Cubupckuii MATeMaTHIECKHIT YKy PHAJT
Hosibpp—aekabpb, 2012. Tom 53, Ne 6

VIIK 514.752.44+4-514.772

K TEOPUIN BbIPOXIAKOLLUNXCA YPABHEHWIA
BEJITPAMW NMEPEMEHHOIO TUMNA
A. H. Kouagpamion

AnnoTtanusi. OGbEKTOM UCCJIEIOBaHNS PAOOTHI SIBJISIETCS ypaBHEHUE

A(2)f=(2) + B(2) fz(2) = 0.

I/I3y‘{aIOTC$[ B3aMMOCBA3U MEXKJY PEHICHUAMU 9TOI'0 YPAaBHECHHUA U PEIICHUAMM IIOIXOIA-
OIero KJ1aCCU4eCKOTro ypaBHEHUA BeJ’IpralVII/I.

KurodeBble cjoBa: BbIpoxKgaromeecss ypasuenne Benbprpamu, ypasaenue Bensrpamu
[IEPEMEHHOr0 THUIIA, CKJIAJIKH.

8§ 1. BBenenue

[Iycrs B onmocsszuoit obmactu D C C 3agano quddepennuaibioe ypaBHeHre
A(2)f.(2) + B(2)fz(2) =0 (2 =21 +ixs € D), (1)

e A(z), B(z) (|A(z)| # |B(2)| n. B. B D) — KOHeUHbBIe U3MEPUMbBIE KOMILIEKCHO-
snaunble Gynknun. B ciygae A = pu, B = —1 ypasuenueM (1) aBasercs ypaBHeHUe
Besbrpamu (cm. [1, ri. 2])

fz(2) = w(2) f2(2), (2)

nmMeromiee 1npu ycjioBnumn

esssup |p(z)| < 1 Bo Besxoit nogobaactu D' € D
D/

romeomopduoe pemernue w = f(z), UpuHaIeKAIIEe KIACCY Wéf BMecTe ¢ obpar-
HBIM. DTO peIleHre eIUNHCTBEHHO ¢ TOYHOCTHIO IO CYNEPIO3UIINN ¢ KOH(MDOPMHBIM
0TOOpaYKEHUEM.

B nanbHeitinem pewenuem ypasaenus (1) GyueM Ha3bIBaTh HEIPEPBIBHYIO (DYHK-
o f(z) € VVlif (D), ynoBierBopsioniyio emy 1. B. B D.

Hamomunm [2, c. 7], uro xoaddurment pu(z) = fz(2)/f.(z) HasbIBACTCH KOM-
naexcrot duaamayuet; orobpaxkenus f(z) € Wﬁ)f (D). Ero 3azanne SKBUBAJIEHTHO
3a/1aHMIO 1. B. B D moJIsl pacnpejiesieHnsl XapakTepucTuk Jlasperrbesa (p(z), 0(z))
(em. [3]). Orobpazkenne w = f(z), nepBasi XapaKT€PUCTUKA KOTOPOro 1. B. B D
VJIOBJIETBOPSIET YCJIOBHIO

p(z) < Q = const, (3)

Pabora Boinoninena npu dbunancoBoil noguepkke rpauta PODU 11-01-97021-p_noBoskbe_a
u rpanta @PMUT Boal'Vy.
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HasbBaerca Q-xeasuxongopmrom. Ecim yenosue (3) Bpimosaserca B D 0KaJIbHO

(1. e. co cBoum Q = Q(D’) nna Besikoit obaactu D' €@ D), To orobpakeHue Ha3bl-

BAETCS A0KAALHO KBa3UKOHPBOpMHbIM. Yerosue esssup |p(z)| < 1 (esssup |pu(z)] <1
D D’

IUIst Beskoilt obsiact D! € D) 9KBUBAIEHTHO YCJIOBHIO KBasuKOHMOpMHOCTH (J10-
KaJIbHOI KBa3UKOH(DOPMHOCTH).

VYpasuenne Bensrpamu ¢ |pu(z)| < 1 o. B. B D 6ynem B JasbHeiineM Ha3bIBaTh
kaaccuneckum. Coyuan |p(z)] < 1w 8. 8 D u |u(z)| > 1 . B. B D ommyatorcs
TeM, YTO B TIEPBOM CJIydIae TOMEOMOPMhHBIE 0TOOPAYKEHIS HE MEHSIOT OPUEHTAIIIIO,
a BO BTOPOM MeHSIOT. Pasyimune 3mech b dopmaibHoe. VHTEpec mpeacTaBis-
eT CUTyalusi, KO[Jia OJIHOBPEMEHHO CyIIeCTBYIOT mojgobiactu DD, B KOTOPBIX II. B.
BeinosHeHo |u(z)| < 1, m nogobaactu D, B KOTOpHIX I. B. |u(z)] > 1. B stom
cJlydae TOBOPST, 9TO ypaBHeHue Bejbrpamu umeer nepemernudi Tum. Ero pernenust
OIMUCHIBAIOT OTOOPAYKEHNUST CO CKJIAJIKAMI, COOpPKAMU | T. I. 3ajada MCCJIEOBAHUS
Takux ypasHenuii 6pu1a nocrasiena JI. 1. Boakosbickum [4], & psj ycrexoB B 9T0M
HanpasJsienuu 6bu1 cienan B [5,6]. Caemyer ormerurs, 9to ypaBHenue (1) Buepsbie
PacCMaTPUBAIIOCH B [5)].

IIycts E C D — 3aMKHyTOe OTHOCHTEJIHLHO ) MHOXKECTBO ¢ Mepoil mesy E=0.
Ecau venpepwiBrast B D dbyrkuus f(z) ssasiercs pemenneM ypasaenust (1) 8 D\ E,
ro dbyukimio f(z) Oynem Ha3bIBaTL peweruem ¢ ocobernocmyvio E 1aHHoro ypasHe-
s
Hasmane ocobennocTeil y perennii xapakTepHo iist ypasHeHuit (1), BBIpOXK1a-
FOIIUXCST Ha HEKOTOPOM MHOXKecTBe F, T. e. TakoMm E, 9TO

essinf ||A(2)] —|B(2)||=0

B, (z)ND
s Beskoro T > 0, rie B,.(z) — kpyr ¢ uenrpom z € E. Ilpu stom B kauectse F
YACTO BBICTYHAET MHOXKECTBO CMEHBI TUIIa ypaBHeHus (1), T. e. MHOXKECTBO pasjea

Mexnay {z:z € D,|A(z)| < |B(2)|} u {z:2 € D,|A(z)| > |B(2)|}

[puMeP 1. @ymkmus B(z) = x1 + i|z2| € WE(C) ects pemerme ypasrre-
nug (1) ¢ xkoadbdunuenramu

0, Imz>0, 1, Imz>0,
A(z) = B(z) =
1, Imz <0, 0, Imz<0.

Vpasuenue mesbipokennoe. Pyuxiuio B(z), caenya FO. FO. Tpoxumuayky [7, ri. 3,
§ 3], 6yzeMm B masbHeiineM HasbBaTh ynkyuet Bopa.

IPUMEP 2. ®ynkmus f(z) = z1+ (ix3) /2 € VVli’f (C) ecrpb pemienue ypaBHeHUs
(w2 = ) fo + (22 + 1) fz(2) = 0.
VpaBHenue BoipoxkaeHHoe Ha npsmoit £ =R C C.

ITpuMEP 3. Qynknusa f(z) = x1 + 2iy/|z2| € WI})’CZ((C \ R) ecrp pemtenne c
ocobernoctrio E = R C C ypaBuenus

(sgnaz — V|w2|) [z + (sgn e + V/]x2|) f2(2) = 0.
VpaBrenue BoIpOXKIeHHOE Ha npsamoit £ =R C C.

1,2
DIlpu 5ToM HeM3BeCTHA MPHHAIEKHOCTD f € W2 (D).
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§ 2. AccomnuupoBaHHOe ypaBHEHUE

Ypasuenuto (1) GyzeM CTaBUTh B COOTBETCTBUE KJIACCHUECKOE YpaBHeHNe Beib-
TpaM# ¢ KOMILJIEKCHOM IuiaTaruei

o (2) — {—A(Z)/B(Z) npu [A(2)] < [B(2)], )
—B(2)/A(z) upu [A(2)| > [B(2)].
DTO ypaBHEHHE Ha3bIBaeM B JAJIbHEHIIEM YPASHEHUEM, ACCOUUUPOSAHHLIM C YPas-

neruem (1).
Ormerum, 9To Jyist ypaBHenus Beabrpamu (2)

() = { p(z)  mpm |p(2)] <1,
() wpu |u(z)] > 1
U, 3HAUUT, B KJaccuueckoM ciydae p(z) = p*(z).

