frame is not an invariantly defined frame until the components f î
X

are fixed in some coordinate independent way. A straightforward calculation shows that if X
generates an affine frame symmetry, so that equation (4.3) is satisfied, then the Lie derivative
of the metric is zero, implying that X is a Killing vector field [12]. Alternatively, given a
Killing vector-field X, then relative to an invariantly defined frame X satisfies equation (4.1),
where λa

b is a generator of an element of the linear isotropy group. As the linear isotropy group
is a subgroup of the larger isotropy group, this implies that ha is a symmetry frame and X is
an affine frame symmetry.

Choosing a representation for the Lie algebra of the isotropy group, the transformation from
the invariantly defined frame to an arbitrary symmetry frame can be stated in terms of the
components of f î

X . Since these components appear in equation (4.3), they are tensor quanti-
ties that depend on the frame. Under a change of frame h̃

a
= Λ̃a

bh
b the components trans-

form as

XI

(
Λ̃a

b

)[
Λ̃−1

]b
c
+ Λ̃a

bf
î

I λb
î d

[
Λ̃−1

]d
c
= f̃ î

I λa
î c
. (4.4)

Thus by starting with the invariantly defined frame, we may pick Λ̃a
b to transform to any other

symmetry frame by specifying the form of f̃ î
I . This shows that the class of symmetry frames

always exists.

Given two different symmetry frames we can transform from one to the other using a subgroup
of the Lorentz group Iso, which leaves the representation of the isotropy group unchanged. This
can be determined using the chosen Lie algebra basis for the Lorentz group and picking those
Lie algebra generators whose commutator with the Lie algebra elements of the isotropy group
again lies in the isotropy algebra. For example, in the case of spherical symmetry there are
three generators of the isotropy group XI , I = 1, 2, 3, and the group Iso consists of all spatial
rotations.

In analogy with the CK algorithm, we fix the parameters of the elements in Iso to prescribe
the form of the f î

X as much as possible. For example, some of the f î
X can be set to a constant

or zero. In which case, we have restricted the frame freedom of Iso to a smaller subgroup Hp,
which leaves the chosen form of f î

X unchanged.

We will say that the resulting symmetry frame is an invariantly defined symmetry frame up
to the isotropy group Hp. While if Hp is the trivial group, the symmetry frame is an invari-
ant symmetry frame. Returning to the spherically symmetric example, a choice of f î

XI
≡ f î

I ,
I = 1, 2, 3, for each affine frame symmetry generator can be made so that this subgroup Hq

consists of rotations in the h3 − h4 plane where their Lorentz parameters are constant.

Since the invariantly defined frame determined by the CK algorithm is a symmetry frame, it
follows from equation (4.4) that the original definition of an affine frame symmetry generator
can be restated as

Definition 4.3. An affine frame symmetry generator is a vector field satisfying

LXI
ha = f î

I λa
î b
hb, (4.5)

(LXI
ω)abc = 0, (4.6)

where î, ĵ, k̂ ∈ {1, . . . , n} and the components of f î
I are functions of the coordinates xα

′
.
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4.1 Determining the most general geometry for a given isometry group

Supposing that the manifold admits a Lie group of affine frame symmetries of dimension N , with
a non-trivial isotropy group with dimension n (n < N). Choose coordinates so that the affine
frame symmetry group is represented as a set of vector fields XI , where I, J,K ∈ {1, . . . , N},
with the corresponding Lie algebra

[XI ,XJ ] = CK
IJXK , (4.7)

where CK
IJ are structure constants of the Lie algebra.

Then we can determine the most general Riemann–Cartan geometries admitting this Lie
group as affine symmetries by solving the following equations for an orthonormal symmetry
coframe ha, the associated metric gµν = ηabh

a
µh

b
ν , and with a metric-compatible connection ωa

bc

satisfying the conditions in definition (4.3). The form of f î
I can be specified by choosing some

components to be equal to others, to be constant or to be zero. This defines a class of invariantly
defined symmetry frames up to the linear isotropy in Hq. For the moment, we will consider an
arbitrary symmetry frame. In addition, due to the properties of the Lie derivative, we have an
additional relationship coming from (4.7):

[LXI
,LXJ

]ha = L[XI ,XJ ]h
a = CK

IJLXK
ha. (4.8)

Equations (4.5), (4.7) and (4.8) determine the most general frame basis which admits a given
affine frame symmetry group with a non-trivial isotropy group. To determine the connection,
we must solve equation (4.6) relative to this frame. Using the coordinate basis expression for
the Lie derivative of the connection in [19], the corresponding frame basis expression is

(LXI
ω)abcha = R(X,hc)hb −T(X,∇chb) +∇cT(X,hb) +∇c∇bX−∇∇chb

X, (4.9)

where R(hd,hc)hb = Ra
bcdha and T(hc,hb) = T a

bcha, respectively, denote the curvature tensor
and torsion tensor of the connection ωa

bc.
Then denoting the associated Lie algebra of the isotropy group as

[λî, λĵ ]
a
b = λa

î b
λb
ĵ c

− λa
ĵ b

λb
î c

= C k̂
îĵ
λa
k̂ c

,

equations (4.5), (4.8) and (4.9) can be restated in the following proposition.

