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OUEHKWN ANMMPOKCUMATUBHBLIX YNCEJT OAHOIO
KJTACCA NHTEIPAJIbHBIX ONEPATOPOB. |

E. H. Jlomakuna

AnHoTtanusi: IlosyyeHbl acCUMITOTHYECKHAE OLIEHKHU AIllPOKCUMATHBHBIX YHUCEJ HMHTE-
TPaJIBHOTO OIlepaTopa XapAyu C IepPeMeHHBIMU IIpeJieIaMi HHTETPUPOBAHUSI.

KuarodeBble cioBa: omeparop XapAu € MEPEMEHHBIMHU IIpPEJeIaMy HHTEIPHPOBAHUS,
alIIPOKCHMATUBHBIE YHCJIA, CIeTHAs (DYHKIIHUS IOCJIEI0BATEILHOCTU alllIPOKCUMATUBHBIX
qucesI

IIycrs X m Y — 6amaxoBwl mpocTpanctBa, B : X — Y — jmHeiHbIil orpa-
HUYeHHBIN oneparop. [locse0BaTesIbHOCTD ANNPOKCUMATMUBHUT “uces (G-"ucen)
oneparopa B ompejesena 1o dpopmysie

am(B) = inf |B—-P|, m=12,...,
P:X—Y,rank P<m

BBIPAYKAIOIIEH PACCTOAHIE MEXK/Iy OIepaTopoM B U MOAIPOCTPAHCTBOM KOHETHO-
MEPHBIX OTepaTopoB. B ocobom ciytuae, korma X n Y — rub0epToBbI TPOCTPAHCT-
BA, aNMPOKCUMATUBHBIE THCJIA COBIAIAIOT C CUHYAAPHBMU YUCAGMY (S-HUCAAMU) B
cuity TeopeMbl Asutaxeepauesa [1, Teopema 2.1, ¢. 48] u ABJISIOTCS MIOIIEPEUHUKAMUI
Komnmoroposa obpasza eguHUYIHOrO Iapa rnpocrpancrBa X npu npeobdpazosanun B
[2]. OueBugnO, uTO

Bl = ai(B) > as(B) > --- >0,
(

npudeM ecn Y cenapabesibHo, TO a.,(B) — 0 1mpu m — 00 Torga u TOJIBKO TOrja,

korja B kommakreH. Ecam lim an,(B) = a > 0, To o 0GBIYHO Ha3BIBAIOT MePOU
m— 00

HeKoMNAKmMHocmuy oiepaTopa B.

UccnenoBanne anmpoKCUMATHBHBIX UUCEST TPOBOJMIOCH B MOHOrpadusax [3-7]
u gp. OCHOBBI TeOpHHU S-4HCeJ NPEJICTABIEHbl B KJAcCHuecKoil MoHorpadun [1].
Wcropuyaeckn n3ydeHuIo S- U G-4UCes HHTETPAJILHBIX OLEPATOPOB IIPE/IIIECTBOBAJIN
n3BeCcTHBIE pe3ysbTaThl 1. Beilnsg 00 acuMmToTnyecKoil 3aBUCUMOCTH TIOBEJECHUS S-
quces U COOCTBEHHBIX 3HATEHUH JIMHEHHBIX OMEPATOPOB.

B jasbHeiieM oreHKaM S$-9rcesl HHTEMPAJIbHBIX OIEPATOPOB OBLIO MOCBAIIEHO
3HAYUTETHFHOE KOJTUIECTBO PADOT MHOTHX aBTOPOB. OTMETUM OCHOBOIIOJIATAIONLYIO
0630pHy10 crareio [8] (cM. Takxke moapobHyo 6ubiamorpadmuio k [4]). Dra Tema-
THKa IIPOJIOJI?KAaeT MHTEHCUBHO PAa3BUBATDLCS; YKayKeM, HAIIpUMED, HEJABHIO pPabo-
1y [9]. UccienoBanue a-4uces HHTErPAJILHBIX OLEPATOPOB JIO HOCJIEIHEIO BPEMEHH

Pabora Brinosinena npu gpunancoBoii nojuepxkke Poccuiickoro dpouga dyH1aMEHTAJIBHBIX UC-
cnemosannii (kox nmpoekra 01-01-00239) u Munucrepcrsa obpazosanus P® (rpant E00-1.0-215).
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0CTaBAJIOCh MEHee JIETAJIBHBIM, B OCODEHHOCTH 3TO KACAETCS KOHKPETHBIX KJIACCOB
omnepatopos. B paGore [10] Havamm n3yvIaThes a-9mucsa ornepaTopa Xap/m