I'naBuble 1esu HacTOAIIEH PAbOTHI COCTOAT B U3yYEHUH CBOMCTB PEIICHHN acco-
[IMUPOBAHHOI'O YPABHEHUsI U BBISIBJICHUN B3aNMOCBA3€Hl MEKJy HUMHU M PEIeHUSIMU
HepBoHavaJIbHOrO ypasaenus (1). BaxHocTb Takoil cBsi3u Oblia BlEPBbIe OTMEYEHA
B [8].

ITycrs umveercst dynknust f(z) : D — R. Ecam cymecrsyer dynkmus K(z) €
Wh2(D) raxast, aro

f(z) < K(2),
to dbynkmus f(z) nasssaerca W2 -yaorcopupyemotis D. Ecrm f(z) asnserca W2-
madtcopupyemoti BO Beskoit mogobmactn D' @ D, To roBopsT, uto f(z) siBasiercs
noxaavro Wh2-mascopupyemoti B D. JIas KpATKOCTH BMECTO «JIOKaJbHO W h2-Ma-
JKOpUpyeMay BCIOJLy HUKe OyJIeM MUcaTh «Wli’f—Max{opprema».

Eciu dbyHkImst f abCOFOTHO HENIPEePhIBHA BHYTPH MIOYTH BCEX cedeHUit (T. e. Ha
[IPOU3BOJIHLHBIX OTPE3KAX, JICXKAIIUX B YHOMAHYTHIX cedeHusx) obaactu D npsambiMu
napaJjuieIbHBIMU OCAM KOOPJUHAT, TO OyJIeM TOBOPUTH, 9TO [ NPUHAOAEHCUM KAAUCCY
ACL B D, kparko 3amucbiBas 310 B Bujie «f € ACL B D». B nanbueilieMm cBsi3b
Mexk Ty dyHkimaMu kiaccoB Cobonena n dyukmusiMu kiaacca AC L npejmnosaraercst
U3BeCTHOH (cM., Harpumep, [9, c. 14]).

OrmpaBHOIl TOYKOI HACTOSIINEH PADOTHI SIBJISIETCS CJIEYIOINee YTBEPKICHHE.

Teopema 1. Ilpeamosoxkum, uyro usmepumble Gyuruun A(z), B(z) (JA(2)| +
|B(2)| > 0) raxosbI, uro (pynKims?)

AR+ 1B()
P = 130T B

WI})E -Maxkopupyema B D.

Torga cymectByer romeomopgroe pemerne w = f(z) : D — f(D) C C ypasne-
mmst, acconmupopanuoro ¢ (1), npuaem f~1(w) € VVI})C2 (f(D)). Pemenne eguncTBen-
HO C TOYHOCTBHIO JIO CYIIEPIIO3UIHH C KOH(DOPMHBIM OTOOpa’KeHHeM, T. e. Jroboe

romeoMopgHoe perenne fi(z) 9Toro ypaBHEHUS HMEET BHJ|

fi(2) = o(f(2)),

rae ¢ — HekoTopoe KoHgopMHOe orobpaxenue f(D) ma fi(D).

JlanHoe yTBepXKIeHIEe eCTh CenuaIbaas (POPMYIUPOBKA TEOPEMbI CYMEeCTBOBA-
HUS ¥ ¢JUHCTBEHHOCTH PEINCHUs ypaBHEHUs BebTpaMu I KJIaCCHIECKOTO CIIydast
(cm. [10, Teopema 1] mim [11, Teopema 1.3]).

2)B ciyuae ypasuenns (2) 6ymem miacats P, (z) BMecTo Pru,—1)(2)-
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§3. O cylIecTBOBaHUU U €JMHCTBEHHOCTH
roMmeoMOpP@HBIX peITeHuil ¢ 0COOEeHHOCTHIO

IIycts D C € — opmpoceszuas obmacte u v = T(z) : D — T(D) ¢ C —
HEKOTOPBIit roMeoMopdusM, coxpamsiomuii opuenTaruio. Onpenennm B D GyHKIuo

max |T(2") —T(2)|

- |z —z|=r
1 .
Qr(2) M i 1) - 1)

Ussecrno (2, . 1, §4], aro ecim Qr(z) < +oo Baogy B D u Qr(z) < @
(@ >1 — koucranra) n. B. B D, 10 orobpaxenue T(z) (-KBa3sMKOH(MOPMHO B
obylactu D m, Kak ciejcreue, auddepernupyemo . B. B D, umeer m. B. B D
KOMIUTEKCHYIO JtuitaTanuio po(z) = T3(z)/T,(z), mepByto xapakrepucTuky JlaBpeH-

TheBa pr(z), axkobuan I(z) = % > 0 u B Toukax auddepeHIupyeMocTr

pr(z) = Qr(z) = Py, (2).
B namem ciryuae Oymer J0IyCKaThCd BO3MOXKHOCTH BhIpoxkaenus T1(z) (obpa-
menne Qr(z) B +00), HO IIpU 9TOM OyJAyT HAJAIATHCS CJIEYIOINUE OrPAHUICHUS:

(A1) MHOXKeCTBO BBIPOXKeHUsI oTobpazkerust T'(z):

E={z:2€D, sup Qr(z)=+oo musa Besxoro kpyra B,(z)},
z'€B,(z)ND

nmMeer Mepy mess B = 0;

(A2) nns orobpaxkenns T'(z) BeimosHsiercs N-csoiicrso [12, i 5, n. 1.1]:
Besikoe MHOXKecTBO Ey C D mepsl mesy Ey = 0 nepexogur B muoxkecrso 1'(Eg) C
T (D) mepst mesg T'(Ep) = 0.

Herpymuo Bumers, uto yemosue (Al) rapanTUpyeT 3aMKHYTOCTh MHOXKeCTBa F
orHocuTEIbHO D 1 JIOKanbHyI0 KBasukoHdopMHocTh orobpaxkenus T(z) B D\ E.
B cuny kBasukondopmuoctu orobpaxkenue T'(z) muddepennupyemo . B. B D \ E,
a cienoBarebuo, 1 B D. Ilpu 3TOM y HEro 1. B. ONpeJe/IeHa KOMILIEKCHAs XapakK-
TEPUCTHKA [io(z), epBas XapakTepucTuka JlaBpenrsesa p(z) = Py, (2) = Qr(z) un
skobuad I(z). Kpome roro, npu Boimeykazanubix yeiaosuax (Al), (A2) cuopasemu-
Ba (opMyJia 3aMeHbl IlepeMeHHoli B unTerpase [12, . 5, Teopema 1.8]: nyist siio6oit
nomobmactn D' @ D m sroboit cymmupyemoit dbyakumu f(v), 3amannoit 8 T(D'),
UMEET MECTO PABEHCTBO

/ / f(v) dvidvs = / / F(T(2)(2) dzidzs.
T

T(D')

ITo nannomy orobpazkenuio T'(z) onpenesnum kiaace dyuximii T* Wﬁ)f (D) kak
muozkecTBO dynkiuit Buga f(z) = o(T(2)), tae ¢ € W22 (T(D)).

loc
3amerum, urto B ciaydae E = @ orobpaxenue T'(z) JIOKaIbHO KBA3UKOH(POPM-

1,2
o B D u, crenosarensuo, T'(z) € W2 (D). IlosrtoMmy B crily MHBApHAHTHOCTH

1,2
kiaccoB Wi . npu KBa3suKOHMOPMHBIX OTOOparkeHHAX (CM., Hampumep, [12, ri. 5,
teopema 4.2|) saxmouaem, uro T*W,-2(D) = W,'(D). Caenosarensuo, upu E # &

loc loc

ecrn f(2) € T*WL2(D), 1o f(2) € W22(D\ E).

ocC
KooueBbiM pe3yibTaToM pabOThI sIBIASETCS
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Teopema 2. Ilycts D C C — oguocssznas obnacrs; v =T (z) : D — T(D) C
C — romeomopcproe orobpazkenne co cpoiicrsamu (Al), (A2), umeroree KomiLIeKc-
HYIO XapaKTepHCTHKY [ig(z); Koapunuentsr A(z), B(z) ypasaenus (1) ynoBiaerso-
DSIIOT YCJIOBHIO

|A(2)] + |B(2)| = 1. ()
Ipennonoskum, 9To a1 Beskoii nogobiaactu D' € D moxkHO yKasarb (DyHKIHIO

K(z) € WH2(D') rakyro, uro

/ / Po (2)|VE ()] dzrdars < +oc,
/s
|A(2) + B(2)po(2)]?

