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Abstract. The present article is devoted to studying the categorical relationships between
the categories of Hopf trusses, weak twisted post-Hopf algebras, introduced by Wang (2023),
and weak twisted relative Rota-Baxter operators. The latter objects are a generalisation
of the relative Rota—Baxter operators defined by Li—Sheng—Tang (2024), where the Rota—
Baxter condition is modified through a cocycle. Under certain conditions, this work shows
that the three aforementioned categories are equivalent.
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1 Introduction

An important issue in the field of mathematical physics consists in the study of the solutions
of the quantum Yang—Baxter equation. Drinfeld has successfully tackled the challenge of con-
structing its solutions and proposed in [6] to focus on the study of the set-theoretical ones.
In order to study this kind of solutions, Rump introduced in [26] the notion of brace, which was
subsequently generalized for the non-abelian setting by Guarnieri and Vendramin in [13], who
introduced the concept of skew brace.

A skew brace is a pair of groups, (G,.) and (G,*), satisfying the following compatibility
condition:

g* (ht)=(g*h).g . (gxt) (1.1)

for all g, h,t € G and where g~! denotes the inverse of g for the group structure (G,.). The im-
portance of these objects lies in the fact that they induce non-degenerate and non necessarily
involutive solutions of the quantum Yang—Baxter equation. Through a linearisation process,
Angiono, Galindo and Vendramin in [3] obtained Hopf braces, which are also relevant from
a physical point of view because the subclass of the cocommutative ones also gives rise to so-
lutions of the above mentioned equation. Since the emergence of Hopf braces, many structures
were born as a generalization of these, being Hopf trusses the most notable and the ones we are
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going to be interested in throughout this paper. Hopf trusses were defined by Brzezinski in [5]
as the quantum version of skew trusses, which consist of a group structure (A, ¢) together with
an associative operation o: A x A — A and a function o: A — A such that the relation

ao(boc)=(aob)oa(a)®o(aoc) (1.2)

holds for all a,b,c¢ € A and where o(a)® denotes the inverse of o(a) in the group (A,¢). It is
easy to see that (1.2) becomes (1.1) when o is the identity.

Due to the fact that cocommutative Hopf braces give rise to solutions of the quantum Yang—
Baxter equation, some objects appeared with the aim of characterising these structures. Exam-
ples of these are brace triples and post-Hopf algebras, whose respective categories are isomorphic
to the category of cocommutative Hopf braces as can be consulted in [8, Theorems 2.18 and 3.16]
(see also [16]). Thus, a natural question that arises at this point is what are the analogues of
post-Hopf algebras and brace triples for Hopf trusses. In order to answer it, Wang defined in [29]
the notion of weak twisted post-Hopf algebra in the category of vector spaces over a field F, and
proved that the category of these objects is isomorphic to the category of cocommutative Hopf
trusses. The main difference between weak twisted post-Hopf algebras and classical post-Hopf
algebras is that the structure of the new ones is modified using an endomorphism ®z: H — H,
where H denotes the underlying Hopf algebra, called the cocycle. Therefore, in Section 3 of
this article, we first give the notion of (weak) twisted post-Hopf algebra for an arbitrary braided
monoidal category C. After that, we prove that the categories of Hopf trusses and weak twisted
post-Hopf algebras are isomorphic requiring a weaker hypothesis than cocommutativity which is
related with the so-called cocommutativity class introduced in [1] (see Theorem 3.11). To con-
clude, we show that, if & preserves the unit, @y is an idempotent morphism. Then if the base
category C admits split idempotents, under suitable conditions, we have a new Hopf algebra
structure over I(®g), which is the image of @ (see Theorem 3.21 and Corollary 3.23).

On the other hand, this paper also explores structures associated with Rota—Baxter operators.
These objects were born in [4] in the setting of differential operators on commutative Banach
algebras and intensively studied from a probabilistic and combinatorial point of view after [25].
Then, this notion was extended for cocommutative Hopf algebras by Goncharov in [11]. In this
work, we are going to be interested in the so-called relative Rota—Baxter operators, which are
the most recent generalization of Rota—Baxter operators introduced by Li et al. in [16]. These
objects are no more than coalgebra morphisms T: H — B between two Hopf algebras in the
category of vector spaces over a field F, such that H with the action — is a left B-module
bialgebra and the following equality holds:

T(a)T(b) = T (aq)(T(a@) —b)). (1.3)

Goncharov’s operators are a particular case of the previous ones taking H = B and the adjoint
action. The relevance of relative Rota—Baxter operators lies in the fact that there exists a cor-
respondence between them and Hopf braces which induces an adjunction between the functors
involved (see [16, Theorem 3.3]). So, the aim of Section 4 is going to be trying to generalize
previous correspondence for Hopf trusses. A first approach to the previously stated problem
was given by Li and Wang in [18] (see also [17]). They introduced the notion of Rota—Baxter
systems which are triples (H, By, B2), where H is a Hopf algebra in the category of vector spaces
and By: H — H, k = 1,2, are coalgebra morphisms verifying that

Bi(a)By(b) = By (Bi(a))bS(Ba(a2))))

for £ = 1,2 and for all a,b € H, where S denotes the antipode for the Hopf algebra H.
Take into account that every Rota—Baxter operator T: H — H in Goncharov’s sense gives
an example of Rota—Baxter system taking Bi(a) = a()T(a()) for all a € H and By = T.
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With these particular structures, Li and Wang are capable of constructing Hopf trusses from
Rota—Baxter systems (see [18, Proposition 3.8]), but not the other way round. Hence, in order
to achieve the desired correspondence with the Hopf trusses category, what we have done is
to introduce the notion of (weak) twisted relative Rota—Baxter operator. These objects differ
from the usual ones in the fact that (1.3) is amended using a cocycle Wy : H — H. Therefore,
Section 4 is organized as follows. After defining the category of weak twisted relative Rota—
Baxter operators, we first construct a functor from the subcategory of these objects satisfying
condition (4.13) to the category of Hopf trusses (see Theorem 4.9). Then, we prove that every
Hopf truss verifying (3.14) induces a weak twisted relative Rota—Baxter (see Theorem 4.10) and
also show that these two functors give rise to an adjoint pair (see Theorem 4.12) which supposes
the sought-after generalization to this context of [16, Theorem 3.3]. Note that conditions (3.14)
and (4.13) are again related with the cocommutativity class of a Hopf algebra introduced in [1].
To conclude, we show that if we consider the subcategory of weak twisted relative Rota—Baxter
operators satisfying (4.13) whose objects are isomorphisms too, then the previous adjoint pair
induce a categorical equivalence between the respective subcategories (see Theorem 4.13).

2 Preliminaries

A monoidal category C is a category endowed with a tensor functor ®: C x C — C, a unit
object K and families of natural isomorphisms in C,

apynp: MOIN)®P —M® (N®P), ry: MK — M, lv: KQM — M,

called associativity, right and left unit constraints, respectively, verifying the pentagon ax-
iom (PA) and the triangle axiom (TA), which refer to the identities

am,N,PeQ © aMeN,PQ = (Idu ® an,pg) © amNepP © (amNp ®idg), (PA)
(idar ® In) 0 anr,x, N = T ®idy, (TA)

where idx denotes the identity morphism for all object X € C. It is an important result that
every monoidal category is monoidal equivalent to a strict one (see [15, Proposition XI.5.1]),
which is the name given to a monoidal category where the constraints mentioned before are
identities. Therefore, every monoidal category can be assumed to be strict without loss of
generality and also every result proved in a strict setting hold in the general framework.

Given a monoidal category C, it is said that C is braided if there exists a braiding, which is
a family of natural isomorphisms in C

CM,N: MN-—->NQM
subject to conditions
cuNop = (N ®car,p) o (ca,n ® P), cuen,p = (emp @ N) o (M ® ey p).

A. Joyal and R. Street in [14] introduced these particular kind of categories as a tool for studying
links and braids in topology. When the braiding c¢ also satisfies that cy,x o cxy = idxgy for
each X,Y € C, ¢ is called a symmetry for C and, in this situation, C is said to be a symmetric
monoidal category. Examples of this kind of categories are, between others, the category of vector
spaces over a field F, pVect, and also the category of modules over a commutative ring R, pMod,
where the tensor functor is defined by the usual tensor product of modules and the braiding is
the flip. For further information the reader is referred to [20].

Thus, throughout this paper, we will denote by C = (C,®, K, ¢) a strict braided monoidal
category. Thanks to being working with a strict category, the identities cx x = idx = ck x
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hold for all X € C. Moreover, if f: X — Y is a morphism in C and Z an object, Z ® f
and f ® Z will be used to write idy ® f and f ® idyz, respectively. In some instances, we will
employ the standard graphical calculus in braided monoidal categories. Recall that, in graphical
notation, the composition of morphisms is represented from the top to the bottom, the identity is
described as a vertical line, and the tensor product of morphisms is expressed through horizontal
concatenation. If f: A® B — C is a morphism in the category C, then it will be represented by

o

and, if g: A - B ® C is a morphism in C, then it will represented by

&

Moreover, the braiding and its inverse will be represented by

B

respectively.
In what follows, we will sum up some basic definitions in the context in which we are working.

Definition 2.1. A non-unital algebra in C is a pair A = (A, ua), where A is an object in C
and pa: A® A — Ais a morphism in C called the product of A, satisfying that u 4 is associative,
ie, pao(pa®A) =pa0(A®pua). A non-unital algebra (A, p4) is said to be an algebra if there
exists a morphism 74: K — A in C, called the unit of the algebra, such that pg o (n4 ® A) =
ida = pa o (A®mna). Following the graphical notation, for each algebra A, the product 4 and
the unit n4 will be represented by

wd -]

When there is no risk of confusion with the product which is being used, the circle in the
previous diagram will be omitted.

Given A = (A,pna) and B = (B, pp) non-unital algebras, f: A — B is a morphism of
non-unital algebras if fopus = upo (f ® f). If A and B are algebras with units 4 and 7,
respectively, f is an algebra morphism if it also satisfies that fons = ng. Moreover, AR B admits
a structure of non-unital algebra whose product is given by pagp == (ta ®@ up)o (AR cp A ® B)
and, in the unital case, A ® B is also an algebra with unit nagp = 14 ® n5.

