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The cactus group J;

@ Let g be a finite dimensional, complex, semisimple Lie algebra and

> | its Dynkin diagram, A = {«;};es the simple roots.
> W the Weyl group, wy € W the longest element.
>

6 : 1 — | the Dynkin diagram automorphism of / defined by
gy = —wo.cj, i € 1.
6, : J — J the Dynkin diagram automorphism of a connected subdiagram J C /, defined by
ag () = 7W6I‘Oéj, j€ed,
WOJ the long element of the parabolic subgroup w’ Cw.

@ [Halacheva 2016].

The cactus group Jg corresponding to g is the group defined by:
> Generators:

sy, J C I running over all connected subdiagrams of the Dynkin diagram / of g, and
> Relations:

l1g. s2=1, forall JCI,

2g. sysy =sysy, forall J,J' C I such that JU J' is not connected,

39 sysy =sg,unysy forall S CJCI
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The cacti Jy and Jgp,

@ The cactus group Jsy,,, is the group defined by
> Generators: s;, J connected subdiagrams of the C, Dynkin diagram,
> Relations:
1C. s5=1,JCn],
2C. SJSy = S8y,
3CO Sp,qiSik,| = Slp+a—1p+q—KSTp.q) [K: 1] C [pra] € [n—1].
@ S[p,n]Sa,1] = S[a,15[p,n)+ 19511 C [P, n] C [n],

J,J" C [n] such that JU J’ is not connected,

@ J= Jﬂln < J5P2n'

@ Alternative n — 1 generators for J, = Jgi,, and 2n — 1 generators for Jspop,

Sy LS p<n—1, spa, 1<p<n

@ J, C Jsp,, =+ Jan [A-Tarighat-Torres 2022].

1 2 3 n—1
*——eo —0o— L J5P2n — Jon
n S(1,p] = S[1,p]5[2n—p,2n—1]
Slp,n] = Sp,2n—p]>»
n+l

[1,p] C [n—1],
[p, n] € [n].
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Normal crystals, Levi branching and cacti action

@ Let B be a normal crystal

> For J C I, the B, = the restriction of B to the subdiagram J of /.
> The crystal graph of B, has the same vertices as B but the arrows are only those labelled in J,
that is, we forget the crystal maps e, i, ¢;, and €;, for i &€ J.

> [Halacheva 2016] The cactus group Jg3 ~ B = LIB(\) via

» For J C I, the partial Schiitzenberger-Lusztig involution £, = restriction Schiitzenberger-Lusztig
involution to the normal Levi branched crystal B;(\).

@ g =gl,: B(A\) = SSYT(A, n) crystal of A,_1 semistandard Young tableaux of straight shape A in the
alphabet [n].

@ g =sp,,: B(A) = KN(X, n) crystal of C, Kashiwara-Nakashima (De Concini) tableaux of straight
shape X in the alphabet [+n] = {1 <2< - <n<A<--- <2< 1}

1
2
2 1 2 0 4 0 2 0 4
n=4 Q= 5 Q not KN column, T =4 = OK

d 0 200 5 0 2 0 0
2

2 2 1 Lol 2 o T

P=4 3 (¢P,rP)y=4 4 3 3] KN tableau
2 1 2 01 1 19

5/1



Virtualization via the Baker embedding (2000)

@ Embedding of the C, crystal KN(X, n) into the Ay, 1 crystal SSYT(A*, n, /i) [Baker 2000]

L [1]1]
1]1 T
1[1] 2[5 i
3(5 54 L
b= E1H = Vgue (C1) = =121, Veake(C2) = |5
] Baker(C1) HERRGS (&) %
3] 4] 3]
s 3]
== 2]
\UBaker(b) = Wcol(\UBaker(CZ))'WCOI(WBake’(Cl))
E:KN(A,n) < SSYT(A, n, )
b = E(b) = [0 <column VBaker(b)]
uy = UyA
where E(F€(5)) = f£(E(b)). £ = £ 0 A i < n, and £ = (£,
1 n—1
102 3 A1 n t— 1 )
—eo o —6—=0 "

-2

@ [A-Tarighat—Torres 2022] The Baker recording tableau Qgaker(tx) := Q(Wgaker(ux)) = Q(WV gaker(b))
only depends on A.
(] Unbumplng RSK\E(KN(/\ )% { Qpaer(43)}

—1 _ y—
E™ =W 0 RSKILn(n ) % { Qpoper (00}
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Virtualization and Levi branching

Embedding of the Levi branched crystal KN (X, n) into the Levi branched crystal
SSYT ;,51(AA, n, A)

@ U connected component of KN,()\, n) with u"&", ' = E(U) is contained in a
connected component of SSYT,7(A*, n, i), with high. and low. weight elements

E(uM&") | E(u™") respectively.