(1= ro(2)DIIA(2)] — |B(z)
K(T™'(v)) € ACL B T(D).

T <K(2) mB BD, (6)

Torga cymecteyer w = f(z) : D — f(D) C C — romeomopcHoe pemnierne ¢ oco-
Gernocteio F ypasmerus, accommumposamnoro ¢ (1). Ilpwm stom f(z) € T*Wlf)’cz(D),

fYw) € W2 (f(D\E)) u B upencrasienmu f(z) = (T (z)) orobpasenne ¢ mieer
Wl

2
or “Ma>sKOpHPYEMYIO IEPBYIO XapaKTEPHCTHUKY.

1,2
B knacce T*W, ;7 (D) marnoe romeomoperoe perenne ¢ ocobenroctsio E equm-
CTBEHHO C TOYHOCTBIO JIO CYNEPIIO3UIIHH C KOH(POPMHBIM OTOOPA>KEHHEM.

SAMEYAHUE 1. B 3roit Teopeme, a TakxKe BCIOAY Jajee yTBEPXKIAETCH, TTO
romeomopduoe perterne f(z) ¢ 0cOGeHHOCTHIO F e JUHCTBEHHO B KJIACCE T*Wéf (D)
C TOYHOCTBIO JI0 CYTEPIIO3UINH ¢ KOH(MOPMHBIM OTOOPAXKEHUEM, €CJIN JTI000e TOMEOo-
MOpdHOE peleHne ¢ 0COOEHHOCTHIO ' 13 9TOro Kiracca mMeer B

fi(2) = ¥(f(2)),

rie ¢ — HekoTopoe KoHGOpMHOe oTobpaxkenue f(D) na f1(D).
Jloka3aTe/IbCTBY TEOPEMbI IIPEJIIONLIEM CIIELYIONLYIO JIEMMY.

Jlemma 1. Ilpw BeIIOJIHEHHH YCI0BHIT T€OPEMBI 2 IS BCAKOH obiaactu D' € D
dyuxnmo K (2) € WH2(D') moxxwo soibpats tak, aro K(T-1(v)) € WL2(T(D')).

JIOKABATEJILCTBO. 3acdukcupyem D’ € D. He orpanuumBas o6mnocTu, can-
taem rpanmty 0T (D') Cl-rramkoit. Bossmem K (2) € WH2(D'), ynosnersopsatontyio
YCJIOBUSIM TeopeMbl. Torja st TOKa3aTeIbCTBa JIEMMBI JIOCTATOYHO TTOKA3aTh, ITO

/ |V, K |? dvydvy < +00, (7)
T(D")

e Vo K = (Ky, (T (v)), Ky (T (v))).
IMockoabky T'(z) JokanbHO KBasukoHdbopmuo B D\ E, To 11. B. B D

-1
1’11)1 xl'l)g ° T(Z) _ 'Ulml vlmg _ 1 v2x2 7’01$2
Tov,  T2u, V2z, U2z, I(Z) —UV2g, Uiz,
u u3 dhopmya guddepernposanus ciaoxkuoit Gyukun (cm. [12, . 5, Teopema 4.6])
m. B. B D moydaem

_ 1
KUI (T 1(1})) - m(Kw1v2$2 - K$2v2:1:1)a
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1
Ky, (Tﬁl(v)) = TZ)(*levl:cz =+ K:czvlznz)'

Torna m. B. B D’
VoK |? = (Ko (T7H(0)))? + (Ko, (T} (v)))?

_ (lez)z + (U212)2 2 2v1I1U112 + U2z, V2245 (lel)z + (U211)
() () 0
U B CHJIy W3BECTHOI'O HEPABEHCTBA ISl TIOJIOKUTEBHO OMpPEIEeHHBIX KBaJIPATHU-
HBIX POPM

2
KrlKZEQ + KiQ

2
D ag€ls < (an +a) (8 + &) (ay = ajs)
s,7=1
HoJIy9aeM
|V’Ul|2 + |V |?

K|* <
VTS TG

VK2,
HOJ'H)3yHCI) COOTHOUICHUAMN
[Voi? + Vo |? = (Joa* + [vs?) /2, 1(2) = [02]* = |vz]?,

Jvel ot fvs| ol fusf?

P —
va| = oz T v |? = Jvz]?

Ho (Z)

U3 3TOU OIEHKU HaXOIUM

2 11#0(2) 2
< — .
VLK < o K

Orcroza nosmy4daeM HepaseHeTBo (7). JlemMma Joka3aHa.
JIOKA3ATEJIbCTBO TEOPEMBI 2. B ypasaenun (1) cresaem 3aMeHy nepemMeH-

noit z = T~ Y(v), momaras w(v) = f(T~!(v)). Ucnomwsys Toxmectsa v; = U,
v, = Uz, 3 (1) noxyunm

A(v)wy + B(v)ws = 0, (8)

rae _
A(v) = (A(2) + B(2)po(2))v=(2)],—p—1(0) - 9)
B(v) = (A(z)o(2) + B(2))v=(2)],_poiy- (10)

13 (9), (10) ¢ yuerom yemosus (A2) Bumnm (em. [12, 1. 5, 1. 1.1]), uro A(v), B(v) —
mamepumble dyraknun B T'(D). Hoabsyscs (5) u |uo(z)| < 1, nmeem nemovxy oneHox
o Ml BeL
AT AW - B
o AP B [(A+ Buov:|* + |(Afio + B)v:|*
T |A()|2 = |B(w)]2|  |[(A+ Bpo)v:|* — [(Afio + B)v; ||
A+ Buo|* +|Afio + B?  2|A+ Buol® + |Afig + B|> — |A + Buo|?

|A+ Bpo|?> — |Afio + BI*| A+ Buol|? — |Afio + B|?|
2|A + Bpuo|? 2|A + Buol?
— 41+ | ; Mi 5 — F1+ l; l?' 2
|A+ Bpol* — [Afio + BJ?| |(1 = [uol*)(JA]* = |BI?)]
2|A + Buo|?
<14 |A + By <1+ 2K(z) :1+2K(T_1(U))-

- (L= lmeDIlAl=[BI
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ITo nemme 1 dyrrImS P( i E)( V) ABJIAETCS Wlif -mazkopupyemoii B T'(D). Ilo reo-
peme 1 cylmecTByeT eJIMHCTBEHHOE C TOYHOCTBIO J0 CYNEpPIO3UINU ¢ KOH(POPMHBIM
orobpazkeHreM roMeoMopdHoe perterne w = p(v) € T/Vli)c2 (T(D)) ypasHeHusi, acco-
ruuposanHoro ¢ ypasrenueM (8). Iomarast f(z) = ¢(T'(z)), nomydaem romeomopd-
HOE pellienne ¢ ocobeHnocTbio F kiaacca T Wli) 02 (D) ypaBHEeHUsI, aCCOIUUPOBAHHOTO
¢ (1). BBumy oTMedYeHHO# BBIIIE €UHCTBEHHOCTH ( ITO PEIIEHHE ¢ OCOOEHHOCTHIO F
€JIMHCTBEHHO B KJIACCE T*VVli)f (D) ¢ TOYHOCTBIO 70 CYIEPIIO3UIUN ¢ KOH(DOPMHBIM
0TOOPAYKEHNEM.

3adukcupyem npoussosbHo nogobaacts D' € D\ E. B ganunoii obiaacru oro6-

paxenue T'(z) kBazukonbopmuo. Oboznaunm ¢(D’) = esssup |ug(z)] < 1.
D/

[ycrs K1(z) > 1/2 — dynkuus xnacca W12 (D') raxas, aro

[A(2) + B(2)po(2)]?
= o NIAG) - 1B = ) (11)

. B. B obsactu D’. 113 (11) BeITEKaeT OneHKA

1 (2) — po(2)?
T GO0 ) = 2 (12)

rue p*(z) — xoadpdunment (4) ypaBHeHMs, aCCONUMPOBAHHOrO ¢ ypasueruem (1).
HeiictBurensio, ¢ yaerom (5) npu |B(z)| < |A(z)| nmeem |A(z)| > 1/2, orkyna
OJTy 9aeM

[A(z) + BEpo()*? AR = p*(z
(1= lpo(H)DIIAG) = B[ (1 = |po(2)))(1

(=)
*(2))

?E

1 | (2) — mo(2))?
2 (1= [po(z) DA = [p*(2)])

u, sHaunt, (12). Ipu |B(z)| > |A(z)]|, cHoBa yunteiBast (5), umeem |B(z)| > 1/2 n