Definition 2.2. A coalgebra in C is a triple D = (D,ep,dp), where D is an object in C
and ep: D — K and dp: D — D ® D are morphisms in C called the counit and the coproduct,
respectively, verifying that (ep® D)odp = idp = (D®ep)odp and also that dp is coassociative,
which means that (Ip®D)odp = (D®Jdp)odp. Graphically, the coproduct p and the counit ep
will be represented by

wi - |

As in the case of the product, when there is no risk of confusion with the coproduct which is
being used, again the circle in the previous diagram will be omitted.
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If D = (D,ep,dp) and E = (E,eg,dp) are coalgebras in C, a morphism f: D — FE is
a coalgebra morphism if dpo f = (f® f) odp and eg o f = ep. Note also that the tensor
product D ® E has a natural coalgebra structure given by dpgr = (D ® cpp ® E) o (6p ® 6E)
and epgp = ep Vep.

Definition 2.3. Let A = (A, pa) be a non-unital algebra and M an object in C. A non-unital
left A-module is a pair (M, ¢pr), where ppr: A® M — M is a morphism in C called the action
of A over M, satisfying that ¢y o (A ® o) = oar o (pa @ M). When A is an algebra with
unit n4 and (M, ¢)r) is a non-unital left A-module, (M, pas) is said to be a left A-module if the
condition ¢y o (na ® M) = idps holds too. Following the graphical notation, the action ¢ will
be represented by

If (M,en) and (N, pn) are non-unital left A-modules, f: M — N is a morphism of non-
unital left A-modules if f is A-linear, ie., fo oy = oy o (A® f). With these morphisms,
non-unital left A-modules constitute a category for which left A-modules are a full subcategory.

Definition 2.4. Consider (X, px) a non-unital algebra and (X,ex,0x) a coalgebra in C.
X =(X,pux,ex,0x) is a non-unital bialgebra in C if pux is a coalgebra morphism. A non-
unital bialgebra X = (X, ux,ex,dx) is said to be a bialgebra in C if there exists a morphism
nx: K — X such that (X,nx,ux) is an algebra and nx is a coalgebra morphism in C. Note
that nx and px are coalgebra morphisms if and only if ex and §x are algebra morphisms,
respectively.

A morphism f: X — Y is a morphism of non-unital bialgebras in C if f is a morphism of non-
unital algebras and coalgebras simultaneously. When X and Y are bialgebras, f is a bialgebra
morphism if it also satisfies that f onx = ny.

Consider a left module M with action @ps. It is possible that M may have an additional
structure, e.g., it may be an algebra or a coalgebra. So, in what follows, we introduce the struc-
tures of module (co)algebra which require some compatibility conditions between the (co)algebra
structure and the module action.

Definition 2.5. Let X = (X, ux,ex,0x) be a non-unital bialgebra and A = (4,14, p14) an
algebra in C. A pair (A, ¢4) is a non-unital left X-module algebra if (A4, v4) is a non-unital left
X-module such that n4 and 4 are morphisms of non-unital left X-modules which means that
the equalities

pao (X ®na)=ex @na, ©A0 (X @ pa) =paopaza

hold, where @4 = (a4 ® pa) o (X ®cxa®A)o (0x ® A® A) is the left action on A ® A.
When X is a bialgebra, a non-unital left X-module algebra (A, p4) is said to be a left X-module
algebra if (A, ¢4) is a left X-module.

Definition 2.6. Let X = (X, ux,ex,dx) be a non-unital bialgebra and D = (D,ep,dp)
a coalgebra in C. A pair (D, ¢p) is said to be a non-unital left X-module coalgebra if (D, ¢p)
is a non-unital left X-module satisfying that ep and dp are morphisms of non-unital left X-
modules, that is to say, the following equalities hold:

EDOYD =EX VED, (2.1)
dp ©¢p = ¥pep ° (X ® 6p). (2.2)

Note that (2.1) and (2.2) are equivalent to the fact that ¢p is a coalgebra morphism. In case
that X is a bialgebra, a non-unital left X-module coalgebra (D, ¢p) is said to be a left X-module
coalgebra if (D, ¢p) is a left X-module.
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Next step consists in introducing the concept of Hopf algebra in C. In these particular objects
the convolution operation is highly relevant, so we define it first.

Definition 2.7. Let A = (A,n4,p4) be an algebra and D = (D,ep,dp) a coalgebra in C.
Hom(D, A) will denote the set of morphisms in C from D to A. With the convolution product,
f*xg=pao(f®g)odp, Hom(D, A) is an algebra with unit element n4 ocp =ep @ na.

Definition 2.8. If X = (X, nx, pux,ex,0x) is a bialgebra in C, we will say X is a Hopf algebra
in C if there exists a morphism Ax: X — X, called the antipode, satisfying that
Ax xidy = ex ® nx = idx * \x, (2.3)

that is to say, Ax is the convolution inverse of idx in Hom(X, X).

A morphism between Hopf algebras, f: X — Y, is a Hopf algebra morphism if f is an algebra-
coalgebra morphism. Note that both, Ay o f and f o Ax, are inverses of f for the convolution in
Hom(X,Y). So, due to the uniqueness of the inverse,

)\yof:fO)\X. (24)

Given a Hopf algebra X, we will say that X is commutative if ux o cx x = px, and cocom-
mutative if CX,X @) 5X = (5)(.

Moreover, in every Hopf algebra X, the following properties of the antipode Ax are satisfied:
On the one hand, Ax is unique, antimultiplicative and anticomultiplicative, i.e., the equalities

Ax opx = px o (Ax ® Ax)ocx x,
dx oAx =cx,x o (Ax ® Ax)odx (2.5)

hold, and, on the other hand, Ax leaves the unit and the counit invariant, that is to say,
AX onx = 1nx, Ex 0 Ax =€x. (2.6)

Thus, it is a direct consequence of the previous equalities that, when X is commutative, \x is
an algebra morphism and, in case that X is cocommutative, Ax is a coalgebra morphism.
In addition, when X is commutative or cocommutative, Ax*(AxoAx) = ex®@nx = (AxoAx)*Ax
and so, owing to the uniqueness of the inverse for the convolution in Hom(X, X), AxoAx = idx.

To finish, it will be relevant along the paper that if X is a cocommutative Hopf algebra in C,
then the inverse of cx x is cx x itself, so the identity

cx,x ocx,x = idxgx (2.7)
holds (see [27, Corollary 5]).

Remark 2.9. Every Hopf algebra X in C has a structure of left module algebra over itself
with the so called adjoint action @' = px o (ux @ Ax) o (X @ ex x) o (6x ® X). If X is also
cocommutative, then (X , <,0§§1) is a left X-module algebra-coalgebra.

The proof of the following theorem can be found in [8, Theorem 1.8].

Theorem 2.10. Let X = (X,nx,ux,ex,0x, \x) and H = (H,ng, g, €q,00, \iz) be Hopf
algebras in C such that there exists a morphism op: X ® H — H satisfying the following
conditions:

(1) oro (X ®pm)=puo(pn®pn)o (X ®@cxp®H)o (dx @ H® H),
(1) @m is a coalgebra morphism.
Then, o o (X @ ng) = ex @ ny holds.

As a direct corollary we obtain that, if (H, pp) is a left X-module coalgebra such that pp is
X-linear, then (H, ¢p) is a left X-module algebra too.
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Finally, we are going to recall the notion of Hopf truss introduced by T. Brzeziriski in [5],
which are a generalization of Hopf braces (see [3]). So, Hopf trusses are defined as follows in the
braided monoidal setting.

Definition 2.11. Let H = (H,ep,0) be a coalgebra in C. Let us assume that there are an
algebra structure (H SN u}q) defined on H, an associative product ,u%,: H® H — H and two
endomorphisms of H denoted by Ar and op. We will say that

(H777H7M11‘I7M%{7€H75H7>\H70H)
is a Hopf truss in C if
(i) Hy = (H, nH,u}LI,sH,dH, AH) is a Hopf algebra in C.

ii) Hy = (H, p%,em,0y) is a non-unital bialgebra in C.
K

(iii) The morphism oy is a coalgebra morphism satisfying the following equality:

piro (H® py) = pg o (1h ©T3f) o (H @ ey © H) o (0g ® H @ H),

(<)
(1) ORO
(i)
where Fg{ =l o (()\H oog)® ;ﬁ{) o(6yg ® H), i.e.,

oH
ti=(mn) (i)

Following [12], a Hopf truss will be denoted by H = (Hy, Ha,0p) (or simply by H) and the
morphism o is called the cocycle of H.

We will say that a Hopf truss H is cocommutative if the underlying coalgebra (H, e, df) is
cocommutative, that is to say, if g = cp, i 0 dpr.

Remark 2.12. A Hopf truss H is a Hopf brace if there exists a morphism Sg: H — H such
that Hy = (H, nH,u%,sH,éH, SH) is a Hopf algebra in C and oy = idgy.

Definition 2.13. Let H = (H;, Hy,o) and B = (B, Ba,05) be Hopf trusses in C. A mor-
phism f between the two underlying objects is a morphism of Hopf trusses if f: H; — Bj is
a Hopf algebra morphism and f: Hy — Bs is a morphism of non-unital bialgebras.

As was proved in [5, Proposition 6.8], for every f: H — B morphism of Hopf trusses, the
equality

O'Bof:fOO'H (28)

holds.
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Therefore, Hopf trusses give rise to a category that we will denote by HTr. Cocommutative
Hopf trusses form a full subcategory of Hopf trusses that we will denote by coc-HTr.

The proofs that we can find in [5, Section 6] can be replicated in the braided monoidal setting
since they do not depend on the symmetry of the category F-Vect. Then we have the following
property: Given a Hopf truss H in C the second product ;@{ admits the following expression:

M%:M}JO(UH®FZ€)O(5H®H). (2.9)

By [5, Lemma 6.2], it is known that the cocycle oy is fully determined by ny and the
product u?; in the following way:

o = p3 o (H®@ny).
Then, as a consequence of the associativity for the product ,u%[, we have that
ooy =pko(H®oy) (2.10)

holds. In addition, by [5, Theorem 6.5] we know that (Hj, Ly ) is a non-unital left Hy-module
algebra.
This introductory section concludes with the notion of finite object in C.

Definition 2.14. An object P in C is finite if there exists an object P*, called the dual of P,
and a C-adjunction P ® — 4 P* ® — between the tensor functors.

