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BACKGROUND

G~riqe-E-finie-free-EE.us/2-Noetherian
ring .

A finite free resolution of R-modules is an acyclic

complex FI
.
:O → Fn↳ Fn

.

,Ü . - -→ F, Es Fo

with Fi = Rti
, rankldi) = ri , fi = ritrit , por IEI En .

The fórmat of IF
. is the sequence (foif , , . . .

,
f) ÷ f .

Dey .

A pair (Rogen , F.
9") is a generic resolution with format f

P
conmutativo

T free Complex

ring over Rogen
itt :

① F- gen
•

is acyclic over Rgen .

② For every free acyclic Complex • of the same format over a Noetherian rings there exists a ring homomorphism

lo : Rgen→ S such that CG . = Fgen ①pgens



-

Theorem (Bruns , 1984) A generic resolution always existes for each

formd-t-F.tn . His however ,
not unique , and in general not

Noetherian
.

¥12,20163For n=3 , there exists a specific

generic ring Rgen which is Noetheriano if and only if f- comes from

a Dynkin diagrama

=E;Ü¡T.i-j.IM
O → R, -412,-412, R

rankldi
.) +1 =pr -1

rank (d) -1=9
' ranklds)-11 = r

¡ "

Resolution of format Tpiqsr " .



Motivation
• Tp ,qsr is of

=E;Ü9→→.__;;→_✗ •

D-ynkin-typei.fr"
⇒

µ '

is Noetheriano
Rgenb.
(Neymar)
-

Format tp.q.ir • For al Dynkin types,
there exists an opposite Schubert

o → R, -412,-4 R, R
variety of co dimensión3in

rank (A) +1 =p
rank (d) -1=9 ftp.swhoseinlersection with the big
rank Lds)-11 = r .

Open Cell has coordinate ring Whose

resolution has formaftp.q , r .
( Sam - Neymar)



la

of exceptionat type and PEG a

Standard maximal parabolic subgroup stabilising a minuswle

fundamental Weight . Let UE Glp be the "

big open cell
"

.

Let XEGLEoppa or XEG (Ez)/pz ltsome construirts ) be an Opposite
Schubert variety ,

Then XAU is :

• a complete intersection ( c. I .
) or a c. i. in :

• thevariety of pure spinors

• the variety of completes
• the Huneke- Ulrich ideal of deuiation 2

• 2×2 mirrors of a 2×3 .

generic matrix

• 4×4 Pfaffians ofa 6×6 skew- symmetric matrix



IEiety-of-pu-spin-ors.no . . - •→f¡•
Let ✗ be one of the red vértices

.
Fix Q : Ern ✗ E

"
- E a

non- degenerate, symmetric bilinearform .

A subspace VE ¢
"

is

isotropía iff Qlviw) -0 foral V.WEV .
The isotropía Grassmann ian is

IGln.in/-- { V c- Grln , Zn) / Vis isotropía} .

The homogeneous Space 5012N
,#×

is One of the two

Connected Components of IG ln , 2h) .

- Each of those
Connected Components
is callad a variety→ 5012M¢#→ PIVIÍD or P/V15)) of ( even , odd , resp.)
Pure spinors .



g , f- C- Z > o

T-hevar-tyofcomplexes-tel-X.lv be matrices of indekrminates ,

of sizes 1×9 and gxf , respectively . Define the ideal J EK [× , Y] :

J = Mirrors (1 , XY) t Mirrors (min {7,9} , Y ) .

In affine space IA
"?

the variety V of alle complexa o→ kt Es Nts K .

with rank (a) < min {7,9} is called the

vari-ty-f-ampkxestheorem-IDecona.ru
.

- Strickland
,
1981 )

The ideal J is the defining ideal of the variety of compkxesv .