Theorem 4.4. The most general Riemann–Cartan geometry admitting a given group of sym-
metries having vector generators, XI , I, J,K ∈ {1, . . . , N} with a non-trivial isotropy group of
dimension n can be determined by solving for the unknowns haµ, f

î
I (with î, ĵ, k̂ ∈ {1, . . . , n})

and ωa
bc from the following equations:

X ν
I ∂νh

a
µ + ∂µX

ν
I haν = f î

I λa
î b
hbµ, (4.10)

2X[Iv(f
k̂

J ]

)
− f î

I f ĵ
J C k̂

îĵ
= CK

IJf
k̂

K , (4.11)

X d
I hd(ω

a
bc) + ωd

bcf
î

I λa
î d

− ωa
dcf

î
I λd

î b
− ωa

bdf
î

I λd
î c

− hc

(
f î
I

)
λa
î b

= 0, (4.12)

where {λa
î b
}n
î=1

is a basis of the Lie algebra of the isotropy group, [λî, λĵ ] = C k̂
îĵ
λk̂, [XI ,XJ ] =

CK
IJXK .

Given two symmetry frames, ha and h̃
a
, the components f î

I in one frame can be related to f̃ î
I

in the other frame using equation (4.4) with the frame transformation h̃
a
= Λ̃a

bh
b determined

by appropriately combining the respective frame transformations taking the symmetry frames
to the same invariantly defined frame for the Riemann–Cartan geometry. While the above
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proposition applies for any symmetry frame, if one finds the solution in a particular symmetry
frame, then the solution can be transformed to any other symmetry frame. In practice, the
solution to these equations is most readily accomplished using an invariantly defined symmetry
frame up to Hq where the components of f î

I have been invariantly specified. This is achieved
by fixing the parameters of elements in the group Iso to set the form of the matrix f î

I in an
invariant manner.

These results can be applied to teleparallel geometries, by requiring that the connection is
flat and so the curvature tensor expressed in terms of the connection and its derivatives must
vanish.

Theorem 4.5. The most general teleparallel geometry which admits a given group of symmetries
with vector generators XI , I, J,K ∈ {1, . . . , N} with a non-trivial isotropy group of dimension n
can be determined by solving for the unknowns haµ, f

î
I (with î, ĵ, k̂ ∈ {1, . . . n}) and ωa

bc from
Theorem 4.4 along with an additional condition

Ra
bcd = h µ

c ∂µω
a
bd − h ν

d ∂νω
a
bc + ωa

fcω
f
bd − ωa

fdω
f
bc − cecdω

a
be = 0,

where [hc,hd] = cecdhe.

5 Riemann–Cartan geometries with SO(3)-isotropy

To illustrate the affine frame symmetry approach, we will review the construction of all Riemann–
Cartan geometries admitting SO(3) isotropy [12]. To do this, we will work in spherical coordi-
nates {xµ} = (t, r, θ, ϕ) so that the generators of the affine frame symmetry group are:

X1 = sin(ϕ)∂θ +
cos(ϕ)

tan(θ)
∂ϕ, X2 = − cos(ϕ)∂θ +

sin(ϕ)

tan(θ)
∂ϕ, X3 = ∂ϕ.

The commutator relations for these vector fields are [X1,X2] = −X3, [X1,X3] = X2 and
[X2,X3] = −X1.

To employ equation (4.10), we must specify a representation of our isotropy subalgebra; we
will choose the following:

λ1̂ =


0 0 0 0
0 0 0 0
0 0 0 1
0 0 −1 0

 , λ2̂ = −


0 0 0 0
0 0 1 0
0 −1 0 0
0 0 0 0

 , λ3̂ = −


0 0 0 0
0 0 0 1
0 0 0 0
0 −1 0 0

 .

With these quantities, we will determine a symmetry frame by specifying the form of f î
I in

equation (4.10) using equation (4.11). By exploiting the SO∗(1, 3) freedom, these equations can
be solved to give

f î
I =


cos(ϕ)
sin(θ) 0 0

sin(ϕ)
sin(θ) 0 0

0 0 0

 .