For example, if C is the category of left modules over a commutative ring R, then P is finite
if and only if P is finitely generated and projective. Moreover, it is well known that for every
finite Hopf algebra in a braided monoidal category its antipode is an isomorphism (see [19]) and,
as a consequence, the associated category of Yetter—Drinfeld modules is an example of braided
monoidal category.

We will denote by ap and bp the unit and the counit of the previous C-adjunction, respectively.
Then, ap(K): K — P*® P and bp(K): P® P* — K, which will be represented graphically by

ap(K):/T\ and bP(K):\é/

By the properties of the adjunction, the following equalities hold:

(bp(K)® P)o (P ®ap(K)) =idp,
(P*®bp(K))o (ap(K)® P*) =idpx,

m =1idp and /\/ = idp~,

respectively. Finite objects in C constitute a full subcategory of C that we will denote by CF.
Note that, for every finite object P in C, we have a natural algebra structure in C over the
tensor object P* ® P as we can see in the following lemma, whose proof is straightforward.

i.e.,

Lemma 2.15. Let P be a finite object in C, then P* ® P is an algebra in C with product given
by pprgp = P* @ bp(K)® P and unit npgp = ap(K).
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3 (Weak) twisted post-Hopf algebras and Hopf trusses

Post-Hopf algebras are a particular kind of structures introduced by Y. Li, Y. Sheng and R. Tang
in [16] in the category of vector spaces over a field F. These objects are specially interesting
because their respective category is isomorphic to the category of Hopf braces under cocom-
mutativity hypothesis (see [16, Theorem 2.12]). This concept was generalized for an arbitrary
braided monoidal category C in [8], which is not a straightforward step, and also the categorical
isomorphism with the category of Hopf braces was extended to this framework (see [8, Theo-
rem 3.16 and Corollary 3.17]). Subsequently, (weak) twisted post-Hopf algebras were introduced
by S. Wang in [29] for the category pVect with the aim of generalising all the above-mentioned
results for Hopf trusses as can be consulted along [29, Section 6].

In this section, the notion of (weak) twisted post-Hopf algebra is going to be extended to
the braided monoidal setting and we are going to prove two fundamental results: Firstly, an
isomorphism between the categories of Hopf trusses and weak twisted post-Hopf algebras is
obtained in which, in contrast with [29, Theorem 6.7], the hypothesis of cocommutativity is
replaced by a weaker condition and, in addition, we will also prove that, when the base category
admits split idempotents, every twisted post-Hopf algebra induces a new Hopf algebra structure.

Definition 3.1. A weak twisted post-Hopf algebra in C is a triple (H, mpg, ®py) where H is
a Hopf algebra in C and my: H ® H — H and ®y: H — H are morphisms in C satisfying the
following conditions:

(i) my is a coalgebra morphism, which means that the following equalities hold:

(i.1) dgomyg = (myg@mu)o(HRcuypy @ H)o (dg ®du),
(i.2) Egomy =g KReEq.

(ii) ®p is a coalgebra morphism, that is to say

(ii.1) ég o @y = (Py ® ®p) o 0y,
(ii.2) ego Py =€q.

111 Propugo <I>H®mH 5H®H) /LHO((I)H@mH)O((SH@(I)H),ie

v

(iv) mg o (H®@mpy)=mpyo ((ug o (Py @mpg)o (g ® H)) ® H), i.e

&k
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(v) mpo(H®pp)=pmo(myg@mpg)o(HRcygy@H)o (dpg ® H® H), ie.,

@g@

The morphism ®gy will be called the cocycle of the weak twisted post-Hopf algebra H.
Moreover, if H is a finite Hopf algebra and the conditions

(vi) ®g ong = nm, i.e., the cocycle @ preserves the unit,

(vii) the morphism

aH = (H*®mH)O(CH,H* ®H)O(H®CLH(K)) H—>H*®H

A .=

is convolution invertible in Hom(H, H* ® H), which means that there exists
By: H— H* @ H
such that

(H*®bH(K)®H)O(OéH®BH)O5H :EH(X)CLH(K)
= (H" @bu(K) @ H)o (Bu ® ay) oo,

OIORANOIO

hold, then the triple (H, mg, ®f) is said to be a twisted post-Hopf algebra.

Definition 3.2. Let (H,mpg,®y) and (B, mp,Pp) be weak twisted post-Hopf algebras in C.
We will say that f: (H,mpg,®y) — (B,mp,®p) is a morphism of weak twisted post-Hopf
algebras if f: H — B is a Hopf algebra morphism such that

fomg=mpo(f®f), (3.1)
Bpof=fody.

Therefore, weak twisted post-Hopf algebras give rise to a category that we will denote by
wt-Post-Hopf. In addition, twisted post-Hopf algebras constitute a full subcategory of weak
twisted post-Hopf algebras that we will denote by t-Post-Hopf. If the underlying Hopf algebra
is cocommutative, the structure (H, mg, ®p) is referred to as a cocommutative weak twisted
post-Hopf algebra. The corresponding full subcategory is denoted as coc-wt-Post-Hopf. In the
twisted and cocommutative setting, this full subcategory is denoted as coc-t-Post-Hopf.
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Remark 3.3. Note that [29, Definition 6.3], that is the definition of (weak) twisted post-Hopf
algebras proposed by S. Wang in the category pVect, always requires cocommutativity of the
underlying Hopf algebra. In the previous definition, this requirement was omitted.

Note also that when C = Set the category of sets, which is an example of braided monoidal
category whose braiding is defined by the usual flip, then (H, mg, @) is a (weak) twisted post-
Hopf algebra if and only (H,mpg,®p) is a (weak) twisted post-group following the definition
introduced in [29, Definition 2.1].

Example 3.4. If C is the category of vector spaces over a field I, then every twisted post-Hopf
algebra in C is a post-Hopf algebra in the sense of Li, Sheng and Tang if &z = idy. In the same
setting and under finite conditions, every Yetter—Drinfeld post-Hopf algebra in Sciandra’s sense
(see [28]) is an example of twisted post-Hopf algebra in a braided monoidal category (in this
case this category is the category of Yetter—Drinfeld modules over the subadjacent Hopf algebra)
where @7 = idy. Note that Yetter—Drinfeld post-Hopf algebras are usual post-Hopf algebras in
the cocommutative setting and also note that the category of Yetter—Drinfeld post-Hopf algebras
is isomorphic to the category of Yetter—Drinfeld braces introduced by Ferri and Sciandra in [9].

Lemma 3.5. Let (H,mpg,®y) be an object in wt-Post-Hopf. The equality
mpy o (H®ny) =¢epg @nu (3.3)

holds. Moreover, when the Hopf algebra H is finite,

mHOC;{,lH: (bH(K)®H)O(H®aH) (3.4)
holds. Then,
mpy = (bp(K)® H) o (H ® ap)ocuu (3.5)

also holds and, if (H,mpg,®g) is an object in t-Post-Hopf, we obtain that

Proof. Firstly, by conditions (i) and (v) of Definition 3.1, the proof of (3.3) follows by The-
orem 2.10. Moreover, the proof of (3.4) and (3.5) is completely analogous to the proof of
[8, Lemma 3.4]. In addition, note that morphism mgo(ng®H) is idempotent when (H, mg, )
is a twisted post-Hopf algebra. Indeed,

my o (N ® (mpy o (nu ® H)))
=mpgo ((umgo (CI)H ®@myp)o ((6gonm) @nm)) ® H) (by (iv) of Definition 3.1)
=mg o ((pr o (Pr onm) ® (mu o (ng ©nm)))) © H)
(by the condition of coalgebra morphism for ng)
=mpgo ((ugo (g @ (mgo(my@nm)))) @ H) (by (vi) of Definition 3.1)
=(egony)® (mygo(ng @ H)) (by unit property and (3.3))
=mpyg o (ng ® H) (by (co)unit properties).

Following the rest of the proof as in [8, Lemma 3.5], (3.6) holds. |
Theorem 3.6. Let (H,mpg,®y) be an object in wt-Post-Hopf. If

(mH®H)O(H®CH,H)O((CH,H05H) ®H) = (mH®H)O(H®CH7H)O(5H®H), (37)
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()
O RO
e

holds, then H = (H,Jiy,cH,0n) is a non-unital bialgebra in C, where
Hg = py o (Py @mpy)o (6g ® H),

1.e.,

= (e ()

Moreover, note that
Ao (H®nm) = ®p, (3.8)
and, if (H,mg,®x) is an object in t-Post-Hopf, then
fig o (nu @ H) = idyy. (3.9)
Proof. Let us start the proof with the associative character of g,

Ay o (By ® H)

= pr o (Pu @mp)o ((ta ® pu) o (H®cpn @ H) o ((6m 0 Pu) @ (g omp))) ® H)
o (5H QH® H) (by the condition of coalgebra morphism for pzr)

=pp o (Pr @mp)o (ke ® pu) o (H @ cpn ® H)) ® H)
o(((Pr ®@®Ppg)ody) @ ((my@mp)o(H®cyn®@H)o (0p®@dy)) @ H)
o(0g ® H® H) (by (i.1) and (ii.1) of Definition 3.1)

=pmo(Propno(Py®H))® (mpo((uh o (Pn ®mp)) ® H)))
o(HR®((myp@H)o(H®cuu)o ((chmodn)®H)) @ H®H®H)
c(HR(H®cyp@H)o(0g®dy))®H)o (g ®H®H)
(by naturality of ¢ and coassociativity of dz)

= MKH
o((Propn o (®y@mu)o 0y @ H))® (muo ((pa o (Py @mu)o (0y @ H)) ® H)))
o(H®cug®H)o(0g ®dp)) @ H) (by (3.7), coassociativity of iy and naturality of c)

= pr o (ka0 (g @mpy) o (6 @ Pp)) @ (mp o (H @ mu)))
o(H®cug®H)o(0g ®Jdp)) @ H) (by (iii) and (iv) of Definition 3.1)

=pg o (Py @ (pgo(mg @mpy)o(H@cyy®@H)o(dy®@H®H)))
o (0g @ (Pr ®mu) o (6n ® H)))

(by naturality of ¢, coassociativity of dx and associativity of pm)
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=qig o (H ®iy) (by (v) of Definition 3.1).

