Cubupckuii MATeMaTHIECKHIT YKy PHAJT
Mapr—anpesas, 2008. Tom 49, Ne 2

VIIK 510.5

OBOBLUEHHAA NEPAPXIUA ®ENHEPA
II. E. Aaes

AnHoTanusi. V3y4daroTcs HEKOTOpbIE CBOMCTBa OIHOrO 06001eHusi nepapxuun Peiine-
pa AQ-prrauciuMerx byHknuit. PaccMaTpHBAOTCA DA3IHYHbIE TPU3HAKHE BKJTIOYEHHST
OJIHOT'O KJIacCa 9TOi mepapxXuu B APYyTroi.

KuroueBblie ciioBa: nepapxusi Peitaepa, Boraucianmast GyHKIUSA, 0000IIEHHAS BBITIC-
JIAMOCTb.

Yepes o (y) 0b603HAUAEM CTAHIAPTHYIO YHUBEPCAJIBHYIO JACTUYHYIO BBITHCIIA-
Myto dbyrkmmio (4.8.d.), uepes ¢y (y) — yHEBepcabhyio 4.B.d. ¢ opakynom X C w.
Bamuch @y (y)] ozHauaer onpesenennocTh GyHKIMEM B ganHHON Touke; @) = @,
ol = @', @2, @3,... — crapmapTHAS IOCJIeOBATEILHOCTL apU(pPMETHIeCKIX OPAKY-
qoB. Tomoxknm w<¥ = {z1...2, | n > 0,x; € w}, a 2<% ={xy...2, | n > 0,2; €
{0,1}}. Jdnuua mabopa |z ...z,| pasaa n. Cuwmraem, uto 3adbuKcupoBaHa HEKO-
Topasi rézesnesckas Hymeparus (...) : w<Y — w, ee 3HaAUEHHe HA HAOOpE 7 ...IT,
obo3HavaeTcst uepes (X1, Ta,. .., T, ), SHAUCHNE Ha IIyCcTOM Habope — depes ().

IIyers g : w<¥ — w — BoruncauMas Gysxmst, ¢(Z) > 1 upu € w<¥. B [1]
onpeseensl Knace gynxmuit A, |, cocrosuuit U3 BCeX @ 1 w — W TAKHX, YTO 151
HEKOTOporo k € w

a(0) = o"" (),
_ 29(a(0),...,a(n))—1
aln+1) = ¢f ((a(0),...,a(n))) upun € w,

a TakxKe KJacC MHOXKECTB Zg g+ COCTOSIIINIL N3 BCeX M C w Takux, ITO IJIsI HEKOTO-

poro k € w xapakrepucruieckag GyHruud x s (n) = a(n) oupenensercs cxemoit

a(0) = L& o7 (O,
an+1) =1« gpfg(am)w’a(n))_l((a(O), ...,a(n)))|l wpune€w.

0 0 0 "

Knaceer A, u X, , conepxkares B Kiaccax A -BbIMUCTUMBIX DYHKIMI 1 MHO-

JKECTB COOTBETCTBEHHO. Fenm g nocrosinua, T. . g(r) = m > 0 npu mobom T € w<Y,
0 0 0 0

To A, , COBHajiaeT ¢ OOBIMHBIM KiaccoM Ay, a ¥, = Dacroioxen Mexuy X, u

AY .. Kuacc 2375, ¢ dbyukuueit g(z1,...,z,) = 4+ 3n+ 1 + -+ + x, OKazaica
HEOOXOIMMBIM JIJTsT ONMCAHNUS BBIYUCIUMBIX W-OHOPOTHBIX OyseBbIX anredp. Bosee
06110, /15t ormcanus A -BBIMHUCIIMBIX are6p Hy>KHO PACCMATPUBATD KJTACC Zg’ g C
g(x1,...,xn) = (B3+m)+3n+z1+ -+ x,. Eciu dyuxius g(z1,. .., T,) 3aBUcHT

TOJBKO OT 1, T. €. g(T1,...,2n) = g'(n), 10 Knaccer A, | u XY, | Gynem Ha3pBaTh

Pabora BbInOIHEHA NTpU YaCTUYHON (PUHAHCOBOM ToiepKKe Poccuiickoro dbouna dyHamen-
TaJbHBIX HccaenoBanuil (koz mpoekta 05-01-00819), mporpammsr «Bemyiiue HaydHbIE MIKOJIBI»
(rpanTt HIIT-4413.2006.1) u rpanrta IIpesunenta Poccuiickoit Peneparmn MK-2101.2005.1.

(© 2008 Augaes II. E.



244 II. E. Anaes

getineposcrumu. OHU BIEPBBIE MOSBUIKCH B 2], [le UCIIOJIB30BAINCH TOILKO (DYHK-
man ¢'(n) = a+bn ¢ a,b € w. B ciyuae e TPOU3BOIBHON BhraucanMon dbyHKIAN
g HA30BEM Ag,g u Zg’ g 0000uwenHBIMY HETHEPOSCKUMU KAACCAMU.

[esibro HacrosIell pabOThI SBJISIETCS OTBET HA PsiJi €CTECTBEHHBIX BOIIPOCOB,
KACaIOIIMXCs CBOMCTB 9TUX KJIACCOB. YCTaHABJIUBAIOTCS HEKOTOPbIE HEOOXOIUMBIE U
HEKOTOPBIE JIOCTATOYHBIE MPU3HAKYU BKJIIOUEHUS OHOrO Kjacca B npyroit. Jlokasbr-
BAaETCs, ITO He JII000i 0000IIeHHbIN (DeffHEPOBCKUN KIIACC SABJISETCH (DEHHEPOBCKUM.
Bouiee toro, eciu g(x1,...,2,) = a+bn+x1 + -+ + xp,, vOE 0,0 € w, TO KiIAC-
CBI Ag’g u Eg’g He MOT'YT OBITH MPEICTABIEHDI KaK 00beJuHeHNe WU [TepecevueHne
KaKOro-Jimbo ceMeiicTBa (heiHEPOBCKUX KJIACCOB.

1. HpI/I3HaKI/I BKJIIOYE€HHU:A OJId KJIaCcCOB

OmnpenennM ceprio HeOOXOMUMBIX JJI paboThl onpenestennii. Ecom T,y € w<,
TO T > Y O3HAYAeT, 9TO y§ = Tz JJId HeKoToporo 2 € w<“. Ilycte E C w<¥.
Becxonewrnvm nymem B E HazbIBaeM 1OC/I€I0BATEILHOCTD Tg > X1 > ..., THe x; € B
JTs1 JTI000T0 4 € w. DuteMeHT 4 € F Ha30BeM moukol eemeaenun B F | ecim HaiigyTcs
T,y Ew, T £ Y, U U1,V €wSY Takue, 4TO UTV1, UYvs € E.

Onpenemum (E)]  kak muoxkectBo {u € F | u — Touka BerBiaenns B E}. B

br
masabHelimeM OyeM HCIOIb30BaTh I HEro KpaTkoe obosHadenne F’. Ompenenmm
B s seex opmmmanos a: B0 = B, Bletl) — (B@) ¢ EQ) = N E©® pua
a<

[IPEJIEJIbHBIX OPAUHAJIOB A.

HaszoBeMm paneom semeumocmu muokecrBa E (obosnagaem uepes 7y, (F)) Hau-
MeHBIIIi OpAMHAT o Takoil, uro B E(®) ner Geckonednbx myteii. Eciim Takoro o He
cyecTByeT, To noJiaraeM ', (E) = co. asee 6ynem ucnoib3oBaTh KpaTkoe 0603Ha~
genue 7(E). B kauecrse npumepa 3amerum, 9ro ecin Iy, = {21 ...z, € 2<¥ | n > 0,
CPeIWI 1, ..., Ty €CTD He 6ostee k eunuit}, 10 9, | = Dy, 9y = @, a panr %y, pasen
k + 1. HokazareabcTBo 3T0ro hakTa sBJIAETCS HECJOKHBIM YIIPAZKHEHUEM.