u ObLIN TIOJIy4YeHbl HEeSBHbIE aCHMIITOTAYECKHE OIEHKH WX IoBeneHus. Kpome ca-
MOCTOSITE/IbHOI'O MHTEPECa, 9TO U3yUYeHre O0bsICHSIETCS TECHON CBS3bIO ITOJIY 9aeMBbIX
Pe3yJIbTaTOB CO CHEKTPAJIHHBIME 33 [a9aMU JJIsI TOJISPHBIX M GEPEHITNATBHBIX OITe-
paropoos [11] u oneparopos Bioxkenus [7]. B masbreiiniem stu pesyibrarsl 0606-
masuch B paborax . 9. Dumynznca u B. [I. Crenanosa [12] mis oneparopos c
nosmaOoMuanbHbIM siipom u E. H. Jlomaxunoit u B. JI. Crenanosa [13,14] Ha ciy-
vaii mpocrpancTB JIopeHIa 1 6aHaXOBBIX (DYHKITMOHAJIBHBIX IIPOCTPAHCTB C YCJIOBUEM
E. 1. Bepexnoro. B pa6ore [15] mosydens! acumnrornaeckue hopMysibl Tura Beitist
u orienkn HopM Ilarrena — Heitmana mis s-aucen onepatopa Puvana — JlmyBuinis.
Merozp! paborsl [15], ocHoBaHHBIE HA TEOPUY KBAJAPATUIHBIX (DOPM, He IIEPEHOCTCS
Ha HermwIbOepToB cyqait. Hamnee, 1. 9. Damynnc, B. 1. Dsanc u 1. K. Xappuc [16]
MPEeJJIOKIIA aJIbTEPHATUBHBINA MeTOJ IIPUOJINYKEHNsT BECOBBIX (DYHKIUI olepaTopa
K : LP — [P cryneHvyaTbiMu (DYHKIUAMUA JIJIsI TOJIYICHUS IBHBIX ACUMITOTHIECKIX
oreHoOK a-uucest u oreHok HopM [llarrena — Hefimana. DTu pesysibrarsl 00001IEHBI
na cayugait K : LP — L% 1 < p,q < oo, B paborax [17,18|. Haubosee mosroe uc-
ceIoBaHme 33249 00 aCUMIITOTUKE a-dnces omeparopa K : LP — L9 comepKurtcs
B pabore [19], /1€ MOIyUEHBI ABYXCTOPOHHUE ACHMIITOTHYECKUE OIEHKH JIJIS BCEX
3HaveHnit 1 < p,q < 0o, KpoMe ciaydasg 1 < p < 2 < g < 00, TJle OIEHKU CBEPXY
u cuudy pacxondrcd. [IBycroponnume omenku mopM IIlarrena — Heiimana wunTe-
rpaIbHOTO omepaTopa BosbTeppa mpu HEKOTOPBIX OTPAHUYIEHUSX HA SAPO HANTIEHBI
B. . Crenanossim [20].

Iycth 1 < p < co. O6oznaunM vepes LP(R™) npocrpancTio JleGera Beex uzme-
PUMBIX (DYHKIHH ¢ KOHETHOM HOPMOit

1/p

I fll ety = /|f(33)|p dx
0

B macrosmeit pabore u3ydaeTcs MOBEIEHUE a-IUCe]I HHTETPAILHOTO OLEPATOpa
H:LP(RT) - LIY(RT) ¢ mepeMEeHHBIMHA TIPEJIETAMY HHTEIPUPOBAHUS BHIA

P(x)
Hf(z) = v(z) / u(y) f(y) dy, (1)

»(x)

rie u(y) € Lf’;C(Rﬂ, v(z) € L (R") u ¢(x), ¥(z) — Bo3pacratomue nuddepen-
mupyemsle dyukmuu takne, 9to ¢(0) = ¥(0) = 0, ¢(z) < Y(z) gna z € (0,00)
p(00) = P(o0) = co. s dyukuumii, 06paTHBIX @ U 1), Mbl HCIOJIb3YEM CHMBOJIBI
4,0_1 u ’L/J_l.

Omneparops Buma (1), KpoMe CaMOCTOSTELHOTO 3HAMEHUS], HHTEPECHBI eIre 1
TEM, UTO XapaKTePU3yIOT HEKOTOphIe Teopembl Bioxkennss Cobosesa 21| n mmeror
NPUJIOXKEHUs K U3ydeHuio oneparopos 1Ipeaunrepa Ha MOJIYOCH.

Pabora cocrour m3 nByx wacreit. B mepBoit wacTM ycTaHABIUBAIOTCS ACHMII-
TOTHUYECKNE ONEHKM CBEPXY JUIst a-umcedt omneparopa (1), koropeie B rub6epToBOM
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Caydae mpu p = ¢ = 2, T. €. JJjisg S-9HCeJI, ABJISIOTCS IBYCTOPOHHUMHU. Bo BTOpPOIi
qacTH paccMaTpuBaioTcst onenku Hopwm Tuma [llarrena — Heiimama.

