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Abstract. Let (X,,,¢) be the pair consisting of the Dynkin diagram of finite type X,, and
a positive integer ¢ > 2, called the level. Then we obtain the Y-system, which is the set of
algebraic relations associated with this pair. Related to the Y-system, a sequence of integers
called exponents is defined through a quiver derived from the pair (X, ¢). Mizuno provided
conjectured formulas for the exponents associated with Y-systems in [Mizuno Y., SIGMA 16
(2020), 028, 42 pages, arXiv:1812.05863]. In this paper, we study the exponents associated
with level 2 Y-systems for classical Dynkin types. As a result, we present proofs of Mizuno’s
conjecture for (B, 2) and (D,,2), and give a reformulation for (C,, 2).
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1 Introduction

Cluster algebras introduced by Fomin and Zelevinsky in the early 2000s [1, 2] have played a sig-
nificant role in many areas of mathematics. Due to their broadly applicable structure, they have
been studied in various fields such as representation theory, combinatorics, algebraic geometry,
and number theory, among others. In particular, we focus on recent research by Mizuno [12],
which calculates a certain class of Y-systems. The prototypes of Y-systems were introduced by
Zamolodchikov around 90s in the study of two-dimensional integrable filed theory [15]. Then,
some generalization were introduced by Ravanini—-Tateo—Valleriani, Kuniba—Nakanishi—-Suzuki,
and others [8, 14]. His research has revealed a connection between cluster algebras and the
representation theory of affine Lie algebras. This connection was established through the coin-
cidence of hypergeometric series, known as partition g-series and the string functions of affine
Lie algebras. Partition g-series, which is defined by Kato and Terashima [6], is a certain g-series
associated with a mutation sequence. Mizuno has shown that the asymptotics of this partition
g-series is calculated by matrices determined by the mutation sequence and the corresponding
cluster algebra. Furthermore, we are able to verify that the limit of the partition g-series co-
incides with the asymptotic dimension of an irreducible representation of the affine Lie algebra
found by Kac and Peterson [5].

We explore the intersection of these two theories and examine the sequence of integers called
exponents, which are introduced from the theory of cluster algebras. First, we review the defini-
tions of quiver mutations and mutation loops provided by pairs of quivers and their mutations.
Then we define a cluster transformation of variables associated to the mutation loop. A Dynkin
quiver is determined by a Dynkin diagram and the integer ¢ greater than 2, referred to as
alevel [3, 4]. After explaining the property of Dynkin quivers, we will specifically construct cases
for level 2. We review the Y-system, which plays an important role in this paper. Y-systems have
been extensively studied as important objects in mathematical physics and integrable systems.
The Y-system is formulated through simultaneous nonlinear difference equations, which describe
the relationship between the Y-functions associated with integrable models. In this paper, we
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treat the Y-system associated with RSOS models introduce by Kuniba-Nakanishi [13]. Such
Y-system is a set of algebraic relations defined for a pair consisting of the Dynkin diagram and
the integer ¢. We follow [9] on the Y-system. The periodicities of the Y-systems were conjec-
tured. Associated to the introduction of cluster algebra, connection between Zamolodchikov’s
Y-systems was established by Fomin and Zelevinsky. A similar connection was established by
Keller and Inoue-Iyama—Kuniba—Nakanishi-Suzuki for more general Y-systems. Then the peri-
odicity has been proved by using the cluster algebraic method in [3, 4, 7]. Therefore, we have
that the cluster transformation for mutation loops exhibits periodicity, which allow us to define
exponents. Due to the periodicity, we find that eigenvalues of the Jacobian for the cluster trans-
formation are roots of unity. Therefore, we are able to characterize eigenvalues using a sequence
of nonnegative integers. We call such sequences exponents of Dynkin quivers.

For the exponents associated with these Y-systems, Mizuno provided Conjecture 3.2 which
gives conjectural formulas based on the corresponding root systems. Furthermore, he proved for
these conjectural formulas in the cases (A1, ¢) and (A, 2) (cf. [12]). In this study, we investigate
level 2 Dynkin quivers associated with other classical type Dynkin diagrams. We prove Mizuno’s
conjecture for (By,2) and (D, 2), and reduce it for (Cy,2) to Conjecture 4.7.

2 Preliminary

2.1 Quiver and Y-seed mutations

A quiver is a directed graph with vertices I = {1,..., N} that may have multiple edges. In this
paper, we assume that quivers do not have 1,2-cycles. We define quiver mutations as follows.

Definition 2.1. Let @ be a quiver and let k be a vertex of . The quiver mutation p} is
a transformation of quiver defined by the following steps:

1. For each length two path ¢ - k — j, add the new arrow ¢ — j.
2. Reverse all arrows incident to the vertex k.

3. Remove all 2-cycles.
For instance, we have the following transition.

Example 2.2.

Consider a quiver Q with vertices I. Let @; ; be the number of arrows from i to j and v be
a permutation of {1,..., N}. Then the action of v on Q is defined by v(Q)i; = Q, 13,1
Set m = (mq,...,mr) to be a sequence of I. Then we have the transformation

7

QM) ™™ (1) "3 - Q(r) s (Q(T),

where Q(0) stands for Q). The triple v = (Q, m, v) is called a mutation loop if Q(0) = v(Q(T)).
Now we see the definition of Y-seed mutations. Consider the set for variables y,...,yn
given by

_ [ yn)
F_{g(yly---,yN)‘f’gEQZO[yl""7yN]\{O}}.
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This is closed under the usual multiplication and addition and called universal semifield in the
variables y1,...,yn. A Y-seed is a pair (Q,Y) for a quiver Q and Y = (Y1,...,Yy) € FN. For
given pair, Y-seed mutations are defined as follows.

