Bulletin of TICMI
Vol. 21, No. 1, 2017, 3-8

On the Well-Posedness of the Cauchy Problem for a Neutral
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Theorems on the continuous dependence of solutions on perturbations of the initial data and
the nonlinear term of the right-hand side are given for the neutral differential equation whose
right-hand side is linear with respect to the concentrated prehistory of the phase velocity and
nonlinear with respect to the distributed prehistory of the phase coordinates. Under the initial
data we understand the collection of initial moment, of delay function and initial functions.
Perturbations of the initial data and of the right-hand side of the equation are small in a
standard norm and in the integral sense, respectively.
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Let I = [a, b] be a finite interval and let R™ be the n -dimensional vector space of
points x = (z!,... ,x")T, where T denotes transposition. Suppose that O C R" is
an open set, and Ey is the set of functions f : I x O* — R satisfying the following
conditions: for each fixed (z1,z2) € O? the function f(-,z1,22) : I — R”
is measurable; for each f € E; and compact set K C O, there exist functions
mysr(t) € Li(I,Ry) and Ly g (t) € Li(I,R4), Ry = [0,00), such that for almost
allt eI

| f(t 21, 22) |< my(t) V(21 22) € K2,
2

| f(t 21, m9) = f(tyn,02) [< Lk () |2 — yi |
i—1

V(z1,z2) € K2 and V(y1,2) € K2

Two functions fi, fo € Ef are said to be equivalent if for every fixed (x1,22) €
O x R™ and for almost all t € I,

J1(t, z1, 22) — fat, x1,2) = 0.
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The equivalence classes of functions of the space Ey compose a vector space ,
which is also denoted by E; these classes are also called functions and denoted by
f again.

We introduce a topology in E using the following basis of neighborhoods of the
origin

{VK’(; : K C O is a compact set and ¢ > 0 is an arbitrary number},

where

Vics = {5f € B HOf; K) < 5} and H(3f; K)

t//
= sup{‘/ 5f(t,x1,3:2)dt‘ tt el,yeK,i= 1,2}. (1)
t/

Let D be the set of continuous differentiable scalar functions (delay functions)
7(t),t € |a, 00), satisfying the conditions:

7(t) < t,7(t) > 0,inf{7(a) : 7 € D} := 7 > —o0.

Let ®; denote the set of continuous functions ¢ : I} = [7,b] — O, ¢(t) is
called the initial function of the trajectory; by ®s we denote the set of bounded
measurable functions v : I; — R™ and v(t) is called the initial function of the
trajectory derivative .

To each element p = (to, 7, ¢,v, f) € A = [a,b) x D x &1 x Py x Ef we assign
the neutral differential equation which is the linear and nonlinear with respect to
the phase velocity and distributed prehistory on the interval [7(t),t], respectively,

i(t) = A(a(o(t)) + / £t 2(t), 2(s))ds (@)
7(t)
with the initial condition

z(t) = p(t),t € [T, to], 2(t) = v(t),t € [T,10). (3)

Here A(t) is a continuous n x n matrix function and o(t) € D is a fixed delay func-
tion in the phase velocity. The symbol #(t) on the interval [7,¢o) is not connected
with the derivative of the function ¢(t).

Definition 1:  Let u = (to,7,¢,v, f) € A. A function z(t) = z(t;p) € O,t €
[7,t1],t1 € (to,b], is called a solution of the equation (2) with the initial condition
(3) or a solution corresponding to the element ;1 and defined on the interval |7, 4],
if it satisfies the condition (3), is absolutely continuous on the interval [to, ¢1] and
satisfies the equation (2) almost everywhere on [to, t1].



Vol. 21, No. 1, 2017

To formulate the main results, we introduce the following set:
W(K:a) = {6 € By : 3mapc(t), Lopc(t) € Li(1, Ry),

/[méf,K(t) + Lsg i (t)]dt < a},
I

where K C O is a compact set and o > 0 is a fixed number not dependent on
df. The set W(K;a) is called the class of perturbations of the right-hand side of
equation (2).