OcranoBuMCsI Ha KPATKOU XapaKTEPUCTUKE OCHOBHBIX PE3YJILTATOB U METOIIOB
paborel. MbI HAXOIUM ACHMIITOTUYECKHE OIEHKU IMOBEIEHUS AIIPOKCHMATHBHBIX
qnces KOMIAKTHOrO oreparopa (1), obobmatonme pesyiabrarel [16-19]. B cayuae
H:LP(R") — LP(R"), 1 < p < 00, p # 2, IPU HE3HAYUTEIHHBIX OTPAHUICHUX HA
BecoBble (DYHKIUH % U U UMEET MECTO OIEHKA CBEPXY

n—oo

lim sup nay, (H) < / [o@)[([u(e @Dl @)+ [uleh (@) (@' (2)) /) da.

B ruisbeprosom cityuae, korga H @ L2(RT) — L?(RT), nonyvena sksupajient-
HOCTB

oo
limsupnan(ﬂ)%/\U($)|[|u(<ﬂ($))\\/s0’($)+IU(¢($))|\/¢’($)]CZ$-
n o0 )

Hna H : LP(RT) — LY(RT) eciu 1 < g <p<oomm 1 <p < q<2, wm
2<p<gq<oo npu A =min{l,1/r}, tne 1/r = 1/p’ + 1/q, noxasana onenka
CBEpXY

imsupna, (1) < (| [ lo@l uto()l (o) | v

[ rerneereere] ),

ez 'R,

rae R = |JAy — pasbuenue 1mosyocu Ha CIENUATBHO IIOJ00pAHHbIE HENEpeceKa-
k

IOIIUeCsd MHTEPBAJIb, 3aBUCAIIME OT Tpanndubix Gynkuuit ¢(x) u ¥(x) (em. (10)). B
cirydae napamerpoB 1 < p <2 < g<ooc A =1/2+ min{l/p’,1/q} ouenka cBepxy
OTJIMYAETCA OT MPEIbI LY e,

Hamomunm, uro cuemman dynryua mocuaenoBareasHocTs {a,(H)} 3amaerca B
BUJIE

n(t,a(H)) = card{k € N:ax(H) > t}, t>0.
Xoporto u3BectHO [16], uTo

lim na,(H) = lin(l) en(t,a(H))

n—oo E—

liminf na,(H) = liminf en(t,a(H)), limsupna,(H) = limsupen(t,a(H)).

n—0o0 e—0 n— o0 e—0

,ZL.HH JI0OKa3aTeJIbCTBa YKa3aHHBIX PE3yJIbTaTOB CHa4daJla MbI IIOJyYaeM OII€HKHU
JJId a-9uceJI ollepaTopoB € OJHUM II€EPpEMEHHBIM IIpEJe/IOM MHTEIrPUPOBaHUA

P(x)
Sf(x) = () / () (y) dy (2)
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Tf(z) = v(x) / u() f(y) dy, (3)
»(z)

KOTOpBIE CIeIYIoT U3 pador [16, 19] mocse 3aMeHbl IlepeMeHHBIX.
Barem B coorsercTBuu ¢ pasbuennem R = | J Ay Mbl npescrasiseM onepaTop

k
H B Buge cymmbl aByx omnepatopoB H = ¢ + U, umeromux 6JI0UHO-THATOHATHHYTO

crpykTypy. Ha kaxzom yuacrke pasbuenust Ap = [Cx, (k1) BBINOJHSETCS pa-
BEHCTBO
»(Cr) P ()
Hie) = o) [ a@f@)dy+ o) [ o)) dy,
o(x) P (k)

KOTOpOE TO3BOJISIET B JaJIbHEAIIEM HCIOIb30BATh PE3Y/IbTaThl, aHAJOTUIHBIE TO-
JIYYEHHBIM JIJisd o1iepaTropoB (2) u (3) ¢ oIHMM [IepEeMEHHBIM IIPEJIEJIOM.

Bes norepu obrimocTu Beiogy B craThe Heonpenesennoctu suga 0 - oo, 0/0,
00/00 mogiararorcst paBHbIME Hysio. HepasenctBo A < B osmauaer A < OB, rme
koHCcTauTa C 3aBUCUT TOJBKO OT P, q; cooTHomenne A =~ B nonumaercs kKak A <
B <« A; Z u N — MHOXKECTBO BCEX IIEJIbIX U HATYPAJbHBIX YUCE]T COOTBETCTBEHHO,
| K||x—y obosnauaer HOpMy JsmHelHOro oneparopa K : X — Y, a cumBon O —
OKOHYAHUE JIOKA3ATETHCTBA.