(
Móeover

, it is a perfect ideal of grade max {7,9} . )Recall : Perfect ÍÍÍ proj .
dim = length of maximal

regular sequence



Ihedevialiont-rensteinrings-ofHunekeand-U.ch .

theoremlttuneke-UIrich.198-LR.mil) conmutativa , noefherian local ring and X, Y matrices

with entriesin M
, of sizes 1 ✗ 2h and 2min

, respectivo /y .

Assume Y isskew- symmetric . Then the ideal

F- minas II. ✗4) + PFLX)

is a perfect Gorenslein ideal 0.7

dejan
2

.

the
- minimal humber

ofgeneratorsof] is
Z more than the

gradeofJ .



W-eights~dpatterns.tn/-egralweightstEsLabelIings of the Dynkin diagam
F- (E .

. . ..tn)
with integers g. c-Z .

• The Weyl group W =L si. . . . . .sn) acts on the weight r by
Tit -F for each si and adding Ti to all Tj such that

jis a node adjacent to i .

• The fundamental Weight wi is defined by Tj = Sij .

Example / F- a) ✗ WZ
.

10 Os Oq Os 0 , →
O O 1 00

☒
O 1-1 10

5, -1 O1-
,



Fundamentalpresentationsn
• Nodesin Dynkindiagram És Fundamental weights

• Fundamental weight wi → Fundamental representa tion Vlwi)

• Type Anz : Vlwi) = ÁC
"

for i. i. . . .in -1

• Type Dn : V (Wi) = Ni¢" for i -- ti . - yn-2 t two half -spin

representativas Vlst) #-) •

T
T

-o_0-
. .

-É
"
even it

" Odd

spinors spinors
"

Exceptional types : later .



Minerapresentation

Def. A fundamental representation is .

minuswle if the Weyl group
acts tansitively on its set of weights .

• For Type An ,
alt fundamental representations are minuswle .

• For type Dn ,
the minuswle representation are the two half

Spin representation and the

Exampkofnon-minoswle-represenlation.notoral representation . G = SL (3
, e) ,

V = adjoint representation
1- = diagonal matrices

, ,
Y

- 1 2
÷ ' -

21J
. , . ,

2-1 1-7 - 2 1 %



• For Type Es ,
there are two ( dual) minuswle representation

of dimensión 27 . They are determined by the welt- known Configuration

of 27 lines on a cubic Surface .

• For Type F- z, there is. one minuswle rep : of dimensión 56

( 28 pairs of bitangents toa plana quartz surface)
.

• There are no minuscule representations in Type Eso .



Pamrabolinsusgroupsnandquotientsm
Node x in maximal Gfp

,

↳ (Vlwx)vs parabolic mDynkin diagrama sub group projective
Px E G variety,

Smooth

Example n = 4

÷ ⇐ µ: : :p
""

ni
""

× Gr (2,4)

ingenerá : .Í→ " =p
n -K

Glp
,

⇒ Grlkin ) → PIÁCD riüoner
-embedding



PIiickercoordinates-Let.CI
"

with canonical basis es . . . _, en .

Let WE Gr ( Kin) bespanned by wa , . . .

, wn C- ¢"
.

The assignment Gr (Kin) Ii P (NCI)
W 1-7 [wn . . - aun] ¡ < - -Ein

.

is a Welt - defined map called the Plükerembedding .
For indices ii. . . ..ir

we dende by Pi , . . .in (W) the projection of 41W) to the

coordinate [ cien .
. . nein =L]

.

Exampte Fork --2 , we have Pij = - Pj ,. , nena the Plücker

coordinantes f- it into a skew- symmetric matrix P. Then Grain)

is the projective algebraic variety defined by an the Pfaffians

of the 4x4 Mirrors of P .



/

Schubertvarieties

Let Wp
,
= {{5×34. The opposite Schubert varieties in G/px

are those of the form Xw = BFRYP ,
WE W/Wp

,✗

when B- is the opposite Borel subgroup with respect to P .

Remarks.Thecodimen.si
on of Xw is the length ofw .