A + BEmEP  BEI () ~ o)
(= oA~ [BET (0= o)1 — [ ()]
Sl @) - m)P
=20 [moN (I~ W G’

Y%

oTKyza Takxke ciaemyer (12).
N3 (12) o. B. B D' noyaaem

(1" ()] = o))
T
= G+ 202 (2) ~ oDl ()] + o )P — 2K3(2) <0, (13)

SadurcupyeM z Tak, 9T06BI BHIOIHSIOCH |y (2)| < g(D'), Torma KopHU TpextieHa
y(t) =1 + 2(K1(2) — |uo(2) )t + [po(2)* — 2K:1(2)

paBHbl t+ = |po(2)] — Ki(2) & \/K2 )+ 2(1 — |po(2)]) K1 (2). pu srom y(0) =
lo(2)]? — 2K1(2) < 0 u, sraunt, t_ < 0, t. > 0.
Bamerum, uTo t; < 1, IOCKOJbKY

1o (2)] = Ki(2) + \/Kf(Z) +2(1 = [po(2))K1(2) < 1 <= 0 < (1= |po(2)]).
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B cuiy (13) umeem |p*(z)] < t.. Tak kak Ha npomexytke [0,1) dyHKIms

1+4+¢ 2

t)y=—=—-——1
yl() 1—¢ 1—¢

BO3PACTAET, TO

Pa,p)(2) = Pus(2) = mi(lp*(2)]) S wa(ty) <
2
1= (@) = Ki(2) + VER(Z) + 201~ [no(2)) K1(2))
2(1 — |uo(2)| + Ki(2) + VEF(2) +2(1 — [uo(2)]) K1(2))
(1= [po(2)])?
_ 2(1 — |po(2)| + K1(2) + VK7 (2) + 2K (2) + 1)
- (1= |po(2)])?
- 2(1 — |po(2)]) + 2 4 s 4 4 s
B PPt 5 R T R e (/70 ER R ) ERA
Tenm cambivm Py py(2) < K(z), tie
4 N 4
(I—-q(D")*  (1—q(D))?
[ockombky K(z) € WH2(D ), o Teopeme 1 f € WL2(D'), f~1 € WL2(f(D), a
suaunt, f € WE2(D\ E), f~' e W2(f(D\ E)).

loc loc
Teopema mokaszana.

1-—

K(z) =

Kl(z)

3AMEYAHUE 2. st ypasHeHust (2) B yCJIOBUSIX TEOPEMBI 2 BMECTO JIEBOH 1acTh
HepaBeHCTBa (6) MOXKeT OBITh HCIIOJIB30BAHO BbIPAYKEHHE

|1(2) — mo(2)]?
(1= lpo(2)DIT = u()DI

HeiicrBurenbho, ypaBaenue (2) MOXKHO Iepenucars B Buje ypasuenus (1) ¢ koad-

umenmast A(2) — p(2)/(L+ |u(z)]), B(z) = —1/(L+ |u(2)]). s A(), B(2)

BBINOJIHAIOTCA yesosue (5) u coorHomenne pu(z) = —A/B. Orcona
|A(2) + B(2)po(2)]? B |B HB + po(z )’
(1 = lmo(2)DIIAE)] = 1B()]] 1—|uo D22 - 1]

o Ipe) — mo)?
= T (DI — [N

BAMEYAHUE 3. Ipunaiexuocts K (T 1(v)) kinaccy ACL 8 T(D') B nekoro-
PBIX CJIydasix BBINOJHSETCS aBTOMATHIECKH, SBJISASCH CIIEJCTBIEM CBOWCTBA 0TOOpa-
skeHnst v = T'(z) COXpaHATb 9TOT Kjacc. IIpuMepom orobpazkeHust, COXPAHSIONIETO
kitacc ACL, aBisiercsa

Fo(2) = folaa) +ima,  fi(t) — / 5(r) dr
0

rae §(t) — mosoxKuTebHAS HenpepbiBHas 1pu ¢ £ 0 DyHKIMS, UMEIOAsA WHTErPU-
pyeMyro ocobeHHOCTH B Hyse. HeciioxHO nmposeputh, uro eciu K(z) € ACL B D,
1o K (F5 ' (v)) € ACL 5 F5(D).
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§ 4. BobipoxkjeHne Ha JUHUU

[IycTp cymecTByer xk0pmanosa ayra E C D, nenamasa obnacts D Ha nBe of-
HOCBsi3HBIe TIofo6macT Dy u Do, npuuem Ha E ypasrenue (2) BbIpOXKIaeTcs, a
XapaKTeP BBIPOXKEHUS OIMCHIBAETCS CJIELYFOIIMME YCJIOBUASIMH.

(B1) Cupasemnuso npejicraBieHne
[n(2)| =1+ M(2)6(H(2)), (14)

rie M(z) — uamepumast 1. B. koHeunasd B D dyukius; §(t) — HenpepbiBHas DYHK-
st Takast, @ro §(t) > 0 mpu t £ 0 u §(0) = 0; H(z) € C(D) N W,.?(D), npusenm
VH(z) #0n. 8. BDu H(z) <08 Dy, H(z) >0 8 Ds.

(B2) Cymecrsyer nenpepsisuas dbymkms Z(z) € W, (D) rakas, aro oTo6-
pazKeHue

J(2) = H(z) +iZ(z) € C(D) N WL (D)

loc

SIBJIAETCS JIOKAJILHO KBasuKOH(MOpMHBbIM romeomopdusmom D wa J(D), coxpansio-
UM OPHUEHTAITUIO.

OuesngiHo, u3 yenosus (Bl) caemnyer, uro H(z) = 0 — ypasHenue xkpusoit E.
ITycrs B nansueiimem Iy (z) = Hyy Zy, — Hyy Zy, — six0buan orobpaskennst J(z),
py(z) — ero nepsas xapakrepuctuka Jlaspentbesa, a Q;(D’) = esssuppy(z) > 1.
D/

Torna B cuiy kBasukondopmuoctu J(z) B D' 1. B. umeem
[VH(2)? + |VZ(2)[? <2Qs(D")1(2) < 2Q4(D")|VH(2)|[VZ(2)|.  (15)

Beroty HuxKe J171s1 IPOU3BOJIBHON BelecTBeHHO dbyHkumnu f(z), nMmeromeii rpa-
JUEeHT B Touke z € D, monaraeM Vf(2) = fu, +ifs, u Vf(2) = fo, — i fu,-

Cuenytomue Teopembl 3, 4 yka3biBaroT ycjoBust Ha M, §, H, Z, 1pu KOTOPBIX
CYIIECTBYET rOMEOMODPMHOE PeIIeHrne ¢ 0COOEHHOCTHIO F/ ypaBHEHUsI, ACCOIUUPOBAH-
HOI'O ¢ ypaBHeHueM (2), a TaK:Ke OIUCHIBAIOT CTPYKTYDPY 9TUX PelIeHHi.

Teopema 3. Ilpeanosoxum, uro Bemosssirorces: yeaosust (Bl), (B2) um mrs
Besikoit mosobtactu D' @ D moxno ykazarh ¢ynkmuio K(z) € WH2(D') rakyro,

910
VEK(2)|?
// |6(I({))|da:1dx2 < +o0,
DI

npudeM i 1. B. z € D’

1 vZ|?

1
M) ’“(2) vz

+m@ﬂgK@. (16)

Iomoxum T(z) = Fs(J(z)). Torma cymecrByer romeomopdpusm w = f(z) :
D — f(D) C C, st KOTOPOro ClpaBeIIHBbI Y TBEPIK JCHHSI:

(i) f(z2) ecrs pemenne ¢ ocobennoctrio E ypaBaenusi, accouuupoBasHoro ¢ (2);

(i) f(z) e T*WL2(D), f~*(w) € W2(f(D\ E)) u B upeicrapiennu

f(2) = o(T(2)) = ¢(F5(J(2))) (17)

1,2
orobpazkenne @ umeer W, . -MaxKopupyeMyro IIepBYIO XapaKTePHCTHKY.
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1,2
B knacce T*W, ;2 (D) mannoe romeomoperoe perenne ¢ ocobenroctsio E equm-

CTBEHHO C TOYHOCTBIO JIO0 CYIIEPIO3UIIHHA C KOH(POPMHBIM OTOODaKEHUEM.