Definition 2.3. Let k be vertex of (). The Y-seed mutation u; is a transformation of the
pair (Q,Y’) obtained by extending the definition of the quiver mutation so that

v, ! if i = k,
1e(Q) = 13 (Q), we(Y)i = Y (Y + 1)_Qk’i if i # k, Qri >0,
Yi(Vy + 1)@k if i # k, Qik > 0.

Example 2.4. For the quiver given in Example 2.2, set variables (y1,¥2,¥y3,y4) as follows:

Y4

y1 Y2 |k
Y3

Then we obtain the Y-seed mutation uj by

i y1(y2 +1)
x Y2 | _ _912_1 L

Y3 ys(ys ' + 1)

Ya ya(yy '+ 1)

We also define the action of v on (Q,Y) by v(Q,Y) = (v(Q),v(Y)) where v(Y;) = Y, -1;.
Let v = (Q, m, v) be a mutation loop and (Q,Y) be a Y-seed. Then we have the transformation

(Q(0), Y (0)) ™% .. T3 (Q(T), Y(T)) =+ (W(Q(T), v(Y (T))),

where Y (0) stands for Y. Although Q(0) = v(Q(T')) holds from the definition of the mutation
loop, we have Y (0) # v(Y (1)) in general. We denote v(Y (1)) by p,(Y') and call it the cluster
transformation of . By definition, we find that u,(Y) € FV.

2.2 Dynkin quiver Q(X,,£) and mutation loop on Q(X,,¥£)

For any Dynkin diagram of type X, and positive integer ¢ > 2 called level, Inoue, Iyama,
Keller, Kuniba and Nakanishi introduce a Dynkin quiver @ = Q(X,,f) and a mutation loop
v =5(Xpn,?) on Q in [3, 4]. Correspond to the type of Dynkin diagram, Dynkin quiver consists
of the following vertices:

e X = A, D, E: black vertices labeled with 4+ or —.

e X = B,C, F: black vertices labeled with + or —, and white vertices labeled with + or —.

e X = (G: black vertices labeled with 4+ or —, and white vertices labeled with I, II, III, IV, V

or VL.

Associated with these vertices, we set the following subset of I:

e IS _: the set corresponding to white vertices labeled with + or —.
e I5 _: the set corresponding to black vertices labeled with — or —.

o I7;: the set corresponding to white vertices labeled with I or II.
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Furthermore, the permutation v on @ is given as a folding induced by symmetry of white vertices
with respect to black vertices. We define the two compositions of mutation

pe= I m  w-= J[ m

keT% U UL kel® UL,
In [3, 4], the following property is shown.

Lemma 2.5. Let Q = Q(X,,¢) and v be the permutation of vertices in Q. Consider the
transformation

Q5 Q = Q
Then Q' and Q" are independent on orders of the mutations in puy and p—. Furthermore, we
have Q@ = v(Q").

Therefore, the lemma suggests that v(X,, ) = (Q(Xn, ), (Ijr uI§ UI, I* UIfI) , 1/) is a muta-
tion loop. Note that (I’+ Ul uly, I* U Ifl) stands for a sequence obtained by lining up elements
in I UIT UI} and I* UI§. The cluster transformation p, = v o u_ o uy has the following
periodicity.

Theorem 2.6 ([3, 4, 7]). For the mutation loop v = vy(Xy,¥), we have

p () =y

on FN, where hY is the dual Coxeter number of X, and t is given by

17 X’Vl = Anan7E6,7,87
t= 27 Xn:BTL7CTL7F47
3, X, =0Go.

If we restrict the level to 2, then we obtain Dynkin quivers Q(Xp,2) and permutations v
as in Figure 1. Note that the permutation v of vertices is expressed by arrow —» in the figure.
Namely, Dynkin quivers for simply-laced types have the identity as v.

2.3 Q-systems and Y-systems

Then we review the notions of restricted Q-systems and restricted constant Y-systems. Notations
follow those used in [9]. Let A be a root system of type X,, with a normalize inner product so
that (o, ) = 2 for long roots a. Let Ay, Ajong and Aghore be the set of positive roots, long
roots and short loots, respectively. For the simple root «;, we define a integer t; by

2

(i, ;)

%
fori=1,...,n. Set
H={@{Gm)|1<i<n, 1<m}D>Hi={(i,m)|1<i<n,1<m<tl—1}.

Let C = (C; j)1<i,j<n be the Cartan matrix of type X,,. Then we define the number associated
with the pair (i,m), (j, k) € H by

—C5i(0m2k—1 + 20m 2k + Om 206+1), ti/tj =2,
Gim,jk = § —Cji(0m3k—2 + 20m.3k—1 + 30m.3k + 20m 3641 + Om3kt2, ti/t; =3,
—Ci 0t jm.tiks otherwise.
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o +
(Cnd) - o.g (Ds2)

|
(Es,2) : (E7,2)

(Es,2) (Fy,2)

(G27 2)

Figure 1. Dynkin quivers Q(X,,2).

The unrestricted Q-system of type X, is the set of algebraic relations on the variables {fo) \
(i,m) € H} which has the form

(@) = Qpla@ula + (@D T (@)%,
(4,k)eH

where QS{) = Q(()i) = 1. By restricting the index set H to H,, we obtain the level ¢ restricted
Q-system. Namely, it is the algebraic relation among the variables {Qgﬁ) | (i,m) € H, g} such that

(@) = Q@+ @) TT @),
(j:k)EHZ

where Qﬁg) = Q(()i) = ng = 1. Then the level / restricted constant Y-system of type X, is the
set of algebraic relations on {Yn(lZ ) | (i,m) € H¢} which has the form

1 Gim, ; 2(57',7 6m
(YT(’;))Z _ H(j,k)GHg (1 + Yk(])) TR *

1+ @2 ™Ya+ 9 )™ (2.1)

i
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where (Yo(i))_1 = (Ytg?)_l = 0. Furthermore, the level £ restricted Q-system and the level £
restricted constant Y-system have the following relationship.

