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(4, 3, 3, 2) ∈ P

|λ| = 4 + 3 + 3 + 2 = 12
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(4, 3, 3, 2) ∈ P

Durfee square
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Ferrers diagram and hooks of partitions

(5, 2, 1) ∈ D

→
→ →
→ → →

(5, 2, 1) ∈ D
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Twice (5, 2, 1) ∈ D

(6, 4, 4, 1, 1) ∈ DD
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6

(4, 3, 3, 2) ∈ P
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Ferrers diagram and hooks of partitions

7 6 4 1
5 4 2
4 3 1
2 1

(4, 3, 3, 2) ∈ P

H(λ) := {hook-lengths}



A
q-Nekrasov–
Okounkov
formula for
type C̃

Introduction

Littlewood
decomposition
on partitions

Ferrers diagram and hooks of partitions

7 6 4 1
5 4 2
4 3 1
2 1 H3

(4, 3, 3, 2) ∈ P

H(λ) := {hook-lengths}
for t ∈ N∗, Ht(λ) := {h ∈ H(λ) | h ≡ 0 (mod t)}
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Ferrers diagram and hooks of partitions

8 6 4 1
6 4 2
5 3 1
3 1 H3

1

(4, 3, 3, 2, 1) ∈ P

10 7 6 5 2 1
7 4 3 2
6 3 2 1
2 H3

1

(6, 4, 4, 1, 1) ∈ DD

H(λ) := {hook-lengths}
for t ∈ N∗, Ht(λ) := {h ∈ H(λ) | h ≡ 0 (mod t)}
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Ferrers diagram and hooks of partitions

10 7 6 5 2 1
7 4 3 2
6 3 2 1
2 ∆
1

(a) (6, 4, 4, 1, 1) ∈ DD

+ + + + + +
− + + +
− − + +
− ∆
−

(b) εs

H(λ) := {hook-lengths}

εs =
{
−1 if s is a box strictly below ∆
1 otherwise
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A q-Nekrasov–Okounkov formula

Nekrasov–Okounkov (2006), Westbury (2006), Han (2008)

∑
λ∈P

T |λ|
∏

h∈H(λ)

(
1− z2

h2

)
= (T ; T )z2−1

∞

where (a; q)∞ := (1− a)(1− aq)(1− aq2) · · ·

Note z = t ∈ N∗ ⇒ λ are t-cores.
Dehaye–Han (2011), Rains–Warnaar (2018),
Carlsson–Rodriguez-Villegas (2018)

∑
λ∈P

T |λ|
∏

h∈H(λ)

(1− uqh)(1− u−1qh)
(1− qh)2

=
∏

k,r≥1

(1− uqr T k)r (1− u−1qr T k)r

(1− qr−1T k)r (1− qr+1T k)r

Special case u = qz and q → 1
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Littlewood decomposition

Set A ⊆ P, A(t) := {ω ∈ A | Ht(ω) = ∅}.
1 Partitions:

λ ∈ P ←→ (ω, ν) ∈ P(t) × Pt

2 Double distinct partitions:
(a) for t odd:

λ ∈ DD ←→ (ω, µ, ν) ∈ DD(t) ×DD × P(t−1)/2

(b) for t even:

λ ∈ DD ←→ (ω, µ, ν, κ) ∈ DD(t) ×DD × P(t/2−1) × SC

Tools: λ←→ s(λ) bi-infinite word of 0’s and 1’s
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An example for ω ∈ DD(6)

λ′1 λ′2 λ′3 λ′4 λ′5 λ′6 λ′7 λ′8 λ′9 λ′10 λ′11 NENW

λ1

λ2

λ3

λ4

λ5

λ6

λ7

λ8

λ9

λ10

SW0

1

0

0

0

0

0

0

0

0

0

0

1

1

1 1

1 1

1 1 1 1 1

ω = (11, 6, 4, 2, 2, 1, 1, 1, 1, 1) and its binary correspondence
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An example for ω ∈ DD(6)

DD(t) := {ω ∈ DD | Ht(ω) = ∅}.

λ′1 λ′2 λ′3 λ′4 λ′5 λ′6 λ′7 λ′8 λ′9 λ′10 λ′11 NENW

λ1

λ2

λ3

λ4

λ5

λ6

λ7

λ8

λ9

λ10

SW0

1

0

0

0

0

0

0

0

0

0

0

1

1

1 1

1 1

1 1 1 1 1

ω = (11, 6, 4, 2, 2, 1, 1, 1, 1, 1) and its binary correspondence
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An example for ω ∈ DD(6)

λ′1 λ′2 λ′3 λ′4 λ′5 λ′6 λ′7 λ′8 λ′9 λ′10 λ′11 NENW

λ1

λ2

λ3

λ4

λ5

λ6

λ7

λ8

λ9

λ10

SW0

1

0

0

0

0

0

0

0

0

0

0

1

1

1 1

1 1

1 1 1 1 1
s (w0) = · · · 000|111 · · ·
s (w1) = · · · 000|011 · · ·
s (w2) = · · · 011|111 · · ·
s (w3) = · · · 000|111 · · ·
s (w4) = · · · 000|001 · · ·
s (w5) = · · · 001|111 · · ·

s(ω) = · · · 0000001000001001|10110111110111111111 · · ·
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An example for ω ∈ DD(6)