JIemma 1. ITycre E C w<%. Panr r(F) paBeH 00 TOIJIa U TOJBKO TOTJA, KOTJA
cymectByer Herycroe T C E co cpoiicteom T = T.

JTOKABATE/ILCTBO. (<) Muaykmueii o o jierko mokazars, aro T C E(®) s
soboro opanuasia «. Kpome toro, B T ecth GecKoHedHBIN myTh: ecim u € 1), TO
uxv € T 11 HEKOTOPBIX T € W B U € w<Y,

(=) Hockombky F cueTHO, HANIETCS CYCTHBIA OPAMHAT (v Takoii, uro F(®) —
E@tD) 316 E(®) yoxkno B3saTh B Kadecrse T, Jlemma JTOKa3aHa.

IIyers g, h : w<¥ — w\ {0} — Berancinmbie Gyuxmmu. [lo-BuaguMmomy, cBoiicTBa
muoxkectBa E = Ex(g,h) = {z € w<¥ | g(z) > h(Z)} aBiaioTcsa onpenesisomumMu
[IPU PEIIEHUN BOIIPOCA O TOM, COJIEPKUTCS JIU A& g B Ag’ ,- Hanee mpu omnpenesnen-
HBIX JIONOJTHUTEIBHBIX [PEJIIIOIOKEHUIX OYIeT JI0Ka3aHo: ecyu panr FE mocrarodno
MaJI, TO A&g C Ag’h, a eCcJIM JIOCTATOYHO BEJIUK, TO Ag’g 4 Ag,h.

Bynem rosoputh, uro h(x) cmpemumes x 6eckoneuHocmu, 1 UCIOIb30BaTh 000-
snavenue h(r) — oo npu || — oo, ecom VB € wIC € w (h(x) > B mpu |z| > C).
Anagormano h(x) > B upn |z| — oo, ecm h(z) > B npu Bcex T Takux, 4ro |z| > C
115t HeKoroporo dukcupopanuoro C € w.

Teopema 1. Ilycrs g,h : w<* — w \ {0} — Boramcammsre Gynxnum, E =
Ex(g, h).
(1) Ecmu r(E) < w, o AY  C A&h,

w,g —
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(2) Ecmmr(E) <w-m, cgem € wum > 1, u h(z) > 2m — 1 npu |x| — oo, TO
A, CAD .
(3) Ecmn r(E) < w® m h(x) — oo mpu |z] — oo, To A), / T AD .
JdOKA3ATENLCTBO. ITn. (1) u (3), oueBuzmo, sBistorces cueactsusiMu (2). Ho-
kaxkeM (2). Kak M3BeCTHO, CyIeCTByeT NMPUMUTUBHO Bbrancinmas dyakmms fo(k)

Takas, 9To @i (y) = <pjc§/(k)(y) st mobbix X C wu k,y € w. CregosarensHo, cylie-

CTBYeT NIPUMUTHBHO Bbraucinmas bynkmus f(k), 11s kotopoit pi (y) = @fc((:)) ((y, 1))
npu J00eix X Cw u k,y,t € w.

Ipexmonoxum cHadana, uro E = &, 1. e. g(z) < h(z) upu mobbix T €
w<¥. O6oznaunm uepe3 a(n) wabop «(0)...a(n), a gepes (a(n)) — ero HOMED
(a(0),...,a(n)). Hycrs a € AL, ;. Toraa st HeKoTOPOro k € w

a0) = 7" (),
{ a(n+1) =" ((a(n))) npun € w.
Honysaen, aro a(n + 1) = %" """ ({(a(),d)). tae d = h(a(n)) - g(a(n)).

OTcrojia JIErKo CJIeJIyeT, 9YTo o € A& h-

PaccMOTpHM Terepb TPOM3BOMILHBIA Caydail. 3amMeTuM cHadama, gyro FW™) ¢
Iy,,, a E@mir) ¢ SOmi1 I8 JOOBIX M,p € w, p > 1, upuuem 9, . | -unmexc
E@m4P) prrapcnsiercss paBHOMEPHO 1O M, p € w. IIpn (DUKCHPOBAHHOM 1M 3TO
YTBEDXK/JIEHNE JIETKO JIOKA3bIBAETCS WHJIYKIUEN 110 p, a Elomtw) — N Elwmtp),

pPEW
Hasiee, 3amerum: eciau a € E u cylmecTByoT T,y € w, T # Y, U U1, Uz TAKUAE, UTO
axul,ayus € EM, 1o a € EOMY g moboro opaunamna ~. st 3TOr0 Hy2KHO
nHaykiueit mo 6 < 7y + 1 mpoBepuTh NPUHAIJIEXKHOCTh G K E(‘s), 9TO ABJIAETCS
HEITOCPE/ICTBEHHBIM CJIEJICTBHEM OIPEIe/IeHUH.
Iycrs r7(E) = v < w-mu a € A . Tokaxewm, uro a € Ag7h. Paccmot-

PUM HAMMEHBIIHiT OpauHA v, obIa afomuii cBoiicTBoM: IngVn > ng a(n) &€ EM).
Ouesnyno, v < 7.

Cayyail 1: vy =6 +1 =w-my +p, tae my < m. Torma a(n) € E®) nua
GeckomedHOro 4ncia n € w. Pacemorpum mocrarodno 6osbinoe n. Ecm a = a(n) €
E, 1o a(n+1) BerImcisiercs ¢ OpakyioMm @M(@)-1 kax ykaszano somre. Ilycrs a € E.
Tast @ = an + 1) maiizercss 4 Taxoit, aro axu; € E®), u ne Moxer cymiecrsoBath
Yy 7 T U Uy TAKUX, 9TO0 ayiy € F©) (unaue a € E(‘S“)). Haxoma Ttakue © u ug ¢
HOMOIIBIO OpaKysia 2™ | perauciasgem a(n + 1).

Chay4Al 2: v = w - my — npegenbuelil opaunal, rae 1 < mp < w. Byzaewm ro-
BOPUTB, 4T0 b — Y-2ay6okas mowka, ecu V3 < v3u bu € EP). Bross paccmorpum
JocrarogHo Gosbimoe n u a = a(n) € E. Ecm ¢ = a(n + 1), 10 a(n)z saBisercs
~-riy6oKoit Toukoit, mockoasky V4 < v a(l) € E®) npu 6eckoneuno muorux [ € w.
C npyroit croponsr, n3 «(n) ¢ EO) cremyer, uto ne cymectsyer y 7 &, jjis KOTO-
poro a(n)y asiserca y-riay6okoit. IoaToMy ¢ TOMOMBI0 F2™ MOKHO BBIYHCIIUTD

a(n+1).
Cny4ant 3: v = 0. Curyanus anajgorndna ciay4daio F = &. Teopema mokazana.
Iycrs 2¥ = {a | a:w — {0,1}}.

0 0
Caencrsue 1. B dopuymmposke teopempr 1 xraceor A o, AL, 1 Ex(g, h)
MOKHO 3aMEHUTH KJIACCAMH
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(a) 0, ,, X2, m Ex(g, h) N 2<¢;

(b) A ,n2%, A, N2% u Ex(g,h) N2<Y.

3ameTnM, 9TO yKa3aHHBIE MIPUSHAKY BJIOXKUMOCTH JOCTATOTHO JIAJIEKH OT HEOD-
XOMUMBIX ycsioBuit. B wactmoctn, ycmosue 7(E) < w? osmauaer, uro B EO) s
HEKOTOpOro v < w? HeT 6eCKOHeUHEIX myTeil. OUeBHIHO, UTO JOCTATOUHO IIOTPE-
Gosath orcyrcTBust Tosibko AL -Bhramcnmmbix myreit. [losHoe permtenue Bompoca o
KPUTEPUSIX BJIOKEHUS A& s C Ag’ ;, KAQZKeTCs aBTOPY JOCTATOTHO CIOKHOMN 3amateil.

w

Teopema 2. IIycrs g, h: w<¥ — w\ {0} — Boraucammsre pyaxmun, a Ex(g, h)
COIepXKUT HellycToe B. 1. moaMHoxkecTBo T co cpoiictsom T' — T. Torga A& g £
A&h.