With f î
I computed, we may solve equation (4.10) and determine the frame basis

h1 = α(t, r)dt, h2 = β(t, r)dr, h3 = γ(t, r)dθ, h4 = γ(t, r) sin(θ)dϕ.

The functions α, β, γ are arbitrary functions of t and r. The coordinate freedom will be restricted
to coordinate transformations that preserve the diagonal form of the metric.
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Relative to this frame, we may then solve for the connection from equation (4.12),

ω12 = W5(t, r)h
1 +W6(t, r)h

2, ω13 = W7(t, r)h
3 +W8(t, r)h

4,

ω14 = −W8(t, r)h
3 +W7(t, r)h

3, ω23 = W3(t, r)h
3 +W4(t, r)h

4,

ω24 = −W4(t, r)h
3 +W3(t, r)h

4, ω34 = W1(t, r)h
1 +W2(t, r)h

2 − cot(θ)

γ(t, r)
h4,

where Wa, a ∈ {1, . . . , 8}, are arbitrary functions of t and r. Of course, by imposing conditions
on the torsion tensor or curvature tensor, and solving the resulting differential equations, we can
recover solutions to Riemannian geometry if the torsion tensor vanishes or teleparallel geometry if
the curvature tensor vanishes. Within Riemann–Cartan geometry, we can consider the existence
of additional symmetries.

6 Extension to static spherically symmetric geometries

A popular choice for an additional symmetry is staticity, where a globally defined timelike affine
frame symmetry exists and the resulting metric is diagonal in the same coordinate system where
the timelike affine frame symmetry has been rectified. Without loss of generality, we may choose
coordinates so that this timelike vector field takes the form: X4 = ∂t, which does not affect the
diagonal nature of the vielbein matrix haµ. Then, the commutator relations immediately imply
[XI′ ,X4] = 0, I ′ = 1, 2, 3. By considering f î

I , where the index I now ranges from 1 to 4, the
frame freedom allows equation (4.11) to be solved again, giving

f î
I =


cos(ϕ)
sin(θ) 0 0

sin(ϕ)
sin(θ) 0 0

0 0 0
0 0 0

 .

Then solving equations (4.10) and (4.12), we find

h1 = α(r)dt, h2 = β(r)dr, h3 = γ(r)dθ, h4 = γ(r) sin(θ)dϕ.

In general, in the static spherically symmetric Riemann–Cartan geometries, if dγ
dr ̸= 0, then

we may choose coordinates so that γ(r) = r and the frame basis is now

h1 = α(r)dt, h2 = β(r)dr, h3 = rdθ, h4 = r sin(θ)dϕ, (6.1)

and the connection coefficients then take the form

ω12 = W5(r)h
1 +W6(r)h

2, ω13 = W7(r)h
3 +W8(r)h

4,

ω14 = −W8(r)h
3 +W7(r)h

3, ω23 = W3(r)h
3 +W4(r)h

4,

ω24 = −W4(r)h
3 +W3(r)h

4, ω34 = W1(r)h
1 +W2(r)h

2 − cos(θ)

r sin(θ)
h4. (6.2)

7 Static Spherically Symmetric G7 Riemann–Cartan geometries

In principle, additional symmetries can be appended to the group. However, this requires
knowledge of the larger Lie algebra that contains the Lie subalgebra constructed from the current
affine frame symmetry generators. Furthermore, not all Lie algebras can be realized as affine
frame symmetry generators for a given class of Riemann–Cartan geometries. A good example of
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this phenomenon is the de Sitter analogue in Riemann–Cartan geometry, which is a spherically
symmetric geometry admitting a seven-dimensional group of affine frame symmetries. The non-
trivial de Sitter group’s ten-dimensional Lie algebra is not realized in Riemann–Cartan geometry.

In the case of large affine frame symmetry groups, there is a constructive approach to deter-
mining the geometries that admit them. We will use the tools introduced above to determine
a subclass of static spherically symmetric Riemann–Cartan geometries that admit seven affine
frame symmetry generators, G7.

From the CK algorithm, a Riemann–Cartan geometry will admit such a group of affine frame
symmetries if dimHp = 3 and the components of the torsion tensor, the curvature tensor and
their covariant derivatives are constant relative to an invariantly defined frame; that is, tp = 0.
As an illustration, in the following section we will outline the analysis for the subclasses of
static spherically symmetric Riemann–Cartan geometries and determine the conditions in each
inequivalent case. The results of this analysis will be gathered in Appendix A.