λ′1 λ′2 λ′3 λ′4 λ′5 λ′6 λ′7 λ′8 λ′9 λ′10 λ′11 NENW

λ1

λ2

λ3

λ4

λ5

λ6

λ7

λ8

λ9

λ10

SW0

1

0

0

0

0

0

0

0

0

0

0

1

1

1 1

1 1

1 1 1 1 1
s (w0) = · · · 000|111 · · ·
s (w1) = · · · 000|011 · · ·
s (w2) = · · · 011|111 · · ·
s (w3) = · · · 000|111 · · ·
s (w4) = · · · 000|001 · · ·
s (w5) = · · · 001|111 · · ·

Garvan–Kim–Stanton (1990): ω ∈ P(t) ↔ (n0, . . . , nt−1) ∈ Zt

such that
∑t−1

i=0 ni = 0. Here

(n0, n1, n2, n3, n4, n5) = (0, 1,−2, 0, 2,−1) ∈ Z6
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An example for ω ∈ DD(6)

λ′1 λ′2 λ′3 λ′4 λ′5 λ′6 λ′7 λ′8 λ′9 λ′10 λ′11 NENW

λ1

λ2

λ3

λ4

λ5

λ6

λ7

λ8

λ9

λ10

SW0

1

0

0

0

0

0

0

0

0

0

0

1

1

1 1

1 1

1 1 1 1 1
s (w0) = · · · 000|111 · · ·
s (w1) = · · · 000|011 · · ·
s (w2) = · · · 011|111 · · ·
s (w3) = · · · 000|111 · · ·
s (w4) = · · · 000|001 · · ·
s (w5) = · · · 001|111 · · ·

Garvan–Kim–Stanton (1990): ω ∈ P(t) ↔ (n0, . . . , nt−1) ∈ Zt

such that
∑t−1

i=0 ni = 0. Here

(n0, n1, n2, n3, n4, n5) = (0, 1,−2, 0, 2,−1) ∈ Z6

ω ∈ DD(6) ↔ (1,−2) ∈ Z2
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t-cores and vectors of integers

Garvan–Kim–Stanton (1990):
ω ∈ DD(2t+2) ↔ (n0, . . . , nt−1) ∈ Zt .

A vector of integers (v1, . . . , vt) ∈ Zt is called a Vt - coding if:
1 #{vi − i (mod 2t + 2), i = 0, · · · , t − 1} = t
2 vi 6≡ 0 (mod 2t + 2), vi 6≡ t + 1 (mod 2t + 2)
3 v1 > v1 > · · · > vt > 0
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Hook-length formulas for DD(t)

Theorem [W.,2022]
Set t a strictly positive integer and let τ be a function defined
over N.
Then there is a bijection φt : ω 7→ (v0, · · · , vt−1) from
DD(2t+2) to Vt- codings such that:

|ω|
2 = f (v)

And for βi (ω) := #{h ∈ H(ω) | h = 2t + 2− i}:

∏
s∈ω

hs∈H(ω)

τ(hs − εs(2t + 2))
τ(hs) =

2t+1∏
i=1

(
τ(−i)
τ(i)

)βi (ω)

×
t∏

i=1

τ(vi )
τ(i)

∏
1≤i<j≤t

τ(vi − vj)
τ(i − j)

τ(vi + vj)
τ(i + j)
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A q-Nekrasov–Okounkov analogue for type C̃

δλ := (−1)d

Theorem [W., 2022]

∑
λ∈DD

δλT |λ|/2
∏
s∈λ

1− qhs−2εs u−2εs

1− qhs

∏
s∈∆

1 + uqhs/2+1

1 + u−1qhs/2−1

=
∏

m≥1
(1− T m)

∏
r≥1

[
(1− uqr T m)r (1− u−1qr T m)r

(1− qr+1T m)r (1− qr−1T m)r

× (1− u2qr T m)r−br/2c−1(1− u−2q−r T m)r−br/2c−1

(1− uqr+1T m)r (1− u−1q−r−1T m)r

×(1− qr T m)br/2c(1− q−r T m)br/2c
]]

u = qz and q → 1 yields Pétréolle’s Nekrasov–Okounkov type
formula (2016).
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Sketch of proof

1 Macdonald (1972), Stanton (1989), Rosengren–Schlosser
(2006): specialization of the analogues of Weyl
denominator formula for affine root systems∑

w∈W
det(w)ew(ρ)−ρ =

∏
a>0
a∈R

(
1− e−a)

specialization in type C̃ xi = e−εi ,T = e−1

2 specialization with xi = qi and τ(h) = 1− qh in the last
Theorem
Special role of ∆

3 proof using polynomiality seen as Laurent polynomials
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