Moreover, fiy is a coalgebra morphism. Indeed, it is straightforward to prove that egofiy =
eg ® eg and also

dgofig = (pu @pu)o(H®cygyg®H)o (0p ®dg)o(Pyg®@mpy)o (éyg ® H)

(by the condition of coalgebra morphism for psr)

= (ug @ ppy)o(H®cyny® H)
o (((Pgr @ Py)odn) ® ((mug @mp)o(HRcuug®H)o (dg ®m)))
o (dg ® H) (by (i.1) and (ii.1) of Definition 3.1)

= (ur @ pg)o (Py @ (Mg ® Pg)o (H®cpu)o ((cupodn)®H)) @ my)
0 (0g @ cyag ®H) o (g ®dp) (by naturality of ¢ and coassociativity of dx)

= (g @ pr)o (g @ (my @ Py)o (H®cuu)o (0pg ®H)) @mp)
o (0 ® CH,H ® H)o (0g ®dg) (by (3.7))

= (g ®@hy) o (H®cyn @ H)o (0 @ 6n)

(by coassociativity of du, naturality of ¢ and definition of fiy).

Therefore,

(H7ﬁH7€H75H)

is a non-unital bialgebra.
The proof of (3.8) follows by (3.3) and by the (co)unit properties because

pro(H®@ny)=pno(Py @ (Muoen))ody = Py.

To finish, let us see that (3.9) holds when (H, mp, ®p) is a twisted post-Hopf algebra,

Pgro(ng @ H)
= g © ((CI)H o 77H) & (mH o(ng ® H))) (by the condition of coalgebra morphism for 7z)
= pupgo (77H ® H) (by (vi) of Definition 3.1 and (3.6))
= idg (by unit properties). |

Remark 3.7. If C is a symmetric category, condition (3.7) means that (H,mg) is in the
cocommutativity class of H following the notion introduced in [1, Definitions 2.1 and 2.2]. This
condition has its roots in the study of the notion of bicrossed product (or double cross product)
of Hopf algebras introduced by Majid in [21] (see also [22]). The construction of this type of
products is closely associated with the notion of matched pair of Hopf algebras. A matched pair
of Hopf algebras in a symmetric category C is a quadruple (A, H, @4, ¢rr), where A and H are
Hopf algebras, (A, p4) is a left H-module coalgebra, (H, ¢p) is a right A-module coalgebra and
the following compatibility conditions hold:

pa0(H®na) =ceg ®@na,

pao(H @ pa)=pao(A®pa)o(¥®A),
dro (g ®A) =eca@nH,

oo (pn ®A) = pgo (¢ @ A)o (H V),
caH oY = (¢ @ @A) o dHwA,

where ¥ = (¢4 ® ¢r) 0 Iz A.
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If (A, H,pa,¢p) is a matched pair of Hopf algebras, the bicrossed product of Hopf algebras
A< H is the tensor coalgebra with the product and antipode defined as follows:

pasar = (pa @ pr)o (A® ¥V ® H),
AsaH =V o (Ag @ Ag)oca .

Moreover, under the previous conditions, A <1 H is a Hopf algebra if and only if (A, H, v 4, ¢5)
is a matched pair of Hopf algebras.

It is well known that the construction of A 1 H gives a complete answer to the factorization
problem, i.e., describe all Hopf algebras L for which, giving two Hopf algebras A and H such
that there exist Hopf algebra monomorphisms i4: A — L and iyg: H — L, the morphism
puro(ia®ig): A® H — L is an isomorphism. As we can see in [22, Theorem 7.2.3], a Hopf
algebra L factorizes through the Hopf algebras A and H if and only if there exists a matched
pair of Hopf algebras (A, H, p4, ¢g) and a Hopf algebra isomorphism between L and A 1 H.

An example of the previous bicrossed product is the one where ¢y = H ® €4, i.e., ¢og is
trivial. In this case A <1 H, denoted by A x H, is the semidirect (smash) product introduced by
Molnar [24] in the cocommutative Hopf algebra setting. Note that for the semidirect product
we have that U = (¢4 ® H) o (H ® cg,a) o (0g ® A) and the following holds: If (A, ¢4) is a left
H-module coalgebra, A x H is a Hopf algebra if and only if (A, p4) is a left H-module algebra
and

(pa®H)o(H®cy,a)o((chmodn)®A)=(pa®H)o(H®cya)o(6p®A)  (3.10)

holds, i.e., (A, ¢4) is in the cocommutativity class of H. Obviously, if H is cocommutative this
condition holds automatically. In the category of sets, A x H is the semidirect product of groups
because in the category Set Hopf algebras are groups. Finally, remember that in the category
of vector spaces over a filed a Hopf algebra L factorizes through a normal Hopf subalgebra A
and a Hopf subalgebra H if and only if L is isomorphic as a Hopf algebra to a semidirect
product A x H.

On the other hand, a general notion of crossed module of Hopf algebras was given by Frégier
and Wagemann [10], who considered two Hopf algebras A and H, a morphism p4: H® A — A
such that (4, ¢ 4) is a left H-module algebra (coalgebra) and a Hopf algebra morphism 0: A — H
such that 0 is a morphism of H-modules where H carries the H-module structure given by the
adjoint action for H, i.e.,

dopa =g o (H®0), (3.11)
and the Peiffer identity holds, i.e.,
pao(d®A) =i, (3.12)

where gpf};l and gof}ld denote the adjoint action for H and A, respectively. In the same setting,
Majid [23] gives a notion of crossed module of Hopf algebras (see also [7]) assuming (3.11)
and (3.12), the condition of morphism of left H-modules for the antipode of A and (3.10).
The main reason for assuming (3.10) is that it is a necessary condition to assure that a crossed
product of Hopf algebras is compatible with the tensor coproduct in the sense of the semidirect
product. We also want to emphasize that, as was proved in [2], (3.10) allows us to ensure that
any Hopf algebra H induces a crossed module of Hopf algebras (H, H,idf), in a similar way to
what happen in the group setting.

Theorem 3.8. Let (H,mpu,®p) be an object in wt-Post-Hopf such that (3.7) holds. Then, the
triple H = (H, H, <I)H) is an object in HTr.
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Proof. Thanks to Theorem 3.6, it is enough to see that (iii) of Definition 2.11 holds. First of
all, note that

T3 = my. (3.13)
Indeed,

F?IH =pgo((pgo((Ago®Py)®Py)ody)@mpy)o (g @ H)

(by associativity of ug and coassociativity of 0 )
=pgo((Agxidyg)o®y)@mpy)o (dyg ® H) (by (ii.1) of Definition 3.1)
=pmo((ngoeyo®u)®mpy)o (dg @ H) (by (23))
= pgo ((77H o 5H) ® mH) o (5H ® H) (by (ii.2) of Definition 3.1)
= mpy (by (co)unit property).

Therefore, we obtain

o (g @TH) o (H® e @ H) o 0y ©@ H® H)
=ppo((puo(®y@mp)o(Bg®@H))@my)o(H®cyy®H)o 0y @ H® H)
(by definition of @y and (3.13))
=pugo(Py @ (ugo(mug@mu)o(HRcgyg@H)o(dpg®@H®H)))o (dpg®@H®H)
(by coassociativity of dg and associativity of pm)

=Ty o (H ® pug) (by (v) of Definition 3.1). [ |

As a consequence, if we set wt-Post-Hopf* to be the full subcategory of wt-Post-Hopf whose
objects satisfy (3.7), then there exists a functor F': wt-Post-Hopf* — HTr defined on objects
by F((H,mpg,®y)) = H and on morphisms by the identity. Note that F is well defined
on morphisms. Indeed, if f: (H,mg,®y) — (B,mp,®p) is a morphism in wt-Post-Hopf*,
then

fopg=ppo(foPy)®(fompg))o (dg ® H) (by the condition of algebra morphism for f)
=ppo(Pp@mp)o (((f® f)odn)® f) (by (3.1) and (3.2))
= ugo (f & f) (by the condition of coalgebra morphism for f).

Now, our aim is to construct a functor in the opposite sense, that is to say, we want to
construct a functor from HTr to wt-Post-Hopf™*.

Theorem 3.9. Let H = (Hy, Ha,0p) be an object in HTr such that the condition
(F?fj &® H) o (H ® CH,H) o ((CH,H o 5H) X H) = (F}‘ff ® H) o (H &® CH,H) o (51{ ® H), (3.14)

that is,

holds. Under these hypothesis, (Hl, F?ff, UH) is an object in wt-Post-Hopf™.
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Proof. Let us see that the triple (Hl,F}'JiI,aH) satisfies conditions (i)—(v) of Definition 3.1.
Thanks to Hopf truss’ axioms of Definition 2.11, oy is a coalgebra morphism, so (ii) of Defini-
tion 3.1 holds. Moreover, (Hl, F;ﬁ ) is a non-unital left Ho-module algebra. Therefore, due to
this fact and (2.9), conditions (iv) and (v) of Definition 3.1 hold. Condition (iii) follows by (2.9)
and (2.10). So, to conclude the proof it is enough to see that F;}f is a coalgebra morphism.
Indeed,

Sy ofgﬁ

= (uyr © pyy) o (H @ ey @ H)
o ((6moAmoon)® ((ufr @ i) o (H® e @ H)o (0 ©0n))) o (6 @ H)
(by the condition of coalgebra morphism for uf, k = 1,2)

= (py @ py) o (H @ cpi @ H)
o ((camo Mg @A) o(on ®om)ody)@((uh ® piy) o (H® ey ® H) o (6 ®dp)))
o (0 ® H) (by (2.5) and the condition of coalgebra morphism for o)

= ((ugro (Mg oon) @p3)) @ (pgro (Auoow) @ pip)))
oc(H®H®cyy®H®H)
o(H®cum)o(chu®H)o(H®dég)ody) ®HR®H®H)o (H®chyu®H)
o (5H ® 5H) (by coassociativity of 0z and naturality of c)

= (H® (pgo(Auoon) ®uf)))
o (((F‘I’{f ®H)o(H®chu)o ((cupodn)®H))®H®H)
o(H®cuy®H)o(dg ®0n) (by naturality of ¢ and definition of T'/")

=(H (pgo(Auoon)@ph))) o (T ®H)o(H®cuu)o 0y ®@H)) @ He H)
o(H®cyy®H)o(0g ®@dy) (by (3.14))

= (F}T{If & F}T{If) o (H & CH,H & H) (¢} (5H (029 5H) (by coassociativity of dz and naturality of c¢),

and it is straightforward to see that ey o Fiff =epg ®ep, so (i) of Definition 3.1 also holds. W

Remark 3.10. When C is symmetric, note that (3.14) means that (Hl, F?ff ) is in the cocom-
mutativity class of Ho.