Proposition 2.7 ([9, Proposition 14.1]). Suppose ng) satisfies the level £ restricted Q-system
of type X,,. Then

7))\ 2 i Gim.
(an)) ij)GHg( g)) "
Qm 1Qm+1

is a solution of the level £ restricted constant Y-system of type X,.

y @) —

m

For restricted constant Y-systems, we know the following fact

Theorem 2.8 ([3, 4, 13]). There exists a unique solution of the level £ restricted constant Y-
system for type X, satisfying Yn(f) € Rxq for all (i,m) € Hy.

In order to give the explicit solution of the Q-system of classical type X, characterized in
the Theorem 2.8, we introduce the notion of g-dimension. Let g be the simple Lie algebra of
type X,,. Let P = Zw @ - -®Zw, be the weight lattice of type g and Py = Z>ow1®- - -®Z>owy,
be its subset. Let x (V) be the character of the irreducible finite dimensional representation V
of g with highest weight @ € P;. The specialization dim,(V) of x(V) is given by

(o)

. sin — 55"
dim, Vo = [ 2B
sip ™awp)
a€A+ {+hY

where p is the half sum of positive roots. This is the g-dimension at the root of unity ¢ = et(“h ).

It is known that classical character of the Kirillov—Reshetikhin module Qm = Tesxq (Wy(n)) sat-
isfies the unrestricted Q-system. Furthermore, resy, (W,(rf)) is expressed as a linear combination
of certain characters x (V) for w € P;. For simplicity, denote x(V) by x(w). Specifically,

we have
QW) = x(mw;) (2.2)
for A,,
QY = Z X(kiwoi + - + ki—owi—g + ki),
1<i<n, i€{0,1}, /=i (mod 2) (2.3)
for B,,, where w stands for 0, and the sum goes over nonnegative integers k;, ..., k; o, k; such

that t;(ky + -+ ki—2) + ki=m

x(mwy,), i=n
for C),, where the sum goes over nonnegative integers ki, ..., k; such that k1 +--- + k; < m and
kj =md; ; (mod 2) for all 1 < j <,
Q) = Z X(kpwoi + - + ki—owi—g + ki),
1<i<n-—2,7¢€{0,1}, /=i (mod?2), (2.5)
Q%) =x(mw;), i=n—1,n
for Dy, where w stands for 0, and sum goes over nonnegative integers k;, . .., kj_s, k; such that

ki + -+ 4+ ki—o + k; = m. Denote the specialization of resy, (W7(n)) to the g-dimension by
dim, res( T(n)) By the definition, Qm = dim res(WT(n)) still satisfies the unrestricted Q-system.
Then, for classical types X,,, we have the following truncation.



Note on Exponents Associated with Y-Systems 7

Theorem 2.9 ([10, 11]). Q%) = dimg res( 7(3)) satisfies the level £ restricted Q-system. More-
over strongly, the following properties hold for any 1 <i < n:

1) Q%) = QSLm for 0 <m <t/
2) Q%W < QW | for0 < m < [t:£/2],
3) Quet; =0 for1<j<t;h —1,

where [t;€/2] is the largest integer not exceeding t;¢/2.

Theorem 2.9 implies Qg,? > 0 for all (i,m) € Hy. In fact, by calculating characters x(Vz),
we have the following results for level 2 restricted Q-systems. For A,,, by using (2.2), we have

R
=1 k=1 ]+k71
for s(x) = sin ;%%. For By, by using (2.3), we have
QV=i+1, 1<i<n—1, QMW= =van+1 QM =n+1. (2.6)

For C,,, by using (2.4), we have

Qgi) _ Qéz) _ 5(%) ( ) s + 2) 1<i<n, (2.7)

S()% ’

)s(j+1)s(5 + ) s(i+ 1)s(i+2)s(i + 3) B
- 22 E® T e MSiEh e
for s(x) = sin ;5. For D, by using (2.5), we have
QP =i+1, 1<i<n-—2 = Q" Y= =yn (2.9)

Therefore, Y,g) constructed by Proposition 2.7 with Qr,i = dim, res(W}ni)) is real positive for
all (,m) € Hy.

3 Exponents of Q(X,,¥£)

Set Y = (Y1,...,Yn) as (y1,...,yn) and denote by y. We review the definition of exponents
of Q(Xy,¥) and verify their relationship with Y-systems.

3.1 Exponents

For the rational function p(y), we have the following property.
Proposition 3.1 ([12]). The fized point equation ji,(y) =y has a unique positive real solution.

Denote such a unique positive real solution by 7 € RY. Combining Theorem 2.8, Proposi-
tion 3.1 and the explicit form of i (y) calculated in the next section, we find that the solution n
is given in terms of restricted constant Y-systems. That is, 7 is given to satisfy the relation (2.1).
Using Proposition 3.1, we are able to define the unique matrix by

Jy(n) = <8M(y)>

Oyj

y=n
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from the Jacobian of the rational function i (y), where p(y); is the i-th component of p.,. By
the periodicity, we have Jy(n)t(“hv) = I. Therefore, all eigenvalues of J,(n) are t(¢ 4+ h")-th
root of unities. Namely, these eigenvalues are written by

2mimy 27rimN
et(t+rY) - 7et(l+h\/)
by using a sequence of integers 0 < m; < -+ < my < t(£ + hv). We call this sequence

E = (mq,...,my) as the exponents of Q(X,, /).