JIOKABATEJIBCTBO. Haiizem nexoropoe Bbruuciaumoe nepeducienue 1 = {ag,
ai,...}. Iocrponm dbyakmmio o € Agvg \ A&h.
a(n — 1) u Hexoropsle uncia B(n), K(n) € w. Ipu srom juist u = «(0)...a(n —1)
GyJeT BBIIOJHATHC cBoficTtBo: i < B(n) u > a;.

Ha mrare n 6ymem orpeneisTb

IITAT 0. Pynknus o noka Hurje He onpeenena, B(0) = K (0) = 0.
IIIAr n+ 1. IIycre w = «(0) ... a(n — 1).

Cay4ail 1: cymecrsyer ¢ < B(n) rakoit, uro u = a,. Ilycts k = K(n). Ha
9TOM Imtare obecriednM HEPABEHCTBO « # [, Tie GyHKIUs [ OlpeesieHa 110 CXeMe

hO)—1

Br(0) =¢r (),

(85 (0),....8), (m—1))~1

Be(m) = op ' ((Bk(0), ..., Be(m —1))) npum > 1.
Uz T' = T cnenyer cyliecTBoBaHUe T # Y, U3 U U TaKUX, 9TO Urvi,uyvs € T.
Haiinem nammenbmuii ¢ > B(n), 1yist KOTOPOro Takue uxvy, Uyvs cojiepzKarcs B
MHOXKeCTBe {do,...,a;}. o ycmosmio g(u) > h(u). Hcnombsys opaxyn @9@-1
BoiGepeM a(n) u3 {z,y} Tak, arober a(n) # @?}L(u)71(<ﬂ>). Tonoxxum B(n + 1) = ¢

n K(n+1)=K(n)+1.

Cny4All 2: He cymectsyer ¢ < B(n), mist koroporo « = a;. Haiinem HanmeHb-
muii ¢ < B(n), upu Koropom @ > a;. Ilyers a; = udp .. .ds. Tonaraem a(n) = dy,
B(n+1)=B(n)u K(n+ 1) = K(n).

ocrpoenne o 3akomdeno. Ioiimem cradana, aro an) € A, . 10 He BrosHE
OYEBUJIHO, TIOCKOJIBKY 110 MHJIYKIUH OIpeJIeJIseTCsl He TpocTo «(n), a TpoHKa |-
cen (a(n), B(n + 1), K(n + 1)). Ogaako n3 aHaim3a KOHCTPYKIMH JIETKO CJIEJYET,

qr0, 3Has HAbop (0),...,a(n — 1), MoxHO BerUnCcauTh Bee uncia B(0),...,B(n) n
K(0),...,K(n). Tem caMbIM (n) MOXKHO HaiiTH, UCIOJIB3Ys TOJBKO HOMEP HAOOpa
(a(0),...,a(n — 1)) 1 cooTBeTCTBYONMI OPaKyYII.

Herpymo npoBeputh, 9T0 KOHCTPYyKIug paboraer npasuibHo. Scuo, aro B(n)
<Bn+1)uKmn)<Kn-+1) upun € w. Hycrs ug = &, u, = a(0)...a(n —
1). JlokazkeM, 9TO CyIIECTBYeT GECKOHETHO MHOTO 7, IJIsl KOTOPBIX Ha Imare n -+ 1
BoIosIHsIeTCsL caydail 1, v. e. 3 < B(n) u, = a;. Ipennonoxum, uro ciaydvaii 1
BepeH 1Ipu JaHHoM n. IlokazkeMm, 4To oH Oyzer BepeH s HekoToporo n’ > n. Ilo
IIOCTPOEHNIO Haiigercss HanMenbimmit j < B(n + 1) takoii, uto un,a(n) > a;. Ilycrs
a; = Upa(n)ds ...ds. Torma merpyamo mpoBeputs, 4to a(n—+1) =dy,...,a(n+s) =
ds, m MOKHO B3aTb 1/ = n + s+ 1.

Hokaxkem renepb, uro o # [ upu Beex k € w. Ouesugno, uro ran(K) = w
Pacemorpum HekoTopoe k € w m Hambosbmee n € w, npu koropom K(n) = k.
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Torna na mare n -+ 1 Beimosasterca caydait 1. Jomycrum, uro o = f;. Torma u =
_ h(@)=1,, _

Up = Bk(0)...0k(n—1) u gof ((u)) = Br(n), a mo nmocrpoenuto a(n) # Li(n).
Teopema mokaszana.

CaencrBue 2. Ilycrs g, h @ w<¥ — w )\ {0} — Beramcimmbre Qynxnmm, a

Ex(g,h) N 2<% comepxxur memycroe B.11. muHOKecTBO T' co cpoficreom T' = T'. Torza
0 0
(1) Ew,g g Er,u,h’
0 0

(2) AL N2 C AL .

JIOKABATEJIBCTBO. (1) IloBropsis npeabliynye paccyKAeHusl, MOKHO 3aMe-
TUTDb: CYIIECTBYET (v € Ag’g N2% Takast, 410 o # Y A71st moGoro M € X0 , . Torna,
ouenno, N = {n € w | a(n) = 1} Gyzer nexars B XY, | u He nexars B LY ;.

Vreepxerue (2) crenyer us (1), rak xax u3 xar € A, j, Borrekaer M € X, ;.
CrecTBre TOKA3AHO.

2. Kpurepuii BKIOUYEHUsT JJIsi JIMHEMHBIX KJIaCCOB

B kadecTBe mpuMepa nenosb30BaHns TeopeM 1 n 2 yKazKeM KPATEPHil BIOXKEHUST
IS KJIACCOB BUJIA Eg,g, e g(x1,...,2,) = f(n) + 121 + -+ + cpp, a ¢ € W —
HOCTOSTHHBIE (MX MOYKHO HA3BATD AUHEUHbLMU). BBIYUCIUMOCTD g B 9TOM CJIydae
9KBHUBaJICHTHA Bbluncaumoctu byukiuit f(n) u fi(n) = ¢,.

IMycrs ¢'(z1,. .. 2n) = f/(n) + x1 + -+ oz u ¢ (x1,...,20) = f'(n) +
clzy+ -+ dlay,. Honowum A; = ¢ — ¢, A = max{A;,0} mzi > 1, a

Ap = f'(n) = f'(n) + > _A;
=1

I N € w.

IIpennoxkenne 1. Kiracc ZOOJ’ g COUEPXKHUTCS B Zg’ g TOIZIA H TOJBKO TOLJA,
Korga MHOXecTBO {A,, | n € w} orpanmdeHo cBepxy u i He 6oJiee 4eM KOHEIHOIO
qHcIa N € W OJHOBPEMEHHO BBIMTOJHSIIOTCS yeaoBust Ay, >0 n A, 1 = 0.