From now on, let us denote by HTr* to the full subcategory of HTr whose objects satisfy con-
dition (3.14). Therefore, we can interpret the previous theorem as follows: There exists a functor
G: HTr* — wt-Post-Hopf* acting on objects by G(H) = (Hl, F;’ff, O'H) and on morphisms by
the identity. Note that G is well defined on morphisms because, if f: H = (Hy, Hy,oq) — B =
(B1, Ba,0p) is a morphism of Hopf trusses, then

folff =pupo((formoon)® (fouy))o(bn®H)
(by the condition of algebra morphism for f: Hi — Bi)
=ppo ((Apoop)®up) o (f® f)odn) @ f)
(by the condition of algebra morphism for f: Ha — B, (2.4) and (2.8))
= FUBE; o (f ® f) (by the condition of coalgebra morphism for f). (3.15)

Note also that if (H, my, ®x) is an object in wt-Post-Hopf*, the Hopf truss F((H,my, ®y)) = H
defined in Theorem 3.8 belongs to the category HTr*, so F' admits a restriction from wt-Post-
Hopf* to HTr*.

The following theorem is one of the most important of this section, and this is the gener-
alization to the braided monoidal framework of [29, Theorem 6.7]. Note also that, in contrast
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with the result cited before, weak twisted post-Hopf algebras and Hopf trusses are not required
to be cocommutative.

Theorem 3.11. The categories wt-Post-Hopf* and HTr* are isomorphic.

Proof. On the one side, consider (H, mg, @) an object in wt-Post-Hopf*. By (3.13), we obtain
that

(Go F)(H,mp, ) = G((H,H, ®g)) = (H, T}, ®y) = (H,mu, Px),

and therefore, G o F' = idypost-Hopf* -
On the other side, let H = (Hy, H2,0p) be an object in HTr*. We have the following:

(F o G)(H) = F((Hl,l“%{j, O'H)) = (Hl,Fl, O'H),
where, by (2.9), im, = ,u%{. Therefore, we conclude that H; = Ho, and so F o G = idyT,. |

Corollary 3.12. Categories coc-wt-Post-Hopf and coc-HTr are isomorphic.

Proof. By previous theorem, this corollary is direct taking into account that, under cocommu-
tativity, (3.7) and (3.14) always hold. [

Having reached the fundamental outcome of this section, the following results will try to
generalize some additional properties that can be found in [29] to the monoidal context.

Lemma 3.13. Let (H,mpg,®y) be an object in wt-Post-Hopf satisfying that ®r o ng = np.
Then, @ s idempotent.

Proof. The proof follows by

®p =py o (H@nm) (by (38))
=Tgo(H® (Pyong)) (by ®ronm = nu)
=®yopnyo (H & 77H) (by (iii) of Definition 3.1)
=&z 0Dy (by (3.8)). |

As a consequence, if (H,mpg,®y) is an object in t-Post-Hopf, then ® 5 is idempotent.
Lemma 3.14. Let (H,mpg,®r) be an object in t-Post-Hopf. The equality
myg =mpgo (Py ® H). (3.16)
holds.

Proof. The proof follows by

mp =mpg o (H& (my o (nu @ H))) (by (3.6))
=mpgo (o (H®ny))® H) (by (iv) of Definition 3.1)
=mpyo(Py® H) (by (38)). n

Consider (H,mp,®p) a twisted post-Hopf algebra and define the following morphism:

St = (b (K) ® H) o (A 0 ®11) © Bir) o ez o O,
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ie.,

Sy=

Note that, when H is cocommutative, the previous morphism becomes the following;:

S = (bu(K) @ H) o ((Ag o) ® Br) o dn. (3.17)

So, next results are going to be devoted to studying under what conditions Sy satisfies that

Sy ¥ idy =eg ®nyg =idy * Sy, (3.18)
where * denotes the convolution product in Hom (H , F)

Lemma 3.15. Let (H,mp,®p) be an object in coc-t-Post-Hopf. Then,

Proof. By (3.5) and the fact that Sz is the inverse of a g for the convolution in Hom(H, H*® H),
then

mpg o (H® Sy)ody

=mpgo(H® ((bg(K)®@H)o((Ago®y)® By)ody))ody (by (3.17))

= (bu(K)® H)o (H®ag)ocyno(H® ((by(K)®H)o (A o®Pr) ® Br) o du))
odyg (by (3.5)

= ((bu (K)o ((Ax o ®n) ® HY)) @ (by(K) o cy+ ) ® H) o (H ® cu+ 1+ @ cH,1)
o(HoH" ®cgp®@H)o (((cgrg®H)o(H*®chu)o(ag®H))® B)
o (H & 5H) 0 0z (by naturality of c)

— (bu(K) o (A o i) © HY)) @ H) o (H & (H* @ b (K) © H) o (B © )
o(H®chuu)o(cuug®H)o(H®dy)ody (by naturality of c)

— (bu(K) o (At 0 ®ar) © HY)) & H) o (H @ (H* © b (K) ® H) o (B & ) 0 01))
o dyg (by naturality of ¢ and cocommutativity and coassociativity of §zr)

= ((ba(K) o (Ano®y) @ H)) @ H) o (H ® (eg ® an(K)))
odyg (by (vii) of Definition 3.1)

= Ag o Py (by counit property and the adjunction properties). |

Theorem 3.16. If (H,mpg,®y) is an object in coc-t-Post-Hopf, then

Proof. We have that
idg ¥ Sg=pgo(Py® (mpyo(H®Sy)ody))ody (by coassociativity of 6z)
=pugo(H®Ag)o (Py @ Pg)ody (by (3.19)

= (idg * Agr) o @y (by (ii.1) of Definition 3.1)
=eg ®nyg (by (2.3) and (ii.2) of Definition 3.1). [ |
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Lemma 3.17. Let (H,mp,®p) be an object in coc-t-Post-Hopf. The morphism
ap = (by(K)® H) o (H® apy)
s a coalgebra morphism.

Proof. On the one side, by (3.4) and (2.7), &g = mpg o cg g. On the other side, according
o (i.1) of Definition 3.1, (2.7) and naturality of ¢, both my and ¢y g are coalgebra morphisms.
Then, my o ¢y, g is a coalgebra morphism and, as a result, &y is a coalgebra morphism. |

Let us define B = (bu(K) @ H)o(H®pg), where B is the inverse of ayy for the convolution
product in Hom(H, H* ® H). For usual post-Hopf algebras (in other words, when &y = idy)

it was necessary to require Sy to be a morphism of coalgebras to conclude that Sy is the
inverse of idy for the convolution * (When &y = idyg note that H is unital with unit ng
and, as a consequence, Hom(H , F) is also unital with unit nyg o ey for the convolution
see [8, Lemma 3.13 and Theorem 3.14]). A natural question that arises at this point is whether
such a condition implies that Sy satisfies (3.18) in general, not only when ®y = idgy. This
question will be solved in Theorem 3.20.

Theorem 3.18. Let (H,my,®y) be an object in coc-t-Post-Hopf. If B is a coalgebra mor-
phism, then Sy is a coalgebra morphism.

Proof. First of all, we will see that eg o Sg = g,

egoSy =¢cgo BH o (()\H o CI)H) ® H) ody (by (3.17) and definition of BH)
=((egoAgo®y)®epy)odn (by B coalgebra morphism)

= eq (by (2.6), (ii.2) of Definition 3.1 and counit property).
On the other hand, we have that

0g oSy

=6 ofyo((Ago®y)® H)ody (by (3.17) and definition of i)

= (BH ® BH) o(H®cuu®@H)o((dgoAgo®Py)®dm)odn (by Bu coalgebra morphism)

= By ®Bu)o(H@ ey @ H)o ((cumo Ay @A) o (P ® Py)ody) ®dy)ody
(by (2.5) and (ii.1) of Definition 3.1)

= ((Bue(Aue®n)®H)) @ (B o (g o Pu)® H)))
o((H®cum)o(cug®@H)o(H®dy)ody)®H)ody
(by naturality of ¢ and coassociativity of dzr)

= (Su ® (BH o((Ago®y)®@H))) o ((cumodn)®H)ody
(by naturality of ¢, definition of 8g and (3.17))

= (Sy ® SH) o d0m (by cocommutativity and coassociativity of H, definition of Sy and (3.17)). |

Corollary 3.19. Let (H,mp,®p) be an object in coc-t-Post-Hopf. If By is a coalgebra mor-
phism, then

Proof. The equality follows by

SgoSy=ngo((ngoey)® (SgoSk))ody (by counit property and (3.9))
=i o ((Fy o (H® Sg)odn) @ (Sy oSu))odn (by (3.20)
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=lyo (H® (EH o (SH & (SH OSH)) O(sH)) ody
(by associativity of @y and coassociativity of dz)
= g © (H & ((idH * SH) o SH)) 0 0z (by the condition of coalgebra morphism for Sgr)
= &g (by (3.20), S coalgebra morphism, counit property and (3.8)). |
Note that, under the conditions of the previous corollary, thanks to (3.21) and the idempotent
character of ® g, we can obtain that
PrroSgoSgod®y =P odyody (by (3.21))
= @y (by the idempotent character of ® ). (3.22)
Although it may seem that Sp is going to satisfy (3.18) for the convolution in Hom (H , ﬁ),
it doesn’t always happen. In fact, we will see in the following result that Sy * idg = ey @ ny

if and only if & = idy, that is to say, taking into account Example 3.4, Sy * idg = eg @ g
if and only if (H, my) is a post-Hopf algebra.

Theorem 3.20. Let (H,mpg,®y) be an object in coc-t-Post-Hopf such that BH is a coalgebra
morphism. The following facts are equivalent:

(i) &y =idy.