Using the frame basis in equation (6.1), along with the connection in equation (6.2), we can
compute the curvature tensor and torsion tensor. The tensor part of the torsion tensor admits at
most a two-dimensional linear isotropy group [3]. In order to realize a three-dimensional linear
isotropy group, this tensor t must necessarily vanish. The vanishing of the tensor part of the
torsion tensor gives

W4 = W2, W8 = W1, W5 = W3 +
1

βr
− α,r

αβ
, W7 = W6.

The axial and vector parts of the torsion tensor are then

A = 2W2h
1 + 2W1h

2, V = −3W6h
1 − 3

(
W3 −

1

rβ

)
h2.

The components of the torsion tensor and curvature tensor are not necessarily constant in
the current frame. We will consider a boosted frame {ha}4a=1, where

A = 2C1h
1′, V = −3C2h

1′

for some real-valued constants C1 and C2. We will consider the one-form

Ṽ = h1′ = (2C1)
−1A = (−3C2)

−1V.

The boost parameter in equation (3.1) can be written as B = ef(r), and we can rewrite the
remaining components of the connection as

W1 = C1 sinh(f), W2 = C1 cosh(f), W3 = − 1

rβ
+ C2 sinh(f),

W6 = C2 cosh(f).

We will continue to work with respect to the boosted frame to determine conditions on the
remaining free functions using the covariant derivatives of h′

1 and the Ricci tensor and the Weyl
tensor. In the case of the Weyl tensor, it necessarily must vanish as the largest linear isotropy
group for a non-vanishing Weyl tensor is at most 2-dimensional [16].

In order for the Ricci tensor to admit a 3-dimensional linear isotropy group, the following
component must vanish:

R12 =
e−2f (e4f − 1)(−αβ,r − βα,r)

2αβ3r
. (7.1)
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This vanishes if the boost parameter is unity (i.e., if f = 0) or if the vielbein functions satisfy
the following constraint, D0 = αβ.

Recall, when we started the analysis for this section we assumed dγ
dr ̸= 0 and chose coordinates

so that γ = r. If we were to repeat the analysis here assuming γ = γ0 is constant, then the
equivalent of equation (7.1) implies that α or β must vanish, and so it is not permitted.

(1) αβ ̸= constant and f = 0: If ∇aṼb admits a 3-dimensional linear isotropy group, then
∇2Ṽ1 = 0 and we find the following condition − 2

β (lnα),r = 0 which implies α = D1,
and this may be rescaled so that D1 = 1, giving ∇Ṽ = 2C2

(
g −

∣∣Ṽ∣∣−2
ṼṼ

)
. Imposing the

same condition on the Ricci tensor, we find that β = ± 1√
D2r2+1

, with the corresponding
Ricci tensor and co-Ricci tensor, respectively,

R =
(
−2C2

1 + 2C2
2 − 2D2

)(
g −

∣∣Ṽ∣∣−2
ṼṼ

)
,

R̄ = (2C1C2)
(
g −

∣∣Ṽ∣∣−2
ṼṼ

)
+ 6C1C2

∣∣Ṽ∣∣−2
ṼṼ.

The Weyl tensor vanishes automatically and all other components of the Riemann tensor
are constants. The coframe and connection that gives these G7 geometries are explicitly
given in Appendix A.

(2) αβ = D0 and f = 0: We may rescale the arbitrary functions α and β so that D0 = 1. This
is a special case of the next case where f = 0. We will omit the analysis for this case and
note that the coframe and connection that gives these G7 geometries are explicitly given
in Appendix A, case 2 where f = 0.

(3) αβ = D0: Again, we may rescale the arbitrary functions α and β so that D0 = 1. By
integrating the numerator of the component ∇1Ṽ2 = 0 with respect to r, we find that
−2α cosh(f) = D1. The vanishing of ∇1Ṽ2 in combination with the equation 1 = αβ
implies that the vierbein functions are

α = − D1

2 cosh(f)
, β = −2 cosh(f)

D1
, γ = r.

Requiring that ∇2Ṽ2 = ∇3Ṽ3 = C3 gives

2C2 −
4e2fD1f,r(
e2f + 1

)2 = C3, 2C2 −
D1 sinh(f)

r cosh(f)
= C3.

Note that C3 = 2C2 is not permitted as this would imply D1 = 0 and hence α = 0, which
cannot happen. Solving for f gives

f =
1

2
ln

(
−r(2C2 − C3) +D1

r(2C2 − C3)−D1

)
.