AcuMnroruyecKkue OIl€HKU

Ham nonanobsitest Kpurepuu 06 OrpaHUYEHHOCTH W KOMITAKTHOCTH OIIEPATOPOB
S u T ¢ omHUM TIEpEMEHHBIM TPEIe/IOM WHTEIPUPOBAHUsI, KOTOPBIE COIEPXKATCA B
CJIeLyIOImeil TeopeMe.

Teopema 1. Ilycts 1 < p < ¢ < 0.
(al) Omeparop S orpanmgen n3 LP(R") B LY(R") Toraa u tompko Toraa, Korjaa

p(t 1/q

) /" / %
Ay = sup Ay (t) = sup / () dy / p@)tde | < oo,
t>0 t>0 A )

mpudem ||S||Lpriy—rawt) & A1. Bomee toro, omeparop S : LP(R') — LI(R")
KOMIIAKTEH B TOM H TOJIBKO B TOM CJIy4dae, eCJi
A < 0, %I_I)I(l) Aw (t) = tlirgo A¢(t) =0.
(a2) Omneparop T orpaumyaen uz LP(R™) B L4(R™) Torma u Torbko Torga, Korya

1/q

00 1/p’ t
Ag = sup A, (t) = sup / () dy / p@tds | < oo,
t>0 t>0 (t) 0
©

mpuiaeM | T prrt)—row+y = Az. Bomee toro, omeparop T : LP(R") — LY(R™")
KOMIAKTEH B TOM H TOJIBKO B TOM CJIydae, €CJIH

Ay < 00, }irr(lJ A (t) = tlim A,(t) =0.

Hycrp 1< g<p<oo,1/s=1/g—1/p.



182 E. H. Jlomaknuna

(bl) Ecam oneparop S orpammuen u3 LP(R") B LY(R™"), To

0o / W() /P /oo a1 /s
B, - / / uf?’ /|v|’1 w@)|7dz | < oo
0 0 x

Kpowme toro, ||S|rwiy—ram:y = Bi S : LP(R") — LY(R") kommaxren, ecim
B < .
(b2) Ecsm oneparop T orpanmaen uz LP(R') B L4(R"), To

0o [/ oo s/p’ /o -1 1/s
By — / / ul”’ /|v|q |v(a)|? da: < 0.
0 @(x) 0

Kpowme roro, ||T||pr@+)—ram+) = Bs u T : LP(R7) — LY(R") xommaxren, ec/m
By < 0.

JIOKABATEJBCTBO TEOPEMBI MOYKHO TIOJTyYHTH 3aMEHOI MEePEMEHHbIX U3 U3-
BECTHBIX PE3y/ILTATOB 00 OIPAHMYEHHOCTH M KOMIIAKTHOCTH OIepaTopa Xapau (CM.,
nanpumep, [22 §1.3]). O

Hawm Taxzke moTpebyroTcsl OUeBH/IHbIE AHAJIOTH TeOPeMbl 1 JjIsi KOHEYHOrO WH-
TepBaJIa.

[Mycts 0 < a < b < 00, A = |a,b] C R, J = [¢(a),(b)] C RT. Paccmorpum
omepatop Sy u:a @ LP(J) — LI(A) suna

b/ P(t)
V() f( Ik fu) (t)] dt
Suwn f(@) = v(x) / F@)uly) dy — =2 . zeA

W (a) f lo(t)|e dt

TTostozxmm
x q 1/q

Vpg = ||f|\ /1/1 /f(T)dT dt| dx . (4)
Lp = \0 o

t

XopolIo u3BeCTHO, 4TO Y3 = 1/m.

B cremyrormem yTBepIKIEHAN MBI HAXOAUM HOPMY OTIepaTopa Sy ;A , KOTJIa BECO-
Bble (DYHKIIUN MOCTOSTHHDI, 8 BEPXHAA TPAHNUIA MHTEIPUPOBAHNSA — JUHEHHasT QYyHK-
AT,

JIemma 1. Ilycrp 1 < p,q < oo, 1/r =1—1/p+1/q, BecoBble pyHKIIE U = Uy
u v = vg mocrosHHbl, Y(x) = cix + co. Torma

10,008 12 (1) o) = Vpglto]" w0l b = al (¥ ()77,

e ypq oupenessercs gopmyitoi (4).