(1i) Sy *xidyg =eg @ ny.
Proof. At first we will suppose that & = idg. To prove (ii) it is enough to follow the same

arguments as in [8, Lemma 3.13] for post-Hopf algebras.
Assume now that Sy * idg = eg ® ng. This implies that

figo(H® (Sy ¥idy)) o0y =fig o (H ® (g oen))ody
= Oy (by (3.8)). (3.23)

So we conclude the following:

Py =Ty o(H®(Sy *idw)) o dy (by (3.23))
=Ty o ((idyg * Sg)® H) o 0y (by coassociativity of dz and associativity of i)

=Ty o((nmoen)® H)ody (by (3.20))
= idy (by counit property and (3.9)). n

So, is it possible to get a Hopf algebra structure from a twisted post-Hopf algebra? To solve
this question we are going to assume that our base category C admits split idempotents, that is
to say, if ¢x: X — X is an idempotent morphism in C, then there exists an object I(¢x) € C,
an epimorphism px: X — I(gx) and a monomorphism ix: I(gx) — X such that ix o px = ¢x
and px oix = idy(gy). The categories satisfying this property constitute a broad class that in-
cludes, among others, the categories with epi-monic decomposition for morphisms and categories
with equalizers or coequalizers.

Then, when (H, mpg, ®p) is an object in wt-Post-Hopf satisfying that ® 5 ong = ng, we have
proved in Lemma 3.13 that ®p is idempotent, therefore, there exists an object I(®y) € C, an
epimorphism pg: H — I(®f) and a monomorphism ig: I(®y) — H verifying that

i opy = dy (3.24)
and
pHoig = idya,)- (3.25)
Note that (3.24) and (3.25) imply that

Qpoig =im, pa o Py =pH. (3.26)
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Theorem 3.21. If (H,mpg,®p) is an object in t-Post-Hopf satisfying (3.7), then

I(®x) = (), (@) K1(® ) 1) O1(0y))

is a bialgebra in C with

Pr(@,) = PE O Mg o (ig @ix),  Niay) = PHONH,

51(c1>H) = (pg ®pH) ooy oim, EN(Dy) = EHOLH.

Proof. Let us start proving that (I(<I>H), (@) MI(@H)) is an algebra in C. The unit property

follows by

11(@) © (Mi(@g) @ 1(®w)) = pr ofig o (Pronm) @im) (by (3.24))
=profigo(ng ®ig) (by (vi) of Definition 3.1)
= pu oip (by (3.9))
= idp@,) (by (3.25)),

and, on the other hand,

tr@gy) © (1(@w) @ p(@,)) = pr o g o (i © (Pr o nw)) (by (3.24))
=profigo (ig @ng) (by (vi) of Definition 3.1)
=puoPyoiy (by (38))
= (pgoig)o (puoin) (by (3.24))
= 1dy@,) (by (3.25)).

Now, let us see that s, is associative,

1@ © (@) © 1(®w))
=profigo((Profiygo(ig ®ing)) @im) (by (3.24))
=pgofigo (o (ig ®ig)) @ig) (by (iii) of Definition 3.1 and (3.26))
=pgofigo (ig® (Fgo (ig ®ig))) (by associativity of 7iy)
=pr o fig o (in @ (Bg o (in ® (Pu oin)))) (by (3.26))
=pgofgo(ig®(Pyofiyo(ig ®ip))) (by (iii) of Definition 3.1)
= U1(®y) © (I((I)H) & HI(‘I)H)) (by (3.24) and definition of pr(e,))-

In order to prove that (I(<I>H), El(®y) 51(¢H)) is a coalgebra in C, note that the counit prop-
erty is straightforward thanks to (ii.2) of Definition 3.1. So, we will only detail that 6y, is

coassociative. Indeed,

(@) ® 1(2m)) 0 Or(@y)

((pr ®pH)odno®y)®py)ody oiny (by (3.24))

(pro®Py) @ (proPy) @ pr) o (g ® H) odg oig (by (ii.1) of Definition 3.1)
(pro®Py) @ (proPy) @pr) o (H ®0r) 0dp oim (by coassociativity of 5p)
P @ (P o Py) @ (po®p))o (H ®dy)odmoin (by (3.26))

pi @ ((pg ® prr) 0 65 0 ®py)) 08 0ip (by (ii.1) of Definition 3.1)

= (I(®H) ® 61(a,)) © O1(ay) (by (3.24)).

(
(
(
= (
=
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Moreover, note that urg,) and ny@,) are coalgebra morphisms. On the one hand, it is
straightforward to compute that

El(@p) © K@) = KK © (E1(0y) @ Er(ay)) < El(@) D EL(Dy);

_ *)
Sr(@y) © NM@y) = Ni@y) @ M@y)) ©OK = N@y) @ N1(@y)

where the equalities indicated with (x) follow by the fact that dx = ux = idx in a strict braided
monoidal setting, i.e., the algebra and coalgebra structure over K is the trivial one, and also

El(@y) ONM(Py) =EHOIHOPHONH =g o Pyong =egony = idk

by (3.24) and the condition of coalgebra morphism for ® .
On the other hand,

Or(®5) © HI(p)

= (pr ®pH) 0o Py ofigo (in ®ig) (by (3.24)

= (pg @pmg)odgofigo (ig ®ig) (by (ii.1) of Definition 3.1 and (3.26))

= ((propg) @ (proppg)) o (H® cun @ H) o (0 0im) © (0m ©in))
(by the condition of coalgebra morphism for fi;)
= (
o
= (
(

(pr o 1ig) ® (pr ° Bgr)) o (Pr @ (cum o (Pn ® Pp)) ® Do)
((6groipg)® (0 oigr)) (by (3.26) and (ii.1) of Definition 3.1)

H1(@s) © Hi(eg) © (@) @ i@ 1@ @ 1(®m)) © (Or(@y) @ dr@nm))
by naturality of ¢ and (3.24)). |

Remark 3.22. Note that

I(®x) = (I(®u), 1), Or(om))

is always a coalgebra in C when (H, mg, @) is an object in wt-Post-Hopf such that ® yong = ng,
which is a weaker condition than the one imposed in the previous theorem.

Corollary 3.23. Let (H,mp,®) be an object in coc-t-Post-Hopf such that BH s a coalgebra
morphism. I(®g) is a cocommutative Hopf algebra in C with antipode

AI(®y) = PH © SH ©iH, (3.27)
where Sgr is defined as in (3.17).
Proof. We have to prove that Aj(g,,) satisfies (2.3). On the one side,

idr (@) * AMr@y) =pr ol ° (Py ® (P oSy o®y))odyoin (by (3.27) and (3.24))

=pgofigo(H®Sy)odyoig (by (i.1) and (iii) of Definition 3.1 and (3.26))
= N1(®y) © E1(@y) (by (3.20)).
Note that
=pgo((Pgo®Py)® (myo(Pyg®H)))o (dg ® H) (by (ii.1) of Definition 3.1)

=pgo (g @mpy)o (0g ® H) (by the idempotent character of ® and (3.16))
= [ty (by definition of fi). (3.28)
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Therefore, on the other side,

Al@g) * 1d1(@y)

=pgofigo((PygoSyo®Py)®@Py)odyoiy (by (3.27) and (3.24))

= pH OﬁH (o] (((I)H [e] SH (@] (bH) ® ((I)H (o] SH (@] SH O q)H)) (@] 5H (e) ZH (by (3.22))
=pgopgo((PygoSy)® (SgoSy))odyoiy (by (i.1) and (iii) of Definition 3.1 and (3.26))
=pgofygo(Sy® (SgoSy))odgoiyg (by (3.28))
=pgofyo(H®Sp)odyoSyoing (by the condition of coalgebra morphism for Sg)

=puonuoeyoSyoiy (by (3.20))

= NI(®y) O E1(dy) (by the condition of coalgebra morphism for Sy ). |

4 Twisted relative Rota—Baxter operators and Hopf trusses

In [16], Y. Li, Y. Sheng and R. Tang introduce the notion of relative Rota—Baxter operators
for Hopf algebras as a generalisation of Rota-Baxter operators introduced by M. Goncharov
in [11] for cocommutative Hopf algebras. Despite both notions were introduced in the category
of vector spaces over a field F, the same definitions can be used when we work in a braided
monoidal framework because there is no influence of the braiding used. So, if H and B are Hopf
algebras in C such that (H,¢g) is a left B-module algebra-coalgebra, a relative Rota—Baxter
operator is a coalgebra morphism 7T': H — B satisfying the equality:

pupo (T'@T)=Tougo(H®R (pgo(T'®H)))o (ég® H), (4.1)

ie.,

Note that every Rota—Baxter operator B: H — H in Goncharov’s sense is a relative Rota—
Baxter operator considering ¢z = g@"}}i, the adjoint action, in the cocommutative setting. In [16],
relative Rota—Baxter operators are used as a tool for finding new examples of post-Hopf algebras
(and, as a consequence, of Hopf braces) and Y. Li et al. also construct a correspondence between
the categories of relative Rota—Baxter operators and post-Hopf algebras that give rise to an
adjoint pair between the respective functors (see [16, Theorem 3.3]).

In this section, we are going to introduce the notion of weak twisted relative Rota—Baxter
operators, whose main difference from the usual ones is that condition (4.1) is modified through
an endomorphism Vg of H. In what follows we are going to prove that, while relative Rota—
Baxter operators are in correspondence with post-Hopf algebras and Hopf braces, these new
objects give rise to a correspondence with Hopf trusses, obtaining generalisations to this new
context of the results above-mentioned. Moreover, if we consider the subcategory of weak
twisted relative Rota—Baxter operators such that T is an isomorphism, we will also prove that
this subcategory is equivalent to the category of Hopf trusses.

