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AnnoTanusi. [IpoBeeHa oOlleHKa CBepXy yKJIOHEHUSI HOPMbI BO3MYIIIEHHOIO (DYHKIHO-
HaJIa [IOI'PEIIHOCTYA OT HOPMBbI UCXO/IHOI'O (DYHKIIMOHAJIA [TOI'PENTHOCTU KybaTypHO! dhop-
MyJIbI Ha MHOTI'OMEPHOI OrpaHMYEeHHOUM O0JacTH. YKJIOHEHHWE BO3HUKAET B PE3yJIbTaTe
KOMOUHUPOBAHHOTO BJIMSHUS HA UTOT BBIYUCJICHUH MaJIbIX N3MEHEHUN BECOB KybaTypHO
OPMYJIBI U OKPYIJIEHUH IIPU MOCJIEIYIONIEM To/CYeTe KyOaTypPHON CyMMBI B YCJIOBHSX
3aJIaHHBIX CTaHIApTOB (HOpMAaTOB) NPUOIMIKEHUs BEIECTBEHHbIX uncet. [lana omeH-
Ka MPaKTUYECKOHN IMOrPENIHOCTH KyOaTypHON (DOPMYJIbI IIpH ee JIeiCTBUN Ha ITPOU3BOJIb-
HyI0 PYHKIHIO U3 eUHUIHOTO [Iapa HOPMUPOBAHHOT'O ITPOCTPAHCTBA MOIBIHTEIPAIHLHBIX
dbyuknuit. [TosrydeHHbIE OIIEHKN TPUMEHEHBI IIPU UCCJIEOBAHUY TPAKTUYIECKOMN MOTrPelt-
HOCTH KyOaTypHBIX (DOPMYJI B CJIydae MOABIHTErpajbHbIX MyHKIM n3 npocrpancts Co-
GouteBa Ha MHOroMepHoM Kybe. Hopma dyHKIMOHAIA TOMPEIIHOCTH B CONPSI?KEHHOM CO-
6OJIEBCKOMY KJIACCY MPOCTPAHCTBE MPEJCTABJICHA B BHUJIE MOJIOXKUTEJIBHO OIPEIEICHHOM
KBaaApaTUIHON (popMBI OT BecoB KybarypHoit ¢dopmyibl. IIpoBenena orneHka IpakTH-
YECKOH IOIPENIHOCTU /it KyOaTypHBIX (hOpPMYJI, KaxKjasd U3 KOTOPBIX KOHCTPYUPYETCs
KaK IPsIMOE IPOM3BEJIEHNE KBaIPATyPHBIX (DOPMYJI IPSMOYLOJLHUKOB IO pebpaMm eau-
HUYHOIO Kyba. Beca Takoro mpsiMmoro npousBejieHusi TOJIOXKUTEIbHBL.

KurodeBble cioBa: KybarypHble GOPMYIIbI, DyHKIIMOHAILI IOIPEIITHOCTH, IEePHOIIIe-
ckue npocrpancrBa CobosieBa, KOHCTAHTHI M (DYHKIUMH BJIOXKEHHS, IPaKTHYeCKas I10-
IPEIIHOCTD, TAPAHTUPOBAHHAS TOYHOCTD.

Tocesimmaercst FO. I'. PerretHsiKy

Bsenenue

Ha orpanundennoit obsiactu §2 npocrpancrsa R™, n > 1, paccMarpuBaroTcs Ky-
Garypuble dopmyisl [1] Buga

N
|§12|/g0(33) dr = chap(x(j)), (1)
Q J=1

rae |Q — obwem obmacru 2, () — jexxamme B Q y3mbr bopmybl, a c; — ee
HEHYJIEBBIE BECA, MOJYUHEHHDIE YCIOBUIO

N
ch =1. (2)

Pabora Beinosnena npu dbunancoBoit nogaepkke Poccuiickoro donga dpyHmaMeHTaIbHBIX UC-
CJIeIOBAHUI (Ko;:( npoekra 12-01-00061).
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Takum obpasoM, Bce paccMaTpuBaeMble jajiee KyOaTypHble (GOPMYJbI Ha TOXKIe-
CTBEHHO MOCTOSTHHEIX (DYHKIHSIX TOYHBL. IIpaBmia, ykaseisatomme y3asl ) i Beca
¢; Kybaryproii dbopmyist (1), or BeIGopa KOHKPETHOII IIOIBIHTErPAJIBHOI (byHKIIINT
©(x) He 3aBuCAT; BapbUpyeMas ke 9acTb (Gopmynbl (1) — 3T0 HOABIHTErpaIbHBIE
byHKIIT ©.

MH0KeCTBO MOABIHTErPATBHBIX (DYHKIMH IPe/IroIaraeTcss 6aHaXOBbIM IIPOCT-
parcteoM X = X (£2), BJIOKEHHLIM OTpaHHIeHHBIM 06pa3oM B Tpoctpanctso C(£2)
HeIpephIBHBIX Ha, §) dyHkmuil. [Ipy 3TOM CyMIECTByeT KOHEYHAs KOHCMAHMA 6A0-

orcenua [2—4] — MuHAMAaIBHOE TOJIOXKHATENbHOE uncsio A, = A, (Q), nms xoToporo
HMEIOT MECTO HEPaBEHCTBA
sup [p(x)] < Anlle | X(Q)] Vo € X (). 3)
zEQ

VkasanHasi KOHCTaHTa A, Upeiacrasiaser coboit HopMmy neiicreytorero u3 X () B
C () onepatopa BokKerust. Eciu TOXKIECTBEHHO eTuHIIHAs (DYHKIUS TTPUHAIIe-
xur X (§2), uMest 371€Ch €IMHUYHYIO Ke HOpMY, To A, > 1 — uMeHHO Tak jaJjee u
[IPEJIIIOTIAraeTcsl.

Ky6arypuyio dopmyiay (1) ecrecTBeHHO paccMaTpUBATH KAK HEKOTOPBIA CTaH-
napt npubsnkenus obobennoit dbyuximu Mq (), geficrBue KOTOpoit HA IIPOOHYIO
dyukuuio p(z) upegcrasiser coboit cpegree 1o ) 3HaUeHHE OT ITON caMoil dyHK-
1uu:

1
(Ma.0) = o7 / o() d.

B kauecTBe TUIMMYHBIX CPEJICTB s TAKOIO CTAHJIAPTHOTO NPUOJIMKEHHST UCTIONb3Y-
I0TCS TMHEHbIe KOMOMHAIINY CIBUTOB XOPOIIO U3BECTHOH Jebra-pyHkun Jupaka
0(x), T. e. KybGaTypHbIe CyMMbBI BHJIA

N N
(Ene) = (Do edle—aD), o@) | =Y ejp@?) Ve (@)
Jj=1 j=1

HeiicrBue dyuximonana Xy () Ha HpobHYIO DYHKIUIO ¢(X) MOJHOCTHIO OLPEIeJisi-
eTcsl 3HAYEHUSIMU ITOi TpOoOHON (DYHKINHU B y3/1aX KyOaTypHOt (DOPMYIIBI.

TeopeTuvecKn IOrpentHoOCTh npubinKenns obobienson dyuxmun Mo () Ky-
GarypHo#l cymmoit Xy (z) uccaenyercst B [1,5,6], rje JaHBI OIEHKN 3HAYEHWH Ha
KOHKPeTHBIX 3jieMenTax ¢ u3 X () dynxuyuonara noepewnocmu Iy HopMyIibl, 3a-
JIABAEMOTO PABEHCTBOM

N
(ns#) = (Mo = XN, ¢) = | Ma(z) - chﬂ(m —2D),p(2) | Ve X(Q).

