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NON-SIMULTANEOUS BLOW-UP FOR A
SEMILINEAR PARABOLIC SYSTEM WITH
NONLINEAR MEMORY

Jun Zhou

Abstract. In this note, we study the possibility of non-simultaneous blow-up for positive
solutions to the following system,

t t
uy — Au = u? / Pl (z, 8)ds, v — Av = 0" / uP?(z, s)ds.
0 0

Under appropriate hypotheses, we prove that u blows up while v fails to blow up if and only if
g1 > 1 and p2 < 2(q1 — 1).

1 Introduction

In this note, we study blowing up solutions of the following parabolic system

t

up — Au = u? / P (z, s)ds, (z,t) € RN x (0,T),
0 (1.1)

v — Av = vq2/ uP?(z, s)ds, (z,t) € RN x (0,T),
0

with initial data
u(z,0) = ug(z), v(z,0)=uwvo(x), zeRY, (1.2)

where the parameters p;,¢; > 0 (i = 1,2) and the functions ug(x), vo(x) are positive
and bounded. As a physical motivation, the single equation

t
u — Au = uq/ uP(z,8)ds p, q¢ >0, (1.3)
0

plays an important role in the theory of nuclear reactor kinetics (see [8] for physical
motivation), which has been studied extensively (see [7], [9], [10], [15], [16], [17]).

2000 Mathematics Subject Classification: 35B35, 35K57, 35K55.
Keywords: Semilinear parabolic system; Nonlinear memory; Non-simultaneous blow-up.

kst sk ok s ok ok s ok sk sk ok s ok sk sk ok sk sk sk s ok sk sk ok s sk sk sk sk sk sk sk s ok sk sk sk sk sk sk ok sk ok sk sk ok sk sk sk s sk sk sk sk ok sk sk ok ok sk ok sk sk ok ok sk skok ok sk k

http://www.utgjiu.ro/math /sma


http://www.utgjiu.ro/math/sma/v02/v02.html
http://www.utgjiu.ro/math/sma

22 Jun Zhou

Recently, Du [2] studied the blow-up conditions for problem (1.1) with homo-
geneous Dirichlet boundary data in a bounded domain €2 with smooth boundary
09Q. A simple modification of the proofs (similar to Remark 3), we can get that the
solution (u,v) blows up in finite time 7" if and only if the parameters p;,q; verify
any one of the following conditions,

(1) @1 > 1, (ii) g2 > 1, (iii) pip2 > (1 — q1)(1 — q2).
At that time T we have

limsup (|Ju(:,t)||ze + |Jv(-, 1) L) = 00.
HT

However, a priori there is no reason why both functions, u and v, should go to
infinity simultaneously at the time T'. Indeed, as we will show, for certain choices of
the parameters p;, ¢; there are initial data for which one of the components of the
system remains bounded while the other blows up. We denote this phenomenon as
non-simultaneous blow-up.

The problem of studying non-simultaneous blow-up attracts a lot of authors and
a large amount of papers have been appear (see for example [1], [12], [13], [14], [19]).
However, it seems that there is no paper discussing the non-simultaneous blow-up
conditions for equations with memory. In this paper we will characterize the range
of parameters for which non-simultaneous blow-up occurs (for suitable initial data).
Our results are stated as follows.

Theorem 1. If ¢1 > 1 and p2 < 2(q1 — 1), then there exist initial data ugy, vo such
that u blows up while v remains bounded.

The condition ¢; > 1 guarantees blow-up for u, while the condition py < 2(q; —1)
implies that the coupling between u and v is weak enough to have non-simultaneous
blow-up. Under a hypothesis on the blow-up rate for u we can prove the reciprocal.

Theorem 2. If u blows up at time T at some point xo and v remains bounded up
to time T, with

w(z,t) > (T — )"V @a=D g —z| < KVT — ¢, (1.4)
where ¢ and K are positive constants, then g1 > 1 and pa < 2(q1 — 1).

Remark 3. Both theorems can be extended to the case of a bounded smooth domain
Q with homogeneous Dirichlet boundary data, provided that the blow-up set of u lies
in a compact subset of Q (see [4] for conditions that guarantee this fact). The only
difference arises from an extra boundary term in the right hand side of (2.1) is the

form
t ou
'z —y,t — 7)—do(y)dr
| [ ra=ut-rgris
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where v is the unit outer normal vector on 0. As u remains bounded in a small
neighborhood of 0S), this term is negative and bounded. Hence it does not play any
role in the proofs. For simplicity we perform the proofs in RN and leave the details
in the case of a bounded domain to the readers.

Remark 4. The hypothesis on the blow-up rate, (1.4), is known to hold for ¢
subcritical, i.e. 1 < q1 < (N +2)/(N —2)4, both in RN and in a bounded convex
smooth domain (see [5], [11] and [18]). It also holds without any restriction on
the exponent if uy > 0 in the case of a bounded convexr smooth domain (see [}]).
However, it may fail for large q in high dimensions (see [6]).