JOKA3ATENLCTBO. (=) Honycrum cHagama, aro {4, | n € w} He orpanudeHo
ceepxy. Homoxum T = {x1...2, € 2<% | ¢'(21,...,2n) > ¢’ (21,...,2y)} u HOKa-
xkeM, uro T" = T. O6ozuaunm uepes I'(n) pasunocrs f/(n) — f”(n). Saduxcupyem
T=2T1...Ty €T U IOJOKUM

[0, ecm A; <0,
vi— 1, ecim A; >0,

ngst ¢ > 1. Torpa

g/(‘i‘707y17"' ayt) _gl/(‘i’07yl7"'7yt)

n n+t+1
:P(n+t+1>+ZAil‘i+ Z Azr:M()+An+t+1,
i=1 i=n-+2

rae My we 3aBucut ot t. Ilomywaem, uro z0y; ...y € T nasg wmexkoroporo ¢t > 1.
Awnanormano nmokaseiBaercd, aro Tly; ...y € T mna nogxomsamero t ux € T'. Te xe
paccyieHust nokassiBaiot, aro 1" £ &. Io caepcrBuio 2 237 g Z 2817 g+ Homycrum
terepb, uro A, > 0 u A, 1 = 0 mia H6eckonedno muorux n € w. Hazosem mabop
T1...T, € 2<% zopowum, ecim Vi < n u3 A; < 0 cienyer z; = 0, a uz A; > 0 —



248 II. E. Anaes

z; = 1. Homoxum T = {zy...x, € 2<% | 21 ...3, — xopommit HaGop, A, > 0 u
Api1=0}. Eemz=x,...2, €T, 10

g'(@) —g"(@) = f'(n) - +ZA127F +ZA+

Caenosarensro, T C Ex(¢',¢"). Hokaxem, ato T/ = T. Ecm z € T, o 20 n z1
Toxke xopommue Habopsl. Haiimem n' > n takoe, uto A,y > 0 u A,y = 0. Torma
xopomue Habopwl 0y u zly amuuabl n’ Toxke Jjexkar B T

n
(C) g/(xla"wxn) - g/,(xla"'a‘rn) - F(n) + ZAzxz < An7 IIO3TOMY LIpA
i=1

yciopum  lim A, < 0 mmoxkectso Ex(g/,¢") N 2<% komeuno. Ilycts lim A, =

n—oo n—oo

a > 0. Ipemnosoxum, 9o A, < au (A1 # 0V A, < 0) upu n > ng, a
E = Ex(¢',¢") N 2<¥. Tlokaxem, uro r(F) < a. Oupenemum mast xq ... T, € 2<%
Besqmauny 5(1, . .., Ty ), TOKA3BIBAIOILY O, HACKOJIBKO X1 . . . Ty, HEXOPOII, KAK THUCIIO
3J1eMeHTOB B MHOXKecTBe Iz = {i < m | i > ng, x1...2; € E u BepHO OIHO U3
yeqosuii: (Ajy1 >0wu ;01 =0) wm (A1 <0mayq = 1)}

Jlokaxkem: ecm & = T ...ZTy € B, 10 8(Z) < a. Ecmi €I, Toxy...7; € E,
A; > g/(l’l, - ,xi) — g"(xl, e ,IE¢) >0u AiJrl 7& 0. CJIG,ILOB&TQJ’H)HO, Ai+1l’i+1 <
A 1~ Homyuaem, aro

0<g'(x)—g"(z) = +ZAzngr +ZA’ —B(2) = A — B(2),
i=1

T e. B(x) < Ap,. Ecin B(z) # 0, To m > ng u A, < a.

HokaxeM rteneps, uro () < a —t upu & € E® | |z| > ng u t < a. s
t = 0 a0 Bepro. Ilepexon (t — t + 1): myers £ € ECTY u |z| = m > ng. Torma
CYIIECTBYIOT U,V Takue, uto z0u,zlv € E®. Uz z € F crenyer, aro A, > 0 u
A1 #0. Ecmm Apyy1 >0, 1o S(z0u) > (%) + 1, a ecin Ay < 0, To S(zlv) >
B(z) + 1. Ilo upennonoxkenmo uanykunu ((z0u), 8(zlv) < a —t. Ananoruunbie
PACCYKIEHHsI [IOKA3BIBAIOT, UTO 3jeMeHToB T € E(® ¢ |Z| > ng me cymecrsyer, T. €.
B F(%) mer Geckoneunbx myreit. 13 cieacTsus 1 morydaen BIoKeHHe Eg’ g B 237 o
[Ipenmoxkenue moKa3aHo.

Caencreue 3. B ¢opmyinpoBke npepioxkerust 1 Kaacchl Eg ,a Z " MOXKHO

0 w 0 w

saMeHuTb Ha A, o N 29 m A, o N2%.
CpaBHEuM Terepb ¢ (hefiHEPOBCKUME KJIACCHI Zg’ u A2 g 1€ g(x1,...,xy) =

a+ b+ x +---+ x,, KOTOpbIE HUCIOJIbL30BAJNCH IPU paboOTe C W-OIHOPOTHLIMU
OyeBbIMU aJIrebpamu.

Caencrteue 4. Ilycrs ga,b(xl, ey Tp) = atbntxy+ -+ Ty IS HEKOTOPDBIX
a,bew, ho(zy,...,2n) = fo(n) mhi(z1,...,2,) = fi(n), e fo, f1 : w — w\ {0} —

Beraucsanmeie pyukmun. Toraa

(1) 0 he © 0 gan & fo(n) < ¢+ bn a1 nexoropoit Koucrantet ¢ € Z;
(2) Zo’g L CX0 & et (b+1)n < fi(n) s nexoropoii ¢ € Z;

(3) Kaaccer Eg,* B (1) u (2) MoxknO 3amennTh Ha AJ, , N 2%

JOKABATEJBLCTBO. HyKHO mpocTO BOCIOJIB30BATHCS MIPeIozKeHneM 1, HeTo-
CPEeACTBEHHO BBIUMUCIUB A, u A;.
3aMeTuM, 9TO MPU3HAKW BJIOYXKEHUSI B CJIEJCTBAU 4 He 3aBUCAT OT a. TeM ca-

MBIM O0be/luHeHne BeeX (heifHepOBCKHX K/IacCoB, JIeXKaIluX B Y0, \ga.p? CONEPKHUTCS
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0 0 0
yKe B Ew,go,b’ MIPU 9TOM HUMEIOT MECTO CTPOTHE BJIOXKEHUS Ew,go,b - Ew,gl,b C ...
" 0
A deitneposckue Kiaccel, cojiepzKaiue Y, ga.p: COZEDZKAT B cebe BCIO 9Ty IEMOUKY.
0 w
AHajIormyHoe BEpHO JIJIs Aw,ga,b n2v.

0 0

Caencrsue 5. Knaccer ¥, o u Ay, , He MoryT, Boobie ropops, ObITh Ipe/-

CTaBJIEHbI KAK 00'bEIHHEHUE HJIH MepecedeHne HEKOTOPOro CeMeHCTBa (peHHEePOBCKUX
KJIACCOB.

3. HeobxoammMocTh HEKOTOPBIX yCJIOBUiA

IMokaxkem Terneph, uTo B 1. (2) Teopembl 1 oneHkn Ha panr F He MOryT GBITH
ocsiabJieHsl, T. €. TIpH JI0oM m € w, m > 1, yeaosue 7(E) < w-m HeJb3sl 3aMEHUTh
yeaosueM 1(E) < w - m. To xke camoe BepHO U Jjis cieacTBus 1.

J1J1s1 3TOr0 MOCTPOUM HEKOTOPOE BBIYHCIAMOE MHOKECTBO [ C 2<%, E%—yc,/wsu—
em upu k > 1 maspiBaeM Bblpaxkenue Buaa 3x1Ves ... Qrreon((z1,...,xk)) = 1, rue
©n(y) BCrogy omnpejesiena (31ech Q — OJMH U3 KBAHTOPOB, 3aBUCHIIMI OT YETHOCTH
k). Homepom X0-ycioBus Gyem Ha3blBaTh J1060€ TAKOe M. L)-YCA06UEM HASOBEM
ycaosue Buza ¢p,(0) = 1, rie ¢, (0)], a n — ero HoMepoM. AHAJIOTUYHO OIIpe/iessieM
u nonsitue 119-yeosuit u ux HOMEpOB.

Jlemma 2. Ilycto k > 1. s 06010 Eg -ycaoBust @ cyrmecTByer ero npeacras-
nerne suga 3xP(x), rne P(x) — 1Y, -yciaosue ¢ napamerpom x, uz P(z1)&P(x2)
CITIETyeT X1 = Xo, U H271—HOMep yeaioBust P(x) Mozxker 6bITh BorumuceH 1o k,x € w
n X -Homepy ycnosus ®.