3.2 Conjectural formulas

In order to describe a conjectural formula associated with the type X,,, we define two polynomials

not(e+hY) _q
Nx,o(z)=]]

=1

_ )l short
g1 DPxaez) =D () DXT(2),

where the polynomials Dl;;zgz(z) and D°7f(z) are defined by

2mi(p,a) 2mi(p,0)

P = T (=), e = I (¢ )

aEAlong a€Aghort

The following conjecture is stated by Mizuno.
Conjecture 3.2 ([12, Conjecture 3.8]). Let X,, be a finite type Dynkin diagram and ¢ be a pos-

itive integer such that ¢ > 2. Let v = (X, £) be the mutation loop on the quiver Q(Xy,?).
Then the following identity holds:

det(=I — J, (n) =

Remark 3.3. This conjecture has been proven by Mizuno for (A1, ¢) and (A, 2).

By this identity, we obtain a relationship with the theory of cluster algebras and the one of
affine Lie algebras. See [12].

4 Main results

From now, we assume that level £ is equal to 2. We treat the case that the rank of X,, is even,
since the argument for the odd rank is parallel to the one for the even rank.

4.1 Type B,

Set n as 2l. For the type By (I > 1), set

Yy = (yil), . ’ygmfl)’ y;m)’ y§21)7y§21)7y§21+1)7 o ’y§4zf1))’
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where the variable y§i) corresponds to the i-th vertex from the left and the j-th vertex from
the top of Q(Bs,2). Now we have the cluster transformation as follows:

2i—1) / (2i—2 2%
5 1) ( )(( )—i-l)(yg)—i-l)
T ( )
- u )( P ) ) 8 + )
! 21
g 3) [y (y§ 3))
é 1) y;Ql) ((y§21))71 + 1)71 ((yéQl))fl + 1)71 (y§2l+1) + 1)
g I+1) (y§2l+1))71
5 14-21) yi?l-i—?i) (y§2l+2i—l) + 1) (y§2l+2i+1) + 1)
£2l+21+1) (y§21+2i+1))—1
()P ™) o ()
pe ()7 pops ()1
(21— 1 !
)P (s )5 +1) ppiy () O
21 20)y —1 1 21
e (y)g,:s)(( +()S )) +1) A N—M+(y)§,3)
20y —1 21
(1)) peps ()5
@) (s ()5 +1) o ()
i)\ —1 —1
(s (9)7) o ()P
pg (y) 2D ppg (y) PO
fori =1,...,1 — 1. Here ygo) stands for 0. For a solution of the level 2 restricted constant
Y-system of type By, if we take n = (ng ), e ,17521_1), 7]521),77&21), ném),ngzlﬂ), e ,77%41_1)) to be
(21 1) (Y(Qz 1)) ’ ?7521) _ le(Qi), 1<i<l—1,
201 20—1)\ —1 /(2 21 21 21 20)\ —1
G, v - )
77§2l+1) =Y1(2l_1), 779) (%41 j))—l, S+ 2<j<d4l—1,

then we find that 7 is the solution of the fixed point equation p.(y) = y Furthermore, using
Proposition 2.7 and (2.6), we are able to calculate the value of {Ym | (i,m) € Ha} satisfy-
ing the condition of Theorem 2.8 as follows:

20) 21 e _ 4P

v —i(i+2), 1<i<2—1 vy - = Y. .
o =ii+2), 1<is ’ 1 3 2A+1 2 A+1

For a nonzero complex number A, we consider the equations involving (cbi)fl:tl such that

4141
> T )i = Ai (4.1)
j=1

with the boundary conditions given by ¢g = ¢44+2 = 0. Upon calculating the Jacobian, we
derive the relations

Gal—2k+3
Aog—1 = —ﬁ; (4.2)
kpa—op+1 (k+1)bai—2k+3

Apop, = P +16k>(k + 1) pa1—2p42 + . 7 (4.3)
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P21—2k
by = — 4.4
P2142k+2 60— k)20 -k + 1) (4.4)
20 — 2k 4+ 1) ook
APotsokis = ( o 212?2[1 K22 (20— 2k — 1)2(20 — 2k + 1) oo 1
(2l — 2k — 1) po1—ok
4.
2l — 2k +1 (4.5)
fork=1,...,1—1 and
o1 = 2120 + 1) (P21 + P21+2) n 1609101 2¢21+3 (4.6)
21 (20— 1)(4l + 1)2 (A2 —1)(4l+1)2 (20— 1220+ 1)(4l + 1) ‘
Aparorra | 8P¢us1 | Parraa | (A4 1)days
b\ - _ > d 4.
G21.20+2 41 @+ T asr T (47)
(20 + 1) (dor + dporv2) (4 + D)porys
A+ Dot = — E 2 6/ 3 (4.8)
20 + 1) o
)\¢21+3 = (2l—)¢12[2 + (2l - 1)2(4l + 1)¢2171 + (4[2 — 1) (¢21 + ¢21+2>
161421 — Vo1 (20 — 1)gpors3 (4.9)
21+ )4l +1) 2A+1 '
Then we have the following lemma.
Lemma 4.1. Set ¢o; = ¢po110 = 1. Then we have
Do _op—
bo1—2k—1 = %
> ((2l — ok + 1) ()\Qk-i-l + )\Zk’ + )\—Qk + /\—(2k+1)) 4 2()\2]6—1 4t )\—(Qk—l)))7
Por—ar, = 200 _op (1 — k + 1) (A2 4 A2 g AR 372k 4 \20=D) 4y A 20D

21(21 4 1)? _ _
Pou—1 = e —(1)2(45 zr e (24 @+ DA+ 20+ 1A 7?),
3
bor41 = —(2l8+l31)(1 +A7h),
2
dys = 2D (o 4 1) (A A7) 4 dn),

41 +1
botgansr = —M20 — 2k — 1)%(20 — 2k + 1) ¢ho1_op,

& _ P21—2k—1
2R T TGN — k)2 (I — k+ 1)2

fork=1,...,1—1, where V¥, are rational numbers given by

2(1 — k) (20 + 1)?
20 — 2k — 1)2(21 — 2k + 1)2(4l + 1)’
(21 — 2k + 1)(20 + 1)?