@ The virtualization map E behaves very nicely with respect to Levi restriction!

KN,(An) < SSYT, (X, n, i)
KN[L,,]()\, n) ? SSYT[I,p]U[mé]()\, n, f_7), p <n,
KN[Py"](Av n) ? SSYT[p,ﬁ](A7 n, ﬁ): P S n

Figure: I is the Dynkin diagram of type Cs and J = {1,2} or J = {4,5,6}
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Schiitzenberger-Lusztig (SL) involution and direct
algorithms

@ Let B(\) be a normal crystal with highest weight X, and
> u;'\igh, u'/{’w highest and lowest weight elements.

@ The Schiitzenberger-Lusztig involution € is the unique set involution £ : B(A) — B(A) such that, for all
b€ B(\), and i € I,
> eif(b) = &fg(i)(b)
> fi&(b) = Eeq(i) (b)
> wt(£(b)) = wo.wt(b), wp the long element of the Weyl group W.

o Let be B(\) and b=, --- £, (u}E").

> in type A,_1, £(b) = en_j, - - en_j, (™) = evac”(b), [Schiitzenberger 1976]
wt(£(b)) = [n - 21] wt(b)

> intype Co, &(b) = e, -+ €, (uS") = evac®(b), [Santos 2021],
wt(€(b)) = —we(b)
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Partial SL-involutions and direct algorithms

@ For JC I, let bﬂigh, b'f‘” be the highest and lowest weight vertices of the connected component of
By(X) containing b, and b = £, - - - £ (b&"), for j, ..., j1 € J.

© SSYT (A, n), J=[p,ql, g < n, type Aq_, crystal,
Ey(b) =eqp_j41--- eq,p,jlﬂ(blfw) = reversal” ;(b), [Benkart-Sottile-Stroomer, 1999].

partial reversal : reversalj‘(b) = reversal(bp q41]) = rectificationfl,evacuation.rectification(b[MH]).

@ KNy (A, n) and KN,(A, n) < SSYT,;(\4, n, /)
> J=[p, n], KNy(X, n) type Cy—py41 crystal [A-Tarighat-Torres, 2022]

Ei(b)=¢, - ¢ (bljw) = reversalc”[pﬁ,,]( ) = E/eft reversal’! E(b)

[p,p+1]
partial symplectic reversal:

reversal[i’n] (b) = reversalc(b[ipw,,])

P -1 . P
:(rectlflcatlonc) .evacuatlonc.rectlflcatlonc(b[ip,,,]).

> J=11,p], p < n KNy(X, n) type A, crystal [A— Tarighat—Torres, 2022]

low
&s(b) = ep—jos1 -+ epjy 11 (B") = Epplevacy p]reversal[P+1 5 E(b)
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Example: Virtualization of the partial SL involution £[€54]

@ n =5, Baker splitting W

@ Baker embedding E and recording tableau Qpgaker

wllo|—

[wi]s[w]=

wl|ol|—=

NANENNE

«—

column insertion

WBaker(Cl) -

NI w (=

AN

N[l w |

AN

5 WBaker( CZ) =

wl|ol| =

LSRR

NI [B[[C| N[

I
[wislo]a]w][n]=

WG| =

[otfeor] o[ [

QBaker =

11

15

12

16

13

17

14

18

19

20
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Virtualization of partial LS involution 5[%4]
° &S Eb)

1[1]1]1] [1]3]4]5]
As _ 2(2]4 255
§aE(b) = evac 5] -2 |
2 5
|k | x| % g I .
*¥|*|*|5 x|+ [*[3
é[%.%QE]E(b)=revers.;;/ *|4]2 = [*301
513 22
412 3|1
3] ]
1]3]4]5
2[5]5]3
Ay oA 4%25
5[1?4] '§[§g,§] E(b) = 5 § 1
412
31
1]
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Virtualization of partial LS involution 514]

o W .unbumping(&(%, €% E (b)) sives £ (b)

E—1

Nl|wl| o1

wllao|—

= &g (b) = E €€y E(b) =

lw\ alfw[=
l.-n\ wl|o|w
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Example:

partial LS involution 5&4] - Colourful Letters

1]