JOKA3ATENBLCTBO. Ilycrs k = 1. Vesosue @ npencrasumo B Buje JrPy(z),
rae Py(z) — IIJ-yemosue. Tlonoxum P(z) = Py(x)&Vzy < 2-Py(x1).

Homyctum, uro k = 2. Ilyets ® ~ JzVyRo(z,y), tae Ro(z,y) — Li-ycmosue.
Onpenerum R(z,y) caexyiomum obpasom. Ilycrs z = (x,t). Tlomoxum

R(z,y) © Vi <y Ro(z,i), Vr1 <zxz3i<t-Ro(z1,i) m Tx; <azVi<tRo(x,1).

VYeqosue R Bbranciamumo u crpoutes addektusro no Ry. Ilyers P(z) = Vy R(z,y).
Hokaxewm, uro ycnosuss ® u 3z P(z) pasHocuibnel. Eciu 32Vy R(z,y) u z = (x,1),
T0 Vi Ro(x,7). Ecmm JaVy R(x,y), TO paccMOTpUM HaWMeEHbIIee X, [PH KOTO-
pom Yy Ro(x,y). na xaxmoro 1 < T HalmeTCd HAMMEHBINEE i, TAKOE, €UTO
—Ro(%1,%,). Bsas t = max{io,...,iy_1}, moayuum Vy R({(z,t),y). Emuncrsen-
HOCTb 2, IPH KOTOPOM uctuHHo P(z), jierko nposepsiercs.

HokazarenbcTBo it k > 2 — pendgTuBU3alMs ciaydas k = 2 OTHOCUTEIHLHO
opakyita @2 ecrm & — E%-yCJIOBI/Ie, ro ® upeacrasumo kax JrVyR(z,y), rue
R(z,y) — B3(@*~2)-ycnosue. Jlemma nokazama.

ITycts € 2<*. Hazoem T npocmuvim nabopom, ecma £ = 0...01 wm z =

n

1...10, cme n > 0, u noaynpocmuvim, ecau T upocroit, ¢ = 0...0 mm x = 1...1
S~—~— S~—— S~—~—

n n n
g Hekoroporo n > 0. JIerko mpoBepuTbh, 9TO I JIOGOro Hemycroro r € 2<%

CYIIECTBYET €JIMHCTBEHHOE PA3JIOKEHUE & = T ...Tm, T/ T; — IIPOCTbIe HAOOPHI
st i < M, a T, noaynpocroir. HazoBem 310 m yposHem 3jieMeHTa T, 0003HAUTNB
ero kak [(z). Cumraem, 4ro ypoBeHb mycroro Habopa pasen 0.

ITocrponm tenepyr E C 2<“. Owno Gyzmer mepesoM, T. €. u3 4 € Eu v > u
Gyzner caenosath v € E. Bynem crponts ero muaykiwmeii no [(z): Ha mare n € w



250 II. E. Anaes

oupenemmM E, = {z € E | () < n} u 3arem nosoxum E = |J E,. MHoxkectso
new
FEy omHO3IEMEHTHO.

YT06BI yIIPOCTUTH MOHUMAHME KOHCTPYKIINN, CHAYAJIA U3JI0KUM ODIILYIO CXEMY
nepexona ot F,, k E, 1, KOTOpasi He 3aBUCUT OT N, U JOKAXKEM HEKOTODLIE €€ CBOii-
CTBa, a 3aTeM yTouHuM nerasu. [Ilar KoHCTpyKImu: JomycTuM, 4ro F), yxe onpese-
JeHo, T € 2<% u l(z) = n+ 1. Ilycte & = &1 ...Tp 1 — COOTBETCTBYIOIIEE PA3IIOKE-
HUE U @ = 1 ...ZTp. ECIU a GUKCHPOBAHO, TO BCE TAKUE T MOXKHO M300pa3UTh TaK:

3necb b; = a0...01luc; =al...10. Ecmu a ¢ E,,, To Bce * He yexaT B E,, 1.
it i+1
Ecmn xe a € E,, To Bce Takne T Jnb0 OYIAyT OJHOBPEMEHHO JI€XKaTh B F,, |1, 1100
HET.
_ —%
Cunraem, 9TO BepIIHHE G HEKOTOPBIM 00pa3oM nepegansl yeaosust = (B, ...,
®}) u maTpuIta ycaoBmit
(0) &(0)
Oy, 077, ..,
D —

o) el .

* 0 (t) 0
upu sroM PF — Xg-yenosus, a ©; — X7 -yC/I0BusI JI7Is1 HEKOTOPBIX ¢ € w. Bosee To-
. 0
0, CIUTAEM, ITO ITOT HAOOP yc/I0BHil 53 beKTUBHO 3a/1aH, T. €. HOMep X7 -yCJIOBHSI

t _ .
CIDZ(. ) MOZKeT GBITH BBITHC/ICH TI0 a,tnt. na nocrpoenus I, | UCHOIB3YIOTCA TOTb-

0
Ko ycaosus ®f, ..., P; u CID((] ), e ,(D(()T), OCTaJIbHBIE IIPOCTO IIEPETAIOTCS CJIEJLYIOIITUM
R . 0
Toukam b; u ¢;. Jljist npocToThl 0603HAYEHUH TIPEIIIOI0KUAM, YTO <I>(() ) s @éq) — Eg—
1 1
YCJIOBUSI IJIsI HEKOTOPBIX Y > 2, (IDgH ), . ,@ép) — YV-ycnobusa n <I>(()p+ ), . ,@gr) —

Y9-yesosus.
+1 T —

Ecmu cpemn @, . .., @ mwm CIJBP )7 . 7CI>é ) ectn JIOXKHBIE, TO @ — KOHIIEBAST BEP-
muHa B /. IIpeanosoxxum, uTo s3To He Tak. Torja momernaeM B F), 1 BCe 3JIEMEHTHI
Z, O KOTODBIX IILJIa Pedb BbIe (T. €. CTPOUM IOJ, 4 YKA3AHHYIO BBIIIE KADTUHKY ).
Ocrajoch onmucarh yCJIOBHsI, KOTOPbIE IepeiatoTcs b; u ¢;. 3adurcupyeMm i € w.

)
Bo-mrepBbIx, mostoxKIM

0) (0
- % o0 -
Dy =1q ..., (310 ® Ge3 mepBoro CTosIoIA).
(I):(lr)’ (I)ér)’
Janee, pactuamem <I>(()t) kak dr P(z), a Py(x) — xak Vy Ry(z,y) mua 0 < t < ¢,
rie Ry(x,y) — Egt_Q—yCJ'IOBI/Ie ¢ mapamMeTrpamMu I,y € w, u <I>(()s) — kaK 3z Q4(x) s

q+1<s<p, e Qs(zr) — L-yeaosue. Ilpu 3ToM B CHTy JeMMBI 2 MOXKHO CIHTATD,
uro i Py(z) u Qs(z) cymecrByer He GoJiee OJHOIO X, IPU KOTOPOM OHU UCTUHHBI.
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IIycts @ = (i, ..., 1p) (HOCTEnHsS 3amuch 0OO3HAYMAET 3/1eCh CTAHIAPTHYIO BBI-
qucMyio ouextmo (... ) : wPtl — w, Tie p dukcuposano). Homoxkum

Ro(i070)a RO(i07 1)a Ro(i07 2)a ey
Dy =< ...,
Ry(iq,0), Rq(iq, 1), Ry(iq,2), ...

u®y = (Qqi1(igi1), .- ,Qp(zp)) Hepe,aaeM ss1eMeHTaM b; U ¢; 00'beINHEeHNe MATPHIL
®, u &y B KauecTe P 1 <I’3 B Kauecrse O . Jlajiee OyayT OMUCAHBI JOIIOJTHUTEIbHBIE
yCJIoBHs, TepejlaBaeMble b; U ¢;, KOTOpbIe He BHECYT CYIIEeCTBEHHBIX U3MEHEHWIl B
paboTy KOHCTPYKIIHAM.