40 +1 '

Doy op—1 = T

Doy_op =

Furthermore, such numbers satisfy the boundary condition if and only if X = (* for primitive

(4l + 1)-th root of unity ¢ and a =1,...,4l.

Proof. The proof is given by direct calculation using relations (4.2)—(4.9) under the assumption

@21 = ¢P21+2 = 1. Then the boundary condition is provided by

2(2 + 1)2x2l |

41+ 1 o1 0

$o =
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Therefore, we conclude that these numbers satisfy the boundary condition if and only if A = (¢
fora=1,...,4l. |

Remark 4.2. Now, the numbers ¢ = (0,...,0, ¢y, 0, ¢2112,0,...,0) determined from the tuple
(A, Pa1, P2112) = (—1,1,—1) also satisfies (4.1) and the boundary condition.

By Lemma 4.1 and Remark 4.2, it is understood that
Jy (M = A
when the vector ¢ = (@09), e ,1/)52[71), w( (21) ¢3 , §2l+1), . ¢§4171)) is defined as

v =g,  1<i<2-1,
¢7(13l) = ¢2l+M—1’ m=1,2,3,
Y =i, 2A+1<j<dl—1.
The quiver Q(Bg—1,2), | > 2, is obtained by removing one white vertex at each end
of Q(By,2). Note that we label the vertices from 1 to 4] — 3 from left horizontally. In view of
this, the formulas of pi4 in the begmmng of Section 4.1 for By are obtained by replacing y(22+1)

(resp yﬁn )) with yfn R (resp y( 1)). Hence, the calculations are parallel to the case of By;.
Namely, we have

S2n+1 _ g

det(2] — Jy(n)) = (2 + 1) 21

(4.10)

for the mutation loop v = (B, 2).
Theorem 4.3. For the mutation loop v = v(Bp,2), we have

det(zI — J,(n)) = ALEIO)

Proof. Let €1,...,¢, be the standard basis of the n-dimensional Euclidean space R™ so that
(€, €5) = 0; 4. Since the root system of the type B, is given by

A={tete,1<i<j<n, te,1<i<n},

we have

1<k<2n+1
k#n+1

Therefore, the right-hand side becomes

NB"’2(Z) — =L B 204+l q
W‘<Z+1)]£[l(z—g )=+ )

and coincides with (4.10). [
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4.2 Type D,
The argument for the type D, is similar to the type B,. Set n as 2[. For the type Dy, [ > 2,

set y = (ygl), . ,ygzl)). Now we have the cluster transformation as follows:
ﬁgﬂ %ZTW¢””*+D@?”+U
y% Z 2) | # (yb; )2) -1
o l_ - yl !
211 20-1) /(212
y£2l | (21 )( 5 )+1)
o) e
( +( ) b 1)) 2i—1 2i4+1
Y )5 Ny () 2l) + 1) (s () lzl) +1) y
= @ (e ) 4 1) (e P 1) (e ) 1)
( ( )gQZ 1)) 1
fori=1,...,0l — 1. For a solution of the level 2 restricted constant Y-system of type Doy, if we

take n = (7751)7 e 777?[)) to be
I e N e C2) 1<i<l—1,
21—1 20—1 21 20)y—1
p#h = (Y1( )) ) = (Yl( )) ,

)

then we find that 7 is the solution of the fixed point equatlon p(y) = y. Now, using Propo-
sition 2.7 and (2.9), we are able to calculate the value of {Ym | (i,m) € Ha} satisfying Theo-
rem 2.8 as follows:

v =i(i+2), 1<i<2a-2 YA V=y® 91

For a nonzero complex number A, we consider the equations involving (qbl)lzl:l such that

2l
> T(m)ijds = i (4.11)
j=1

with the boundary condition given by ¢g = 0. In a similar manner to type B, we derive the
relations

B Gok—2 Pok,
A+ oo = —r—sor )~ @o ke L SFSETL (412)
Aok — (k+1)(2k + 1) o2 n (k+1)(2k = 1)%(2k + 1)°bop1 | (4k(k +1) — 1)
2k k(2k — 1) k Ak(k + 1)
k(2k + 1)%(2k + 3)2¢op 11 k(2k + 1) hop s
+ k+1 (k+1)(2k +3)’ l<skst=2 (4.13)
Ar_g — 120 — V)por—g  1(20 — 3)%(21 — 1)%¢pgy_3 N (21 — 3) oo
A2 (12 1) (20 - 3) -1 -1
+2(1 = 1)(2 = 1)*(¢o1-1 + dar), (4.14)
(A Dros i = (115)

Then we have the following lemma.
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Lemma 4.4. Set ¢oy = ¢po;—1 = 1. Then we have
Go1-2k-1 = o1 (20 — 2k + 1) (A + A7F) 4 2(M 1 XDy o4 9),
Por—or = Pop_op ([ — &+ DN A1 A=0=2) (g 1)A= (kD))
where ®,, are rational numbers given by
(I —k)(20 —1)?
21 — 2k — 1)2(20 — 2k + 1)2’

(20 — 2k +1)(21 — 1)?
Do ok = ] .

Doy_op1 = I

Furthermore, such numbers satisfy the boundary condition if and only if X = (* for primitive
2[-th root of unity ¢ anda=1,...,21 — 1.

Proof. The proof is parallel to type B,, since we have the relations (4.12)—(4.15). Then the
boundary condition is provided by

2112 A1

o0 =g A o1
Therefore, we conclude that these numbers satisfy the boundary condition if and only if A = (¢
fora=1,...,2l —1. |

Remark 4.5. Now, the numbers ¢ = (0,...,0, ¢po_1, ¢2) determined from the tuple
()\a ¢2l—17 ¢2[) = (_17 17 _1)

also satisfies (4.11) and the boundary condition.