JOKA3BATEJIBCTBO. Nmeem

p(z)
U U
Suo,vo,Af = TA|O/(I/ f dy dt,
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Y(z) q 1/q
(g (7 rran) af ar)
[Supesall = 2Ll g 222 200
o Al 70 ([ 1F @) dy) """
J

3aMeHOil mepeMeHHbIX

z=a+(b—a)z, t=a+(b—a)t, y=(ca+c)+ (c1(b—a)7)
f<} f(r) dT> dt’

II0JIy9aeM
1 p 1/p
" (f dm’)
ISug,wosall = luo] - [oo] - &1/ - |A] " - sup~22 7
F#0 1 P
(f )P dr)
0

rae f(1) = (f((cla +eco)+e(b— a)T)ci/p> , ¥ PE3YJIbTAT CJIEJyeT U3 OIPEJeJICHHs]
4). O
ITycrs nociegosarensuocts {&, } 3agana dhopmyiioit

b

¥(én)
U(b(6,)) — / ()7 dt — 2", neZ, n<Ny< oo (5)
0
Bamerum, uro ecan ||ull;,, = o0, To {¥(&,)} cymecTByeT mis Bcex n € Z, T. e.
Ny = 0o. Onupenesnum
on = |||, v
n= Hwa(sm,wanﬂ))” HL?&MTLH)
u
£n+1 T/q 1/1”
l/T /
(o) = (X2 | [ polras
neL neL £

1/r
= T,/ Tq : 6
(> July, i) O

nez ($(En) W (En 1))

Anamornuno st marerpaabaoro oneparopa T : LP(RT) — LY(R™) zamamum
[IOCJIeJOBATEIBHOCTD { Ty, }nez PABEHCTBOM

Ul — [ Tuwl dy—2" -
@ (Tn)
" IIOJIOZKHUM
o = ol .

e(tn)e(Trni1)) (TnsTn41)

(S 2)" = (S, ol )" 0
nez nez (¢(rn)e (T 1)) TRoTng
Iyers 1/r = 1/p’ + 1/q, oupenennm napamerp
1, l1<qg<p<oo,
A=< 1/r, 1l<p<g<2,2<p<g<oo, (9)
1/2 +min{l/p',1/q}, 1<p<2<qg< 0.

B cnenyrormeit Teopeme MBI JjaeM aCUMIITOTHYECKHE OTEHKU JIJIsT OIEePaToOpoB S

nl.
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Teopema 2. IlpenrnooxKum, ITO BECOBBIE (DYHKIIHI
+ +
uGLﬁ)C(R ), velLl (RT)

rakoBbl, uro omeparopel S : LP(RT) — LY(R") u T : LP(R") — LY(R"), onpene-

sterHbie popmynamu (2), (3), KOMIIAKTHBL
1.1. Hyers A = min{1,1/r}, A = (a,b) C RT, J = (¢(a), (b)), u € LP (J),
v € LI(A). Torza

1/r
e(p.q (/ U)ol ()7 do) < limintnta (S)

1/r
< limsup ma,(S) < c(p, ) (/ )P ofe) (@) dr)

n—oo

1.2. Iycrs A = min{1,1/r}, A = (a,b) C R*, T = (p(a), (b)), u € L¥ (I),

v € LY(A). Torga

c(psq ( / (@) [o(@) [ (' ()77 dm) < liminf nan (T)
n—oo

, 1/r
< limsupa, (T) < c(p.q) ( [ ool @ @y dx) |
A

n—oo

2. Ilycrs S, T : L2(R") — L2(R"), Gn < 00, Y. 3, < 00. Torma

nez neL
1 oo
Nlim NaN(S):f/|u Nv(@) |y (x) de,
—00 ™
]\}lm Nan(T /|u Nv(@) |V ¢ (z) de.

3. HyCTbl<q<p<oop1m/11<p§q§2,w1p12§p§q<ooc

A=min{l,1/r} u > &, < oo, > 3 < oco. Torga
nez neL

1/r
c(p, q ( / lu(yp ()| |v(z |’“(¢'(x))r/p’dx) < liminf n’a,, (S)

1/r
< limsupn*a, () < c(p.q) (/ u (@) o( |T<w'<x>>r/p’dx)

n—oo

00 1/r
(p,q) ( [ o)l o)1 (' @) dw) < lim inf na, (7)

0

n—oo

1/r
< limsupn’an(T) < c(p, q) (/Iu DI ol |T(<P/(ff))r/p/dx) :
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4. IIyecrp 1 < ¢ < p<oowmml <p<qg<2, mm2<p<qg< xc
A =min{l,1/r}. Torga

Slrllp nAan(S) < c(p,q) (Z 52) 1/T7 Sl’;ltp nAan(T) <c(p,q) (Z %:L) l/r.

neZ newL

5 Iycrp 1 <p<2<qg<oo, A\=1/2+min{l/p’,1/q},

(Do) <o (S <

neZ
Torzga
supnAan S) < c(p,q (ZNl/)‘> , supn)‘an T) < c(p,q (Z~1/)‘)
" nez " nez
1/r
c(p, q /|u NI (@) (@ ()" da < liminf nta, ()
A
< limsupnan(S) < e(p, q) mf{<§j|un”* el ) }
"
1/r
c(p,q / (@) (@) (@ (@) de | < limint nan(T)

n—oo

A
< limsup n*an(T) < c(p, q) mf{<2 ||u|\1“ el ) }

rze inf Gepercst mo Bcem cueTHBIM pasbuennsiv uaTepBaga A = {Ag}trez.