JIOKA3ATENBLCTBO. B passepuyrom Buze T(z) = fs(H) + iZ u ansa oroGpa-
skernst v = T'(z) momydaem

8(017’02) o 5(H)Hab1 6(H)H»L2 _ P
Ber,m2) ’ Zoy  Zay | OB
oT(z) 1 == = 0T(z) 1 .
o — 5 (BUVH +iVZ), =2 — ~(0(H)VH +iVZ),

OTKYyZa

(18)

(o) OT) [OT()  SUDYH +iVZ V2 —id(H)VH
HOlE = "5z / 92 S(H)WWH+iNZ VZ—id(H)\VH

Orobpaxkenne v = T'(z) COXpaHsieT OPHEHTAIMIO, CJIEJI0BATENbHO, |ug(2)] < 1 m. B.
B D.

Nnmeem
VZ| |VZ ? vz |vZ ?
Sl < = 22 XL <olp— 22| 12|2ZZ _ 0l . (19
|1 — o HM N7 NI Hol|| = ‘,u <7 7 o (19)
vZ  VZ VZ—i(H)VH 28(H)I; (2)
vz TNz YZ_is(H)VH VZ(VZ—is(H)VH)
Baduxcupyem nopodaacte D' € D. Torga agyist . B. z € D' ¢ yuerom (15)
vz P 462(H)I2(2)
vZ Hol = IVZ12(|VZ|?2 + 62(H)|VH|? + 26(H)I1(2))
46°(H) I3 () 2 ( 1y 52
—_— <
< o S 1QYDSH), (20)
IVZ[? + 8*(H)|VH|?* + 25(H) 11 (2) < C1(D")1(2), (21)

rie C1(D') = 2Q (D) max{1,sup(62(H))} + 2sup(§(H)) > 1. Ucnomssysa (18) u
D’ D/
(21), momyuaem

1— |po(2)] = 46(H) 1 (2) o1
PO U Tuo () (V2P = R2(H)VHP2 + 26(H)11(2)) ~ Ci(D')

Orcrona ¢ yaerom (14), (19), (20) npuxoaum K OIEHKe
2 2
. T R
=N~ 0D = ot IM(2)|62()
1 vZ
< )izt |~ 22
rue Co(D') = 32Q%(D")C1 (D).

Hasee, cHoBa 1osb3ysch (15), ycraHnaBjiuBaeM OLEHKY

2 1

’ |M<z>|)’ (22)

P, (z) = Llmol oLt lml®  PEDIVAP 4 [VZP? _ Cy(D)
P = pel T 1= ol S(H)1(2) ~ O(H)
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rie C3(D') = 2Q;(D’) max{sup(62(H)),1}. Torma nns Beskoit bynkmm K(z) €
D/

WI})CZ (D’) BBIIOJIHEHO HEPABEHCTBO
K 2
J[ P19 E P dnides < o) [[ w drydzy. (23)
D, D/

Nmeem 2z = T71(v) = Jfl(ff"é_l(v)). Mycts ¢ = F5 ' (v). Torma v = F5(C),
¢ = J(z). Tak kak orobpaxkenue ¢ = J(z) JI0OKaJIbHO KBAa3UKOH(MOPMHO, 00pATHOE
K Hemy z = J~1(() Taxke JOKaJIbHO KBasuKOHMOPMHO H, cieaoBaTesnbho, J1(() €
VVﬁ)f (J(D")). Hockombky K(z) € Wé’f(D’ ), B CUJTy MHBAPHAHTHOCTH KIIACCA Wlif
npu kBasukondopMIbIx oToGpazenmax meem K (¢) = K(J~1(¢)) € W2 (J(D')) u
0 3aMedaHuio 3 3aKjodaeM o npuHayiesknoctn K (T~ 1(v)) = I?(ffé_l(v)) € ACL
B T'(D").

OwueBngpo, kpusast £ — muoxxecrso Beipoxkaennst 1'(z) = Fs5(J(z)), u BbiIos-
mstiorcst yeaosust (Al), (A2). Takum obpasoM, B crty 3amedanns 2 u yciosus (16)
nosryueHnble orneHkn (22), (23) obecrneunBarOT BBIIOJIHEHUE YCJIOBHUI TeopeMbl 2, a

3HAYNUT, U CIIPaBEJINBOCTL TeopeMbl 3. Teopema joKazaHa.

Teopema 4. Ilpegnosioxkum, aro Bomoansitores ycaosus (Bl), (B2) u dynk-
must 1/6(t) mmeer mHTErpUpyeMyr0 0COGEHHOCTE B Hyste. Kpome Toro, mpeamosoxmm,
yTO JUIs BesKoit mojobiaacty D' @ D moxno ykazarh ynkmmio K(z) € WH2(D')

TaKyro, 4TO
IVK(2)?
// 5(H) dridre < +00,

D/
!
opuYeM Ui 0. B. z € D

2
+

1 VH
()52 () ‘”(") v

1
Gy <K

Honoxum T(z) = F1(J(2)). Torna cymecrsyer romeomoppusym w = f(z) :
D — f(D) C C, mist KOTOPOro CHpaBeIJIUBbI yTBEPAK[CHUS:

(i) f(z) — pemerne ¢ ocobennocrsio F ypaBHeHHs, acCOMUUPOBAHHOIO ¢ (2);

(i) f(z) e T*WL3(D), f~Yw) €e W-2(f(D\ E)) u B npeacrapiennn

loc loc
f(2) = ¢(T(2)) = ¢(F1(J(2)))

0TObpaXkeHne © HMEET VV&)C2 -Ma>KOpPUPYEMYIO IEPBYI0 XapaKTEPUCTHKY.

B kuracce T VVlif (D) manmoe romeoMmopgHoe perierne ¢ ocobennocTbio E enqu-
CTBEHHO C TOYHOCTBIO JIO CYIIEPIIO3UIIHHA C KOH(POPMHBIM OTOODa KEeHUEM.

JTOKABATEJ/IBCTBO MPOBOINATCS TIO TOH K€ CXeMe, ITO U B TMPEIbIIyIei Teope-
Me, eCTb OTJINYUY B JETAJIAX. YKaXKeM 9TU JETAJIU.

CHayaJia BBIYHUCJISIEM CJIEIYIONINE BEJIMINHBL:

Ovrv2) _ |y Her smyHes| L p )
3($1,$2) Zzl Zw2 5(H) )
9z 2 (6(H)VH+NZ>’ o a1

OT(z) JOT(x) VH+is(H)\VZ
Ho(2) = =5 / 9z VH+id0(H)\WVZ
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Kak u B npepyiymieii Teopeme, v = T'(2) cOXpaHSeT OPUEHTAIMIO U, CJIEJ0BATEBHO,
|to(2)| <1 B. B D. dasnee, ycraHaBIMBaEM OIEHKY, aHamormaHyo (19):

2 2

VH VH
— 2 <2 —_ | +2|=—
I — pol” < ‘/«6 SH S Ko
[Monb3ysics (24), noxygaem
vH 20(H)I(2)

vE " VAENH _bHVZ)

Badurcupyem npomssoabHyo nomobracts D' € D. Torma maa m. B. z € D' ¢
ydaerom (15)

2 46°(H) I3 (2)
| VH]2(|VH|? +62(H)|VZ|2 + 25(H)I,(2))
46°(H) I3 (2)
= [VHJ

’ VH
Ho

VH

< 16Q%(D")6*(H),

\VH|? + 6*(H)|VZ|* + 20(H)I,(z) < C1(D')I1(z),
rie C1(D') = 2Q;(D’) max{1,sup(6%(H))} + 2sup(d(H)) > 1. Ilposoas mambreii-
D/ D/

e BBIKJIAJIKA 110 AHAJIOTUHU C IPEIbIAYINeil TeOpeMOil, MPUXOIUM K TpedyeMoMy.
Teopema mokaszana.

Teopembr 2—4 mpeacTaBIISIOT COOOM PE3YJIBTATEI, OTHOCSIINECS K TEOPUU YPaB-
HeHuil BesibrpamMu ¢ M3BECTHBIM MHOXKECTBOM BBIPOXKJeHHs E (CM. 110 9TOMY [10BO-
ny [13, ¢. 572], a u3 nocnenaaux pabor — [14, ru. 13|, rue nosydeHbl HOBbIE TOHKHE
Pe3YJIbTAThI, OTHOCSIIUECS K YTOMY HAIIPABJIEHUIO HUCCJIEJIO0BAHUMN). 3aMeThM, UTOo
panee Cpebpo u dkybosbim [15, Teopema 1.1] Gbur mosyded pesynabrar, Giuskuii
Teopeme 3 mpu Oojiee KECTKUX orpaHmdeHusx Ha pu u FE. B To ke Bpems Oims-
KUe aHaJoru TeopeMbl 4, MoJIyueHHbIe paHee, aBTOPY HEM3BECTHBI U €€ PE3yJIbTaT
[IPEJICTABJISETCS TPUHIMITAAILHO HOBBIM. CyYIIECTBEHHBIM OTJIUIHEM IOy I€HHBIX
PE3YJIBTATOB OT UMEIONIUXCS AHAJIOTOB SIBJISIETCS TaKKe OIMCAHNE CTPYKTYPhI pere-
HUA.