By Lemma 4.4 and Remark 4.5, it is understood that

Jy(m =M
when we take the vector i = ( §1)7 e 7w§2l)) to be wgi) =¢; fori=1,...,2l
The quiver Q(Dg—1,2), [ > 3, is obtained by removing one black vertex at leftmost of
Q(Dg,2). Hence in a similar manner to the case By, the calculations of 7(Dg;_1,2) are parallel
to the case Dy;. Thus, we have
2" =1

z—1

det(zI — Jy(n)) = (1 + 2) (4.16)

for the mutation loop v = v(Dy, 2).
Theorem 4.6. For the mutation loop v = vy(Dy,2), we have

_ Np,2(?)
Dp, 2(z)
Proof. Since the root system of the type D,, is given by

A:{iGiiEj,1§i<j§n},

det(=I — J,(n))

we have

2’2”—1 n Z2n—1 n 2n—1 o) s
Nmz(z)z( > , DDn,Q(z):< > T (2= ¢y 000

z—1 z—1
k=1

where 0(k) =1 (resp. 8(k) = 0) if k is even (resp. odd). Therefore, the right-hand side becomes

2n—1 n

Moo _ (2 1) ] (2 = ¢ = (4 1) ]
k=1

and coincides with (4.16). [
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4.3 Type C,

In a similar manner to the type B, set y = (yl Y Yz e
type Cy, [ > 2, where y§2l)

(20+1)
(resp. N

1 @ 1)

Now we have the cluster transformation as follows:

(w5 V)

i—1)
3

i-1)
)
)

Y13
1)
1)

1y
20+1)

-
,3
-

(2
1
(
Y2
(2
1
(
(
1
(
(
Y
(
N

i

ngz 1)(

uis (y

(yé%)
(21-1)

17

21531
y( - )(y

2t
Y

(24

(2;—1) + 1)( (21—1—1) + 1) ((yé?i))—l

-1

-1

(21-2)
2

1
y§2l+1)( (21-1) + 1) (yé?lfl) + 1)

)Y (u+( )a

o i—2) i 1)( (24) + 1) ((yi?i*l))—l + 1)1—1((y§2i71))—1
+1)"

+1) (™ + 1) ()T )T () T )

V1) (s )+ 1) (e )Y )

) y3
) corresponds to the white vertex with label 4 (resp. —).

(2-1) gzna §2l+1)) for the

+1)7"

K+ 132 )
()
(n +(y )| ’) |
| ((2)< >§2“> D (e + b
7 ((M(l ) (2l )2) (o +(y) )21 1) -1
i ()132 ( +y +1) (s ()5 7 4 1)
( y)é
+ @ (e @)y 1)
< P (e ) 1)
+(?/)§J%,
= +(y)§l Y
i u+(y)§m)
fori=1,...,0—1and j =1,...,2] — 1. Here yé ) stands for 0. For a solution of the level 2

restrlcted Constant Y-system of type Cyy, if we take n = (ng ), e ,némfl), n§2l),77§2l+1)) to be

o v, i+m=0 (mod?2),
= (Yr(nl))_l, i+m=1 (mod 2),
21 21 20+1 20\ —1 20—1

i =y P = () T (Y ),

1<i<20-1, m=1,2,3,

then we find that 7 is the solution of the fixed point equation i (y) = y. Since the positive
real solution of the restricted constant Y-system of type Cy with level 2 is complex (cf. (2.7)
and (2.8)), we will proceed the argument using the notation {Yn(f) | (i,m) € Ha}.

We are able to decompose the Jacobian J,(y) into

Sy (y)

by the chain rule, where the leftmost matrix in the right-hand s1de expresses the action of v, E; ;
is the matrlx unit and ¢y’ = py(y). Denote pui(n) by & = (51 ,...,532l R ,512’ ,512”1)) Then
we have fm = (n%))_l.

= (I — Ei—2,61-2 — Eei—1,61-1 + Esi—2.61-1 + Egi—1.60-1)J; ()] (y)

Let v1,...,vg—1 be the standard basis of C%~1. For the vector
; 21 20+1
Y= > Y3 1)4m + WP vg_g + P gy,

1<i<2l-1,m=1,2,3
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we set
N/ /!
= J ()Y = Z DS U301yt + w§ vei—2 + P g,
1<i<2l—1
m=1,2,3
_ i " " "
"= Jﬂ/ (5)1// = Z wﬁn) V3(i—1)+m T 7/152” Vgi—2 + Tﬂgﬂﬂ) V6l—1-
1<i<2l—1
m=1,2,3
By direct calculation, we obtain the relations
(1)
(2k—1)" V13
w TREINGE (4.17)
eE ))
N (4.18)
2 - 2k—1 )
)
for k=1,...,1, and
wé%_l), = y, %D (4.19)
) wézkfz) 5216 1) +¢32k 1) +Y2(2’“_1) 52’“_1)+ §2k)
2(2k;—2)+1 Yl(Qk—l)( 1(2k 1)+1) },2(2@+1
(2k—1) (2K) (2k+1)
(2k)’ (2k) ¢13 (2k) , (2k) (o 1,3
=V e + Y+ + : (4.20)
1,3 1 ( 1(% D 1 1,3 Y2(2k) (Y2(2k)+1) Y1(2k+1)+1>
@K _ i (4.21)
Ly |
FEREES G (4.22)
B ke ey S w3
U ’ )
Y2(2k 2)+1 1,3 Y2(2k71) (Y2(2k71)_+_1) Y1(2k)+1
(2k)" %,3
1,3 = = 2k 2 (423)
(™)
/ / /
@ _ o (8 T Rl SO B il (4.24)
2 Y2(2k 1)+1 Y( )( (2k)+1) 2 2 Y(2k+1)+1
fork=1,...,1—1, and
"tbé?l_l)l _ },2(21—1) (4.25)
) %21 2) . %21 1) +¢32l 1) +Y(2171)w(2171)+ %21)
(21-2) (21-1) /(20— 1) 2 2 (20 ’
IO T A Y V1
(21-2)’ (21—-1)’
@-1"  @-n[ %13 @20-1) , (21-1)’ S
V13 =Y, <_ +Y 3 (4.26)
L, 1 Yl(Ql 2)+1 L, Y2(2l 1)(Y2(2l 1)+1)
20—-1)/ (21-1) (21)
e _ 98 (T + )y , (4.27)