EcrectBennast obacth onpesenenns (pyHKIIMOHAIA TTOTPEITHOCTH [y — TPOCTPAH-
crBo C(€2) menpepsiBHBbIX (yHKuuii, riae Iy Juneen u orpanudes. [loepewnocms
Popmy.ave Ha Tpon3BoILHON GyHKIMK © 3 X ({)) momgunHeHa OleHKe

(v )| < i [ X" - Nl | X Y € X(Q). (4)

B peasbHOCTH IIpM 3aJaHHBIX Y3JI0BBIX 3HAYEHUSIX MOJABIHTErPAJLHON (PYHKIHU
upubiusuTh cpenuee (Mg, @) KybarypHoii cymmoit (X, ) BO3MOXKHO, JIMIIb Bbi-
YUCIUB 3Ty KyOaTypHYIO cyMMy. B obmeM cirydae Jjis 3TOro IPUIETCH BLITOJHHATD
N ymuokenuit u N CJIOKEHUI BEMECTBEHHBIX IHACE/I, 9TO 1O U3BECTHBIM IIPUIHHAM
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MOXKHO CZeJaTh JUIb IpubiauzkerHo. (OO0o3HAYMB 4epes (iN,ap) pe3yJIbTaT, II0-
JIYYAIOIIMIACS B UTOTE YKA3AHHBIX BBIYUC/IEHHI KyOaTypHON CyMMBI, 3aMETHUM, YTO
9Ta BeJIMYMHA C MCXOJHON cymMmoii (X, ), BooOIIe roBopsi, COBIAIATh He 00s3a-
Ha. Takum 0Opa3oM, BMECTe C TEOPETHYECKON IOsBJISIETCS WHAS MTOTPENTHOCTh —
npakTudeckas [7-9).

§ 1. IIpakTuyeckKasi IIOrPEITHOCTD

Ipaxmuuecxas noepewrnocms KydaTypHOI (POPMYIIbI XapaKTEPU3yeTCsT yKe He

GYHKITMOHAJIOM [, & €r0 aHAJIOTOM — (PYHKITHOHAJTIOM In:

(In,p) = (Mo —En,9) Vo€ X(Q).
DyHKIHOHA IPAKTHIECKO] HOTPEIIHOCTH |y HEIHHECH, ¢ UCXOLHBIM (hyHKIHOHA-
JIOM [y He coBiajaer, u oleHka (4) K HeMy HEIPUMEHHMA. B 9THX yCJIOBHUIX €CJIH
TOJIBKO XOTHM HadiTu seiictsue (Mg, ) YUCIEHHO U C TAPAHTHPOBAHHON TOYHOCTHIO,
JI7IsT OIEHKN MPAKTHIECKON TMOTPENTHOCTH HEOOXOIUMO MMETh KaKOW-T100 aHaJIor
HepaseHCTBa (4).

['maBHag npuarHa pa3Indus TEOPETUIECKON U IPAKTUYECKOI IOrPENTHOCTEN co-
CTOUT B HEOOXOMMOCTH MTPUOJINKATH BEIECTBEHHBIE YUCTIA JIEMEHTAMU HEKOTOPOTro
KOHEYHOI'O U JIMCKPETHOro mojaMuoxkectBa F auciosoit ocu R. DiemeHTH MHOXKE-
crBa F Ha3BIBAIOT MAWuHHbIMU wucAamy (AMEHHO ¢ HUIMU ONEPUPYeT KOMITBIOTED).
Briostae ompesesieHHbIe CTAHAAPTHI TPUOJINKEHNS BEIECTBEHHBIX YUCET MAIIUHHBI-
MU OIMCAHBI B PaMKaX IIHPOKO H3BECTHOH MOJIEIN JBOUYTHON apudMeTUKn ¢ KO-
HEYHOI TOYHOCTHIO (MJIM MPEJCTABJICHUs BEIIECTBEHHBIX YUCEJ C ILIABAIOIIEH TOU-
koit) [10-12]. B muokectBe F BBIAEAI0TCS TP DYHIAMEHTATBHbIE TOJI0KUTEIBHBIE
KOHCTAHTBI: [TOPOT MAITHHHOTO HYJIS £g, TOPOT HEPEIIOJHEHUS € o U OTHOCUTETHHAS
HOTPEIIHOCTD €1 (OlpejiesisieMast TeM yciaoBueM, 9to 1 + &1 npunaexur F, a Ha
unrepsaje (1,1 + 1) et Hu oxHoro uncia u3 F). Hucso €y 3HAIMTENBHO MeHbIIIE
9UCTIa €1, KOTOPOE, B CBOIO OYEPE/Ib, 3HAUUTEIHLHO MEHbBIIIE €IMHUIBI, B TO BpeMs KaK
€0 TIPEBOCXOJIUT €IMHUILY BO MHOTO pa3. Jlajiee mpenoaraercst, 9T0 €-KOHCTAHTHI,
COOTBETCTBYIOIINE PUHSITOMY B BBIUHCICHUSAX CTAHJIAPTY MPEJICTABICHUS C IIaBa-
OMIel TOYKOM, YIOBIETBOPSIOT CJIEYIONIM HEOOPEMEHUTEIHLHBIM OIPAHNICHUSIM:

e <1/2, 23 < e, e0 < V257 (5)

Obmenpunsiteiii IEEE-crasgmapT 1Bon4HON apudMeTUKU OTBOIUT II0J] 3aIIUCh
MAIIMHHOIO YHCJIa € JBOHHOM TodHOCTBIO 64 Guta (1 GMT 10/ JBOMYHYIO 3aINCh
3HaKa § uncia, 11 OUT HoJ JBOMYHYIO 3allMCh II0Ka3aTess € Jucjia U 52 OuTa 1o
nBounvnble 1udpPbI ero ManTuCChl f). 3aJaHHBIM S, € U f COOTBETCTBYET MAIIUHHOE
auco (—1)2¢71023(1 4 f). B sToM citydae e-KOHCTAHTDI 33,[AI0TCS COOTHOTTeHUSMH
[12]:

g0 =212~ 10738, e =2198(2-27%) & 4x10%%, £ =27~ 107'%. (6)
KoncranTsr (6) orpannuenusiv (5) yI0BIeTBOPSIIOT.

B obmem ciygae KybarypHas cymma (X, @) IpejcTaBisieT coboit CKaJsIpHOEe
IpOU3BeIEHIEe BEKTOpa ¢ = (¢1,...,CN) €€ BeCOB Ha BEKTOP @ = (p1,...,9N), pj =
@(29)), 3Hadennii moxBIHTErpaIbHOM (DYHKINE B y3/IaX:

(Xn,0) = (@) VeeX(Q).
Ciie1oBaTEIbHO, BEJTMINHY (i N, ) €CTECTBEHHO PACCMATPUBATH KAaK PE3yJIbTAT Pa-
GOTHI TOrO MJIM MHOTO METOJA BBIYUCJEHWs] CKAJISPHOrO npousseneHust (X, y) B
apudMeTHKe ¢ 3aJaHHBIM HAOOPOM -KOHCTaHT. IIpocreiimas oneHKa yKJIOHEHHs
(XN, %) or ucxommoit Kybaryproii cymmbl cogepxurcd B [13]. Ilepedopmynupyem
9Ty OIEHKY B HPUHSATHIX HAMH ODO3HAUEHUSIX.
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IIpennoxkenune. Ilycrs Ney < 2h(1+ h), h > 0. Torza

|&,8) = En(p)| < (N + Der (L + h) [[@ll2 1Bl (7)

rte 4epes || - |2 0603HaUEHA EBKINI0OBA HOPMa BEKTODA.

BepHyBHIUCH K IPAKTHIECKON MOTPEITHOCTH, TIPEJTIOKIM ISl Hee aHAJIOT OIeH-
k1 (4), moTpeGoBaB ero BHIIOJHEHUS yKe He JIs Beex dyHKmit ¢ u3 X (), a juurs
JUIsl TeX U3 HUX, KOTOPBble [PHHAJIEKAT CJIeYIOIIEeMY MIAPOBOMY CJIOH:

BL. — {p € X(Q) | V25 < A llp | X(Q) < }/*}. (8)

M3nagaibao morpebyeM, 9To0bl 3TOT CJION ColepKaJl BHYTpH cebs e MHuIHYI0 cepy
npocrpancra X (€2), T. e. 4T00BI YAOBJIETBODPSIIUCH yCIOBHS \/QE?/ 2< A, < eil3.
JIeBoe n3 3THX HEPABEHCTB 3aBEIOMO BBITIOJHEHO, MO0 B CHILY MIEPBOTO U3 ycaosuii (5)
CIIpaBEJIINBa OIEHKA \/55?/ ? < 1, a KoHCTaHTa BIOKeHUs A, He MEHbIIe eUHHIIbL.
Hepasencrso xe A, < /3 naer apmoe OrpaHMYEHHEe CBEPXY Ha HOPMBI JOIYCTHMBIX
onepatopos Bioxkennit X () B C(£2). PaccMOTpIM CTeIyTonIyio BeTnHaumy:

= sup
V2e) P <Al X ()] <e® lle I X

ITpn sro6om gmcite y3aoB N Ha ocHOBaHUM OIeHOK (4) n (7), a TakyKe HEpaBEHCTBA
tpeyrosbauKa | Mo (@) — (Zn, )| < |(n, )|+ |(Zn, ¢) — (En, )| 3akm09aem, aTO
BesimunHa Ry HeOTpHIATEbHA U KOHEYHA.