HoxkazkeM cienyomuii ¢pakT: ecau Cpeau YCIOBUM, MepeIaHHbIX BEpINUHE a,
€CTh JIOXKHBIE, TO 9TO OIPAHUYIUBAET PaHT TO# dactu E, KoTopas HaxomuTcs mof a.
Tjist soboro opauHasa a depe3 a'® o6osHadnM Eéa), e E; = {x € E|a >z}
Wnnyknueir mo o HETPYIHO TMOKA3aTh, UTO al® = E; N B,

JlemMma 3. Ilycth BeprimHe a Ha MMare KOHCTPYKIIHH MepeJaHbl HaOOPBI YCJIO-
—% = _
Bui ® w® ma € FE,. Toraa

(1) ecomn cpenu g, ..., P ecrb J10xKHBIE, TO |a®| = 1;
(2) ecom @ét),égt), oo — X8-ycnous n @;t) noxmo, 1o |a?)| < 1;
(3) ecom aTo XY-ycaoBus n <I>§-t) Jsosro, To |a(P 12| < 1;

(®

(4) ecmm 910 X -ycmopus gsty > 2 m @57 soxmo, ay' = [y/2], To lalo' 20 < 1.

JOKA3ATENBCTBO. (1) Ouesnno no nocrpoeruto. (2) Mumykuus o j. Cory-

(t)

qait j = 0: goxuocts O’ Bieter |a 0)| = 1. ManyxkrusHblil mepexof (j = j + 1):

ecn [a®| > 1, 10 B E nexar Bce b; U ¢; M OHE TOMy9YaioT yCIOBHE (I>j+)1 c

HoMepoM j. Ilo IpPEeImoIoKeHnIo MHIYKIUKT ‘b( J )| <1lm ‘c % )| < 1. 3awme-

THM, 9TO b(ZJ) E; N E®i) — E, N EzN E®i) — E; N a9, CnenosarensHo,
a®) C 9; = {ax |z — HOJ‘IprOCTOI/I nabop} U {a}, a a(23+2 C 97 = {a}.

Jasee npesnonaraem, aro |a(®] > 1.

(3) Iycrs j = 0, <I>gt) < Jx Q¢(x). Torma KaxkapIil 71€MeHT b; ¥ ¢; HOSyqHT
noxHOoe LJ-yemosue Q4 (i), cieoBaTebHo, |BEO)| = |EZ(.O)} = 1. Orciona a9 = 2; un
a® = {a}. Tepexon (j = j + 1) anajormyuen mpeaBbIIYIIEMY CIyHdao.

(4) HokaseiBaem nHmykumeit no 7. Ilycrs v duxcuposano. Pacemorpum j = 0,
<I>(t) & JaVy Ry(z,y). Toraa Kaskupiii s7eMeHT b; 1 ¢; TOIyInT HAGOD %9 _y-ycrosuit
Rt(zt7 0), R¢(it,1),..., ONHO U3 KOTOPBIX OKAYKETCS JIOKHBIM. CJIG,ILOB&TGJ‘IBHO, IS
JII060T0 § OyIeT ng.(y ~Dim) _ & IPU TIOIXOIAIIEM M € W, U TO YK€ CAMO€e BEPHO JIJIs
¢;. Dro crepyer aubo us (2), (3) npu v = 2,3, 6O U3 UPEIOTOKEHUST WHLYKIIAH.

Orciona sierko BeiBectH, uro a@) = () @ O'=D+m) C (G},
mew
IMepexon (j = j + 1) anajoruden npeaplIymuM caydasM. JlemMa JoKa3aHa.

3agepmuM Terepb moctpoenne F, moka3as

Ilpengoxenune 2. Ilycrb m € w\ {0} u h(z) = 2m — 1 npu Becex T € W<¥
Tora cymecrByer Boraucumas Pyanus g : w<* — w'\ {0} raxas, aro A, ;N2%
A, mnr(E) =w-m, tae E = Ex(g, h).

JIOKABATEJILCTBO. CHavasia mocTpouM Bbraucaumoe E C 2<% mo onmcan-
HOIi BBbINE cxeme, M00aBJIsist BEPIIUHAM JOMOJIHATEIbHBE yeaosust. Cunraem, UTo
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HamMeEHbIeMY jieMeHTy B E mepemaercs HeKOTOPBIH (DUKTUBHBIIN HAOOD UCTUHHBIX
L= 0 0 =

¥9-yenopuit & = (CIDE) )7<I>g ), e ), a_<I> = J. O,uHOB_peMeHHO IOCTPOUM B FE wexo-
TOPYIO IIOCJIeJ0BaTeNIbHOCTL doy > di > ..., rue l(d,) = n, dy — mycroil Habop.
Paccmorpum cHavasa cirydaii, kormga m > 2.

PaccmoTrpum mar KOHCTPYKIUHT J71sT PUKCUPOBAHHBIX N U 4. YCJIOBHUE
o2 (@)l =0 (+)
apngercs Y9, _;-yeiaosueM. Ilpusenem ero k suay JxP(z), tae P(z) < VyR(z,y),
R(z,y) — X9, _5-yciIoBue ¢ TapaMeTpaMu T,y € W 1 CyIecTByeT He 60Jiee OJIHOTO T,
1pu KotopoM Bepuo P(x). B mononuenne K yenousiv @1 + Py i1 g, ONPEICTICHHBIM
BBIITIe, TIepEIa M KazKIOMy b; CTPOKY 39, _o-yerosuit Jy—R(0,y), Iy—R(1,y),. ...
15t 971eMEHTOB ¢; HEMHOT'O CKOPPEKTHPYEM TIPOIILIYIO cxemy. IIpemcraBum ¢ Kak
(0, -+, 4p,ip+1), HIOBTOPUM IIPEABIIYINEE OIPeIEICHIe ®y n 5;, 1o K Oy j06aBUM
GECKOHEUHYIO CTPOKY X9, s-yeaosuit R(ipi1,0), R(ipi1,1),....

Kpowme Toro, ecim c{n = @, TO OTIpPeIeTuM cinﬂ caeaytomuM obpasom. OgHO-
BPEMEHHO C OIpe/Ie/IeHIeM d,, HHAYKIWe]i 10 1 Hy?KHO IIPOBEPSATD, 9TO BCE yCIOBHA,
nepesiaBaeMoie a = dy,, Bepubl. IIpu n = 0 370 Tak. Ilo mpeamonoKeHnio HHIYKITIHI
cunraeM, 410 ® 1 P COCTOAT TOIBKO U3 HCTHHHBIX YCJIOBUIL. DTO 03HAMAET, UTO JIsl
suoboro t, 0 < t < g, cymecrByer i; Takoii, 4ro Py (i), a 1s moboro s, g+1 < s < p,
CYTIECTBYET &5 Takoe, 910 Qs(is). IIpennomoxnum, aro (x) Bepro. Torma cymecrByer
ip+1 Takoe, 910 P(iy11). Ionoxum d_nﬂ =Ci, T T = (G0, -+ -, bp, Ipr1).

Ecou xke (%) J102KHO, TO d_n+1 — b;, e i — (i0,-..,ip). Herpyauo nposepurs,
UTO B I0BOM CIIydae BCE YCIOBHS st dy 1 MCTHHHBL.

Iycrs tenmeps m = 1. Yeaosue () sksusanentno 3z P(z), rue P(x) — Xf-
YCJIOBHE, BCErjla CTUHHOE Ha He Gojiee deM omuoM . Kaxkimomy b; JOIOJHUTEIHHO
nepejiaeM Moc/e10BaTebHOCTD Y9-yeaosuit —P(0), ~P(1),.... dua ¢; npeacrasis-
eM i Kak (ig, ..., %p,ip11) U g0GaBiseM B Oy yeaosue Piy;1).

