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Assuming that S is the space of functions of regular variation and w = (w1,...,wn), wj € S,
by Bp(w) we denote the class of all holomorphic functions defined on the polydisk U™ such
that

1wy (L= |z dman(2)
17, = [ 1DICP 15— < too,
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where dman, (2) is the 2n-dimensional Lebesgue measure on U™ and D stands for a special
fractional derivative of f defined here.

In this paper we consider the generalized little Hankel and Berezin type operators on Bp(w)
(and on Ly(w)) and prove some theorems about the boundedness of these operators.
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1. Introduction and auxiliary constructions

Numerous authors have contributed to holomorphic Besov spaces in the unit disc
in C and in the unit ball in C",(see Arazy-Fisher-Peetre [1], K. Stroethoff [16]
O. Blasco [3], K. Zhu [18]). The investigation of holomorphic Besov space on the
polydisk is of special interest. The polydisk is a product of n disks and one would
expect that the natural generalisations of results from the one-dimensional case
would be valid here, but it turns out that this is not true. The case of polydisk
is different from the n = 1 case and from the case of the n-dimensional ball. For
example, let us consider the classical theorem of Privalov: if f € Lip «, then K f €
Lip «, where K f is a Cauchy type integral. It is known that the analogue of this
theorem for multidimensional Lipschitz classes is not true ([9]), even though the
analogue of this theorem for a sphere is valid ([13]). In many cases, especially,
when the class is defined by means of derivatives, the generalisation of functional
spaces in the polydisk is different from that on a unit ball. The generalisation of
holomorphic Besov spaces on the polydisk see in [§].
Let

Ut ={z=(21,...,2) €C", |zj] <1, 1 <j<n}
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be the unit polydisk in the n-dimensional complex plane C" and let
T ={z=(21,...,2n) €C", |z| =1, 1<i<n}

be its torus. We denote by H(U"™) the set of holomorphic functions on U", by
L>(U"™) the set of bounded measurable functions on U™ and by H*(U") the
subspace of L>°(U™) consisting of holomorphic functions.

Let S be the class of all non-negative measurable functions w on (0, 1), for which
there exist positive numbers M, q,, My, (Mw,q, € (0,1)), such that

w(Ar)
w(r)

for all r € (0,1) and X € [qu, 1]. Some properties of functions from S can be found
n [14]. We set

my, <

< M.,

logmy, _ log M,
loggy'" 7 loggy!

oy =

and assume that 0 < 3, < 1. For example, w € S if w(t) = t*, where —1 < o < 0.
Below, for convenience of notations, for ¢ = (1, ...,(n), 2 = (21, ..., 2n) We set

n n

w(l —|2]) = ng L=z, 1=z = [T = l50), 1= = [T =)

J=1 Jj=1
Further, for m = (my, ..., m,) we set

(m+1)=mi+1)...(myp+1), (m+ 1= (mg+1...(my, + 1),
(I—|zD™ H 1 —|z)™

Throughout the paper let us assume w; € S, 1 < j < n. The following definition
gives the notion of the fractional differential.

Definition 1.1: For a holomorphic function f(z) = Z(k akz ,z€eU", and

for 8= (B1,...., Bn), Bj > —1, (1 < j < n), we define the fmctzonal differential D?
as follows
G N + 1+ k;) k
DPf( § | | / k= (ki,....kn un
f : : /Bj (k + 1) ]{?Z ) ( 17 9 )7 z 6 M

where I'(+) is the Gamma function and ZEZC;):(O) = h—0 k=0
If 8=(1,...,1) then we put D°f(z) = Df(z). Hence

O"(f(z1,-y2n)21" " 2n) .
021 ...0z,

Df(z1,...,2n) =



Vol. 21, No. 1, 2017 57

If n =1 then Df is the usual derivative of the function zf(z).
Let us define the weighted L,(w) spaces of holomorphic functions.

Definition 1.2: Let 0 < p < 4o0l, B, < —1(1 < j < n). We denote by Ly(w)
the set of all measurable functions on U™, for which

1—
1, = [ PGP G e hdman(:) < +oc.

Note that L,(w) is the L,—space with respect to the measure
w(1—12])(1 = |2*)"2dman(2). Using the conditions on w (w; € S) we conclude that
this measure is bounded.

Now we define holomorphic Besov spaces on the polydisk.

Definition 1.3: Let 0 < p < +o0 and f € H(U™). The function f is said to be
in Bp(w) if

1,0 = [ PP dman(2) < +oc.

From the definition of Df it follows that || -||g (. is indeed a norm. (We do not
have to add |f(0)]). This follows from the fact that here Df = 0 implies f = 0 for
a holomorphic f.

As in the one-dimensional case, By(w) is a Banach space with respect to the
norm || - || g, (.- For properties of holomorphic Besov spaces see [8].