8 5. Ckiuagku

ITycrs D C C — omgHOCBsI3HAsE 00J1aCTh, pa3jesleHHas XKOP/IaHOBOIi j1yroit F Ha
nse nogtobaactu Dy u Dy, uniyers |A(2)| < |B(z)| n. B. 8 Dy u |A(2)| > |B(2)| n. B.
B DQ.

Pemenne f(z) ¢ ocobennocrsio E ypasrenus (1), romeomopdHOe Ha MHOMKE-
creax E, Dy (s = 1,2), 6ynem HassiBarh (A4, B)-ckaadkot. Hyra E HasbiBaercs B
9TOM ciaydae aunuel ckaadku. B ciydae ypasaenus (2) Bmecro «(u, —1)-ckiaakas
OyJeM IUCATD «[-CKJIAIKA>.

Hanomuum, uro gyra E C C, 3ajanHasg aHAJMTUIECKON [0 BEIIECTBEHHOMY
nepemernomy t dyuknueir z = f(t) : (o, 8) — C, f'(t) # 0, vaspBaerca ana-
aumuneckotd [16, c. 152]. Kpome Toro, ayra E C C, y koropoii yros nakiona 6
MEXKTy KaCATETHHOM U OChIO abCIHUCC SIBJIAETCS (DYHKITHEH, YI0BIETBOPSIONIEH YCII0-
suio ['énpaepa [0(s”)—0(s")| < C|s” —s'|* (0 < a < 1) OTHOCUTEIBHO HATYPATILHOTO
napamerpa s, HasblBaercs dyzotl Jlanymosa [16, c. 108].
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Teopema 5. IIpennosoxum, aro cymecrsyor (A, B)-ckmanka f(z) u go(z) —
romeomop¢groe B D perenne ¢ ocobeHHOCTHIO F ypaBHEHHsI, acCOIHHPOBAHHOTO
¢ (1). Torma ec/iu BBITOJHSIFOTCS CJAELYIONIHE YCIOBHSL:

_ 1,2 - 1,2
(a‘) ni f ! € I/Vloc (f(Dl))7 nim g, ! € VV]OC (QO(DI))7
_ 1,2 - 1,2

(b) mmn f~1 € W2 (f(D2)), mmm g5t € Wil (go(D2)),
TO CHIPABEIUBBI Yy TBEPKICHHUSI:

(i) pyrknus f(z) npescraBuma B BHJIE

f(2) = o(B(¥(90(2)))), (25)

e ¢, 1) — HEKOTOpbIe KOH(POPMHBIE OTOODAaKEHUST;

(ii) go(E) — amasmTudeckas Jyra;

(iii) ecomm pynxnmsa Pa py(z) aAbrsgercs V[/lif -maxkopupyemoii B8 D, a f(E) —
ayra Jlsmynosa, 1o f, go € W2(D), a gt € W\ (go(D)).

loc

JIOKA3ATENBCTBO. Muoxkecrso E* = f(E) — xkoppaHoBa Jyra Kak IOMeO-
MopdHbIl 00pas xkopaanosoii pyru. Orobpaxkenue w = f(z) coxpaHser opueHnTa-
o B D1 v MeHseT ee HA IPOTUBONONIOKHYIO B Do. Ilosromy obnacru f(D;) u
f(D2) umeror Hemycroe nepecedenue, npuMbikaormiee Kk E*. Paccmorpum obiactb
D* = f(D1) U f(D2).

C nmomorpio TeopeMbl PuMaHa MOXKHO ITOCTPOUTH KOH(OPMHOE OTODpaKeHUe
p1(w) obnacru D* B kIO nOsTyILIockocTh C Tak, 9Tobbl E* meperwio B mpoMe-
JKYTOK BEIECTBEHHOI OCH.

JeiicrBuTesbHO, BO3MOXKHBI TpU BapuaHTa: 1) obuacts D* ojuocsssHa, 2) 06-
sgactk D* He ofHOCBsI3HA, & ¥ j1e2KuT Ha HEKOTOPOil BHEIIHEN KOMIIOHEHTE CBA3HO-
ctu rpanunpt 0D*, 3) obiacts D* He ogHoCBs3HA, a E* jeskuT HA HEKOTOPOI BHYT-
penneii Komnonente cesizuoctu JD*. B nepsom ciryuae Teopema Pumana mpumens-
eTCsi HeloCPeJACTBEHHO K D*) BO BTOPOM — K MUHUMAJIHLHON OIHOCBI3HON 00JIACTH,
comep:xkameit D*. B Tperbem cayuae cHavasga b6epercss KOHPOPMHOE OTOOpaKeHne,
«BBIBOpAYMBAIOIee HAN3HAHKY» D* Tak, 4T00b1 00pa3 F* mpu JaHHOM O0TOOpaKeHNN
OKa3aJics Ha BHEIIHel I'PaHUYHOI KOMIIOHeHTe obpasza D*. 3arem Teopema Puma-
Ha IIPUMEHSIeTCs] K MUHAMAJILHOM OTHOCBSI3HONM 00J1acTH, cojepzkaleii obpaz D*, u
GepeTcst CymepHoO3nIHsI IIOCTPOEHHBIX OTOOPaYKEHMIA.

OrMmernM, 9TO B CUJLy MIPUHITAITA COOTBETCTBUSI TPAHUIL JJIsT KOH(OPMHBIX 0TOO-
paxkeHmit orobpaxkenue 1 : D* — ¢1(D*) nmpomoiKkaercst B3aUMHO OJHO3HATHO I10
HenpepbiHOCTH Ha D* | J E*. BBumy storo ¢1(f(2)) siBasiercs (A, B)-ckuanxoii, a
oTobparkeHne

v ®B(z) — { ¢1(f(2)) 1pu z € Dy,
@1(f(z)) npnz e D;

€CThb peleHne ¢ 0cobeHHOCThIO F accoruupoBanHoro ypasuenus. 1Ipu sTom

p1(f(2)) = B(2(2)).

ITokazkeMm, 4uro cyimecTByer Takoe KoHMOpMHOe orobpaxkenue ¥ : go(D) —
®(D), uro ®(z) = (go(z)). llycrs B nambredimenm ¢ = go(z), rae ¢ = & + i&a.

U3 nocrpoenus orobpaxkenus P(z) scuo, uro ®(z) — romeomopdusm, npudem
d(z) € VVl})’f (Ds) (s =1,2). Paccmorpum oroGparkeHue

U(v) = go(®7"(v)) : ®(D) — go(D). (26)

ITycrs BbImOSHSIETCS yejoBue ().
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Ecm f~1 e Wlf)’cz(Dl), o ®~1(v) € Wlif(CI)(Dl)), a orobpaxkenne U(v) mepe-
BOJIAT TI. B. GECKOHETHO MaJible KpyTHu u3 obactu ® (D)) B 6eCKOHETHO MaJIble KPyTH
obmactu go(D;). Hockomsry go € W2 (D1), To W(v) € Wb (®(Dy)) [17, rar. 3, ment-
ma 6.4]. B cuiny cranmaprHO aprymentarmu (cM., HanpuMmep, [11, mokasaTeabeTBo
Teopembl 1]) 3akimouaem o kordopmuoctu ¥ (v) B obaactu ®(Dy).

Ecm gyt € W'lif(go(Dl)), TO, KaK U BBIIIIE,

THE) = 2(95(9)) € Wige (90(D1))-
Janroe 0TOOparKeHNe TIEPEBOJNT 1. B. GECKOHETHO MaJible Kpyru u3 obmnactu go(D1)
B GeckoHEeIHO Majible Kpyru obsactu P(D1) u, 3HAUUT, KaK U B IPEIBIILYIIEM CJIy-
qae, gpiserca kondopmubiv. Torma u obparHoe K Hemy orobpaxkenue W(v) Takxke
KOH(OPMHO.

B cayuaae (b) xoudopmuocrs ¥ (v) B ®(Ds) ycraHaBIMBaeTcss aHAJIOIUIHO.

IMockoabKy npsimast Im v = 0 JI0KaIbHO crpsiMiisieMa, 1o Teopeme Ilensese [18,
c. 47] sakmouaem, aro ¥(v) — koudopmuoe orobpazkenue obnactu P(D).