JIOKA3ATEJIBCTBO. 3aMeHOii mepeMeHoil y = 1(x) nosydaem

¥(x)
$1@) = o(@) [ u@)f)dy = v(o) [ulwle) SO @) dr.

OTcroma clreyer, 9To onepaTop
S=KoVU
ABJISIETCS CYTEPIO3UINEH METPUIECKOTO M30MOpdu3Ma

Vi LP(RT) — LP(RT), W f(t) = f(@()[ ()7

u oneparopa K : LP(R") — LY(R"),
/ufﬁ(@ ¢,
0

7€ Uy () (t) = w( ()| (1)]*". B cuny nssectubix cpoiicrs a-uncen [4, 6] meem

an(5) < [[¥]jan(K),
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a TakwXKe
an(K) < ”\Il_lHan(S)'

Hockonbky |[¥pe—rr = || r—rr = 1, TO a5 (S) = a,(K). HosTomy, ucrons-
3ya pesyibrarsl [19, Teopema 6.20; 16; 17, reopema 1; 18|, mosydaem TpeGyembie
OLIEHKH.

AcuMnrornueckue oneHKH st onepaTopa 1’ BBIBOJATCS aHAJOTUYHO 3aMEHOM
y=¢(@). O

Jist nasbHeRuX uecjieioBanuii Mbl CTpOUM crienuaibaoe pasbuenne (0, 00) =
LchAk’ e A = [Cg,Cri1) u O = [Nk, Nk11) oupenensitores it k € 7o ciieayiomum

obpazom:
G=1, no=we(), m=1(),
G = (o) (1), keZ, (10)
= o) (1), kEZ
IMycrs « € Ag, = [Ck, Crt1), TOrIA

Hf(z) = ®pf(z) + Y f(2),

e P (Cr) P(x)
D1 f(2) = () / W) f(y) dy,  Uf(a) = vlx) / u(y) F () dy.
() P (Ck)

Bynem rosoputhb, uto oneparop B : LP(RT) — LI(R™) umeer 6r0uno-duazo-
HAABHOE PABA0IICENUE, ECITH CYIIECTBYIOT JIBA CEMEHCTBA N3 bIOHKTHBIX HHTEPBAJIOB

{6} u {Ay} Takue, uaro (0,00) = LkJ(Sk, (0,00) = LkJAk u

Bf(z) =) xa. (B(fxs) (2)-
k

IlycTs
Pef(y) = xo. W) f W),  Qrf(x) = xa,(x)f(2).
OueBniHoO,
| Pellcr—zr =1, [QkllLamre = 1.
[Tosroxum
By, = QrBPy

1 00O3HAYUM Yepe3 Ek cyxenue By wa LP(dg), . e. Bif = Ekf qist Beex f €
L?(4y). Jlerko BHjETD, 9TO
a(Bk) = G(Bk)

Ormerum Takxke, uTo npu 1 < p < g < oo
|Bllr—rs = Sup | Bellr—re = sup 1Bl e (51)—La(ak)-

Uraxk,

H:©+W:Z@k+z‘l’k:ZQkHPk+ZQkHPk+17 (11)
% % & k

rme @ u ¥ uMeroT 6JI0IHO-IHArOHAIBLHOE Pa3JIOXKEHME.
O6o3uauum depes n(e,a(B)) = n(e, B) cueTHy0 QYHKIHIO TOCIEI0BATEIHHO-

cru {ar(B)}.
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Jlemma 2. IIycts 1 < p < ¢ < oo, B : LP(R") — LY(R") — koMmaxkTHbIi

omepaTop, HMEIHil 6JI0YHO-THATOHAIBHOe pasiaokenne B = > By. Torga mis
k

n(e, B) < " n(e, By). (12)
k

Bcex € > 0

JIOKABATEJIBCTBO. 3adukcupyem € > 0 u mosoxum ny = n(e, Bg). Toraa
an,+1(Bk) <€

U ISl TPOU3BOJIBHOTO A > 1 cymiecrByer omepartop Sy : LP — L7 Takoii, dto
rankSy < ng u el > || By — Sk||. Umeem

A > sup 1Bif = Siflla - N@kBrPrf = Sifllq
££0 1 £1lp ££0 1 £1lp

ITockombKy

1QkBiPr.f — SkfllE = |QxBrPrf — QrSkfllE + (I — Qx)SkfIIZ,

TO
By Py f — BiLP.f — P
e\ > sup 1QxBiPrf — QiSkfllg > su |QkBrPr.f — QuSkPrfllq
f#0 £l FAO: P f=Ff 1 £]lp
By — Si) P,
— sup 1955 = 5u)ufll _ |Qx(Br. — Sk) Prl|-
f#0 1f1p
Ecman oboznaanth
S = ZQkSkPk,
k

o rank S < > ng u
k

as~ net1(B) < Ae.