U3 oupeznenenus (9) cieyer, 9To IPaKTHIECKAs IIOIPEIHOCTD NOAIHHEHA CJIe-
AyIoIeil OleHKe:

|Mao(p) — (Sn,9)| <Rrle | X(Q)| Yy € BL.. (10)

Besmunna Ry urpaer 3iech Ty ke pousb, uto u HopMa ||y | X (2)*]| B onenke (4).

§ 2. OOycJI0BJIEHHOCTh KyGaTypHOiI (PopMYyJIbI

ITpu onpe/iesieHHBIX YCJIOBHUSIX BBEJIEHHBIN BbIle apamerp Ry Maso oriamda-
ercst ot HOpMEIL Iy | X(2)*|| (nmenHO Takme KyGarypHble (HhOPMYJIBI HHTEPECHBI
npaktunaeckn). ChopMympyeM TAKOro pojia yCIOBUS U € ITOH MEIBI0 OCTAHOBHMCS
HA KOHKPETHOM ajiropuTMme | BBIMHCJIEHHS CKAJIAPHOTO POU3BEACHUs B (HOPMyIn-
poBke, K npumepy, u3 [13] wm uz [10]. Kiouesyio poas B gaabHeiimem aHammse
urpaer npuseieHHast B [10] oreHKa IPaKTUIECKON IOIPENTHOCTH YIOMSHYTOTO AJl-
ropurma Y mpu N < 2/eq:

Ne N Ne
23 - P2 () __ e 11
‘(C7S0) N((P)I - 1- 81/2;|C]Q0($ )|+ 17N€1/2 ( )

JJ1si BBITOJTHUMOCTH BBIOPAHHOTO ajropuTMa | JIOCTATOYHO MOTPEDOBATH, ITOODI
BEKTOpHI ¢ = (€1,...,¢N) U P = (¢1,-..,PN) YIAOBIETBOPSIU CJIEJYIONIMM YCJIOBU-

am (10]:
2 e ] 2 [e’s)
(L) <%= (24) <%
Jj=1 j=1

B sTom ciygae HMKaKMX aBapUITHBIX OCTAHOBOK M3-3a [I€PEIOJIHEHNY BO3HUKHYTH HE

ﬁ
ﬁ

MOKET W MAIMHHOE 9uCI0 Xy () rapaHTHpoBaHHO OyzeT nosydeno npu N < 1/e;.
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Teopema 1. IlycTh COOTBETCTBYIOIIHE CTAHAAPTY MPEICTABICHHUS MAITHHHBIX
qpces KOHCTAHTDI €0, £1 H €y HOAYUHEHDBI OrpaHudeHusiM (5), KOHCTAHTA BJIOXKCHHS

A, mogunbena yciaosusim 1 < A, < el/? , a Beca (c1,...,cN) KybaTypHOii opMyJibl
TAKOBBI, 9TO <Z cf) < /€x/2. Torya ykionenne BBeJeHHOro paBeHCTBOM (9)
i=1

napamerpa Ry or Hopmsr ||In | X (Q)*|| ¢dyrrumonasa norpemraoctu npu N < 1/eq
VAOBJIETBOPSIET CJCAYIOUIEH OIICHKE:

N
IRp — [[In [ X(Q)7|| < 2NAnes <Z el + 1>~ (12)

Jj=1

JIOKABATEJBCTBO. Ilycrs dbynkuus ¢ jgexur B maposoMm cioe (8). C mo-
Mornpio ornenku (3) u mepasencrs N < 1/eq, QEoé < /Exo€1, TIEpBOE U3 KOTOPBIX
CIIPaBEIINEO TI0 YCJIOBHUIO TEOPEMBI, & BTOPOE UMEET MEeCTO B CHJIy orpaHnveHnii (5),
0Ty 9aeM

1/3

N 1/2
<;|‘P(x(j))2> < ANl | X(@Q)l < j%”(p | X(Q)]| < 7 < ;oo

Ora oreHka u yciaosue ||¢|l2 < \/Eco/2 JOCTATOYHBI IS BBIIOJIHIMOCTH BCEX Oll€pa-
it anropurma Y. B wactHOCTH, CHIpaBeIMBO COOTHONICHNE

ﬁ

@A) < [Ell2ll@ll2 < e /4,

U K CKaJspHOMY IpousBesieHnio (¢, ) = Xy () IPUMEHUMO OKpYIJIEHHE B U30paH-
HOM JIBOUTHOM (hopmaTe.

Iycrs Re(p, X)) = |Mo() — En (). Honbsyscs HepaBencTBoM TpeyrosHi-
K&, IMeeM

Re(¢,58) < |(In,9)] + 1@ 8) — En ()]
< lliw [ X)) e | X + 1@ ) — Enlp)l. (13)

ITo ycsoBuio 1N < 1 u, ciaenosaresbuo, 1 — Neq /2 > 1/2. Tlopcrasiisis 3Ty OLEHKY
B (11) u nosb3ysich HEPABEHCTBOM (3), IPUXOIUM K COOTHOIIEHUTO

N
&%) - En(o)] < 2Ner (Annso XYl + ) (14)

B ycnoBusix (5) u (8) cupaBeiiuBbl OIEHKY £ /g1 < \/553”2 < Aplle | X()]]. Hocae
[IOJICTAHOBKH 9THX HepaBeHCTB B (14) nmeem

N

|(2,8) - En(p)| < 2NAper (Z lejl + 1) le | X (15)

Jj=1

IMoncrasus (15) B (13), nomyuaem

RF(()O’ZN) * c al Cs
ol x@] < < |lIn | X(Q)*|| + 2N A, 1<;| j|+1>.
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B3siB TOUHYIO BEpXHIOIO rpaHb OT 00EUX YacTeil STOr0 HEPABEHCTBA 0 (DYHKITUSAM
U3 MAapoBOro ¢iost (8) U BOCIOIB30BABIIKCH ONpeneneHneM (9), ToayIaeM ONeHKY

N
Ry — ||Iy | X(Q)*|| < 2N A& <Z|cj| + 1). (16)

Jj=1

ITycth (o — UPOU3BOJIBHBINA 3JEMEHT eauHuIHON cdepbl npocTpancTsa X (£2),
BJIOXKEHHOIT 110 yCJIOBHIO B 11apoBoit ¢ioii (8). K dyukimu ¢ npumenum onenky (15)
BMeCTe ¢ HEPABEHCTBOM TPEyTOJbHHUKA:

N
Rrp(p,5n) > (I, @) — |2, 3) — En(9)] > [(In, @) — 2N Aney (Z les| + 1)-

j=1

ITepexomst 3mech K TOYHON BepXHEH I'PAHU 110 BCEM (p U3 €IUHUIHON CEPhI, 8 TAKKe
[IOJIB3YACh JINHEHHOCTHIO M OI'PDAHUYEHHOCTHIO (PyHKITMOHAA [y, TOJIyYaeM

N
sup  Rp(p, Xn) 2 [[Iy [ X ()] = 2N Anes (Z 5]+ 1>~

lo] X (Q)]|=1 =1

B cuiy Bnoxenus: enuaudHoil cdepnl npocrpancrsa X (€) B mapooii cioii (8) u

omnpegesenns (9) umeem orenky Ry > sup  Rp(p,Xn). Uz uByx mociemaux
llelX (@)]=1
HEPABEHCTB BLITEKACT CJICAYIOMAs OLECHKA YKIOHCHHUS CHUZY:

N
RF — ||lN | X(Q)*H > —2NAn51 (Z |Cj| + 1)

j=1
O6benunss ee ¢ (16), npuxomum K uckomoMmy Hepasencrsy (12). O

CaencrBue. IIpakrudeckas: norpeniHocts KybarypHoii ¢popmyssr (1) Ha Bes-
KoOIt pyHKIHH @ U3 equHIIHOrO mapa npoctparcrea X () gomyckaer mpu N < 1/e;
CJICTYIONIYIO OIICHKY CBEPXY:

N
|Ma(p) = En ()] < v | X(Q)7|| + 2N Ape (Z &5l + 1)~ (17)

j=1

JOKA3ATENLCTBO. Ilycrs [j¢ | X(Q)|| < 1 u npu arom ¢ npunajeskur BL..
Torma [Ma(¢) — Sn ()] < Rele | X(Q)| < Ry. IIpuMenns K npasoif 9acTi 3TOro
HepaBeHCTBa o1eHKy (16), mosy«amum (17).