The Ricci tensor admits a 3-dimensional linear isotropy group if D1 = ±2, while the Weyl
tensor automatically vanishes. Thus, the non-vanishing rank two tensors are

∇Ṽ = C3

(
g −

∣∣Ṽ∣∣−2
ṼṼ

)
,

R =

[
−2C2

1 − 1

4
C3(2C2 − 3C3)

] (
g −

∣∣Ṽ∣∣−2
ṼṼ

)
− 3

4
(2C2 − C3)C3

∣∣Ṽ∣∣−2
ṼṼ,

R̄ = (−2C1(C2 − C3))
(
g −

∣∣Ṽ∣∣−2
ṼṼ

)
+ 3C1C3

∣∣Ṽ∣∣−2
ṼṼ.

The coframe and connection that yields these G7 geometries are explicitly given in Ap-
pendix A.
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8 Stationary spherically symmetric Riemann–Cartan
geometries and their G7 subclasses

If we consider spherically symmetric Riemann–Cartan geometries that are stationary but not
static, a straightforward computation shows that X4 = −C0∂t + r∂r, with C0 ̸= 0. As in the
static case, we find [XI′ ,X4] = 0 for I ′ = 1, 2, 3. Due to this commutator structure, the analysis
in Section 6 may be repeated to determine the coframe and the connection.

In the original coordinates, the coframe functions take the form

α(t, r) = α
(
re

t
C0

)
, β(t, r) = β

(
re

t
C0

)
e

t
C0 , γ(t, r) = γ

(
re

t
C0

)
.

We may choose new coordinates {t′, r′, θ, ϕ} so that X4 = ∂t′ . In this frame, the coframe basis
is then

h1 = α(r′)dt′, h2 = −r′β(r′)dt′ + β(r′)dr′, h3 = γ(r′)dθ,

h4 = γ(r′) sin θdϕ, (8.1)

from which it follows that the vielbein matrix is no longer diagonal in this coordinate system.
In this coordinate system the connection one-forms are now

ω12 = W5(r
′)h1 +W6(r

′)h2, ω13 = W7(r
′)h3 +W8(r

′)h4,

ω14 = −W8(r
′)h3 +W7(r

′)h3, ω23 = W3(r
′)h3 +W4(r

′)h4,

ω24 = −W4(r
′)h3 +W3(r

′)h4, ω34 = W1(r
′)h1 +W2(r

′)h2 − cos(θ)

γ(r′) sin(θ)
h4. (8.2)

8.1 G7 Stationary spherically symmetric Riemann–Cartan geometries

In what follows, we will drop the prime on the coordinates and work in the coordinate system
where X4 has been rectified, so that X4 = ∂t. With the coframe and connection given in
equations (8.1) and (8.2), we can compute the curvature tensor and torsion tensor. We ask that
the tensor-part of the torsion vanishes in order to ensure that the linear isotropy group of the
torsion tensor is three-dimensional. This gives the following conditions:

W4 = W2, W8 = W1, W5 = W3 +
γ,r
βγ

− α,r

αβ
, W7 = W6 −

γ,rr

αγ
+

β,rr

αβ
+

1

α
.

Using these conditions, the axial and vector parts of the torsion become

A = 2W2h
1 + 2W1h

2, V = −3

(
W6 +

β,rr

αβ
+

1

α

)
h1 − 3

(
W3 +

γ,r
βγ

)
h2.

There is a new frame {h′
a}4a=1 arising from applying a boost in the h1 − h2 plane, where

A = 2C1h
1′ and V = −3C2h

1′ for some real-valued constants C1 and C2. We find that for the
boost parameter in equation (3.1), B = ef(r), we have additional conditions on the components
of the connection,

W1 = C1 sinh(f(r)), W2 = C1 cosh(f(r)), W3 = −γ,r
βγ

+ C2 sinh(f(r)),

W6 = −rβ,r
αβ

− 1

α
+ C2 cosh(f(r)).

We will now work with respect to the boosted frame and determine conditions on the remaining
free functions using the Ricci tensor and the covariant derivative of Ṽ, where

Ṽ = h1′ = (2C1)
−1A = (−3C2)

−1V.
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Computing the Ricci tensor, we find the following component must vanish if it is to admit
a 3-dimensional linear isotropy group

R12 = − e−2f

2β3α3γ

(
e4f (rβ − α)2 − (rβ + α)2

)
(βα,rγ,r − βαγ,r,r + αβ,rγ,r).

This vanishes if f = 1
4 ln

( (rβ+α)2

(rβ−α)2

)
or γ,r = αβD−1

0 .