Tak kak A > 1 6bL710 BRIOPAHO TPOU3BOJIBHO, IOy IAEM

a/z nkJrl(B) S 87
KoTopoe o3Havaet, uTo n(e, B) <> ng. O
k

Jlj1st TOro 9To0BI MOy YUTh OIEHKH allIPOKCUMATUBHBIX YHCes omepaTropa H ¢
IIepEeMEHHBIMU IPEJIeJIAMI MHTEIPHPOBAHUS, HAM HEOOXOIUMO €Ille OJIHO BCIIOMOra-
TeJIbHOE yTBepzKJeHue.

JIemma 3. Ilycrp jurs nocienosarenbrocreit {a}, {br}, ax > 0, by > 0, npu
n n

sto60M n € N BBIIIOJIHEHO HEpaBeHCTBO Y ax < Y by. Toraa
1 1

lim inf na,, < limsup nb,,. (13)

n—0oo n— oo

n
JIOKA3ATEJBCTBO. Ilycers psanx Y ap cxomuresa. Torma no kpurepuio Komm
1

J71s1 JTI000T0 € > () CYIecTBYeT Ny TAKOe, ITO IIPHU N > N U JIOOLIX p > () BBITOJIHEHO
ptn

> ap < e. Tosromy

k=n

p+n p+n 1 p+n 1
5>kz:ak:kz:ak~k~g z(igfnam-m)z:% I JIIOOBIX p > 0
=n =n

m
- k=n
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oo
U U3 PACXOJAUMOCTH psija » . % CJIeIyeT, UTO ir;f an,m = 0 Aad Bcex n > ng.
k=n mzn

n
Nrak, lim inf na, = 0, u coornomenue (13) pbimoaneno. Ilycrs Tenepsb psi Zak

n—oo

PaCXOAUTCH.
Cayuait 1. CymecrByer {ag, } Takas, 910 aj, < by, s aobbix s € N. Torma

liminf na, = lim inf kap < lim 1nf ksa,
n—oo n—oo k>n n—0o0 s:kg>

< lim sup ksbg, < lim sup kb, = lim sup nb,,.

N—=X sk, >n nN—=0 k>n n—oo

CJIy4All 2. Hagunast ¢ HEKOTOpOro HOMEpa 719 BCEraa a, > b,, n > ng. Torma

oo
pag Y. (ar—bg) cxomurest. Tpennosnoxum nporueHoe: cymectsyer p € N rakoe,

k=no+1
no+p no
aro Y. (ar —bg) > > by. Torma
k=no+1 k=1
no-+p no+p no+p no+p
Dok = > (o —by) +Zak+ > > Zbkv
k=1 k=no+1 k=no+1

9TO TPOTUBOPEYUT YCJIOBUIO JIEMMBI.
Ob6oznaunm cp = ax — bg, k > ng + 1. I3 nmepBoro ciydast cjejyer, 4ro

lim inf ne,, = 0.

n—oo

Sadurcupyem n > ng. lorma Jyist JHOOBIX 171 > 1, PABEHCTBO Gy, = by + Cpy BII€UET

My, = Mbyy, + Mmey, < sup kb + mey,.
k>n

CireroBaTeILHO,

mf (mam) < inf (sup kbx + mc,,) = sup(kbg) + inf (mepy,).
MmN k>n k>n m2n
ITepexonst K TIpeJie/ly B 9TOM HEPABEHCTBE TIPU 7 — 00, MOJIydaeM TpeGyeMyTo OIeH-
ky. O
ITIycrs mocaenosarensuoctd {&g n} € A u {7k, n} € Ay 33JaHBL I0 AHATIOTHH C
dopmynamu (5) u (7) caegyomumu dbopmynaMu:

»(Ek,n) ©(Cr1)
lu(t) [ dt = 2", / ()P dt =27
P (Ck) @(Tk,n)
ITostozxum
B(Exn) VP e Y
e B O [ W@ |
»(Ck) Ek,n
(Crt1) %4 Thont1 1/a
o = / |u(t)|p/ dt / |v(x)|9dx

P (Tr,n) Tk,n
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Teopema 3. 1. Ilycts 1 < p < oo. Ilpexmomoxum, dro omeparop H :
LP(RT) — LP(R™) Buga (1) kommnakren u

ZZak7n<oo, ZZ%’“’"<OO'
k n kE n

Toria BbIIOJIHEHA OIIEHKA CBEPXY

lim sup na,, (H) < / Jo(@)|(Ju(p(@))| (' ()P + [u@h(@))|(¢ (2)/?) da,
0

n—oo

anpuap — 2 mMeeT MeCTO 9KBHBAJICHTHOCTD

n—oo

lim sup nan, (H) ~ / (@) [[lule@) V' (@) + [u( (@) V' (2)] de.