Ecmu xe ||p | X(Q)|| <1 u ¢ ¢ BL,, 10 B cuity (8) cipaBeyinBbI HEPABEHCTBA

sup [(x)] < Anlle | X(Q)] < V2e)"2. (18)
z€eQ

B coorsercreun ¢ onenkoit (13) mpu ||¢ | X(Q)|| < 1 cupasemimso
[Ma(e) = En (o) < [lin [ X ()7 +[(E @) = Xn(p)].

Bropoe ciaraemoe B npagoit gactu pu N < 1/e; onernm ¢ nmomomipio (11):

N
(¢, @) — En(p)| < 2Ney (Z |Cj|> sup |p(x)] + 2Neo.
z€Q

Jj=1
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IMoncrasus cona onenky (18) u yursi, uro g/e1 < \/55?/ 2, [TOJIY 9UM

N
1(,3) — Sn ()l < 2Ney | Y el +1)v2ey/,

j=1

B custy nepsoro u3 orpanudenuii (5) umeem \@5?/ 2 <274 < 1 u nanee

N
[ Ma(p) = Ex(@)] < v | X(Q)|| +2Nex | Y ley| +1

j=1

DTO HEPaBEHCTBO BMeCTe C COoTHomeHueM A, > 1 OpuBOOUT K HMCKOMOI OIEHKE

17). O

N
Kak BbiTekaer u3 onenok (12) u (17), npoussenenne 2NAn(Z le;| + 1> ecre-
j=1
CTBEHHO PAacCMaTPUBaTh B KAUECTBE YHCJIa 00YCIOBIEHHOCTH Ky6aTypHOIT hopMyJIbl
Ma(¢) = Xn(p) Ha npocrpancte X (€2) (cMm. Takxke [7-9]).
ITpuMeHrM TIOJTy YeHHBIE OIIEHKU K IOTPENTHOCTH KyOaTyPHBIX (QOPMYJI HA MHO-
TOMEPHBIX IEPHOJAUYIECKUX NpocTpaHcTBax (Co6ojeBa Pa3IMIHON IVIaJKOCTH, HO
[PeXKJIe YTOUHUM, UTO TO 3a IPOCTPAHCTBA.

§ 3. Kuaccel moabpIHTErpajdbHbIX QYHKITHI

PaccmoTpum nmpom3BOSIBHBINT TPUTOHOMETPUIECKUI TTOJTMHOM ga(x), npeacras-
JIEHHBIH JTUHEIHON KOMOWHAIIMEH KCIIOHEHT:

o(z) = Z c|ple= 2Pz, (19)
pezn
n
Buecy B = (B1,...,0n) — MyIbTUHHIEKC, S = Y [;2; W JIUIIb KOHEYHOE HYHCIIO
j=1
koaddunuentos ¢[f] omuno or HyJIs.

Eciu koopmHATHl HEHYJIEBOTO MYJILTHUHIEKCA (3 W3MEHSIIOTCS Ha MHOXKECTBE
TeJTBIX 9ICesT He3aBUCHMO JIPYT OT JIpyTa, TO KBaJIpaT ero eBKJINI0Boi HopMbl |3]2 =
(% + -+ + B2 npoberaeT HEKOTOPOE MOJMHOMKECTBO HATYPAIBHOTO Psiia. DJIEeMEHThI
9TOTO TIOJIMHOYKECTBA 0OO3HAYMM depe3 [V;, momarast npu 3ToM N; < Njyi. Ode-

BugHo, uto N7 = 1. Ilomaras eme Ny = 0, mHIyKIWei 1m0 j JerKO 0OOCHOBAaTH
HepaBeHcTBO INV; > j mag j > 0.
Ecmm n > 4, To mMeeT MecTo ToUHOe paseHCTBO N; = j, KaK 3TO CjeayeT

13 U3BECTHOl TeopeMbl JlarpaHzxa 0 IPeACTABIMOCTH JIIOG0r0 HATYPAJILHOIO YHCIIA
cyMMoii 1eTbIpex kBajparos. Ecin n = 1, To N; = j2.

Hocnenoarenbhocrs {(2m)2N; | j = 0,1,...} cOCTOUT U3 BCEBO3MOKHBIX COO-
CTBEHHBIX YHUCEs orepaTopa —A, IPOTUBOIOIOKHOIO JIAIVIACHAHY U JEHCTBYIONIErO
HA NIEPHOINIECKAX C MEPHOIOM 1 M0 KaxKJ0H M3 KOMIOHEHT (DyHKIMAX IEPEMEHHOM
x = (21,...,2p). OBmee UUCIO MYJIBTHHHIEKCOB (3, yIOBIETBODAIONIAX YCIOBUIO
|B]> = N;, obosnauaercst 1epes r,,(N;) [14]. SIcno, uro r,(0) = 1 u 7, (1) = 2n.

B upocrpancTBe TIepromIecKux coOCTBEHHBIX (QyHKIHMiT oneparopa Jlamaca,
cooTBeTCTByIONMX cobcTBennoMy wncty —(2m)2N;, muokectso {e~ 2T | |B]2 =
N;} npencrasiser co6oii OPTOHOPMEPOBAHHEL Ga3mC:

/67i27r[3mei27r'y:r doe — 5g
Q
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B kagecTBe 00/1aCTH MHTErPUPOBAHNUS 371€Ch U JIAJlee PACCMATPUBAETCS € TUHIIHBIN
KyO:
Q={zeR"|z=(21,22,...,2,), 0<2; <1,j=1,2,...,n}.
Besmauna 7, (N;) npezcrasisier coboit KpaTHOCTH cobeTBenHoro uucia (2m)2Nj.
Bumecre ¢ dopmyiioit (19) ucnosb3yem cieyioniee 3K BUBAJIEHTHOE PA3JIOKEHNE:

oo
o —i2wBx /
pla)=co] + Y > clple : (19
J=1|BI*=N;
B kadecTse NPOCTPAHCTBA MOABIHTETPAJIBHBIX (DYHKIMH yCIOBAMCS PACCMAT-
PHBATH IIONOJIHEHUE COBOKYIIHOCTH BCEX TPUIOHOMETPHIECKHUX IOJUHOMOB () BU-
na (19) mo HopMme

oo 1/2
e | H*(Q)II = {IC[O]I2 +@EnFY Ny Y IC[ﬂ]IQ} (20)
J=1 |BI>=N;
WUJIM, 9TO TO K€ caMoe, 110 HOpMe

- 1/2
i | (@) = {Ielo)® + 3 2maels?} (20)
70
31ech 9uCI0 S, BO3MOMKHO, U JPOOHOE, XapaKTepU3yeT MUHHMAJBLHO JOIyCTUMYIO
[JIQIKOCTD 3JIEMEHTOB U3 PACCMATPUBACMOIO KJIACCA, T. €. § — 3TO 24a40K0CTb KAAC-
ca. Tlpennonaraercs, aro s > n/2. Cymmumposanue B (20') IPOM3BOAUTCS 110 BCEM
HeHyseBbIM 3 u3 Z".