Definition 4.1. Let H = (H,ng, pir, €1, 91, A ) be a Hopf algebra and let B = (B, up,ep,08)
be a non-unital bialgebra in C. Suppose that there exists a morphism ¢p: B ® H — H such
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that (H, ) is a non-unital left B-module algebra-coalgebra. We will say that a coalgebra mor-
phism T: H — B is a weak twisted relative Rota—Baxter operator if there exists Vy: H — H
a coalgebra morphism, called the cocycle of T, such that the following conditions hold:

(i) pupo(T@T)=Topupo(Yy @ (puo(T®H)))o (6 @ H),

(ii) ¥gopgo(Yy @ (pro(T®H)))o(bn®H)=pno(Yy® (pro(T®H))) o6y @Vn).
If it also holds that

(iii) ¥g ong = np, i.e., the cocycle Uy preserves the unit,

then T': H — B is said to be a twisted relative Rota—Baxter operator.
In what follows we will denote (weak) twisted relative Rota—Baxter operators by

H
(T \J/ 790H7\I]H>‘
B

We are going to define by my = ¢y o (T ® H), i.e

mH::

Therefore, conditions (i) and (ii) of previous definition are equivalent to

) upo (T ®T)=Tougo (Vg @myg)o (0g @ H), i.e
Q‘ ?
@ (ms)

) Ygopugo(¥g@mpg)o (g ®H)=pgo(Vg@mpy)o (dg @ ¥y), ie

Kk

Definition 4.2. Let
H H'
(T L om, ‘I’H> and (T/ Lo em, ‘I/H'>
B B’
be weak twisted relative Rota—Baxter operators. We will say that a pair

H H'
(fvg): <T l/ ﬂoHa\I}H) — (T/ \L a(pH/?\IlH')’
B B’
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where f: H — H' is a Hopf algebra morphism and g: B — B’ is a morphism of non-unital bial-
gebras, is a morphism of weak twisted relative Rota—Baxter operators if the following conditions
hold:

T'of=goT, (4.2)
JoVg =Wy of,
fopn=vno(g®f). (4.4)

So, weak twisted relative Rota—Baxter operators give rise to a category that we will de-
note by wtr-RB, for which twisted relative Rota—Baxter operators constitute a full subcategory
denoted by tr-RB.

Remark 4.3. Consider

H
(T \l/ 790H7‘IIH>
B

a weak twisted relative Rota—Baxter operator. Due to T being a coalgebra morphism and
(H,pp) a non-unital left B-module algebra-coalgebra, it is straightforward to prove that the
following equalities hold:

mpg o (H(X)T)H) =ey Ny, (4.5)
myo(H®@pug)=pgo(my@my)o(H@cyy®@H)o(6g®H®H), (4.6)
Egomyg =eg ey,

dpomyg =(mpygmpg)o(H®cyyg®H)o(0g ®dy). (4.7)

Moreover, the equality

mHo((MHo(\IJH®mH)o(6H®H))®H):mHo(H®mH), (4.8)

e

also holds. Indeed,

ie.,

my o ((pg o (¥ @my) o (0g ® H)) ® H)
=y o((upo(T'®T))® H) (by (i) of Definition 4.1)
=my o (H ® my) (by the B-module conditions).

Remark 4.4. Note that if (f,g) is a morphism between the weak twisted relative Rota—Baxter
operators

H H'
(T \L aSOHaqu) and (T/ \L 790H’1\11H'>>
B B’
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then

fomy =mg o (ff) (4.9)
Indeed, by (4.4) and (4.2), we have

fomp=pmo((goT)® f)=ypmo((T"of)®f)=mmo(ff)

Theorem 4.5. Let

H
(T \Jf 790H7\I]H>
B

be a twisted relative Rota—Baxter operator such that B is a bialgebra in C. It is satisfied that
Tong =nB. (4.10)

Proof. By (i) of Definition 4.1, we obtain that
pp o (T onm) @ (T onm))
=Topugo(Vyg@mg)o ((dg onm) @n) (by (i) of Definition 4.1)

=Topugo(Vg®Mumoem))ody ong (by (4.5))
=T o ny (by the (co)unit properties and (iii) of Definition 4.1). (4.11)

Therefore,

nB =Npoep o1 ong (by (co)unit properties and the condition of coalgebra morphism for T°)
=pupo(Ap®B)odpoT onyg (by (2.3))
=ppo((ApoT ong)® (T ong)) (by the condition of coalgebra morphism for 7" and 1)
=po((ApoTonm)® (upo((I'onu)® (T onm)))) (by (4.11))
=ppo ((upo(Ap®@B)odpoTony)® (T onm))

(by associativity of up and the condition of coalgebra morphism for 7" and ng)

=ppo((mpoepoT onm)® (T onm)) (by (2.3)
=T ong (by the condition of coalgebra morphism for 7" and (co)unit properties). |

Corollary 4.6. Let

H
(T 1 ,sOH,‘IfH)
B

be a twisted relative Rota—Baxter operator such that B is a bialgebra in C and (H, pp) is a left
B-module algebra-coalgebra. The equality

myo(ng ® H) =idy (4.12)
holds.

Proof. Using (4.10) and the condition of left B-module, we have that

myo(nu@H)=¢po(np®H)=idy. n
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Theorem 4.7. Let

H
(T \lf 790H7‘IIH>
B

be a weak twisted relative Rota—Bazter operator such that

(mH®H)O(H®CH,H)O((CH7H05H)®H) = (mH®H)O(H®CH7H)O(5H®H), (4.13)

holds. Then, H= (H, pigr,em,05), where
pr = pgo (Vg @my)o (ég ® H),

1.€.,

"=6) €

1s a non-unital bialgebra in C that satisfies
pro(H®ng)=Yy. (4.14)

Moreover, if

H
(T \lf 790Ha‘IIH>
B

is a twisted relative Rota—Baxter operator such that B is a bialgebra and (H,pm) is a left B-
module algebra-coalgebra, then

g o (ng ® H) =idy. (4.15)
Proof. Let us start computing the associativity of jig:

fig o (pg © H)

=pro (Vg @my)o ((pg @ pn)o(H@cgy @ H)o((0goVy)® (g omy))) ® H)
o (51.1 QH® H) (by the condition of coalgebra morphism for pzr)

=pro (g @my)o ((pg @pm)o(H@cpn®H)) @ H)
o(Yp@¥y)ody)® ((myg@mpy)o(H®cyy®H)o (0p ®dy))® H)
o(0g ® H® H) (by the condition of coalgebra morphism for ¥z and (4.7))
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=pro((Vgopgo(Wy®H))® (myo((pyo(¥y@mpg)) ® H)))
O(H®((mH®H)O(H@CHJ{)O((CH7HO(5H)®H))®H®H®H)
O(H®((H®0H7H®H)O((5H®5H))®H)O((5H®H®H)

(by naturality of ¢ and coassociativity of dx)

o(H®cug®H)o(0g ®Jdp)) @ H) (by (4.13), coassociativity of 65 and naturality of c)
go((upo(Vg®@mpg)o 0y ®W¥y))® (my o (HQmy)))
(H®cpgg®@H)o (0g ®dy)) @ H) (by (ii) of Definition 4.1 and (4.8))
=pgo (Vg ®(pgo(my@my)o(H®cyg®H)o(6g®H® H)))
o(6p @ (Vg ®@mpy)o (0 @ H)))

H
(Ygopgo(Vyp@my)o (g @ H))® (myo ((upo (Vg @mpg)o (0g ® H))® H)))
(
(

by naturality of ¢, coassociativity of dg and associativity of pzr)

(
= jig o (H @ figg) (by (4.6)).

Moreover, note that fiy is a coalgebra morphism. On the one hand, it is straightforward to
prove that e o iy = ey ® e and, on the other hand,

dmopnn

=(pg @ pa)o(H@cgg @ H) o ((dgo¥y)® (0gomp)) o (0p @ H)
(by the condition of coalgebra morphism for )

=(pag @ pp)o (HQcyuy @ H)
o(Ypg@W¥y)ody)® ((myg@mpy)o(H®cyy®H)o(0y ®d6y))) o (6yg @ H)
(by the condition of coalgebra morphism for Uy and (4.7))

=((pa o (VYr @ H)) ® (pm o (Yy @mp)))
oc(HR((mp@H)o(H®cuu)o ((chmody)®H))®H®H)
o(H®H®cupg®H)o (((H®JIp)ody) ®n)
(by naturality of ¢ and coassociativity of dx)

= ((pro (Vg ® H)) ® (pg o (Vg @my)))
o(H® (mp@H)o(H®cym)o(dp®@H))®H®H)
oc(HRH @cyg®@H)o (((H®y)ody)®dm) (by (3.7))

=(pg@pg)o(H® CH.H® H) o (0 ® dp) (by coassociativity of 6z and naturality of c).

To finish, let us see that the unit properties (4.14) and (4.15) hold. Indeed, on the one hand,
fr o (H®@ng) =Yy
by (4.5) and, on the other hand, (4.15) follows by

firr o (nu @ H)
=pgo((Ygony)® (mgo(ng @ H))) (by the condition of coalgebra morphism for 7z)
= g o (ng ® H) (by (iii) of Definition 4.1 and (4.12))
= idg (by the unit property). |

Remark 4.8. Note that, thanks to (4.8) and previous theorem, (H,mp) is a non-unital left

H -module. Then, if C is symmetric, we can say that (H,mp) is in the cocommutativity class
of H when (4.13) holds.
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Theorem 4.9. Let

H
(T \Jf 790H7\IJH>
B

be a weak twisted relative Rota—Baxter operator such that (4.13) holds. Then, the triple H =
(H, H, \I'H) is an object in HTr*,

Proof. At first, note that
Iy =mp. (4.16)
Indeed,

T = o ((ur o (Aar © Wir) © W) o 8) @ mp) o (3 © H)
(by associativity of um and coassociativity of dzr)
=pgo((ugoAg @ H)odgoV¥y)®@my)o (dy ® H)
(by the condition of coalgebra morphism for W)
=pro((nroeroVh)@mp)o (6g ® H) (by (2.3))
= mpg (by the condition of coalgebra morphism for Uz and (co)unit properties).
Thus, to conclude that H is an object in HTr* it is enough to compute (iii) of Definition 2.11.
Indeed,
JLH © (ﬁH®F}IIIH) o(H®cgu®H)o(dp ® H® H)
=pr o ((puo(Yy®@mpy)o (0 ® H))@mp)o(H®cyy®H)o (6p @ H® H)
(by (4.16))
=pro (¥ ® (upo(my@mpy)o(HR®cygug®@H)o(dy ® HRH)))o(dp ® HR H)
(by associativity of pum and coassociativity of dz)

=g o (H® pg) (by (4.6)). L

The previous result can be interpreted as follows: If we denote by wtr-RB* to the full sub-
category of wtr-RB satisfying the condition (4.13), there exists a functor : wtr-RB* — HTr*
defined on objects by

H ~
B

and on morphisms by Q((f,g)) = f. Note that Q is well defined on morphisms because

((fo¥py)® (fompg))o (dyg ® H) (by the condition of algebra morphism for f)
(Tgro f) @ (mpro(f@f)))o(6y @ H) (by (4.3) and (4.9))
=pgr o (Vg @mpgr)o((0gr o f)® f) (by the condition of coalgebra morphism for f)

(

fef).
Theorem 4.10. Let H = (Hy, Ha,0p) be an object in HTr*. Then, the triple

Hy
(idH { aF?{If,UH>
Hy



30 J.M. Fernandez Vilaboa, R. Gonzalez Rodriguez and B. Ramos Pérez

is an object in wtr-RB*. As a consequence, there exists a functor A: HTr* — wtr-RB* acting
on objects by

H,y
A(H) = <idH { ,F27,0H>
Hy

and on morphisms by A(f) = (f, f).