22Hycrp 1l < g<p<oomml <p<qg<2,mm2<p<qg<oo,l/r=
1/p'+1/q w A = min{1,1/r}. IIycts oneparop H : LP(R") — LI(R") KommakTen n

Y o, <o, DY g, <.
k n kE n
Torzga

imsup e (1) < {3 [ o) el (') | v

n—oo
keZ A

x|/ v(x)|7'|u<¢<x>>r‘<w'<x>>"/ﬂ]1”}.

kez 'y,

3. Iyetp 1 < p < 2 < qg < oo, A\ = 1/2+ min{l/p’,1/q}, omeparop H :
LP(RT) — LY(R") kommakren u

Y opa <o, YD g, <.
k n kE n

Torna
N A
limsup nta, () < ¢ 37 [inf( D7 llull )y ol
e k Br m=1 L(%,m) (B,m)

N A
(e DMl el ,
k B m=1 L<5k+1,m> (Ag,m)

e inf 6epercst mo BceM KOHEUHBIM U3 bIOHKTHBIM Pa30HEHUSIM

Br = {Ak1,Dg2,. .. AN}

uaTEpBaJa Aj.
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JOKA3BATEJ/IBCTBO. Hcrnomb3yst ieMMy 2 O CIeTHBIX (PYHKIUSIX U TEOPEMY 2,
oJTy YaeM

lim sup na, (H) = limsupen(e,a(H)) < th supen(e, a(Hy))

n— oo e—0 e—0

< thsupan(e a(®y)) + thsupen(a a(Py))

e—0 e—0

= Z lim sup na, (Py) Z lim sup na,, (V)

<7pp2/|v u(e(@)(¢' ()" diﬂ+’7pp2/|v (@)@ (@) d
kA, kA

zvpp/\v(x)I(Iuw(w))l(w’(x))l/”' + lu(eb())|(¥ (2))/*) da
0

ITpu p = 2, npumensist Teopemy 5.1 u3 [1, ¢. 74] ¢ omeparopamu (11)
® =) PHQr, V=) PiHQuu,
k k

BBIBOAUM, 9ITO

Do am(®) <D am(H), Y an(¥) < D am(H)

B cuny nemmsr 3

lim inf na, (®) < limsupna,(H), liminfna,(¥) < limsupna,(H).

n— o0 n—o00 n—oo n—oo

Hauree,

lim inf na, (®) = Z lim inf na, (®x)

n—oo

23 [ @t Ve s - /|v V(@) v/7' @) da.

k:Ak

Taxum ke 06pa3oM 1 BTOPOI'O OIEPATOPA ITOIyYaeM

n—oo

lim inf na,, (¥ /|v Nu(w(x)) |/ (z) de.

B pe3ysbTaTre, CKJIa/JAblBad yCTaHOBJIEHHBIE BbBIIIE JIB€ OIEHKH, UMeeM

n—oo

;/ x)|[|u(p |\/7+ |u((x)) |/ ()] de < limsup na, (H)
0

<~ [ 1@l |VFE) + fulbl@)|VF@)] de
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[Tepeiiem Kk mO0Ka3aTEILCTBY BTOPOIO YTBEPXKIeHUs TeopeMbl. Vcrmomp3yst jem-
My 2 0 cueTHbIX (pyHKmusx u . 1.1, 1.2 TeopeMbr 2 , moydaeMm

limsup n’a, (H) = Zlim supnan (®y) + Zlim sup na,, (V)
k

n—o0 n— oo k n—oo

< g( A/ () ulie) (' (2 o) "

, 1/r
+Z( [ @) @ @) )

Ay

Ecnn1<p§q§2ﬂnn2§p§q<oo,To%:p};,iqq<11/1)\:min{1,1/r}:1/r.
Torua

, 1/r
imsupn 0, (1) < 3 [ 1ol u(e(e) (/)7 o)
n—oo .

Ay
RN
(X A/ I T ) )

Jdnal<q<p<oounmeem £ > 1, A = min{1,1/r} = 1. Tlpumenss nepaBeHCTBO

T
Uencena, mpuxouM K OIEHKE CBEPXY

1/r

n—oo

imsup e, (i) < | [ @)l (u(e@) (/@) + o) [ (@) /7 do
0

JloKa3aTeeTBO MOCTIEHEN TaCTH TEOPEMBI MOXKHO TOJIyIUTh U3 paboTsr [19]
IIyTeM 3aMeHBI IIepeMEHHBIX. Teopema JoKa3aHa.
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