IMomosTHEHNE TPOCTPAHCTEA TPUTOHOMETPHIECKAX TMOJUHOMOB 10 HOpMe (207)
m3BecTHO Kak npocrpanctso CoGomesa H*(Q) mopsika s. IIpoM3BosIbHBIL SeMeHT
¢ 13 H*(Q) upencrasisier co6oii nepuopmdeckyto dynkmmio: ¢(z + v) = o(x) s
YV~ € Z"™. Pagenctsa (20), (20') naroT BeIpaskeHne HOPMBI IPOU3BOJIBHOIO JIEMEHTA
() u3 Hs (Q) gepes ero koabdurmenror Dypbe

clB] = ¢, |8l = /(p(x)ei%ﬁ’” dz VB ez".
Q

TTpoM3BOIBbHBI d/1eMeHT ¢ u3 H *(Q) pasmaraerca B cxopsinuiica mo Hopme (20),
(20") pan (19), (19'). ToxnmecTBeHHO enuHMYHAA (DYHKIUA HPUHAJJIEKUT KIIACCY

H?*(Q), nmes 31ech exuandayio HopMmy. IIpocrpancrso H*((Q)) ruibsbepToBo co cKa-
JISPHBIM ITPOU3BEICHUEeM

(0,1)s = col0lcy[0] + > [2mB]* ¢, Bley 5]
B#0

= ¢ [0lcy[0] + 2m)2 D N YT cplBleslBl.
J=1 |BI?=N;

Ecinn s paBao m — narypajabsomy uuciy, To H*(Q) coBuagaer ¢ W3 (Q) — upo-
CTPAHCTBOM TIEPUOINYECKUX C €JMHUIHON MaTpunel nepnoaos dyHkmmit u3 La(Q),
06OOIIEHHBIE TIPOU3BOIHBIC KOTOPBIX JI0 MOPSIKA 17 BKJIOUATEIBHO TAKKE [IPUHAI-
aexar Ly(Q). Hopma 8 Wi (Q) 3amaercs paBeHCTBOM [5]

2 ! , 1/2
+/ Z J|D ©| dm}

Q la]=m

o 15(@) = || [ w(o)as
Q
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u cosuagaer ¢ Hopmoii ||¢ | H™(Q)||, onpenensiemoii coornomenusivmu (20), (207).
B upunsaTeix b [1] o6osnavenusx H*(Q) Kak MHOXKECTBO COBIAJIAET € IPOCTPAH-
CTBOM H2 13 GeccesIeBoil IKaJIbl I'U/Ib0EPTOBBIX IPOCTPAHCTS C HyJI€BbIM IIPOCTPAH-

crBoM Ly u Becooit dymxmmeit p(€) = (1 + |2n€[?)*/2. Hopma B Hj 3anaercs
COOTHOTIIEHNEM
- 1/2
o | H3ll = {3200+ 2rBP) lea 8P} (21)
B

pu srom [l | B Q)12 < lp | H3)2 < 2°llp | B (@)%, x. e. nopass (20) u (21)
skpuBanenThbl. Mspecrno [5], wro mpn s > n/2 mpoctpamcto H*(Q) Broxkeno B
C(Q) ¢ ouenkoit

sup [p(x)| < A3 llp | Q)| Vo € H*(Q). (22)
z€Q

TouHblii BUj KOHCTAHTBI A% 9TOrO BIIOXKEHUsI IPUBEJEH B [3].
Teopema 2. Ilpu s > n/2 koHcraHTa BJIOXKeHHs AS IpejcTaBUMa B BHJIE

_ 1 Y2 1 () 2
T eRl) o @

j=

[IpuyYeM psiJi B IpaBoil yacTu paBeHcTBa (23) cxonurcsa. B H* (Q) cymecrByer pyHK-
st BJIOXKEHUs ug(x), Ha KOTOpo# B (22) JocTHraercsi paBeHCTBO:

2 |27rﬁ\25 S o= Z Z @

B0 Jj=1 J |B8]2=

Oyuknust Biaoxkenus ug(x) u3 H*(Q) ¢ TOYHOCTHIO [0 IOCTOSHHOIO CJIAraeMoro u
CKaJISIDHOI'O COMHOXKHTEJISI IPEJICTABJISET cOO0 0OOOIIEHHYIO J3eTa-(PyHKITHIO JII-
mrrefia [15], npu stom ||ug | H*(Q)|| = AZ.

Us (23) caenyer, uro A% monoronno y6sisaer 1o s upu s > n/2. B [3] upusesena
TaKKe ClpaBeliuBas i Beex s > n/2 dbopmysia

Te\2 1
(An) =1+ (2m)2s JZ ( ) Z Z Z 51+52 .+5J2,)5' (25)

B1=1B2=1

B ciyuae n = 1 pasencrso (25) npuHEMaeT BUJ

V) — i Lo X (25)

rue ¢(-) — usBectHas n3era-dyaknus Puvana. B ciyuae n > 2 u s > n/2, ocrapisis
B 1paBoil acTu (25) POBHO OZHO COOTBeTCTBYIOIEe j = 1 craraeMoe, IOy 4aeM

o0

(A)*>1+ o > Len[(47)° - 1],
k‘ 1
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Ouenum Besmuuny A§ upu s > 1/2. YaursiBas, 4T0 UpH JH060M HATYDPAJILHOM
k k+1
k cupaseuBbl HepaBeHCTBA k25 < f x % dr u k72 > f =25 dx (B cuity
k—1 k
MOHOTOHHOTO Y0 i —2s 25’ /
yObIBaHUs MOABIHTErPAJIbHOM DyHKIuu %), u3 (25') noaygaem

o0

~ 9 2s
As _ _ 1 —2s —
(A7) )P L k2 (2m)E +/x dz (21)25(s — 1/2)
e\ 2 2 1 T 1
A —1 = > —25 dx = EEG 1)
( 1) (2m)2s L= |25 = /x dz = (27)25(s — 1/2)
1

Takum 00pa3zoM, IMEIOT MECTO HEPABEHCTBA

(o) <A< () -

Jlemma. Ilpu Jro6om s > n/2 Koncranra Bioxenusi A MaXKOPHUDPYETCsl BeJIH-

YHUHOH
JR— 1/ 25 V)
— n S
Ma {1+(2ﬂ)282<j)f<5—§)} 7 @)

T. e. mMmeer Mecto orenka AY < M3, Mazkopanra M 1o s MoHOTOHHO yOBIBaET, &

II0 N MOHOTOHHO BO3pacTaeT.

JOKABATENBCTBO. s moboro mabopa (51, ..., ;) HATYPAIbHBIX THCET U3-
BECTHO HEPABEHCTBO MEXKIY CPEIHAM apUMMETUICCKIM U CPEJIHUM IT€OMETPUICCKUM
UX KBaPaTOB:

B4 B4 B2 (B282...82)"7

Ucnionwp3ys ero, ajist Bcex s > j/ 2 moyvyaeM cieyrollee HepaBeHCTBO:

>3 Zﬂ1+ﬂ2 B

B1=1p2=1
jo%) J
1 (2m)2s ~s /)2 j
< 75 (Z k2s/1> B 27 js ((Al J) _1) :

IMoxcrasasist ero B npejcrasienue (25) u nonbsysich (26), nmeem

=2 ()@ s ()5 (7

= j=1

D10 1 o3HAUAET, uTO A3 < Mﬁ. O

Yucnosble 3HaUeHNs] MaxKOPaHTEI M, /17151 HEKOTOPBIX S ¥ 1 IPUBEJIEHHI B TabJI. 1.

§ 4. DkcrpemasibHble QYHKIAN
¥ HOPMBbI QYHKIIMOHAJIOB IIOIPENTHOCTH

ITycrs dyukimonads ! iuneeH u orpanuden Ha npocrpancrse H*(Q). Oyukimio
u(x) uz H*(Q) HA3BIBAIOT 9KCMPEMaAbHOU Jiiisd [, eCiii BBIIOJHAIOTCS COOTHOIIe-
Hust [5]

I TH@Q) I = (tw) = llu | HHQ)II. (28)
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Tabauna 1. MarkopanTa ]\75

s n=1|n=2 |n=3 [ n=6 |n=2_8
1 1.0495
1.5 | 1.0061 |1.0371
2 1.0009 |1.0030 |1.0245
2.5 [1.0002 |1.0004 |1.0011
3 1.0001 |1.0001 |1.0002

3.5 1.0001 |1.0189
4 1.0002
4.5 1.0001 |1.0309
5 1.0001

Kax ciemyer uz crporoii BEITYKJIOCTH €UHUIHOM ¢hephbl B THIIHLOEPTOBOM MPOCTPAH-
CTBe, JIJIST JAHHOTO (PYyHKITHOHAA | U3 Hs (Q) moxker cymecrBoBaTh He GoJiee OIHOH
9KCTPEMAaJIbHOH (DYHKIHH.

Cy1ecTBoBaHTEe SKCTPEMAIbHOM jiyist | (DYyHKIMHN BBITEKAET U3 TeopeMbl Pucca
00 o0IrieM Bujie JIMHEHHOTO OTPAHMYEHHOIO HA TH/ILOEPTOBOM IIPOCTPAHCTBE (PYHK-
mmonaia. B coorsercrsun ¢ meii B H 5(Q) umeercst equHCcTBeHHAs byHKIUSA U(T)
Takasl, 9TO JJIsi BCeX (PYHKIMH ¢ U3 I:TS(Q) ClIpaBeINBO paBeHcTBo (1, p) = ((p, u)s.
Nmenno sta dyHKInsa u(x), KaK J€rko yOeUThCs, SBJISETCS JJIs | 9KCTPEMAJbHOMN.