Furthermore,

B(too;(;) = {to el: ’ to — too |< (5}, V(T0;5) = {T eD: || T —1T0 H]< 5},
Vi(po;0) ={p € ®1: | v — o [|1,< 6},
VQ(U0;5) = {U S @2 : ” vV — Vo H[1< (5},

where tgg € [a,b) is a fixed point, 79 € D, pg € ®1 and vy € P2 are fixed functions,
d > 0 is a fixed number; || 7 ||;=sup{|7(¢)|: t € I}.

Theorem 2: Let xq(t) be the solution corresponding to py = (too, 70, Y0, V0, fo)
€ A and defined on [7,t19],t10 < b. Let K1 C O be a compact set containing a
certain neighborhood of the set Ko = o(I1) U xo([teo,t10]). Then the following
conditions hold:

(1) there exist numbers §; > 0,1 = 0,1 such that to each element

H= (t[), T,$,0, fO + 6f) € V(,LLU, Kl, 507 a) = B(too; 50) X V(TO; 60)
XVA (03 80) % Valvo; 90) x [ fo + (W(K130) 1 Vic,s,)|
corresponds solution x(t; p) defined on the interval [7,t10 4 01] C I and satisfying
the condition x(t;p) € Ki;

(2) for an arbitrary € > 0 there exists a number d3 = da(e) € (0,d9) such that
the following inequality holds for any u € V (po; K1, 02, ) :

| x(t; u) — x(t; po) |< e Vt € [0,t10 + 01], 0 = max{to, too};

(8) for an arbitrary € > 0 there exists a number d3 = d3(¢) € (0,80) such that
the following inequality holds for any u € V(uo; K1, 03, «) :

ti0+91
/ | &t p) — (b po) | dt < e.
.

The solution x(¢; po) is the continuation of the solution zo(¢) and to the element
w = (to,7,0,v, fo+f) € V(uo; K1, o, ) corresponds the perturbed differential
equation
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z(t) = A(t)x(o(t)) +/

. [fo(t,x(t),x(s)) FOf(t x(t), 2(s)) | ds

with the perturbed initial condition (3).
Now we introduce the set of variations

S = {5:“ = (5t0757—76<)07 (51)7(5'][‘) : | 6t0 |S 67 H ot HIS ﬁ? H 590 ||11§ ﬁ)

k
5o € 1 — o, || 6v [|1,< B, 60 € By — w0, 0f =D Nidfi, | \i |[< By = Lk},
=1

where 8 > 0 is a fixed number and §f; € Ey — fo,i = 1, k are fixed functions.

Theorem 3: Let zo(t) be the solution corresponding to pog € A and defined
on [7,t10],tio € (a,b),i = 0,1. Let K1 C O be a compact set containing a certain
neighborhood of the set Ky. Then the following conditions hold:

(4) there exist numbers 1 > 0 and 61 > 0 such that for an arbitrary (e,0p) €
(0,e1) xS the element po+edp € A, and there corresponds the solution x(t; pio+edp)
defined on the interval [T,t10 + 61] C I1. Moreover, x(t; po + eop) € Ki;

(5) the following relations are fulfilled:

e—0

lim [sup{ | 2(t; po +e0p) — x(t; o) |: t € [0, t10 + 51]}} =0

and

tio+01
lim | z(t; po + o) — x(t; o) | dt =0

e—0 7

uniformly in dp € §, where 0 = max{top, too + €0to}.

Theorem 3 is a simple corollary of Theorem 2.

Let Uy C R" be an open set and let © be the set of measurable functions u(t) €
Uy, t € I satisfying the conditions: clu(I) is a compact set in R” and clu(I) C Uyp.