We will first consider the case, where f = 1
4 ln

( (rβ+α)2

(rβ−α)2

)
, and we will consider the components

of ∇aṼb. In order for ∇aṼb to admit a 3-dimensional linear isotropy group, the following must
vanish:

∇3Ṽ3 −∇2Ṽ2 =
γ
(
β2r2 − α2

)
,r
− 2γ,r

(
r2β2 − α2

)
αβγ

√
r2β2 − α2

= 0.

This leads to the following solution γ2 = D1

(
β2r2 − α2

)
. We will choose the following para-

metrization for the functions

α =
√
|D1|γ sinh(g(r)), β =

√
|D1|γ cosh(g(r))

r
,

From the condition on f , it follows that f = g. However, by computing the Weyl tensor, there
are components of this tensor of the form γ−1 and hence can never vanish. Thus, this tensor can
never admit a 3-dimensional linear isotropy group and there are no G7 solutions in this case.

The only possibility of attaining G7 stationary spherically symmetric Riemann–Cartan ge-
ometries are if the coframe functions satisfy: γ,r =

αβ
D0

. We will rescale the arbitrary functions α
and β so that D0 = 1. To continue, we will consider the components of ∇aṼb and Rab relative
to the boosted frame to get further conditions on the remaining functions.

Starting with the component ∇2Ṽ1, setting this to zero and integrating the numerator with
respect to r gives

2rβ sinh(f)− 2α cosh(f) = D1, (8.3)

whereD1 is an arbitrary constant of integration. Here, we can consider two subcases, when f ̸= 0
and when f = 0.

(1) f = 0: If f = 0, then we can write α = D1. Examining the remaining non-zero components
in ∇aṼb, we have

∇2Ṽ2 =
2(C2D1β − β,rr − β)

D1β
, ∇3Ṽ3 = ∇4Ṽ4 =

2C2(γ − rβ)

γ
.

These components should be constants and equal to the same value ∇2Ṽ2 = ∇3Ṽ3 = C3.
The second equation ∇3Ṽ3 = C3 requires that C3 ̸= 2C2 as this would imply that β would
vanish, which cannot occur. Solving the first solution for β, we find

β = D2r
D1(2C2−C3)−2

2 , C3 ̸= 2C2.

Solving for γ from this equation gives

γ =
2D2r

D1(2C2−C3)
2

2C2 − C3
.

By rescaling the r coordinate, we can set D2 = 1. We will examine the components of the
Ricci tensor. In particular, we ask that R22−R33 = 0 giving an algebraic condition on D1

D2
1 − 1

4
(2C2 − C3)

2r−D1(2C2−C3) = 0.
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Imposing that D1 = ±1, the Ricci tensor now admits a 3-dimensional linear isotropy group

R =

[
−2C2

1 − 1

4
C3(2C2 − 3C3)

] (
g −

∣∣Ṽ∣∣−2
ṼṼ

)
− 3

4
C3(2C2 − C3)

∣∣Ṽ∣∣−2
ṼṼ.

All components of the Weyl tensor vanish automatically. The Ricci tensor and co-Ricci
tensor take the form

R =

[
−2C2

1 − 1

4
C3(2C2 − 3C3)

] (
g −

∣∣Ṽ∣∣−2
ṼṼ

)
− 3

4
C3(2C2 − C3)

∣∣Ṽ∣∣−2
ṼṼ,

R̄ = −2C1(C2 − C3)
(
g −

∣∣Ṽ∣∣−2
ṼṼ

)
+ 3C1C3

∣∣Ṽ∣∣−2
ṼṼ.

In Appendix B, we summarize the coframe and connection that gives rise to the G7 sta-
tionary spherically symmetric Riemann–Cartan geometries listed below.

(2) f ̸= 0: If f ̸= 0, the algebraic condition in equation (8.3) implies that α and β take the
form

α =
D1g(r)

2 cosh(f)
, β =

D1(1− g(r))

2r sinh(f)
.

The remaining non-zero components satisfy ∇iṼi = C3 for i = 2, 3, 4, this is now an
algebraic equation for g(r) with the solution

g =
−γ sinh(2f)(C3 − 2C2)

2D1
+

1 + cosh(2f)

2
.

Substituting this into the differential equation for γ, γ,r = αβ, we can algebraically solve
for the boost parameter

e2f =
8γ,rr ±

√
γ4(C3 − 2C2)4 − 2D2

1γ
2(C3 − 2C2)2 + 64γ2,rr

2 +D4
1

D2
1 + γ2(C3 − 2C2)2 − 4γ(C3 − 2C2)

.