Bepremcs K DyHKIUOHAY HOrpEIHOCTH KybarypHoit dopmyist (1) B ciaydae
WHTErPUPOBaHUs 110 KyOy :

N .
(w0 = [e@)de =Y cpla®), o1 ()
Q =t

Oyuxiponad {y guneen u orpanuded Ha C(Q)), a 3HaunT, B cuity (22) u Teopemsl 2
oH ke orpanmyeH Ha H®(Q), s > n/2. Dxcrpemanbhas s [y bysxuus uy ()
onpesendercs U3 COOTHOIIEHUI

lin | H(Q)*[1* = (In,un) = llun | H*(Q)]*- (29)

U3 pasencts (Iy, 1) = (1, U N)s = 0 u oupeesieHNsI CKAJISIPHOIO IPOU3BEIEHU (-, +)
BBITEKAET, UYTO SKCTpeMaJibHasd (PyHKIIUsS OPTOrOHAJILHA TOYXKIECTBEHHOI eauHuIle:

/uN(a:) dx = 0.
Q

Teopema 3 (obmmuit Bu sxkcTpeMaibibix dbyukimii). IIpu s > n/2 sxcrpemasib-
Hast B H°(Q) dyuruns uy () 3amannoil Kybaryproii ¢opmyssr (1') npegcrabuva B
BHJZE CJCIyTONIeH JTHHEHHOH KOMOUHAIIHH:

N
uN(x):u(x|m(l),...,x(N)):chu(x|x(j)). (30)
j=1

Kaxxnas nz gynaxmmii u(x | zl )) 3/16Ch dKCTPEMAJIbHA JJIsI KyOaTypHOH (DOPMYJIbI
¢ equHcTBeHHBIM y310M 9| T. €. s chopmynr [ p(z)de ~ (). DOynxmus
Q
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u(z | £V)) saBucnr or pazmocrn x — x\9) u npescrasmva B Bige creyiomero abeo-
JIOTHO CXOJISIIIEIOCS PsiJia:

u(z | V) = Z

50

o0

1271',6’(1 x(J)) _ 1 ez27rﬁ T— m(J))
|2ﬂ-6|25 321 (2m) %N [322

31
JTOKABATEJILCTBO. Sadukcuposas B Ky6e Q y3ex z(1) | pacemorpum dynkim-
OHAJT TIOT'PEITHOCTY KyOaTypHOI (DOPMYJIBI C 3TUM Y3JIOM:

(b | D), p() = / (@) dz — p(zD).

Q
Oyuxmuonan [1(z | (Y)) na npocrpancrse C(Q) uHeen u orpamme:
(e | 2), p(a)| < /w o+ o)) < 2sup [o(@)] Vo € C@)
z€Q

B cuny Broxenns H*(Q) B C(Q) dyuxmponan 1 (z | 1) orpanmaen u na H*(Q).

ITo Teopeme Pucca 06 obmmem Bume JsmHeiiHOrO (byHKIIMOHA A HA THIHOEPTO-
BOM IIPOCTPAHCTBE CYIECTBYeT Takasd (QyHKuus ui(x) u3 H #(Q), 4TO HJIsl BCAKOI
dyHKIMEI © U3 H #(Q) UMeoT MeCTO PaBEHCTBA

(x| 2D),p(2)) = (g, w)s = col0cu,[0] + D 1270B1* colBleu Bl (32)
B0
Tpn stom (Ih(z | 2),ui () = [lur | HNQ)I? = [[h(x | «D) | H(@Q)"|?, . .

bymxims u (z) skerpemanmsna s I (z | 2M). Haiinem uy () B sroM Bue.
Oyuxmmonan [y (x | 2()) Touen Ha TOXKIECTBEHHO eMHMYHONA (DYHKIMMA I MO

9TOMy, KakK BbITeKaeT u3 (32), ¢,,[0] = 0. CremosaresnbHo, mius ¢(x) u3 H 5(Q)
nMeeM
(h(z | M), = 12>, [Blew, [8]-
70

IToouepeHO TIOCTABIAS CIOAA BMECTO () SKCIOHeHTH /275 3 =4 (), u3 meXoaHoro

OPTOHOPMIPOBAHHOTO 6asuca, npuxoaum K coornomennsm (I1(z | x(1), e2™07) —

—ei2mpa® _ 127 8)%Cuy | =], T. €. [27B|*5cy, B8] = — 2782 Tenr campiv nekomast
dyukuusa u;(x) npeacraBuma B Buje
—i . (1)
.7;) _ Zcm[ﬁ]e i2nfr Z |2ﬂ_5|25 zZTr,B(J: T ) (33)
B#0 B#0

Pan (33) cxomurcs abCOIOTHO M PABHOMEPHO B cuily ycjoBus s > n/2. Urobel
B 9TOM YOEIUTBCs, JOCTATOYHO BOCIIOJIB30BATHCS HEPABEHCTBOM MEXKIY CPEJIHUM
apudMeTIIecKiM 1 cpeganM reomerpuaeckmm: |32 > n| By 2B 2™ . .| Bul?/ "

Takum obpasom, 3a1aaemas pasencrsom (33) bynxmms ui(z) = u(z | ()
oTIpejiesieHa W HempephiBHa Ha @, a ¢ dyHKIMei BIoKeHus uo(T), 3a1aBaeMoil pa-
BencTBOM (24), ceazana cooTHomenueM u (x) = 1 — up(x — 21)).

N
IIycts N >2wu > ¢; = 1. Torga
=1

/ )dx — Z cio(x icj (/ o(z) dx — go(x(j))>
Q

Jj=1 Q
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N

mim, ato 10 xKe camoe, (v, ) = > cj(li(z | 219)), ). Hombsyscs yxe ycranosien-
i=1

HOt 3KCTp€MaJ'IbHOCTI)IO bynxmn u(z | 29)), a raxke onpenenenmenm (30), mmeem

(In, o ch u(z | 29))) ( ch (x| 2D ) = (¢, un)s-

CJIG,H,OB&TGJII)HO, byukims uy(z) u3 Hs (Q) coorBercTBYeT (DYHKIMOHAY HOTPEII-
HOCTH [y B cHJTy TeopeMbl Purcca, siBJIsIsSICb TEM CaMbIM 9KCTPEeMaJIbHOI 115t Hero. [

porusononoxkmas sxkcrpemasbuoit dyukimm u(z | £9)) dbynkrms G (z — 2\))
IpescTaBiser coboil nepuoandeckyro dyHkmio I'puna onepatopa (—A)®, rme A —
oneparop Jlamnaca:

=~ i 7B (x—z)
Gz — W) = —u(z | 2)) = Z |2775|28 2 giemp( ), (34)
B#0
nJjim
~ s 1 , = ~(n)
Cw) =3 Gy 2 =X G, )
k g12=nN, k=1

Ecou amcso s = m marypasbHoe, To (—1)™A™ — mosmrapMOHMYECKHii oneparop,
ecan $ spobuoe, 1o (—A)® — HCGBAOILI/ICI)(I)epeHU,I/IaJIBHLIf/'I omeparop. IIpm Bcex s >
n/2 umeer mecto pasenctso (—A)*G(z) = 3 €27 — Z d(x — ).
$70
Oyuxnus ['puna é(m) npunayrexxur H* (Q) u, B 9aCTHOCTH, IEPUOJMIHA TIO
KazK 10/ 13 KOMIOHeHT ¢ nepuogoM 1: G(z++) = G(z) Yy € Z". 3nauenus byHKimun
G(z) B TouKax pemeTKn Z" U KOHCTAHTA BIOKCHHS AS CBS3aHBI COOTHOIICHIEM

> o = e D ) _
2s 2s ] n
o \277ﬁ| (2m) — N
ITo Teopeme 3 sKcTpeMasbaast st [y DyHKIWMA Uy () BbIpazKaeTcs depe3 (DyHKIUIO
I'puna mo popmyite

N
uy(z) = chjé(:c—z(j)). (35)

Kosddumments! ¢; n To9kn 2\) B 9TOM PA3IOKEHUHE — 9TO B TOYHOCTH BECA U Y3JIbI
COOTBETCTBYIOIIEH KybaTypHOil (hOpMYIIhI.
JHanee, yanroias, uro [ G(z — ) dr = — [u(zr | 2))dz = 0 n nomsysacs
Q
(29) u (35), moayyaem Jyis KBaJpaTa HOPMbI (DYHKIIMOHAJA IIOTPEIIHOCTH CJIELyT0-

mmee IpeJicTaBIeHne:

N
lin | HS(Q)*|)? = (In,un) = —ch(lN,G(x—x Z Cicj Gz — 20y,
j=1 4,j=1
(36)
Bwmecte ¢ dopmysoit (35) mcnosbzyem Takke pasnoxkenue uy (x) B pag Pypwe [16]:

Z (W&izﬂﬁm)e_izwm

UN(J:) - ‘27( |25

|B817#0

o0

Z @ 25Ns Z (lN’ei2‘n'ﬁx)e—i27er7 s> n/2.