1 - Y1(2l) (Y1(2l)) 2
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(21— - - l 1
@+n" _ y (21 %2 v %2 U w:(f Y Y1(2 )¢§2 = (4.28)
i -1 Y(QZ 1) (21-1) + (21-1) ) )
9 +1 Y, +1 Y, +1
Set u*) = vgp_o — vgr, and W) = vgp_o + vgy, for k =1,...,2l—1. We consider the subspaces
20—1 20—1 20—1
U= GB (Cu(k), W = EB Cw® 5> GB Cugg_1 D Cugi_g ® Cug_1.

Using (4.17)—(4.28), we find that these subspace are invariant under the action of J,(n). There-
fore, we have

Jy(mMu=u (IO( 2)

for matrices K € My 1(C) and L e My (C), where u = (u(l), o u @D (M) gy D)

U61—477)6l—277)6l—1)~ , '
For simplicity, we define the notations qu? and S by

RO = yOyH(y@ L )y )7 8O — v )Ty + 1)

™m m o -m

By (4.17)—(4.28), we obtain the representation matrix K by

-1, j=0 (mod?2), i=yj,
L L O D j=0 (mod?2), i=j+1,
) 1+ RV 4 (1= 6;201)RY, j=1 (mod?2),i=j,
Kij = 1 (y-G) | 1)1 - ;
—(yl) (Y1‘+1) - j=1 (mod?2), i=j=+1,
Yl(z)yl(yil) (YI(J) + 1)—1(Y1(yi1) n 1)—1, =1 (mod2), i—j+2
0, otherwise
fori,7=1,...,2l—1. By a similar calculation, we obtain the representation matrix L as follows:
( j—2
—1+R§T)+R; )+S(%) i=7,
- ) e i=i-L
Lij= —(YQ(%))_l(YQ(%) +1)" 1, i=j+2,
i+l J _ z l j J
VP (e ) P ) T P e, iv1=j £,
A z l
Y2(2:t1)}/2(2)(y( )+1) 1(}/2(2 1) +1) 17 i=j+4,
fori,7=1,...,4l — 2 such that j =0 (mod 4),
LR 4 (1= SRy SCE, i=3,
2007 )) T )T =g+,
(ED\ =1 (55) -1
; -M ) M 1) i=j+2,
L;; = i j+1
7 (3) (v (55 -1
2Y,% (Y, 2+ 1)
it Sy i1 _
o A A I (A VR N R B
i1 i+1 25 ) - it _
e I S I Y FoY
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fori,j=1,...,4l — 2 such that j =1 (mod 4),

R S |
J FA _
PP )T iz,
fori,j=1,...,4l — 2 such that j =2 (mod 4),
-1, =7,
Lij= {2y P (v 4 1), i=j+1,
AR R VAR R G NI R P
(Y )Y +1), i=j
fori,j=1,...,4l — 2 such that j =3 (mod 4) and

i/4l—1,4l 4= Y(Qlfl)Y(zl) (Y(zlfz) + 1)_1 (}/2(2171) 4+ 1)_1’

Lya—a = e 1)( (Ql)) (Y(QZ_Q) + 1)*1,

Lai_141-3 :2Y( (Y(Ql 1) +1)” (1+Y2(2171)<Y1(2171))—1(YQ(QH)+1)_1)7
ﬁ4l,4l—3=2Y(2l 1) (Y(Zl 1) (Y1 ) (Y(zz 1)+1) g

Ly 1a0= (Y(Zl 1)) Y(QZ) (YQ(Zl D ) :

Laar—s = (Y792 (v 7,

IA/4174,4171 :Y2(2l—2)y2(21—1) (Y2(2l—1)+1) (v (2l)_|_1) 1’

Lasaa =YY )7 v )7

j;4l_274l_1 _ —(Y2(2l_1))_1(Y1(2l) i 1)—1’

Ly_1a-1= Y2(2l—1)Y1(21) (Y2(2l—1) i 1)—1(},1(21) n 1)71’

Buacs = VD0 0584 1) 7 (0 ),
B = (R (720 1),

Lij=0, otherwise.

Next we consider the matrix K — A2I. We are able to simplify the matrix K — X1 by the
row or column operations taking the following steps:

1. Add Y1(2k_1) (Yl(%)?z(Yl(%) + 1)_1 times of the 2k-th row to the (2k — 1)-th row and
(Yl(Qk))QYl(%H) (v, 2k)—i—1)71 times of the 2k-th row to the (2k+1)-throw for k = 1,...,1—1.

2. Multiply the (2k — 1)-th row by —\~! for k = 1, ..., and the 2k-th row by — (Y(Qk)) for
k=1,...01—1.

3. Multiply the 2k-th column by A~* (Yl(%))_2 for k=1,...,1—1.

Denote the matrix obtained by these operations by K. For the matrix L—\] , we apply similar
operations. Namely, the matrix L — A\2] is simplified to the matrix L by the following steps:

1. Add (Y2 y PP (v PP L 1) 7 times of the (4k — 1)-th row to the (4k + 1)-th row,
Y(Zkfl)( (%)) (Y(zk) + 1)_ times of the (4k — 1) th row to the (4k — 3)-th row for
! L @k L) (2k—1) ((2k—1) .
E=1,...,0—1and Y] Y, (Y, + 1) times of the (4k — 2)-th row to the
(4k — 3)- th row forkzl l
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2. Add (V22 D)2y (v 1) 7" times of the (4k—2)-th row, 2Y,*M v, (v*F) 4 1) 7!
times of the (4k — 1)-th row and YQ(%) (YQ(%H))Q(Y?(%H) + 1)_1 times of the (4k + 2)-th

row to the 4k-th row for k=1,...,1 — 1.