To prove the main results we need the following auxiliary lemmas:

Lemma 1.4: Let m = (my,...,my) and 8 = (B1,...,5n), B > 0,1 < j < n.
Then If f € By(w) then

_ 2\m
|ﬂMsc/’“K”Dﬂmwm«> (1)

TG
where m; > o, —1 (1 < j < n).
The proof follows from [8, Lemma 2.5].
Lemma 1.5: Letn=1. Assumea+1—05,>0,b>1andb—a—2 > «,. Then

(1= I¢P)7w( —[¢) w(l —|2?)
/U 11— 2 dmy(¢) < e (2)

For the proof see [6, Lemma 2].

2. Little Hankel and Berezin-type operators on Bj,(w)

The investigation of Toeplitz operators are widely known (see for example [5, 6, 10,
17]). Some problems on the Toeplitz operators can be solved by means of Hankel
operators and vice versa. In the classical theory of Hardy of holomorphic functions
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on the unit disk there is only one type of Hankel operator. In the By(w) theory
they are two: little Hankel operators and big Hankel operators. The analogue of
the Hankel operators of the Hardy theory here are little Hankel operators, which
were investigated by many authors (see for example [2, 8, 12]).

Let us define the little Hankel operators as follows: denote by Bp(w) the space
of conjugate holomorphic functions on By, (w). For the integrable function f on U"
we define the generalized little Hankel operator with symbol h € L*>°(U™) by

o 2\«
BOE =Palin)e) = [ F = 1O aman)

@:(alv"'aan)a Oéj>—1,1§j§n.

We denote the restriction of || - || 1»(. to By(w) by || 15, (w)- We consider the little

Hankel operators on By(w)(0 < p < 400).
First off all we consider the case 0 < p < 1.

Theorem 2.1: Let 0 < p <1, f € By(w) (or f € B’ (w)), g € L®°(U"). Then
hg(f) € Bp(w) if and only if aj > o, /p—2,1 < j <.

Corollary 2.2: Let0<p<1,a; >y, /p—2,1<j<n, ge L>®U"). Then
hg is bounded on By(w), (and on By(w)). Moreover, |hS]| < C| ]| - gl

In the case if p = 1 we have

Theorem 2.3: Let f € Bi(w), g € L™(U"). Then h§(f) € Bi(w) if and only if
aj > ay —2,1<5<n.

Corollary 2.4: Let aj > o, 1 < j<n, g€ L>®U"). Then hg is bounded on
Bi(w) and |[hg|l < ClI ] - llgll-

Now we consider the case of 1 < p < +0c.

Theorem 2.5: Let 1 <p < 400, f € By(w) (or f € By(w)), g € L>(U™). Then
if aj > ay;, 1 < j <n then hi(f) € By(w)

Corollary 2.6: Let o >, 1 < j <n, g € L>(U"). Then hy is bounded on
Bp(w) and [|hg|tp, @) < Csllfll5,w) - 19l

The Berezin transform is the analogue of the Poisson transform in the AP(«)
(respectively, (Bp(w))) theory. It plays an important role especially in the study of
Hankel and Toeplitz operators. In particular, some properties of those operators
(for example, compactness, boundedness) can be proved by means of the Berezin
transform (see [11, 16, 19]). The Berezin-type operators, on the other hand, are of
independent interest.

We show, that some properties of Berezin-type operators of the one dimensional
classical case also hold in the more general situation. For the integrable function
fon U™ and for g € L*>°(U™) we define the Berezin-type operator in the following
way

a _ 2\«
Byre) = ey [ UK r g 0omano).

n 1— Za4+2a




Vol. 20 No. 1, 2017 59

In the case « = 0, g =1 the operator By' will be called the Berezin transform. Let
us consider first the case 0 < p < 1.

Theorem 2.7: Let 0 < p <1, f € By(w) (or f € By(w)), g € L®(U™) and let
aj >y, /p—2,1<j<n. Then By(f) € LP(w).

Remark 1: The condition a; 4+ 2 > (o, +2)/p, (1 < j < n) in Theorem 2.7 is
necessary too. Moreover, if B, is bounded on LP(w) then a; 4+2 > (ow,;, +2)/p, (1 <
j<mn).

Corollary 2.8: Let 0 <p <1, o > (o, +2)/p—2,1<j < n, g€ L®U").
Then By is bounded on AP(w) and on AP (w).

The case 1 < p < +00 gives the next theorem

Theorem 2.9: Let 1 < p < +oo, f € By(w) (or f € By(w)), g € L>(U"™) and
let aj > (aw,/p—2,1<j <n. Then Bg(f) € Lp(w).

We consider now the case of p = 1.

Theorem 2.10: Let f € Bi(w) (or f € Bi(w)), g € L®(U™"). Then B3(f) €
Li(w) if and only if a; > ay,, 1 < j < n.

Corollary 2.11: Let aj > o, 1 < j <n, g € L®(U"). Then B is bounded on
LY(w).

In general, hg(f) and By are not bounded.
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