J:1 J1B12=
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[IpumenuB K 06eMM YaCTAM STOTO PABEHCTBA (PYHKITMOHAJ TTOTPEITHOCTH [, TOTY-
“aeM BBIDarKeHWe KBaJIpaTa ero HOpMbI Yepes ero ke xkoaddummentsr Pypre [16]:

zQﬂBm)l

s 2 | lN7
||ZN | H || Z |25
1810

oo

=D GoEwe > L [

=i 7 1BP=N

Us (37) saxmouaem, B wactHoctH, uro HopMa ||y | H*(Q)*| xax dbymxumus or
IVIAAKOCTH S MOHOTOHHO YOBIBAET.

8 5. OneHka NPaKTUYECKOH IMOrpPenIHOCTA

Kyb6arypnast dopmyma (1) ¢ anciom y3nos N < 1/e; umeer Ha s11060# byHK-
UM @ U3 eIUHUYHOTO Imapa mpocTpancTBa H®((Q)) NMpaKTHYecKylo IOrPEeNTHOCTb,
JIOIYCKAIOTYIO, KaK 3TO BhITeKaeT u3 (17), CJIeIYIONIyIo OEHKY CBEpXY:

N
(Mo () = (En, )| < lliw | HYQ)F || + 2N A [ D lejl + 1) a1, (38)

i1
VipocTuM OpaByio 9acTh 3TOMO HEPABEHCTBA, HAIIOMHHB IPEIBAPUTEILHO, 9TO OC-
HOBHBIM HHCTPYMEHTOM YJIyYIIeHHS KyOaTypHBIX (DOPMy/ Ha KJIACCAX IEPUOIMYe-
ckux (PYHKIMIt KaK B TEOPUH, TaK U Ha [IPaKTUKe CAY2KUT IOCTPOeHMe TeX U3 HUX,

KOTOpbIE TOYHBI CPa3y Ha BCEX TPUTOHOMETPUYECKHX IIOJIMHOMAX BILIOTH JI0 3apaHee
3aJaHHoOl cremenu [6,17].

Teopema 4. s mo6oit Ky6arypHoit popmyast Buga (1), TouHol Ha TpUrOHO-
METPpHYECKHX HOJIHHOMAaX J10 crernenu M — 1 BKIoYuTeibHO, HMeET MECTO DABEHCTBO

lin | H(Q)|)? = ZClC]GM @ — 2", (39)

4,j=1

e HenoyiHas nepuoandeckas gyuknus I'puna Gy (x) 3aqaercsa coorHonieHneM

~ 1 i 1 . 2 ~in
Ou) = Gom > 3 2o 7= 2 @M@ o)
k=J(M) F |B]2=Ny k=J (M)

Hwxwsts rparnna cymvuposarust J(M) 31ech coBnajgaer ¢ HaumbOJIBIIAM U3 TeX
HaTypasIbHBIX qnces j, aust koropbix Nj < M?/n. Ilpu aroM cupaBeiinBa oeHKa

00 1/2 N

T nN
liv | @7 < et S0 2 (Sl ) (a1)
k=J(M) K j=1

Ps B npasoii wactu (41) cxomurest npu s > n /2.

JIOKA3BATEJ/ILCTBO. PaccMoTpuM MO OTJAEIBHOCTH KaXKJI0€ U3 CJIAraeMbIX B
npaBoit yactu pasercTsa (40), T. . TPUTOHOMETPUIECKHE TOJIHHOMBI

~ 1 .
G(n) 2 227rﬁ:v.
k (l‘) (2,”)25]\]']? b= €
=Ng
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~(n
IIpu pukcuposannom k > 1 cremneHb TPUTOHOMETPUYECKOI'O IIOJIMHOMA, G( ) T) 3a-
k
JTAeTCsT PABEHCTBOM

di = max{B1 + -+ Bn | B > 0,|B]> = Ny }.

ITo mepasencrsy Komm — Bymgaxosckoro mveem 31 + - - - + B, < +/n|B|, m mosromy

dk S vV nNk

Horpammansiii ungexe J(M) onpenenen Tak, aro Ny < M?/n. Cueno-
Barenbno, npu k < J(M) cupasemmso mepasencTso dp < \/nNjop < M, nm
d, < M — 1. Tlo sroit npu4nHe W B CHIy TOYHOCTH KybarypHoit dopmyssr (1)
HA TPUIOHOMETPUIECKUX IIOJUHOMAX J0 crerieHn M — 1 BKIIIOYUTEIHHO, a TaKKe C
Y4€TOM COOTHOIIEHUIA

/é,(cn)(a:—x(j))dx:(), j=1,...,N,

Q
umeem 1ipu 1 < k < J(M) cienyromue paBeHCcTBa:

N
Zciéé")(z(i) — a0y = —(ZN,é,(Cn)(x - a:(j))) =0, j=1,...,N.
i=1

[Monb3ysich umu, a Takzke oupezenenueM (34") nepuoguyeckoii dyunkimu I'puna, mo-
ayaaem (Iy,G(x — 20))) = (In, Gz — 29))). Tloacranss stu cooTHomenus B
npezcTasienne (36) HOpMBI (DYHKIIMOHATA TIOTPENTHOCTH, UMEEM

N
lin [ H Q)1 = =Y ej(ln, Gulw — a)).

=1
YunTsiBag elne onpe/eaeHne HyHKIMOHAIA TOTPEITHOCTH [, IPUXOJANM K HCKOMOMY
coornomenuio (39). IToxcrasus (40) B (39), HaXOTUM

0 N
liv [ @ 1P = > Y ;G (e — 2,
k=J (M) i,j=1

i ~(n
Vuurbisag, uro |e27F%| < 1, omeHnM Kazkjioe U3 CIaraeMbix G}C )(x) CJIe Iy IOIIHM

obpazom: ’él(cn) (x)’ < LallNe) IlosicTaBisiss 9TH OIEHKU B MPEILIIYIECe PABEHCTBO,

= 2mEN;
B UTOre IOy UM
oo N
TS * Tn(Nk)
lin [ H*(@Q)*]1? < Z 2m=N Z |cic|
k=J (M) k=1

L& (S
. {WS o N }(Z ") |

1o u ecTh nckoMas orerka (41). CxompumocTs pu § > n/2 psija B IpaBoil yacTu
(41) BBITEKAET U3 CXOJUMOCTH COOTBETCTBYOIEro psina B (23). O

s ky6arypuoii popmyiint (17) ¢ nosoxuTeababIME Becamu oreHka (41) ymupo-
N N
maercs. B sToMm ciydae Y |¢j| = Y ¢; = 1, a HopMa GYyHKIMOHAIA IOIPEIIHOCTH
Jj=1 Jj=1
OILICHUBAETCSI CJICJYIOMIAM 0OPa30M:

- 1/2
|m|fr<@>*|s{ > M} (G0,

k=J(M)
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Dra XKe OleHKA, B YACTHOCTH, CIIpaBe/inBa il Kybarypuoit dopmysst (17) ¢ pas-
HBIMU BECAMH.

