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Overview

@ Definitions
@ A multivariate generating function for monotone triangles
@ Restricting to alternating sign matrices

@ Connection to cyclically symmetric lozenge tilings
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Alternating sign matrices

Definition (Robbins-Rumsey)

An alternating sign matrix (ASM) of size n is an n x n matrix with
entries 1,0, —1, such that

@ all row- and column-sums are equal to 1,

@ in each row and column, the non-zero entries alternate.

00 0 1 0
00 1 0 0
10 0 -11
01 -1 1 0
00 1 0 O
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Alternating sign matrices

Definition (Robbins-Rumsey)

An alternating sign matrix (ASM) of size n is an n x n matrix with
entries 1,0, —1, such that

@ all row- and column-sums are equal to 1,

@ in each row and column, the non-zero entries alternate.

Theorem (Zeilberger, 1996)
The number of ASMs of size n is given by

n—1 7
(3i 4+ 1)!
g (n+0)!
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Alternating sign matrices

Definition (Robbins-Rumsey)

An alternating sign matrix (ASM) of size n is an n x n matrix with
entries 1,0, —1, such that

@ all row- and column-sums are equal to 1,

@ in each row and column, the non-zero entries alternate.

Theorem (Zeilberger, 1996)
The number of ASMs of size n is given by

-(3) 1
1;[0 n—i—; =37\2s(h 1 p—1,n-2,n—2,...1,1)(12n)-
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Monotone Triangles

A monotone triangle (= strict GT pattern) is an array of integers
of the form

mj i
my 1 my 2 1!
) ) Ny

miy1; < Miy1j41

Florian Aigner Alternating sign matrices and totally symmetric plane partitions



Monotone Triangles

A monotone triangle (= strict GT pattern) is an array of integers
of the form

mj i
my 1 my 2 1!
, ) Ny

miy1; < Miy1j41

ASMs are in bijection to MTs with bottom row (1,2,...,n).

00 0O 1 O

00 1 0 O
10 0 -11
01 -1 1 O
00 1 0 O
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Monotone Triangles

A monotone triangle (= strict GT pattern) is an array of integers
of the form

mj i
my 1 my 2 1!
, ) Ny

miy1; < Miy1j41

ASMs are in bijection to MTs with bottom row (1,2,...,n).

00 0O 1 O 4
00 1 0 O
10 0 -11
01 -1 1 O
00 1 0 O
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Monotone Triangles

A monotone triangle (= strict GT pattern) is an array of integers
of the form

mj i
my 1 my 2 1!
, ) Ny

miy1; < Miy1j41

ASMs are in bijection to MTs with bottom row (1,2,...,n).

00 O 1 O 4
00 1 0 O 3 4
10 0 -11

01 -1 1 O

00 1 0 O
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Monotone Triangles

A monotone triangle (= strict GT pattern) is an array of integers
of the form

m: -

mp1 Moo i

. . Ny
miy1; < Miy1j41

ASMs are in bijection to MTs with bottom row (1,2,...,n).

00 0 1 0 4

00 1 0 O 3 4
10 0 -11 1 3 5
01 -1 1 0

00 1 0 O
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Monotone Triangles

A monotone triangle (= strict GT pattern) is an array of integers
of the form

mj i
my 1 my 2 1!
, ) Ny

miy1; < Miy1j41

ASMs are in bijection to MTs with bottom row (1,2,...,n).

00 O 1 0 4

0 0 1 0 0 3 4

10 0 -1 1 1 3 5
01 -1 1 0 1 2 4 5
0 0 1 0
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Monotone Triangles

A monotone triangle (= strict GT pattern) is an array of integers
of the form

mj i
my 1 my 2 1!
) ) Ny

miy1; < Miy1j41

ASMs are in bijection to MTs with bottom row (1,2,...,n).