• The big open call in G /Px is given by Ptop #° .



Example ( type Dn)

2h \

Pick the hyperbolic basis es , . . . , Cn , G- , . . .

,
Cñ of E with

respect to Q, that is,
n

n

① (are, + - - -+anentaie ,
- + . - - +añcñ , bi.cat . . - + buen + bici# . . -+bien) = [aibí +¿aibi .

¡ = ,
i =/

a
U

• Then the
"

big open cell (w -
- id) in IG In , In) is spanned by

the rowsot matrices of the form ( INX ) when In is the nxn

identity matrix and ✗ isa skew -symmetric mqtrix .



Example The big open Cell in Gr (3,6) is given by matrices of the

form :

EE
.

÷
.
÷:*:) Quinto

forall V ,W rowc

° ④ with itSelf : Xi
, y
= O = X

#S
= X3,6

• ① with ② : X 2,4 t X e.s
= O

• ① with③ Xz, y t Xe,6=0

• ② with ③ Xz,s t Xr, 6=0



Example

/ -10 O O ✗
i. S ✗

i. 6

Let M = ( 010 - ✗es ° ×"') and X its skew -
00 1 - ✗1,6

-✗2,6 O "

symmetricpart .1- 2 3 I I I

Any given subset of { t.IT } oq cardinal ity 2 determines a

uniqve skew
- symmetric 2×2 Minor of ✗ .

The subsets { T , I } , { Í , J} and { I.J } correspond to { TÚ ,
3}

, {Ti 2,5} ,

and { T , 2 , -3} , Whose comesponding determinants are the squares of the pfaffians

oftheappropriate 2×2 skew - symmetric minors .



→ GIR
,

↳ (Vwx)
• Plücker coordinantes are the Pfaffians of X of alt si zes . They comespond

to subsets 01 { 1 . .
. .

.
n} of even cardinal ity .

• If n= 2m71 is add
,
the 2m✗ 2m Pfaffians of X are the defining

equations of the intersectan of the variety of pure spiders with the Big
Open cell U .

• It is known that there Pfaffians spain the generic Gorenstein ideal

with resolution of format (1in , ni 1) •



l

Methods

• Set - theoretic description of the defining ideal of
a Schubert variety .

• We use descriptions of the minuscule homogéneas spaces

by Vavilov
, Luzgarv & Pevzner.

• Hands -on inspector assisted by Macaulay 2 .



Set - theoretic descn

g-wx-ptionotthed.ee#ingideazaLetrc-W/Wpx
and Xr E G /px i Vlwx) be a Schubert

variety . Let p; c- Vlwx)
*

bea weight vector dual to

Pr = r ( Vwx ) E V (Wx) , a
"Plücker coordinar "

.

Then :
"

y

✗
[
= { ✗ c- ifrlp) | PIN ⇒ Etc

in the Bwha}
order



Exxple-IF-aiwr-i.IE#Theequations for•2

Ptop ✗•AU are given
0

by the vanishingof
the ten equations

¡
¥:*
:\
.

shaded in in red .

Yo -- ✗•AU is

isomorphic to the

vari-ety-of-purespinors.lma.ge: Visual basic

representation : anatias
W/WPI riodew → ILXW) is

(Plotkin ,
Semenov , Vavilov)

gen . buf ✗ vert . ✗ ¢ W
T

Brvhatorder



4 3 2 1

←mz_←a-0Emil los

pH?
+ ftgje%Felionstort.ae

✓
Schubert

¡arietes
- Six equations for

-
pfliis
" the redone

Í÷ . - x. su:*:1¥
.

-
- -
- tt

• PH 4)↳- generator ⇐ allnodes y
-t- - -t

'
×
- -
-
- - -

Pfll 345) Pfll23456) Y # 00

%)
YA
Brvhat order

'

Image : Visual basic

representativas : anatas ( Dh , Wn)
(Plotkin ,

Semenov , Vavilov)