To each element o = (to, 7, v, v,u) € A; = [a,b) X D x &1 x &y x Q we assign the
controlled neutral differential equation with distributed prehistory

(t) ZA(t)fU(U(t))vL/ g(t,z(t), 2(s), u(t))ds (4)

with the initial condition (3). Here the function g(t, z1, x2, u) is defined on I x O? x
Up and satisfies the following conditions: for each fixed (x1,z2,u) € O? x Uy the
function g(-,z1,z9,u) : I — R™ is measurable; for each compact set K C O and
U C Uy there exist a functions mg 7 (t), Lx,u(t) € L1(I, R4) such that for almost



Vol. 21, No. 1, 2017

allt e I
| g(t, 21,22, u) |[< mgu(t) Yz, w2,u) € K2 x U,
2
‘ g(t,.’lﬁ'l,LEQ,Ul) _g(ta y17y2>u2) |S LK,U(t) |:Z ’ i —Yi ‘ + ’ Uy — u2 ’ ]
i=1

V(x1,29) € K2,V(y1,y2) € K? and (uy,uz) € U2.

Definition 4:  Let o = (to,7,¢,v,u) € Ay. A function z(t) = z(t;0) € O,t €
[7,t1],t1 € (to,b], is called a solution of equation (4) with the initial condition (3)
or a solution corresponding to the element g and defined on the interval [7,¢;], if it
satisfies condition (3), is absolutely continuous on the interval [to,?;] and satisfies
equation (4) almost everywhere on [tg, ¢1].

Theorem 5: Let xo(t) be the solution corresponding to oo = (too, To, ©0, Vo, Uo)
€ A1 and defined on [T,t10],t10 < b. Let K1 C O be a compact set containing a
certain neighborhood of the set po(I1)Uxo([too, t10]). Then the following conditions
hold:

(6) there exist numbers §; > 0,7 = 0,1 such that to each element

0= (tO’Ta QO,U,’LL) € V(Qoaéo) = B(t00a50) X V(TO; 50)
X Vi(po;60) x Va(vo; o) x Va(uo;do)

corresponds solution x(t; o) defined on the interval [7,t10 + 01] C I1 and satisfying
the condition x(t; o) € Ky; here

Va(uo;00) = {u € Q: || u—ug ||1< do};

(7) for an arbitrary € > 0, there exists a number d2 = d2(e) € (0,d0) such that
the following inequality holds for any o € V(0o;d2) :

| 2(t; 0) — x(t; 00) |< €Vt € [0, t10 + 61], 0 = max{to, too};

(8) for an arbitrary € > 0, there exists a number 63 = d3(¢) € (0,d0) such that
the following inequality fulfilled for any o € V(0p;03) :

ti0+01
/ | z(t; 0) — x(t; 00) | dt < e.
s
We introduce the set of variations

31 = {60 = (5o, 67,60, 6v,6u) 5 | 8t |< B, 67 1= 5,1 85 1, < 8,

dp € ®1 — o, || 0v ||1,< B,0v € o — vy, || du [|7< B, du € Vg,—uo}.

Theorem 6: Let x(t) be the solution corresponding to o9 € A1 and defined
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on [T,t10],tio € (a,b),i = 0,1. Let K1 C O be a compact set containing a certain
neighborhood of the set Ko. Then the following conditions hold:

(9) there exist numbers e1 > 0 and § > 0 such that for an arbitrary (e,d0) €
(0,e1) x &y the element oo +€do € A1, and there corresponds the solution x(t; oo +
edp) defined on the interval [T,t10 + 01] C I1. Moreover, x(t; 0o + €0p) € Ki;

(10) the following relations are fulfilled:

lim [sup{ | z(t; 00 + €00) — x(t;00) |: t € [0,t10 + 51]}} =0
e—0

and

t10+01
lim | z(t; 00 +€60) — x(t; 00) [ dt =0

e—0 F

uniformly in 0o € 1, where 6 = max{too, too + £0to}.
Theorem 6 is a simple corollary of Theorem 5.

Some comments. In Theorem 2 perturbations of the right-hand side of equation
(2) are small in the integral sense (see (1)). Theorems 2,3,5,6 and similar theorems
play an important role in the theory of optimal control, in proving variation formu-
las of solution, in the sensitivity analysis of equations. For the first time, theorem
on the continuous dependence of the solution when perturbations of the right-hand
side are small in the integral sense has been given in [1] for the ordinary differential
equation. Theorem 2 is an analog of the theorems proved in [2,3]. Finally, we note
that theorems analogous to Theorem 2 for various classes of neutral equations and
equations with distributed prehistory are proved in [4-9].
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