00 0 1 0 4
00 1 0 O 3 4
10 0 —-11 1 3 5
01 -1 1 O 1 2 4 5
00 1 0 1 2 3 4 5
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Weights for monotone triangles

Let M = (m; ;) be a monotone triangle. We define

S,'(M) =#j: mip1; < mjj < Mjy1j+1, (special entries)
(M) =#j : mjj = mi11, (left-leaning entries)
ri(M) =#j:mjj = mit1j41, (right-leaning entries)
(M) = (mij) = > (mi-vy) — i,

J J
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Weights for monotone triangles

Let M = (m; ;) be a monotone triangle. We define

S,'(M) =#j: mip1; < mjj < Mjy1j+1, (special entries)
(M) =#j : mjj = mi11, (left-leaning entries)
ri(M) =#j:mjj = mit1j41, (right-leaning entries)
di(M) =Y (mij) =Y (mi-1j) i
J J
The weight w(M) is defined as
w(M) = H ur"(M)vl"(M)xl.g"(M)Jrzr"’l(M)(v + wx; + ux?)5-1.
i=1
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Example - MTs with bottom row (1,2, 3)

di(M) =" "(mij) =Y (mi—1)) i,

J J

w(M) = H u'itM) vl"(M)x,.dN"(MHZr"*l(M)(v + wx; + ux?)¥-1.
i=1

1 2 1 2

1 2 1 2 1 3 1 3
1 2 3 1 2 3 1 2 3 1 2 3
3 2 3
1 3 2 3 2 3
1 2 3 1 2 3 1 2 3
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Example - MTs with bottom row (1,2, 3)

di(M) = "(mij) — Z(mi—u) —

Jj

w(M) = H (M) vl,-(M)XidN,'(M)-‘rZrifl(M)(v T owx; + ux,-2)s"*1.

=1
1 2\
/1,2 /1 /2
1 2 3 1 2
V3 UV2
3\
13\
1 2 3
U2V

Florian Aigner

P 2
sl 3\ sl 3\
1 2 3 1 2 3
uv? v (v 4 wx + ux3)
/2 3\
2\ 3y 2\ 3y
1 2 3 1 2 3
u’v ud
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Example - MTs with bottom row (1,2, 3)

di(M) =" "(mij) =Y (mi—1)) i,

J J
n ~
w(M) = H y'i(M) vl"(M)x.d"(M)Jr%"*l(M)(v + wx; + ux,-2)s"*1.
i=1
/1 2, /1 2
1 2 3 1 2 3 1 2 3 1 2 3
v3 Uv2x1xo uvxox3 uvxy(v + wxy + ux3)x3
3\ /2 3\
1 3\ 2\ 3\ 2\ 3\
1 2 3 1 2 3 1 2 3
uPvxZxoxs vvxq x2x§ ux2x2 x§
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Schur polynomials

Let x = (x1,...,xp) and L = (Ly,...,L,) be a sequence of
non-negative integers, then we define the Schur polynomial
indexed by L as

Li+n—j
det (XI-J " J)
1<ij<n

S(LpyensLn) (X) 1= I

1<i<j<n

(xi —x;)
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A multivariate generating function for MTs

Denote by E, denote the shift operator E.f(x) = f(x + 1).
Theorem (A.-Fischer)

The multivariate generating function for monotone triangles with
bottom row (A1, Az, ..., Ap) w.r.t. the weight w is

> wm(x)
M

— H <VEk71 + WEk,-E;gl + uEk,.) s(kmm’kl)(x) s
1<i<j<n Pe=I\g=1l

where the sum is over all monotone triangles with bottom row
(A1, A2y -0y An).
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In the ASM case

n=1: 1,
n=2: v+u s (%),
n=3: viuv? s(1,1)(x)

+ uvw s1.1,1)(x) + U2V5(2,1,1)(X) + 3 5(2,2,2)(X),

n=2=4: VO + uv® 5(171)(X) + uvtw S(1,1,1)()() + vt 5(27171)()()
+ 1PV s(2.2.0) (%) + P w? 51111 (%) + 20V ws(a1 1.1)(%)

+u* V25(3,2,2,1) (x)+utvw 5(3,2,2,2) (x)+u°v 5(3,3.2,2) (x)+u° 5(3,3,33)(X)-
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Frobenius notation for partitions

Let A be a partition and / the length of the Durfee square. The
Frobenius notation of Ais (A\y —1,..., N —/|]A] —1,..., X = /).

A= (4,4,3,3,3,2,1)
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Frobenius notation for partitions

Let A be a partition and / the length of the Durfee square. The
Frobenius notation of Ais (A\y —1,..., N —/|]A] —1,..., X = /).

6

A= (4,4,3,3,3,2, 1)
= (37 |67 )
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Frobenius notation for partitions

Let A be a partition and / the length of the Durfee square. The
Frobenius notation of Ais (A\y —1,..., N —/|]A] —1,..., X = /).