Using these expressions in the Ricci tensor, there is one additional condition that must be
satisfied before the tensor admits a 3-dimensional linear isotropy group

R22 −R33 =
D2

1 − 4

4γ2
= 0.

Thus, D1 = ±2 and now the Ricci tensor and the co-Ricci tensor take the form

R =

[
−2C2

1 − 1

4
C3(2C2 − 3C3)

] (
g −

∣∣Ṽ∣∣−2
ṼṼ

)
− 3

4
C3(2C2 − C3)

∣∣Ṽ∣∣−2
ṼṼ,

R̄ = −2C1(C2 − C3)
(
g −

∣∣Ṽ∣∣−2
ṼṼ

)
+ 3C1C3

∣∣Ṽ∣∣−2
ṼṼ.

The Weyl tensor vanishes automatically, implying that these solutions admit a G7 group
of symmetries.

9 Discussion

In this paper, we have discussed the development of symmetry techniques in Riemann–Cartan
geometries. While it may be natural to consider a modification of the Killing equations in
equation (1.1) to determine affine frame symmetries, the study of symmetries are more easily
developed using a frame formalism. In this perspective, the metric is replaced with a frame basis
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which diagonalizes the metric and the torsion tensor is replaced with the connection coefficients.
Then the generator, X, of an affine frame symmetry of the Riemann–Cartan geometry is an
affine collineation of the space where the Lie derivative of the frame basis with respect to X is
given by equation (4.1).

While these conditions may appear more complicated than the original formulation in terms
of the metric and the torsion, there are two tools that have been developed to investigate sym-
metries. The first tool is the Cartan–Karlhede (CK) algorithm, which was originally developed
to locally characterize a given Riemann–Cartan geometry in terms of invariants by determining
an invariantly defined frame. A natural byproduct of this algorithm is a simple calculation to
determine the number of affine frame symmetries in a given geometry. The second tool is the
affine frame symmetry approach, which expands the class of invariantly defined frames to sym-
metry frames and allows for the explicit calculation of all Riemann–Cartan geometries which
admit a desired affine frame symmetry group.

Using the symmetry frame approach, we have presented the construction of all spherically
symmetric Riemann–Cartan geometries and identified the subclass of static spherically sym-
metric Riemann–Cartan geometries. Then by employing the CK algorithm, we determined
conditions for a given static spherically symmetric geometry to admit a seven-dimensional affine
frame symmetry group G7. By explicitly solving these conditions for the frame basis and the
connection coefficients, we determined all inequivalent static spherically symmetric Riemann–
Cartan G7 geometries, which are summarized in Appendix A below.

We note that this is one possible subclass of spherically symmetric G7 Riemann–Cartan ge-
ometries, and in the pursuit of determining all spherically symmetric Riemann–Cartan geome-
tries admitting a G7 group of affine frame symmetries we examined the stationary spherically
symmetric Riemann–Cartan geometries. These admit a timelike affine frame symmetry X4 but
the metric cannot be diagonalized in the same coordinate system, where X4 has been rectified.
Repeating the approach used for the static case, we determined all inequivalent subclasses that
admit a G7 group of affine frame symmetries which has been summarized in Appendix B below.

In this paper, we have determined all spherically symmetric Riemann–Cartan geometries that
admit a G7 group of affine frame symmetries. More generally, since the maximal linear isotropy
group for the torsion tensor is at most three-dimensional, and can be realized as SO(3), SO(1, 2)
or E(2), we anticipate there are G7 Riemann–Cartan geometries outside of the spherically sym-
metric class. This will be explored in future work.

A Static spherically symmetric G7 Riemann–Cartan geometries

The connection one-forms for any static spherically symmetric G7 Riemann–Cartan are

ω12 = W5(r)h
1 +W6(r)h

2, ω13 = W6(r)h
3 +W1(r)h

4,

ω14 = −W1(r)h
3 +W6(r)h

3, ω23 = W3(r)h
3 +W2(r)h

4,

ω24 = −W2(r)h
3 +W3(r)h

4, ω34 = W1(r)h
1 +W2(r)h

2 − cos(θ)

r sin(θ)
h4.