Ecnu d,, = a, To oupeneisieM i, . .., iy, KAK BBIIIE, IPU UCTHHHOCTH (%) [OJIA-
raeM dpy1 = G, THe ¢ = (ig,...,%p,ipt1) B P(ipy1), & mpu mozkHOCTH — dpy i1 = by,
rae ¢ = (ig,...,ip). IlocTpoerne E 3aKOHIEHO.

Tokazkem, aro E“™) = & (1 rem campiv r(E) < w - m). Iycts m > 2. Pac-
CMOTPHUM HMPOM3BOJIBHBII MIAT KOHCTPYKIUK ¢ (PUKCUPOBAHHBIME 1 U G. O49eBHIHO,
9TO CJIOKHOCTD YCJIOBUH B ® He TIPeBOCXOIUT X9, 5. [Ipemooxn, 9To (*) neTuH-
HO, T. €. P(ip}1) HCTHHHO IIPU HEKOTOPOM ip+1 € w. Kazknpri b; momyduT joxmoe
39, _o-yesosue Jy —R(i,11,y), MO3TOMY B CUILY JeMMBI 3 EE“"(mfl)ﬂ) =g, taej —
qucio, He 3aBucsiiee ot i. CienoBarebHO, HUKakue Bepudbl Buga a0...0, k > 1,
He GyayT sexars B B M=+t 1y g o plw(m=1)+j+2) '

Homycrum, uro see ycnosus &g, ..., df, <I>60), .. ,q)(()r) uctuHHbL, Py (i;) nCTUHHO
opu 0 < ¢t < ¢, Qs(is) uctunno mpu ¢ +1 < s < pu i = (ig,...,ip+1). Torma
IpH j 7 § JIeMEHT ¢; HOJIyduT JOXKHOe ycyoBre Buga Rs(z,y), Qs(zr) unua R(zx,y),

—(w-(m—2)+t
CJIOYKHOCTB KOTOPOT'O HE ITPEBOCXO/IAT ngfg. CiieioBaTe/ibHO, c§.w (m=2)+1) _ 5 JUTS
HEKOTOpOTro ¢t € w. VI3 3TOro JIErKo cjeiyer, uTO 3JIEMEHTH BUJa al . .., BXOJAIIne
—(w-(m— —(w-(m—1)+1 (- - _
B @@ (M=) pexar 5 ¢ "D Ten campia a@ ™ C {z | ¢ > 7).

IIpenuosioxkum, 910 (%) JIOKHO. 37€Ch CUTYalldsl MEHAETCS HA CUMMETPUI-
HYI0 — KazKJIBlii ¢; TIOJTyHaeT JoxHoe X9, s-yciosue R(x, ), TO9TOMY 37IeMeHTbI BH-
maal ... menexar s a@ (=) Tlocrenosaresnocts Jy ~R(0,y), Iy ~R(1,y), . ..
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OymeT MCTUHHOW I KazKI0TO b;. Ilockombky nabop ® Bcerma HeIyCT, HalmeTCs
i € w TaKoe, YTO LPH j 7 { 3JIeMeHT b; MOJIy4uT JOXKHOe ycioBue Buga R (x,y) uam
Qs(y). Tonyuaem, aro a“™ C {z | b; > z}.

o 0 T —(w-
Ecmn e cpenn yenosnuit ®f, ..., ®7, @g ), . ,<I>(() ) ectn J0xHbIE, TO al¥™) = &
B CHJIy JIEMMBI 3.
[ToCKOIBKY @ BBIOHPAJIOCH HPOH3BOJIBHO, OTCIONA ciexyer, uro E@™) — g

Paccyxnenus nsa ciaydas m = 1 aHaJOTTIHBI.
HerpyaHo IpoBEpHUTD, UTO MOCIIEI0BATETBHOCTD {d), }ye, BBITUCIUMA C OPAKY-
jgom @21, Tlonoxkum

_ 2m, ectuz € E,
9(x) =

2m—1, ecm T € w<¥\ E.

Jlerko moctponth @2~ Lpprancimvyto dymrkmmo o : w — {0, 1} Tak, "o {cin} —
nosociesioparebHoCTh B {a(0) ... a(t) }rew: ecmm a(0),. .., a(t) yxe onpeenenpr,
TO HAXOMUM 7 TaKoe, 4To |dn| <t + 1 < |dy11], u BeiGupaem ot + 1) u3 dpq. Tlo-
ck0IbKY {dp }new —uyTs B E u E — nepeso, 1o a(0) ... a(t) € E most smoboro t u o €
AY, - Tlokaxem, uro o ¢ AL, ;.. Tomycrum, uro at) = @SMQ((a_(O), cona(t—1)))
JUIs HekoToporo n € w. Haitgewm ¢, ais koroporo «(0) ... «(t) = dy, 1 paccmoTpnm
- -2 —

(@)l = 0
u a(t + 1) = 1 no Beibopy d,,+1; uporusopeune. Ciyuail «(t + 1) = 1 ananorudes.
ITpeiozkeHne TOKA3aHO.

nrar KOHCTPYKIUHA, Ha KoTopoMm d,, = a. Ecmu ot + 1) = 0, To @Sm

CaencrBue 6. Ilycrs m € w\ {0} u h(x) = 2m — 1 npu Bcex & € w<*. Torga
cymecTByer BeraucauMas GyHknusa g : w<Y — w \ {0} rakas, qro Zg,g gz 227 p H
r(E) =w-m, ge E = Ex(g,h) N 2<%,

JIOKABATEJ/IBCTBO. B moka3aTenbcTBe MpeIIoyKeHns 2 Hy KHO 3aMEHUTh YCJIO-
Bue (x) Ha 2" ((a))|. B uTore GyeT IOCTPOEHO HEKOTOPOE BHIMUCIMMOE JIePEBO
E C 2<%, Omupenenssi ¢ TOYHO TaK »Ke, IOJyduM (PYHKIHIO o € Agﬂ N 2“ co
cpoiticrBoM: ecim M = {t € w | a(t) = 1}, o M ¢ Zg,h' CitencTBre TOKA3aHO.

3ameTuM, 4TO OleHKa Ha paHr F rouna u B 1. (3) Teopemsr 1.

w

Caencrsue 7. Ilycrs h:w<* — w u h(zy,...,7;) = t+ 1. Torma cymecTByer
perancanvas pyuxius g : w<Y — w\ {0} raxas, aro A, N2¥ ¢ A&h ur(E) = w?
e E = Ex(g, h).

JIOKA3ATEJ/ILCTBO. BHOBD HY2KHO IIOBTOPHUTB J0KA3aTEIHLCTBO IIPEJIJIOKEHUS 2,
samenns yenosue () na o2 ((a))] = 0. Tenepsb c1okHOCTb ye/ioBHil B Habope O
GyZIeT PacTy MO Mepe POCTa |a|, OJIHAKO JJIsl KaXKJ10#i KOHKPETHON BEPIMHBI @ 9Ta
CJIO’KHOCTE OyzieT orpanudena. [lociemosaTenbHOCTD dy, BLIONPAETCS aHATIOTUIHO —
Tak, 4TOOBI BCE YCJOBHS, IepefaBaeMble a = d,, Obltn uctTuaabl. s npesparie-
HUSI JIOKA3aTeJbCTBA TOro, uro F(W™) — & B j0Ka3aTe/bCTBO PABEHCTBA, EW) — o
HY?KHO [TPOU3BECTHU CJICIYIONIIE U3MEHEHUSI.

ITycrs n u a dukcuposanbl. Eciu (*) ucruauo, To Kaxjas b; mM0JyduT JOXKHOE
Epy—yC.HOBI/Ie Jy —R(ip+1,y), TOe 7y He 3aBuCHT OT ¢. Kpome Toro, Haitmercs i € w
TAKOM, 4TO IPHU j 7 ¢ C; NOJYYUT HEKOTOPOE JIOXKHOE Zg—ycnom/le. Tem caMbiM
a@”) C {z | ¢ > z}. Paccyxienus st Cilyuast JOKHOIO (*) AHAJOIIIHBL.