2 Proofs Of The Theorems

Proof. This is the proof of Theorem 1.1. We choose ug and vy radial and decreasing
with |z|. Thus u and v are radial and decreasing with |z|.

The idea is to fix vg and then choose ug large enough to guarantee that u blows
up alone. Observe that every positive solution with ug large has finite time blow-up
as q1 > 1. Moreover, if ug is large with vy fixed then T" becomes small where T is
the blow-up time.

We will consider two cases, g2 > 1 and g2 < 1. In the first case, we fix 0 < vg(z) <
1/4. We want to use the representation formula obtained from the fundamental
solution. Let I'(x,t) be the fundamental solution of the heat equation, then

_ 1 |z
F(l‘,t) = Wexp <_4t> .

As v is a solution of .
v — Av = v® / uP?(x, s)ds,
0

we have (see [3])
et = [ Pa=pwmirs [ [ Te-yt=ronn) [T

(2.1)
We set V/(t) = suppnpg4 v. As the initial data are radial and decreasing, u verifies

u(z,t) < C(T — )~V @1

with C' independent of ug (see [5]).
(1) When ¢; < 1+ po, hence,

092 (y77)/ uP2 (y, s)ds < Cv® (y, 7)(T — t)(a—1=r2)/ (=1,
0
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Since V/(t) is nondecreasing, from (2.1) we obtain
t
V(t) < V(0) + CVE(t) / (T — t)@=1=2)/ (D) g
0

We choose ug large enough in order to get T small. Sincelfﬁ%‘“ < 1, the integral
is smaller than 1/(2C) if T' is small. Hence,

V() < V() + ZVE0) (2.2)

We claim that V(t) < 1 for all 0 < ¢ < T. Suppose not and let 0 < ¢y < T be the
first time such that V(tp) =1 (i.e V(t) < 1 forall 0 < t <ty ). For 0 < t <ty we
have V% (t) < V(t). Therefore

a contradiction with V' (tg) = 1.
Next, we assume g2 < 1. We choose C' > vy > 1. Thus V(¢) > 1. Arguing as
before we obtain again (2.2). Now V%(t) < V(t). Hence (2.2) produces

%V(t) <V(0)<C.

(2) When q; = 1 + pa, we choose ug large enough such that 7' < 1, hence,
T
v (y.7) [y, 8)ds < ~Co(y 7 n(T 7).
0

Since V/(t) is nondecreasing, from (2.1) we obtain,

V() < V(0) — CVE(1) / "W(T — s)ds

0
=V(O0)+C(T —t)VR#)In(T —t)+ C(t — TInT)V®(t)
1
<V(0)+C(T—-ThT)Ve(t) <V(0)+ quz (1),
if we choose T small enough such that T'— T'InT < 1/(2C) (this inequality holds
since T'— T'InT is increasing in T for 0 < T" < 1 and limp |07 — T'InT = 0). The

following discussion is the same as (1).
(3) When ¢; > 1 + pa, hence,

v (y, T)/ uP2(y, s)ds < Cv® (y, 7)T( 0 —1=p2)/(@—1),
0
Since V/(t) is nondecreasing, from (2.1) we obtain,
V(t) < V(0) + CtVe (t)T(m*l*Pz)/(fh*l)‘
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We choose ug large enough in order to get T small such that
V() < V(0) + %qu ®).
The following discussion is the same as (1) and we get Theorem 1.1. O
Proof. This is the proof of Theorem 1.2. The function w« is a subsolution of
uy = Au + Cut, (2.3)

which has finite time blow-up. Solutions of (2.3) are global in time if ¢; < 1. To see
this we can compare with a flat solution of (2.3), i.e. a solution of u; = Cu?" with
initial data u(z,0) = |Jug||r~. Hence we must have ¢; > 1.

Next we prove that ps < 2(¢1 — 1) (we only consider the case q; # 1 + po since
if g1 = 14 po, it is obvious that py < 2(q; — 1)), let zg be the blow-up point for .
As v(y,7) is bounded from below in |y — z¢| < CVT —t, from (2.1)we get

t T
V(t) > v(xg,t) > C'/ / [(zg —y,t — 7‘)/ uP?(y, s)dsdydr.
0 J{ly—zo|<CVT—t} 0

By assumption, there exists a constant ¢ such that
w(z,t) > (T — )"V @D p — 5| < KVT —t.

With this bound for © we obtain

— t —-1-— —1—
Vi) > Clg1—1) / T'nql_lm (T q1q1_1p2
g —1—p2 Jp

/ D(zg — y,t — 7)dydr
{ly—zo|<CVT—t}

tog—1 1
> Cla—1) / quq11_1p2 — (T - T)qlqll—lm/ e P dudr
a1 —1—po ot {ly—zo|<CVT—1}
> Cla—1) / AT
a—1—=p2Jo
If Hq}f%f’l > 1, the last integral diverges as t T T'. Hence, so does v. Therefore, if v
remains bounded ps < 2(q1 — 1). The proof of Theorem 1.2 is complete. O
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