(1) Case 1: αβ ̸= constant and f = 0. The frame basis takes the form

h1 = dt, h2 = ± 1√
D2r2 + 1

dr, h3 = rdθ, h4 = r sin(θ)dϕ,

where the components of the connection one-forms are

W1 = 0, W2 = C1, W3 = ±
√
D2r2 + 1

r
, W5 = ±2

√
D2r2 + 1

r
,

W6 = C2.
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(2) Case 2: αβ = 1 writing k = ±2C2−C3
2 , the frame basis is now

h1 = ±
√

1− k2r2dt, h2 = ±
(

1√
1− k2r2

)
dr, h3 = rdθ, h4 = r sin(θ)dϕ

with boost parameter

B = ef(r) : f =
1

2
ln

(
rk + 1

1− rk

)
,

where the connection one-form components are

W1 =
C1kr√
1− k2r2

, W2 =
C1√

1− k2r2
, W3 = ±

√
1− k2r2

r
+

C2kr√
1− k2r2

,

W5 = ∓ k2r√
1− k2r2

− C2kr√
1− k2r2

, W6 =
C2√

1− k2r2
.

B Stationary spherically symmetric
G7 Riemann–Cartan geometries

Relative to the coordinate system, where X4 = ∂t defined in Section 8, the coframe is then

h1 = α(r)dt, h2 = −rβ(r)dt+ β(r)dr, h3 = γ(r)dθ, h4 = γ(r) sin θdϕ,

while the connection one-forms are

ω12 = W5(r)h
1 +W6(r)h

2, ω13 = W7(r)h
3 +W1(r)h

4,

ω14 = −W1(r)h
3 +W7(r)h

3, ω23 = W3(r)h
3 +W2(r)h

4,

ω24 = −W2(r)h
3 +W3(r)h

4, ω34 = W1(r)h
1 +W2(r)h

2 − cos(θ)

γ(r) sin(θ)
h4.

(1) Case 1: f = 0. The coframe functions takes the form

α = ±1, β = r
±(2C2−C3)−2

2 , γ =
2r

±(2C2−C3)
2

2C2 − C3
,

where C3 ̸= 2C2. The arbitrary functions in the connection one forms are then

W1 = 0,W2 = C1, W3 = −1

2
(2C2 − C3)r

− 1
2
(2C2−C3), W5 = 0,

W6 =
1

2
C3, W7 =

1

2
C3.

(2) Case 2: f ̸= 0. The coframe functions takes the form

α =
±g(r)

cosh(f(r))
, β =

±(1− g(r))

r sinh(f(r))
, γ = γ(r),

where γ is an arbitrary function of r and g is defined as

g =
±γ sinh(2f)(C3 − 2C2)

4
+

1 + cosh(2f)

2
.
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The boost parameter is then defined as

e2f =
8γ,rr ±

√
γ4(C3 − 2C2)4 − 8γ2(C3 − 2C2)2 + 64γ2,rr

2 + 16

4 + γ2(C3 − 2C2)2 − 4γ(C3 − 2C2)
.

The remaining functions of the connection one-forms are then

W1 = C1 sinh(f), W2 = C1 cosh(f), W3 = −γ,r
βγ

+ C2 sinh(f),

W5 = C2 sinh(f)−
α,r

αβ
, W6 = −rβ,r

βα
− 1

α
+ C2 cosh(f),

W7 = C2 cosh(f)−
γ,rr

αγ
.
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type, Classical Quantum Gravity 15 (1998), 1089–1101, arXiv:gr-qc/9711064.

[2] Bolejko K., Celerier M., Szekeres Swiss-cheese model and supernova observations, Phys. Rev. D 82 (2010),
103510, 8 pages, arXiv:1005.2584.

[3] Coley A.A., van den Hoogen R.J., McNutt D.D., Symmetry and equivalence in teleparallel gravity, J. Math.
Phys. 61 (2020), 072503, 26 pages, arXiv:1911.03893.

[4] Fonseca-Neto J.B., Reboucas M.J., MacCallum M.A.H., Algebraic computing in torsion theories of gravita-
tion, Math. Comput. Simulation 42 (1996), 739–748.

[5] Fonseca-Neto J.B., Rebouças M.J., Teixeira A.F.F., The equivalence problem in torsion theories of gravita-
tion, J. Math. Phys. 33 (1992), 2574–2577.

[6] Greub W., Linear algebra, 4th ed., Grad. Texts Math., Vol. 23, Springer, New York, 1975.

[7] Hehl F.W., McCrea J.D., Mielke E.W., Ne’eman Y., Metric-affine gauge theory of gravity: field equa-
tions, Noether identities, world spinors, and breaking of dilation invariance, Phys. Rep. 258 (1995), 1–171,
arXiv:gr-qc/9402012.

[8] Hehl F.W., von der Heyde P., Kerlick G.D., Nester J.M., General relativity with spin and torsion: founda-
tions and prospect, Rev. Modern Phys. 48 (1976), 393–416

[9] Hohmann M., General covariant symmetric teleparallel cosmology, Phys. Rev. D 104 (2021), 124077,
16 pages, arXiv:2109.01525.
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