Proof. Firstly, it is already known that (Hl,Fifl’ ) is a non-unital left Hs-module algebra.
Moreover, thanks to (3.14), I“}fl’ is a coalgebra morphism as we have just proved in Theorem 3.9.
As a consequence, (H 1, Fiff ) is a non-unital left Ho-module algebra-coalgebra.

Moreover, idg: H; — Hs is a coalgebra morphism because both have the same underlying
coalgebra structure, and also oz due to Hopf truss’ axioms.

So, to show that A is well defined on objects it is enough to see that conditions (i) and (ii)

of Definition 4.1 hold. In this context, equation (i) of Definition 4.1 becomes
pir = py o (on @ T3 o (0 ® H)
that holds due to (2.9). On the other hand, (ii) of Definition 4.1 follows by
oropgo (on@TH) o (g ® H) = oy o iy (by (2.9))
= p3 o (H ® opr) (by (2.10))
= uko (o @ F?ff) o (g @om) (by (2.9)).

In addition, by (2.8) and (3.15), A is well defined on morphisms too, what concludes the
proof. |

Example 4.11. Following [18, Definition 3.5], given a Hopf algebra D = (D, np, up,€p,0p, Ap)
and a Hopf algebra endomorphism ¢: D — D, a ¢-twisted operator is a coalgebra morphism
YT: D — D such that the equation

ppo(T®T)=Topupo((upo(T®D))®(ApogoT))o(D®cpp)e(dp® D),

ie.,
™ - SQ
(v) © (1)
© &
()
(1)
()
holds.

If g: D — D is a coalgebra morphism satisfying

ppe(q®q)=qoppo(q® D), (4.17)

we have that ¢ is a ¢4-twisted operator, where ¢, = np o ep, and Dy, = (D, Dq,a%) is a Hopf
truss where D, is the non-unital bialgebra

Dq = (D“qu :MDO(Q®D)7€D75D)7
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and 0%, = ¢. Note that in this case I'}, = ep ® D. As a consequence Dy is an object in HTr".
Then, by Theorem 4.9, the triple

D
(idD | I =ep®D,o}, zq)
Dq

is a weak twisted relative Rota—Baxter operator satisfying condition (4.13).

In this setting, a family of morphisms ¢: D — D satisfying (4.17) is made up of idempotent
Hopf algebra endomorphisms of D. So, we can construct examples of Hopf trusses in HTr* and
weak twisted relative Rota—Baxter operators satisfying (4.13), working with idempotent Hopf
algebra endomorphisms of D. For example, if D is Hopf algebra that factorizes by the semidirect
product of two Hopf algebras A, H and wp: A x H — D is the corresponding isomorphism of
Hopf algebras, then

g=wpo(na® ((ea® H)owp')): D= D

is an idempotent morphism of Hopf algebras. Remember that, in the particular case of groups
(cocommutative Hopf algebras in Set), it is well known that the set of idempotent endomor-
phisms ¢ of a group D are in one-to-one correspondence with the semidirect-product decompo-
sitions A x H of D where A = Ker(f), H = q(D) and p4: H x A — A is the adjoint action of H
on A, i.e., o4(h,a) = hah™'. The operation on A x H is defined by (a, h)(b,1) = (apa(h,b), hl).

On the other hand, if D is cocommutative and T: D — D is a ¢-twisted operator, then,
by [18, Proposition 3.6], the triple (D, T, $0oT) is a Rota—Baxter system and, as a consequence,
applying [18, Proposition 3.8] it is obtained that Dy = (D, DT,U%) is a cocommutative Hopf
truss, where

oh=upo (Y@ ApodoT))odp=Tx(ApodoT)
and H~ is the non-unital bialgebra
Hy = (H, py,ep,dp),
being
py = ppo(ppo(T®D))@(ApogoT))o(D®cpp)e(ép @ D),

ie.,

Thus, by Theorem 4.10, the triple

D T
(idD i 3 F%Da U%)
D~
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is a weak twisted relative Rota—Baxter operator, where it is straightforward to compute that
under these conditions

Ug) ad
Iy’ =¢h o((¢oT)® D).
The main results of this section are presented below. The first one is the following.
Theorem 4.12. The functor A is left adjoint to the functor 2.

Proof. Let us construct a bijection

B B
HZT: HOH]HT,—* (HJ Q ( (T \lf s B, leB) )) — Homwtr—RB* <A(H)7 (T \L y PB \IJB> > )
C C

where

B
H= (H17H27UH) and (T \l/ 7()037\:[}3)
C

are arbitrary objects in HTr* and wtr-RB*, respectively.
On the one hand, take

B

f:H—>Q((T ! ,@B,\IJB)> =B=(B,B,¥p)
C

a morphism in HTr*. Let us see that (f,7 o f) is a morphism in wtr-RB* between the weak
twisted relative Rota—Baxter operators

H, B
A(H) = <idH ) Iﬁim) and <T 3 ,%DB,‘I’B)
Hy c

First of all note that f: H; — B is a Hopf algebra morphism and T o f: Hy — C is a morphism
of non-unital bialgebras because

Tofo ,u%{
=Toppo(f®f) (by the condition of morphism of non-unital bialgebras for f: Hy — B)
=pco((Tof)®(Tof)) (by (i) of Definition 4.1).

Moreover, it is direct to compute that (4.2) holds in this case and (4.3) follows by (2.8).
Finally, we still have to check (4.4). Indeed,

folf =ppo((fornoon)® (fouk))o by ®H)

(by the condition of algebra morphism for f: H; — B)
=ppo((ApoV¥po f)® (apo(f®[f))) e (0n ®H)

(by (2.4), (2.8) and the condition of morphism of non-unital bialgebras for f: Hy — é)
=T o(f®f)

(by the condition of coalgebra morphism for f and definition of F;B for the Hopf truss IE%)
=mpo (f®f) (by (4.16))
=ppo((T'of)®f).
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So, we define

S (f) = (f.To f).

On the other hand, consider (x,y) a morphism in wtr-RB* between the weak twisted relative
Rota—Baxter

H, B
A(H) = (idH \J I?fﬁm) and (T ) ,wB,‘I’B)
H, c

We will prove that x is a morphism between the Hopf trusses H and B. To do this, it is sufficient
to compute that z: Ho — B is a morphism of non-unital bialgebras, what follows by
ppo(z®x)=ppo(Ypox)@(ppo((Tox)®x)))o (g @ H)
(by the condition of coalgebra morphism for x)
=upo((xooy)® (ppo(y®x)))o(dg ® H) (by (4.2) and (4.3))
=ppo(z@x)o (og @TF) o 0y © H) (by (4.4))
=zopuho (O'H(X)F(}ff) o(0g ® H)
(by the condition of algebra morphism for x: H1 — B)
=z o iy (by (2.9).

Thus, let us define

B B
HOr: Homyy rp* (A(H), (T { 7908,\I’B>> — Hompy (H,Q<<T 4 7<PB,\I/3>>>
C C

by #Or((x,y)) = =
To conclude we have to prove that HO is the inverse of #Xp. Indeed,

(*Or o "5r)(f) ="Or((f,To ) = f,
and
(HET o HQT) (5177 y) = HZT(ZL‘) = (ZL‘, To :B) = ({E, y) (by (4.2) for the morphism (z,y)). [ |

Consider the full subcategory of wtr-RB* consisting of all weak twisted relative Rota—Baxter
operators satisfying (4.13),

H
(T J/ 790Ha\I]H>7
B

such that 7" is an isomorphism in C. As a first consequence, when we work with this subcategory,
note that, by (i) of Definition 4.1, up admits an expression in terms of iy given by

pp=Tofigo (T '@T™).

We will denote this subcategory by wtr-RB?,,. Moreover, take into account that the image
of the functor A always lives in this subcategory because, for any H € HTr*, idg: Hy — Hs is
always an isomorphism in C. As a result, A: HTr* — wtr-RBi,.

Thus, if we denote by ' the restriction of functor  to the subcategory wtr-RBi,, the
following result states that A and ' give rise to a categorical equivalence between wtr-RBY

and HTr*.
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Theorem 4.13. The categories HTr* and wtr-RBY, are equivalent.

Proof. On the one hand, let H = (Hy, H2,0p) be an object in HTr*. Then,
Q/ o) A = idHTr*-
Indeed,

H, B
(Q’OA)(H):Q'<<idH 1 ,rgg,w» = (Hy,H1,01),
Ho

where i, = p% by (2.9). This implies that H, = Hy and thus (' o A)(H) = H.
On the other hand, we have that

! .
AoQ) ~ 'dwtr—RBgo

because, if

H
(T \L 790H7\I]H>
B

is an object in wtr-RBZ, by (4.16),

1SO?

H
B
H H
- <idH LTy xIJH> = (idH L m, \IfH>
H H
which is isomorphic to
H
(T \Jf y PH, WH)
B
in the category wtr-RBi, via the isomorphism (idg,T). |

If we denote by coc-wtr-RBig, to the full subcategory of wtr-RB whose objects are weak twisted
relative Rota—Baxter operators,

H
(T { 790H,\I’H>,
B

such that 7' is an isomorphism and H is cocommutative, then the following result is direct as
a consequence of the previous one.

Corollary 4.14. The categories HTr*, wtr-RB?%, and wt-Post-Hopf* are equivalent.
Proof. The proof follows by Theorem 3.11 and previous theorem. |

Corollary 4.15. The categories coc-HTr and coc-wtr-RBjs, are equivalent.

Proof. It is enough to note that, under cocommutativity assumption, (3.14) and (4.13) always
hold. |

Corollary 4.16. The categories coc-HTr, coc-wtr-RB;s, and coc-wt-Post-Hopf are equivalent.

Proof. The proof follows by Corollary 3.12 and previous corollary. |
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