3. Add (}/'2(21_1))2}/1(21) (Y2(2l_1) + 1)_1 times of the (4 — 2)-th row to the (4] — 1)-th row and
(YQ(QZ_U)Z(Yl(QZ))*1 times of the (4] — 2)-th row to the 4l-th row.

4. Add (YI(ZZ))2 (Y2(2171) +1) ~! times of the 41-th row (resp. (4l—1)-th column) to the (4l—1)-
th row (resp. 4l-th column).

5. Multiply the (4k —3)-th row by —A~L, the (4k —2)-th row by — (Y, ") for k = 1,...,1,
the (4k — 1)-th row by —(¥*?)?  the 4k-th row by —A~! for k = 1,...,1 — 1, and
the (41 — 1)-th row by —A~1, the 4i-th row by —(¥,*)?.

6. Multiply the (4k —2)-th column by A~* (}/'2(%_1))_2 for k =1,...,1, the (4k—1)-th column
by A (V*) 7 for k= 1,...,1— 1, and the 4l-th column by A1 (V") 7%

The quiver Q(Cq—1,2), I > 2, is obtained by removing the three leftmost black vertices
from @Q(Cq;,2). Hence, in a similar manner to the case B, the calculations of v(Cq_1,2) are
parallel to the case Cy;.

From now, we consider the mutation loop v = 7(Cy,2) and variables y = (ygl), el yén_l),
ygn),ygnﬂ)). The matrices K € M, _1(C) and L € M>,(C) are given as follows:

A, J =1
Kij =<y (Y +1)7", j=ix1,
0, otherwise

A7 ]:’L,
R WP )T =1 (med2), j=itl,
il Jj+1 _
Lo — Yl(Q)(Y1(]2)+1) g i=1 (mod?2), j=1i+2,
" () (BN =1 (B =1 _ o
v ) e 1) P20 (mod2), j—i-1
Yz(%)(yz(%)‘f‘l)_l, i=0 (mod?2), j=1i+2,
0, otherwise

fori,j=1,...,2n — 2 and

Lon-120-3 = —2A" V" (v D 4 1)1,
_ —1

Lop—12n—2= 2Y1(n) (Yg(n D4 1,
Loy on—2 = /\Yl(n),

_ 1
Lon—22n-1 = YQ(n Y (Yl(n) +1),
Lon—12n—1 = Lonon = A,
Lopon—1 = Yg(n_l) +1,
Lon-2on = A"V (V)™ +1) 7
Lop 120 = (YVQ(nil) + ]->_17

L;; =0, otherwise,

where A = A + A~!. Now, we have the following conjecture.
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Conjecture 4.7. We have

1) det(K) = [T/ (A — 2cos G37),

n—2 1+2)mw 2 ks
2) det(L) =[]} (A — 2cos é(:+)3)) Hje{1727n+17n+2} (A — 2cos 7(5&3))'

Under the assumption that Conjecture 4.7 is true, we have the following theorem.
Theorem 4.8. If Conjecture 4.7 holds, we have

_ Ng, 2(2)

det(ZI_ ']"/(77)) - D¢ 2(2:)

for the mutation loop v = y(Ch,2).

Proof. For the matrices K , ﬁ, K and L, we have the relations
(=N~ D det (K — A1) = det(K),  A~?"det(L — A1) = det(L).

Therefore, by Conjecture 4.7, we have
d-K 0
7 — - .
det(zI — Jy(n)) = det << 0 T L))
=277 det(K)det(L)

=[I(=-¢"),

k

where ( is a primitive 2n + 6-th root of unity and k takes a value in 1the sequence £ =
(2,4,5,6,6,7,8,8,...,2n—1,2n,2n,2n+1,2n+2,2n+4). Here \ stands for z2 in Conjecture 4.7.
On the other hand, since the root system of the type C,, is given by

1
A:{(ieiiej),1§i<j§n, i\/iei,lgign},

V2

we have

(Z2n+6 _ 1)"
@D

Zn3 e
Do) = () T =¢ T -¢%)

1<k<2n+5 1<k<4

Ne, 2(2) =

Therefore, we find that

Ncn’g(z)_ Zn+3—1 ) ”_ k
ch(z)_<z—1) H (2= ¢)

5<k<2n+1

Consequently, we obtain the claim under the assumption. |

Example 4.9. Set Z as 224272, In fact, Conjecture 4.7 makes it possible for us to calculate
the left-hand side of Mizuno’s conjecture more easily than with the original .J, (7).
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1. 7(03,2)2
7 K
_ _ 4 1,2
det(zf — Jy(n)) =z det<<K2,1 7 ))
Z Lip L1z O 0 0
Lyy 72 0 Ly O 0
L31 0 Z Lsqs O 0
x det ’ 4
0 Ly Liz Z Las Lug
0 0 Ls3z Lsa Z Lsg
0 0 0 Lsa Les Z
2. 7(04,2):
. Z Ky 0
det(zf — Jy(n)) = 22 det Ky1 Z K3
0 Kzo Z
Z Lip L1z O 0 0 0 0
L271 Z 0 L2,4 0 0 0 0
Ly 0 Z ILsq Lgs 0O 0 0
0 ILio Lss Z 0 Lig 0 0
X det 0 0 L573 0 Z L5,6 0 0
0 0 0 Lea Les Z Le7r Legs
0 0 0 0 Lrs Lzg Z Lrg
0 0 0 0 0 Lgeg Ls7 Z
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