[IpuMeHnM MOy YEHHYIO OIEHKY MPAKTHIECKOH MOIMPEITHOCTH K KOHKPETHOI mo-
cyiejloBaTeIbHOCTH KybaTypHbiX dhopmyst Ha Kybe Q. [list sagannoro 1ucia ysios N
pacemorpuM Ha byakimax uz H*(Q) kybarypuyio popMyily, HOLyIaeMylo KakK IIpsi-
MO€ POU3BEJEHNEe KBAJIPATYPHBIX (DOPMYJ MPIMOYTOJILHUKOB, IMOCTPOEHHBIX JIJIst
orpeskos 0 < z; <1, j = 1,2,...,n. Kaxplii 03 COMHOXKXUTeNIEH B 9TOM IPAMOM
[IPOU3BEJIEHAN UMEeT PABHOMEDHOE DACIpe/ieieHne y3JI0B ¢ maroM h, rue 1/h — Ha-
TypaJIbHOE YUCJIO, U PaBHbIE Beca. JIEBbIl Kpaii oTpe3Ka MPUHAJICYKUT MHOKECTBY
Y3JI0B, B TO BpeMs KaK IIPaBblil Kpail £; = 1 y3iioM He sBisterca. CoOTBETCTBY IO
GYHKIMOHAJ TOTPENTHOCTH 38]A€TCS PABEHCTBOM

(I2no9) = /@(w) dr —h" Y o(hy),

Q hyeQ

rae vy € Z". Ilar perterku h u 9ucsio y37108 N pacCMaTpUBAEMOr0 IPSMOI0 IIPOU3Be-
JICHUSI CBSA3aHBI MEXK Ty cOOOit COOTHOH_IeHI/IeM NA"™ = 1. Beca kybaTypHoit hopMyJIbI

PABHBI U IAIOT B CyMMe €JUHUILY: Z lek| =h™ > 1=1.
hveQ
Ksaapar nHopmbl COOTBeTCTBylomeFo MHOTOMEPHO hOpMyJIe IPAMOYTOJIBHUKOB

Q
byHKIIOHAA HOrPEIIHOCTH [y’ BHIPAzKAETCst 4epe3 mar i PEIIeTKI y3/I0B ¢ OMO-
mbIo paBeHCTBa (37), B COOTBETCTBAM ¢ KOTOPBIM

‘“8N’Lﬁ$( 47h2s§:|2WﬁPS:: %((AS> - )'

B#0

Baecp AS — KoHCTaHTa BIIOXKeHHUS (23).
Takum obpazoMm, B ciydae nepuogudeckux upocrpancts CoboseBa H®(Q) u
dyHKIMOHAIA TOrPENTHOCTH l? N € anciom y3imoB N < 1/e; oOleHKa HPAKTHIECKOl
)
norperHocTy (38) IPUHUMAET CJIeIyIomuil BII:

IMq(e) — (En,9)| < N7% ((A3)° — 1)1/2 +ANA? ey, (42)

ITo ycsioBuio umciio y3ioB N sBJS€TCs CTENEHBIO HATYpaJbHOro unciaa Ni = 1/h,
. ~ 2 1/2 ~
tounee N = N{'. YuuTbiBas 310, a Takzxke nosib3yschb onenkoit ((A5)" — 1)~ < A3,

3 (42) mosryuaem
[Mo(0) = (Sn,9) < A (N7 +4NP - &1) . (43)

COMHOXKUTEb B CKODKAX B IPABOIl YaCTH TOTO HEPABEHCTBA IIPECTABJISIET COOOIA
sHadeHue B Touke ¢ = Ny byukunu f(r) = 1/2° + 4e12™, tae pp = s/n > 1/2. Ilpn
z > 0 dbyskius f(x) cHauaa MOHOTOHHO YOBIBAET, JIOCTHUrAsl CBOEIO MUHUMAJIBLHOIO
3HAYEHUS] [IPH HEKOTOPOM & = Zopt, & 3aTEM, IPH T > Topy OHA K€ MOHOTOHHO H

)1/(u\1)

HeorpaHu4eHHo BozpacTtaer. Kak HeCI0KHO MOJICIUTATD, Ty = ( v
Takum 06pa3oM, ¢ TOUKHU 3pEHHs MUHUMH3AIUNA IIPAKTUYIECKON IIOI'DEITHOCTH
Ha €JIMHUYHOM IlIape IIPOCTPAHCTBA H* (Q), s > n/2, onTuMaabHBIM cpean byHK-
IIIOHAJIOB l? N ABagerca Tot, aia koroporo N = N, = N{',, rie Ny . — 310 nesag
YacTh UnCIA Topt-
W13 onenknu (43) mpu N = N, cjeayer COOTHOIIEHUE

Molg) - S, 0)| < 2451+ p) (4ZI>M1821§(1+;)51%1% (44)
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Tabmuna 2. Yucso ysnos Ny = Ni(s,n) npu g1 = 2753

s n=1 n=2 n—=3 n—==~6
1 ]0.47453132 % 108
1.5 |0.12332080 % 107 | 0.502880625 * 10°
2 10.16514000 % 10 |0.474445440 * 108
2.5 |0.25949000 % 105 | 0.734952100 * 107 | 0.213847192 x 10°
3 | 0.90650000 * 10* | 0.162562500 % 107 | 0.474379280 * 108
3.5 |0.29220000 * 10% | 0.467856000 % 10% | 0.129778750 * 108 | 0.3518743761 * 1010
4 10.15520000 * 10* | 0.164836000 * 106 | 0.425152800 % 107 |0.1073741824 % 1010
4.5 [0.71600000 * 103 | 0.676000000 * 105 | 0.160161300 % 107 | 0.4818903040 * 10°
5 |0.47300000 x 103 |0.313290000 % 10° | 0.681472000 % 10 | 0.1911029760 * 10°
5.5 |0.33200000 % 102 | 0.161290000 % 10° | 0.314432000 * 108 | 0.8576612100 % 108

Ornenka (44) npakTUYeCKOll HOrPENTHOCTH MHOIOMEPHON (bOPMYJIbI IIPAMOYTOJIbHU-
KOB YHUBEDPCAJIbHA 10 OTHOIIEHUIO K PA3MEPHOCTH N W IVIAJIKOCTA S Kiacca. s
Jr060i DYHKIMM ¢ W3 eJIMHUIHOrO Imapa npocrpaHcTsa H®((Q)) dmcioBble 3HAUE-

Hust uHTerpasa [ () dzr 1 BBIMUCICHHO Ha KOMIIBIOTepE KyOaTypHOIl CyMMBI IIpsi-
Q
MOYTOJIBHUKOB C IMIaroM ceTku h, = 1/Nj . MOryT oTIH4YaThCs JApPYr OT Apyra Ha

cJlaraeMoe TOro 2Ke IMOpPsiJiKa, YTO M YHCIOBOEe BbIpayKeHue B mpaBoil dactu (44).
K npumepy, xkax Bugno m3 taba. 1, 2, mpu n = 6 u § = 5.5 COMHOXKUTE/b TIEPET
dbopmaTHoit KoHCTanTON B (44) He pesocxonutT 16 * 108, Ecimn Bbrumcienne xyba-
TYPHOIl CYMMbBI Ha KOMITHIOTEPE IPOU3BOIUIOCH C JBOWHON TOYHOCTBIO, T. €. IIPHU
€1 = 2793, To UHCIOBBIC 3HAMEHNS MHTErPAJa W BLIMICICHHON KyGaTyPHON CyMMEI
COBIIQIAIOT BILIOTD JI0 IIECTOrO JECATUIHOIO 3HAKA IIOCJIE 3AMIATON BKIIIOYUTEIHHO.
B stom ciyuae MOXKHO yTBEpKaTh, UTO paccMaTpuBaeMas KybarypHas dopMmyia
rapaHTUpyeT TOYHOCTH JIO IIECTH JEeCATUYHBIX 3HAKOB I10CJIe 3aIlsITOM.

Konegno, npu BIIOSTHEHNN KOHKPETHBIX PACYETOB 115l MH MBIy aIbHBIX (DYHK-
Ui U3 eIMHUYHOI'O IIapa IPOCTPAHCTBA Hs (Q) mpakTHUECKasl HOTPEITHOCTh MOYKET,
BO-TIEPBbBIX, OKA3ATHCA MEHbIIIE, €M 9TO FaPAHTUPYETCs OLEHKOH (44), U, BO-BTODBIX,
9Ta MEHBIAs MPAKTUIECKAsl MMOI'PEITHOCTh MOYKET TOCTUTATbCS MPU 9UHCJIE Y3JI0B
dopmyibl, orsimaHOM OT IapaMerpa N,. OIHAKO TOIYYUTh B 9TOM CJIydae YJIydIleH-
HbI€ AIPUOPHBIE OIEHKU IIPAKTUIECKON IOIDEITHOCTA BO3MOXKHO JIUIIh C IIPUBJIEYe-
HUEM CYIIECTBEHHO 0oJIbIeit nH(OpPMAIUN O MOALIHTErPAIbHON (DYHKITNHN, HEXKeIn
IIPOCTO YCJIOBUE €€ TMPUHAJIEKHOCTH €IMHUIHOMY IIapy IPOCTPAHCTBA, H Q).
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