Mycts ) = UL, Torma @1 (f(2)) = B((go(2))) u, momaras ¢ = o] ', npuxoxumM
K OpejcTaBienuio (25).

Anaymruanocts ayru go(E) crenyer m3 paseHcrsa go(E) = ¥(P(E)), Toro
dakra, uro ®(FE) ecrb npomexkyTok Ha npsmoii Imv = 0, u B cuily HepaBeHCTBa
U’(v) # 0, Beproro BayTpu obaactu P(D).

Hakoner, 3ameTnM, 9TO coryiacHO Teopeme 1 pn Wé’f—M&}KoppreMOCTH byHK-
muu Py, B)(z) B D cymecTByeT romeoMopdHOE perieHue g € I/Vli)c2 (D) acconumpo-
panHoro ¢ (1) ypasrenus Taxoe, 9To g1 € VVéf(g(D)) Torma Uy (v) = g(P~1(v)) :
®(D) — g(D) — xoudopmuoe orobpazkeHue. YIUTbIBag KOH(DOPMHOCTH 0TOODa-
kenus (26), 3akiouaem, 9ro go(z) u g(z) MOIYT OTJIMYATBCS JIPYL OT ApPyra pas-
Be JIUIIb HA CYHEPIO3UINI0 ¢ KOH(MOPMHBIM OTOOpaskeHneM. DTO JTOKA3BIBAET, ITO
90(2) € Wig2(D), g5 ' (¢) € W2 (go(D)).-

Hasee, B dbopmyse (25) nprmagrexiocts B(1(go(2))) € W (D) ouesmana.
[Tockonbky (¢ orobpaxkaer 00JaCTh, IPUMBIKAIONLYI0 K OCH abCIHCC, IIPUYEM COOT-
BETCTBYIOIAs 9acTh ocu abcuuce nepexomut B nyry Jlsmyrosa f(E), To mpousBos-
Hast ¢’ HenpepbiBHA Ha ocu aberuce no teopeme Kesutora [19, c. 411]. Orcrona
zakiodaeM, 910 ©(B(1(go(2)))) € Wﬁ)f (D). Teopema mokazana.

Cueyromas Teopema obparHa yTBep2Kaenuio (ii) npeabiryneii Teopembl.

Teopema 6. Ilycrb ¢yumms Py, B)(z) SIBJISIETCST Wé’f-Ma}KoppreMoﬁ B D

u go(z) € Wlif(D) — romeomop¢gHoe B D perienne ypaBHEHHsI, aCCOIHTPOBAHHOTO
c(1).

Ipeamonoxknm, aro gyra go(E) C go(D) amamuruyeckas. Torma B HEKOTOPOI
okpecrroctu O(E') npoussossroii qnyru E' € E cymecrsyer (A, B)-cknanka f(z) €
WH2(O(E")).

3aMeruM, 9TO CYIIECTBOBAHME JIOKAJIbHBIX CKJIAJI0OK B OKpecTHOCTH F, BOOOIIE
rOBODsI, He O3HAYaeT X IIobaJsbHOrO cymiecrBoBanusi. B [6, c. 230-232] mocrpoen
npumep ypasHeHus (1) IepeMeHHOrO THIIA, MMEIOMIEro B HEKOTOPOHl OKPECTHOCTH
MIPOU3BOJILHOM TOYKM JIMHUM CMEHBI THIIA PEIIEHUE BUJA CKJIAJKU M HE JOITYCKAIO-
IIEro CKJIaIYATOTO PeIleHust BO BCeil 00/1acTh 3a/IaHusl yPABHEHWS.

JlokazaTeanLCTBy IPEIIIOILIeM CJICYIONLYIO JIeMMY.

JIlemma 2. Ilycrs na € = (o, 8) C R onpenesiena anajiuruieckas 110 Belle-
crBeHHOMY nepemeHHOMY T QyuKIus f(x1) : € — C, f'(x1) # 0, npuaem oTo6-
paxkenme f : € — f(%) B3ammnO onHO3HauHO. TOrma AT BCSIKOrO HMHTEPBAJIA
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¢ = (o, 0) € (o, f) cymecrByer amanmrTuaeckoe npogokerne f(z) Ha HEKOTOPYIO
okpectrocts O(€"), npuaem f(2) 6yner korgopmupivm romeomopdusmom O(€") Ha
f(O(%")).

JIOKA3ATEJ/ILCTBO. IIpomoskenne B HEKOTOPYIO OKPECTHOCTh MHTEpBAIa 6 =
(a, B) maercst pasnoxkenueM f(z) B psim Tefutopa B OKpECTHOCTH KazKI0H TOUKN T} €

(0 < )
CEDIEAE USR]

n=0
Kak ananmurudeckasi (PyHKIMS JIaHHOE OTOOparKeHUe JIOKAJBHO T'OMEOMOP(QHO B
9TOii OKpecTHOCTH U roMeoMopdHo Ha [of, ].
[TockoabKy BCsSKOE JIOKAJIBHO TOMEOMOPQHOE 0TOOpakKeHue, ToMeoMOpgHOe Ha
KOMIIAKTE, TOMEOMOPMHO U B HEKOTOPOi OKpecTHOCTH 9TOro KoMmuakra [20, 3ameda-
Hue 1|, yTBepKIeHre JeMMBI CIIPABEINBO. JleMMa JoKa3aHa.

JOKABATEJILCTBO TEOPEMBI 6. Ilycts ¢ = U(v;) : (o, 8) — go(D) C C —
npezcTasienue ayru go(FE) mocpencrBoM anamuTmdeckoit mo vy dyukimn W(vy),
U (v1) # 0.

[Tycrs unrepsan €' = (/,5') € (a, ) coorBercrByer myre go(E'). B cuiy
semmbl 2 Gyrkmo ¥ (v)) MOXKHO aHAIUTHIECKH TTPOJOJIZKATE B HEKOTOPYIO OKPECT-
Hocts O(%’) C C rak, 4ro B Heit oroGpaxkenne ¥ : O(€') — V(O(%')) Gyner
kOoHMOPMHBIM romeomopdusmom. ObosHaunm uepes ¥ (v) ykazaHHOE HMPOIOJIKEHHE
U TOJIOXKIM

O_(¢")=0(¢")N{Ilmv <0}, O, (¢") =0(¢")N{Imv > 0}.

He orpammamsas obmaOCTH, MOXKHO canTaTh, uto W(O(6')) € go(D), mpuaem
V(O_(¢")) € go(D2), ¥(O4(€")) € go(D1). Ilocneanero Beeraa MOXKHO JOGUTHCS,
3aMeHuB, ecn HeoOxonumo, dyrknuo ¥ (v) Ha ¥(—v). Hoaxonsamas (A, B)-ckianka
nostygaercs no dopmyie f(2) = B(p(go(2))), rae ¢ = L. Teopema pokazana.

Ormernm, uTo B [8] copMyIMpoOBaHbl HEKOTOPBIE PE3YJIBTATHI, OIIN3KIE Teope-
MaMm b5, 6.
CrencrBuem Teopem 3, 5, 6 siByIsieTcst

Teopema 7. Ilycrs BbIIOHSIIOTCS ycjoBusi TeopeMmsl 3 u B D ompenesnerna -
cxaagka g(z). Torma g(z) npencraBuma B BHgE

9(2) = e(B(¥(Fs5(J(2))))), (27)

e ¢ — HeKoTopoe KoH(opmHOe oTobpazkenue, B — ¢yrakmnus Bopa, v — HekoTopoe
1,2 . . o
orobpazkerne ¢ W), -MasKopapyeMoli IepBoil XapaKTepPHUCTHKOH.
Ecim mst f(2) — npoussosibaoro romeomopguoro B D pertienust ¢ 0COGEHHOCTBIO
E acconuupopannoro c¢ (2) ypasuenus: — ayra f(E) anaaurudna, 70 B HEKOTOPOH
OKpecTHOCTH npou3BosbHOMH ayru E' @ E cymecTByer u-cKiagka.

JIOKABATEJILCTBO. CresaeMm B ypasaenuu (2) 3ameny nepemenuoil v = T'(z),
re T(z) = F5(J(2)). Homaras w(v) = f(T~1(v)), nomyanm

wi = (v)wy, (28)

rie

~ o Mn— o Uz

M(’U) - T = .
1 —ppo v 2=T—1(v)
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Qyukrus Py (v) ABIseTCs 9aCTHBIM CIydaeM QyHKIIT P( iB) (v) u3 Teopembl 2,

a IOTOMY Wlif-MamoppreMa B T(D). Ilo Teopeme 3 B D cymecTByeT HEKOTOPOE
rOMeOMOP(dHOE PEIIeHIe ¢ 0COOEHHOCTHIO ' ypaBHEHMsI, ACCOIMUPOBAHHOTO C yPaB-
HerueM (2). Ilycrs f(2) = ¢¥1(Fs(J(2))) = ¢1(T(2)) Takoe pereHne B COOTBETCTBUN
¢ dopmyuoit (17), rae ¢y — HEKOTOPOE OTOGPaIKEHHE C I/Vli’f—MamoppreMoﬁ epBoit
XapaKTEPUCTUKOIA.