BN

NI

Wl N

’w\ ENE N

symplectic Knuth contraction : 242 = 4 —

a<b<b

symplectic Knuth contraction: 2443 = 23

SJDT
-

c<c<a<b<b

Pioa =

N

N

|

|

w]

NI BN

]w\ NS

BN
wl

’w\ NI
Ny

(o)
N

b/

’wl B

|

a

3
b

W[N] o

b/

ﬁ\

SJDT
=

3
b

"'1 SR [MIDS)

rectP[i2’4] =

S

symplectic Knuth
_)

contraction

JDT
H

Y
o (Wl

’wl Bl BN

N

(O8]}
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Example: Colourful Letters

214[3] ] [3[3]2] ]
evacC3 = 4
c<c<a<b<gb o o
3[3]2] | c[3]2] | 2[3]2] | al2]32] |
4lalb sibT™! [3]a|b sibT™! [3]a|b sioTt |3(3]b
c|y 4| 4| 4|b
'] '] 12] 12]
a]b[3] ] a]2]3] | 2[3] |
sipT~t |3]3(3 sipT~t |3(3(3 c 3133
= —= P = ==
~ Gy Z|2 & (Pea) = 1773
12] 12] 12]
1]2]3]1]
1 3133
§[24,4](P): ZI-QT
12]
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The Berenstein—Kirillov group

The Berenstein—Kirillov group BK (Gelfand-Tsetlin group) [Berenstein, Kirillov, 1995], is the free group

generated by the Bender-Knuth involutions t;, for i > 0, modulo the relations they satisfy on straight
shaped semistandard Young tableaux.

1]1]2]2]3] 1]1]1]2]3] 1[1]2]2]3] 1[1]1]1]3]
t[2]2]2] = [1]1]2] # & [2]2]2] = [1][2]2]
3] 3] 3] 3]
Proposition
[Berenstein—Kirillov, 1995] Let BK, be the subgroup of BK generated by ti, ..., th—1.
@ The elements qp1 1, - - -, Q[1,n—1) are generators of BIC,, qp,ij = §u,i. > 1.
@t =qpuu, t = qp,i—1)9[,09[,i-19[,i-2), fori > 2, qp g1

@ The following are group epimorphisms from J, to BIC,.

Q Siij] = qpi,j) [Chmutov—Glick—Pylyavskii 2016].
@ s — g,y [Halacheva 2016, 2020].

The group BIC, is isomorphic to a quotient of J,.
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The type C Berenstein—Kirillov group BK¢
Definition (A-Tarighat—Torres 2022)

The symplectic Berenstein—Kirillov group BIC,?, n > 1, is the free group generated by the 2n — 1 symplectic
partial Schiitzenberger-Lusztig involutions

qﬁy,.] =5 5[?,',']7 1<i<n, and q[in] =3 fﬁf’n], 1<i<n,

on straight shaped KN tableaux on the alphabet [+£n] modulo the relations they satisfy on those tableaux.

@ [A-Tarighat—Torres 2022] The following is a group epimorphism from Jsy,  to BICS:
o . c .
S 7 Gy LS <o, Syl = Ay 1< < 0.
BKE is isomorphic to a quotient of Jspop-

@ [A-Tarighat—Torres 2022] For n > 1, the symplectic Bender—Knuth involutions t,.C”, 1<i<2n-—1,0n
straight shaped KN tableaux on the alphabet [£n], are defined as

(o C Cn G ¢ —1,A2n—1 ;4201 :
G = a9 iy 9i—g = E G "TULE 1<i<n-—1,
1. Aap—1 Aon—1 An—1 .
20 = e duopqy 1Si<n—1,

1 _Ap—1 A2p—

G G _ 1 .
G = A I is2,n = B o 1= 1), ni— 1) Fn—i—2), i i—2n B0 TSP S0

The symplectic Bender-Knuth involutions tC" 1 < i< 2n—1 also generate BIC,?.

Cn Cn ¢ _ .G G
° q[ln 1]—t1 (G E") - (Em 1", - 1), 91 = ton— L IPRRR L
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List of relations for BICS

(tY =1, i=1,...,n,....2n—1,
(tre) =1, li—jl>1,1<ij<n,
(gt ) =1, 1<ij<n,
(trten )’ =1, i<n—}j,

(tlc"tz ) =1,

(t,<‘~q[<_‘wA ) =L il<j<k<n,
(trq)’ =1, i+1<j<n,
(r?#»iflqb',n]) =1, 1<ij<n,

(57105 )’ =1, n—i+l<j<k<n
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