6

A= (4,4,3,3,3,2,1)
— (3727 |6747 )
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Frobenius notation for partitions

Let A be a partition and / the length of the Durfee square. The
Frobenius notation of Ais (A\y —1,..., N —/|]A] —1,..., X = /).

6

N

A= (4,4,3,3,3,2,1)
= (3,2,0(6,4,2)

Florian Aigner Alternating sign matrices and totally symmetric plane partitions



Plane partitions

A plane partition ™ = (7; ;) inside an (a, b, c)-box is an array of
non-negative integers

Tl T2 o b
M1 T22 -+ T2p
Tal Ta2 - Tap

such that 7; ; < ¢ and all rows and columns are weakly decreasing.

NS A
O N W
O = W
O O =
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Totally symmetric plane partitions

Denote by TSPP,, the set of totally symmetric plane partitions
inside an (n, n, n)-box. For T € TSPP,, define

(O e
=N Wb
= =N D
O F W
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Totally symmetric plane partitions

Denote by TSPP,, the set of totally symmetric plane partitions
inside an (n, n, n)-box. For T € TSPP,, define

diag(T) = (T,',,')/ = (al, ey a/|b1, ceey b/),

(O e
=N Wb
= =N D
O F W

|
T diag(T)
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Totally symmetric plane partitions

Denote by TSPP,, the set of totally symmetric plane partitions
inside an (n, n, n)-box. For T € TSPP,, define

diag(T) = (T:;) = (a1,.. -, allba, ..., by),
m(T) = (a1,...,ab1+1,...,b+1),

(O e
=N Wb
= =N D
O F W

| |
T diag(T) w(T)
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Totally symmetric plane partitions

Denote by TSPP,, the set of totally symmetric plane partitions
inside an (n, n, n)-box. For T € TSPP,, define

diag(T) = (T:;) = (a1,.. -, allba, ..., by),
m(T) = (a1,...,ab1+1,...,b+1),

w-,-(r’ u7 V7 W) — rluZ{:1(a’+1) V(g)_zf:l(b’+1)WZ{:l(blial)'

| |
T diag(T) w(T)

(O e
=N Wb
= =N D
O F W
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A multivariate generating function for ASMs

Theorem (A.-Fischer-Konvalinka-Nadeau-Tewari)

The multivariate generating function for ASMs w.r.t. w is

Zw(l\/l) = Z wr(l,u,v, w)sﬂ(-,—)(x),

M TETSPP,_1

where the sum is over all monotone triangles with bottom row
(1,2,...,n).

Florian Aigner Alternating sign matrices and totally symmetric plane partitions



Extending the family of symmetric polynomials

For T € TSPP, with diagonal diag(T) = (a1,...,a|b1,..., by)
define m,(T) = (a1,...,a/|bi+k,..., b+k).

| | |
T diag(T) =mo(T) m1(T) m2(T)

We define the symmetric polynomial in x = (x1,..., Xp+k—1)

Amk(r, u,v,w; X) = Z CUT(r, u,v, W)ka(T)(X).
TETSPP,_1
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Cyclically symmetric lozenge tilings

<

n+ XN\

Denote by CS,, «(r, t) the generating function of cyclically
symmetric lozenge tilings in a cored hexagon with side lengths
(n,n—+ x,n,n+ x,n, n+ x) with respect to the weight
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Cyclically symmetric lozenge tilings

S

~

n4+ X\

e
~~ N
Denote by CS,, «(r, t) the generating function of cyclically
symmetric lozenge tilings in a cored hexagon with side lengths
(n,n—+ x,n,n+ x,n, n+ x) with respect to the weight

r#O on the red line t#O in the blue region

Florian Aigner Alternating sign matrices and totally symmetric plane partitions



Three enumeration formulas

Remember, the symmetric polynomials A, «(r, u, v, w; x) were
defined as

An,k(ru u,v,w, X) = Z wT(rv u,v, W)Sﬁk(T)(x)‘
TeTSPP,_1

Theorem (A.-Fischer)
Let n be a positive integer and let 1 = (1,...,1). Then,

An,O(ru 17 t, 1 1) = CSn—l,O(r7 t+ 2)7
An,k(r7 17 _17 11 1) — Csn—1,2k(r7 1)7
.A,,,k(r, 1, 0, 1; 1) = CS,,_l,k(r, 2).
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