Pacemorpun B T(D) dbyukuun §(v) = g(T~1(v)), f(v) = f(T~1(v)). Janube
dbyHKIMN sBASTOTCST pereRneM ypasHeHns (28) U peleHneM ypaBHeHNUsT, ACCOIUIPO-
BAHHOIO ¢ HUM. TOr/ia BBIMOJIHSIFOTCS YCJIOBUS TEOPEMBI 5 M, CJIEJOBATEIHHO, UMEET
mecro npezcrasienne §(v) = o(B(12(f(v)))), tae @, 1y — HeKOTOpDIE KOHMOPMHBIE
orobpazkenus. JJaHHOE PABEHCTBO O3HAYAET CLIPABEIJIMBOCTD Hpecrasienus (27) ¢
P = g 0 1y. Tlocnenmee yrBep:KIeHNEe TEOPEMBI BhITEKaeT n3 TeopeMbl 6. Teopema
JIOKa3aHa.

Amnajyiornano cienacrsuem teopeM 4-6 Oyer

Teopema 8. Ilycrs BbioJHsIIOTCS ycaoBusi Teopemsl 4 u B D onpenesnerna -
ckaagka g(z). Torma Gyrknus g(z) npexcraBuma B BUE

9(2) = @(B((F1(J(2))))),

e ¢ — HeKoTopoe KoH(opmHOe oTobpazkenue, B — ¢yraknus Bopa, v — HekoTopoe
oTobpakeHue ¢ I/Vli)c2 -MAazKOpHUPYEeMOH IepBOi XapaKTePUCTHKOM.

Ecim gzt f(2) — npoussosibaoro romeomopguoro B D periieHust ¢ 0COGEHHOCTBIO
E acconmupopannoro c¢ (2) ypasuenus: — ayra f(E) anaaurudna, 70 B HEKOTOPOH
OKpecTHOCTH Hpou3BosbHOH ayru E' @ E cymecTByer u-cKiagka.

JIOKABATEJIbCTBO TEOPEMBI 8 JOCJIOBHO IIOBTOPSIET JIOKA3ATEIHCTBO TEOPE-
MBI 7, 38 MCKJIIOYEHHEM TOT0, IYTO BMECTO F5 JOKHO PACCMATPHUBATHCS 3’% .

BuaarogapaocTu. Asrop Bhipaxkaer rirybokyto 6iaromaprocts B. M. Mukito-
KOBY 3a MOCTAHOBKY 3aJ/la4d ¥ IMOCTOsIHHOe BHMMaHme K pabore, A. A. Kisuunny,
B. A. Knguuny, E. T'. T'puropsesoit u B. U. [Teauxy, npountaBimmM pyKOIHChL pabo-
TBHI U CJEJIABIIUM DsiJl EHHBIX 3aMEYaHWil, & TaKyKe yJIacTHUKaM ceMuHapoB «[eo-
METPUYECKUI aHAJIM3 U ero IpuioykeHusi» u «CBepxMe/jIeHHbIe TPOoTecchly Bosl'y,
HayJHOTO cemuHapa otjesa anaansa u reomerpun UM CO PAH unm. C. JI. Cobosnena
3a I0JIE3HOE 0OCYK/IeHUEe U KOHCTPYKTUBHYIO KPDUTUKY PabOTHL.

JINTEPATYPA

1. Bekya U. H. O606mmennbie ananurudeckue pyuknuu. M.: Hayka, 1988.

2. Bemumuckuii I1. I1. O6mue cBoiicTBa KBa3sMKOH(MOPMHBIX oTobparkenuii. Hosocubupck: Hayxka,
1974.

3. Lavrentieff M. Sur une classe de representation continues // Mar. ¢6. 1935. T. 42, Ne 4.
C. 407-424. (Cm. takxke JlaBperrbeB M. A. O6 01HOM KJ1acce HEIPEPBIBHBIX 0TOOpakenuii //
JlaBperTbeB M. A. 36pannbie Tpyabl. Maremarnka u mexanuka. M.: Hayka, 1990. C. 219—
237.)

4. Boukosbickuii JI. 1. HekoTopble Bonpocs! Teopun KBasnkoH(pOpMHBIX oTobparkenuii // Heko-
TOpbIE TPOGJIEMbl MATEMATUKU M MEXaHWKH, K cemupecarmiernio M. A. Jlaspenrbesa. JI.,
1970. C. 128-134.

5. Srebro U., Yakubov E. Branched folded maps and alternating Beltrami equations // J. Anal.
Math. 1996. V. 70. P. 65-90.

6. Srebro U., Yakubov E. Uniformization of maps with folds // Israel Math. Conf. Proc. 1997.
V. 11. P. 229-232.

7. Tpoxmmuayxk FO. FO. HenpepoiBuble oTobpazkenus: u ycaosusa Monorearoctu. M.: dusmarrus,

1963.



K teopuwn BpIipoKmaromuxcst ypaBaenuit beqprpamu nepemernnoro tuma 1337

11.

12.

13.

14.

15.
16.

17.

18.
19.

20.

. Sxy6os 9. X. O pemenusnx ypasHenus Beabrpamu c¢ BoipoxzaenueM // Hoxkia. AH CCCP.

1978. T. 243, Ne 5. C. 1148-1149.

. Maspa B. I. Ilpocrpaucra C. JI. Co6onena. JI.: Uzn-go Jlenunrp. yu-ta, 1985.
10.

Muxmokos B. M. N3oTepMudecKkne KOOPIUHATHI Ha TOBEPXHOCTAX ¢ ocobernnocTamu // Mar.
c6. 2004. T. 195, Ne 1. C. 69-88.

Martio O., Miklyukov V. M. On existence and uniqueness of degenerate Beltrami equations //
Complex Variables. 2004. V. 49. P. 647-656.

TI'onpamretin B. M., Pemmerusak FO. I'. Beegenne B Teopuio pyHKIUN ¢ 0OOOIEHHBIME IIPOM3-
BOJHBIMU U KBa3snKOH@OpMHbIe oToOparkenusi. M.: Hayka, 1983.

Srebro U., Yakubov E. The Beltrami equation // Handbook of complex analysis, geometry
function theory. Amsterdam: Elsevier, 2005. V. 2. P. 555-597.

MuxkrokoB B. M. ®yskuuu BecoBbix kKiaccoB CoboJieBa, aHU30TPOIHBIE METPUKHU M BBIPOXK-
Jaronmecs KBa3sukoHdopMHble oTobpaxkenusi. Bonrorpasa: M3a-so BoalVy, 2010.

Srebro U., Yakubov E. u-Homeomorphisms // Contemp. Math. 1997. V. 211. P. 473-479.
JlaBpentbeB M. A., IIlabar B. B. Merozpt Teopun byHKIUH KOMILIEKCHOTO TIEPEMEHHOr0. M.:
Duzmarrus, 1958.

Lehto O., Virtanen K. I. Quasiconformal mappings in the plane. New York; Heidelberg; Berlin:
Springer-Verl., 1973.

Momurens I1. Hopmasibuble cemeiicTBa ananuTundeckux dyuknuii. M.; JI.: OHTW HKTTI, 1936.
T'osysuna I M. l'eomerpuyeckasi Teopusi MyHKIUI KOMILIEKCHOrO nepemenHoro. M.: Hayka,
1966.

Bopuuy B. A. Teopema M. A. JlaBpeHTbeBa 0 KBa3MKOH(MOPMHBIX OTOOPaXKEHUsIX IIPOCTPAH-
crBa // Mar. ¢6. 1967. T. 74, Ne 3. C. 417-433.

Cmamosa nocmynuaa 21 dexabpsa 2011 e.

Kongpamos Anekcanap Hukomaesua

Boarorpajickuii roc. yausepcuret, THCTUTYT MaTeMaTUKu U HH(MOPMAIMOHHBIX TEXHOJIOTUIH,
Kadeapa KOMIIBIOTEPHBIX HAYK U SKCIEPUMEHTAJIbHOU MaTeMaTUKH,

YuuBepcurerckuii np., 100, Boarorpas 400062

ankondr@mail.ru