VYesoue () siBisiercst E\Oa| L 1"YCJIOBHEM, T. €. @ B JIONOJHEHHE K yCJOBUAM

u3 ® mepesmacTt BepmmHaM b; U ¢; HEKOTOpbIE Z‘Oa‘—yC.HOBI/IH. CiiesoBaTesibHO, caMa



254 II. E. Anaes

BepIIMHA @ IOMyInT B $ Kakme-10 Egiycnosmﬂ ¢ v < |a| (mpu |a| = 0 a0 GymyT X9-
ycaoust). Tloaromy, 3uast d,,, HAGOD d,, |1 MOKHO BBIYUCIHUTD C IIOMOIILIO OPaKyJIa
@ldnl+1 TIyers

t+1, ecmmzxy...z; € F,
g(x1,..., 1) =

B t+2, ecsmxy...xs € FE.

Torma maiinerca GyHKIUA « € Ag,g rakasd, 910 {dp}new — HOAIOCIIENOBA~
resnibHOCTB B {a(0) ... a(t) }rew. Hokazkem sro. Ilycrs a(0),...,a(t) yxe omnpene-
nenpr. Jns seramcenus ot + 1) MoxkHO memomb3osaTh opakyn @72, Tlociemo-
BATEJIBHO BBIYHCISAS C €r0 MOMOIBIO do,dy, ..., MOXKHO HAfiTH n € W TAKOe, 9TO
|dn| < t+ 1< |dyt1]|, u Beraucaurs dyq. Tenepb B Kadectse at + 1) Hy>KHO BBI-
6paTh COOTBETCTBYIONIUIT 31eMEHT U3 dy ;1. JlOKA3aTeJbCTBO TOrO, 9TO (v & A& s
anajiornano. CJjiefcTBue J0Ka3aHo.

[TocTpoum ere oauH TpUMep, MOKA3BIBAIOIIUN, UTO YCIOBUE BLIYUCIMMON ITe-
PeYnCIUMOCTH B (DOPMYJIMPOBKE TEOPEMBI 2 CYIIECTBEHHO.

IIpengoxxenne 3. CymectByror Boraucaumbie pyaknun g, h : w< — w \ {0}
takme, uto Ex(g,h) N 2<% comep:kur Hemycroe Hg—HO,IUVIHO}KeCTBO T co cBoiicTBOM
T'=T,m0 A, CAD,.

JOKABATENBCTBO. Ilycrs @y (M) 06o3nauaeT pe3ysIbTaT BLIMUCICHUS Q) (1)
nocsie t maros pa6orel Mamunabl Thiopunra. Herpyauo naiiTu BeraucauMyo hyHK-
o y(k, m,t) (cm. [3]) co croiicTBamu:

(a) ecom @f/(m)i =, To IVt > tg v(k,m,t) = x;
(b) ecim w?l (m)1, ro 3%t v(k,m,t) # v(k,m,t + 1).
O6osnaymm y(k, m, t) gepes ¢ (m). Torma @,’f/ (m) = tlggo ©).1(m).
ITocTponM HEKOTOpOE BBIYUCIMMOE MHOXKecTBo F C 2<% 10 mraram, Ha mare $
oupenemM Es = {u € E | |u] < 2s}. 3arem monoxkum E = |J Es, h(u) = 1 nua
1, ecmu € w<¥\ E,

s —{

HIAT 0. Muoxectso Ejy cocrout u3 mycroro nabopa.
HIAT s-+1. Ilycts Fg yke mocTpoeHo. PaccMoTpuM HEKOTOPBIN U = U7 . . . Ugs €

BCceX U € w<Y, a

, ecmu € F.

2<%, O6osznaumm uepes A = A(u,s) uncno snemeHTOB B MHOXKecTBe {i < 25 |
uy ...u; € Eg}. Babdukcupyem k takoe, uro 0 < k < s — 1. Ilycrs By paBHO 4uuciy
seMenToB B {t < s | ¢} ((u1,..., U2k 1)) # U2k 2} B CTyTae, KOTJA Uj ... Ugk 1 €
Eg, n

B — 0, ecam @ps((ur,. .., uk+2))] = k2,
b oo HMHave

B CIIy4ae uj . ..Uk +1 € Fs.

Ecmu Vk < s—1 (k+ By) > A, ro nomemaem ssementst 40, ul, u00, w01, u10,ull
B IJsy1. B mpoTuBHOM ciryduae Bce 9THU 3JIEMEHTEHI B [ | He JIexKaT.

[Moctpoenne E 3akondeno. [lokaxkeMm cHadaa, 9TO A& g C Ag’ ne Hyers a €
Ag’ - IlokaxeM, a0 «v BeruuCIMMA. 1lycTs

90—1
a(0) =7 (),
QQ(Q(O) ..... a(n))—1

a(n+1) = ¢y ((a(0),..., a(n)))
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JJIsT HEKOTOPOro k € w.
IMosoxxum ug = «(0),. .., uskr2 = a(2k + 1). PaccMorpum npousBOJIBHBIN U €
2<¥ Buma U = Uy ... U2kt 20, THE |u| = 28 u s > k+ 1, u pabory ¢ HuM Ha mare s+ 1.
Bo3MOXKHBI citeryIonue cirydan.
(1) uy ... ugk+1 € Es. Torma

ugk o = o2k + 1) = @f ((ua,...,ugp 1)) = Jim gy o ((ur, - uaker2))-

CuietoBarenbao, By orpanmyena i BCexX U YKa3aHHOIO Buja. Il03TOMY JIMIIb
KOHEUYHO€ YNCJI0 HAYaJbHBIX cerMeHTOB nocenopareasrocT a(0)a(l) ... Gyzer se-
kaTh B E, B UDOTUBHOM CJlydae, PACCMATPUBAS U BJOJIb 3TON HOC/IEI0BATEIHLHOCTH,
nostyanm 6eckorednslii pocr A. Otciofa ciegyer, uro a(n+1) = @i ((a(0), ..., a(n)))
MIPHU JOCTATOYTHO OOIBINX 7.

(2) uy...u9k11 € Es. Torma By, = 0 npu 10cTaTOYHO GOJBINNX S, AabHeme
PaACCyKJICHUS AHAJIOTUIHDI.

Ompemenum Temnepnb

To = {urug .. ugp_1ugy | p>0uVk <p-—1

Uskr2 7 ) (U1, ... Uoki1)) IpH Uy ... Upg1 € B,

Uk 12 7 Pe((U1,. .. Usk 1)) TPE Uy ... U1 E B}

u ostokuM 1 = ToyNE. Jlerko nposeputs, uyro nabopst 00 u 01 gexar B E u oaun u3
nux nonaget B T, mosromy T # &. Hokaxkem, uro T = T. Ilyctsb vy € T. Tlokazkem,
YTO CcymiecTByeT v Takoil, uro vg0v € T. Ilycrs |vg| = 2p. Pacemorpum s > p u
BeiGepeM u® Buna vo0ugp+20Uspta - . . Ougs 3 T (9TO Beerma MoKHO cresaTh). Bosee
TOro, MOXKHO CcUHTaTh, uto uP ! > uPt2 > . .. Ilpemmonoxum, aro vg0v ¢ T Hu
U1t Kakoro v. Paccmorpum pabory ¢ v’ ua mare s+ 1. VI3 mHamero mpemnoioxenust
caemyer, uto A < A* nnsa Bcex s, tue A* € w. Ilpu stom mis joboro k nmeem
By — oo npu s — oco. Ecim k > A*, to (k+ By) > A, ama k = 0,..., A*
6yner k + By 6omnbiie A npu joctarodHo 6osbimux s. s takux s uzy OymyT
nomerrens! B Fq 1 st Beex .,y € {0, 1}; nporusopeune.

Anajiornyno mokasbiBaercs, 9ro vglv € T mja mekoroporo v. flcmo, uro Ty €
Hg. [Ipenmoxkenne moKa3aHO.
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