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In this paper we consider the 2D linear equilibrium theory of elasticity for triple-
porosity/triple-permeability model. We construct the fundamental and singular matrices of
solutions to the system of equilibrium equations in terms of elementary functions. Some basic
properties of single-layer and double-layer potentials are also established. Representation of
regular solution is obtained.

Keywords: Triple-porosity, Fundamental and singular matrices of solutions, Regular
solution.

AMS Subject Classification: 74F10, 74A60, 35J47, 35E05, 74G40.

1. Introduction

The theories of elasticity and thermoelasticity of double porosity are used in many
areas of applied science (e.g., in biomechanics, in technology, in biophysics, in solid
mechanics, in engineering mechanics, in engineering medicine, engineering geology,
in applied and computing mechanics and in applied mathematics) and engineering.

The theory of consolidation with double porosity was first proposed by Aifantis
and co-authors in the papers [1-3]. This theory unifies a model proposed by Biot
for the consolidation of deformable single porosity media with a model proposed
by Barenblatt and co-authors for seepage in undeformable media with two degrees
of porosity [4].

Naturally fractured reservoirs are usually characterized using dual-porosity mod-
els where all fractures are assumed to have identical properties. However, it is more
realistic to assume fractures having different properties. An improvement of the
dual-porosity models is to consider the models of triple porosity. Triple-porosity
models have been developed as more realistic models to capture reservoir hetero-
geneity in naturally fractured reservoirs. The triple-porosity /triple-permeability
model is applicable to a severely fractured reservoirs with high permeability. The
first triple-porosity model was developed by Liu [5,6]. In petroleum literature the
first triple porosity model was introduced by Abdassah and Ershaghi [7]. We note
that the bone can be consider as a body with triple porosity (where pi, p2, ps
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are correspondingly the pressures in the microporosity, the canalicular-lacunar
porosity and the vascular porosity).

The basic results and the historical information on the theory of porous media
may be found in [8]. Many analytical solutions for variations on double and triple
porosity conceptual models have been developed with different configurations and
relationships between fracture and matrix continua (see [9]-[27] and the references
cited therein).

In this paper we consider the 2D linear equilibrium theory of elasticity for triple-
porosity /triple-permeability model. We construct the fundamental and singular
matrices of solutions to the system of equilibrium equations in terms of elementary
functions. Some basic properties of single-layer and double-layer potentials are also
established. Representation of regular solution is obtained.

2. Basic equations

Let D*(D™) be a bounded (respectively, an unbounded) domain in the Euclidean
two-dimensional space R? bounded by the contour S. Suppose that S € C#, 0 <
g <1, ie., S is a Lyapunow curve. Let z = (x1,x2) is point of space, 0x =

o 0
( e 8) . Let the domain D be filled with an isotropic triple-porosity material.
X1 T2

The basic homogeneous system of equations for isotropic materials with triple-
porosity has the form [1],[10],[11]:

3
pAu + (A + p)grad diva + Zﬂkgradpk =0, (1)
k=1

a1Apy + ai2(p2 — p1) + a13(ps — p1) = 0,

asAps + a1 (p1 — p2) + a23(ps — p2) (2)

azAps + +az1(p1 — p3) + azz(p2 — p3) =0,

where u = (ul,uQ)T is the displacement vector in a solid, pj;, j = 1,2,3, are
the pressures in the fluid phase, a; = (for the fluid phase, each phase i carries
its respectively permeability k;, a;; is the fluid transfer rate between phase ¢ and
phase j. f;, A, p, p' are constants, A is the 2D Laplace operator. Throughout
this paper the superscript T denotes transposition.

From (1),(2) we have

3
pAu+ (A + pgrad diva + - Brgradpy = 0, (3)
=1
(a1 A — b1)p1 + a12p2 + aizpz =0,
(a2 A — bo)pa + a21p1 + azsps = 0, (4)

(a3A — b3)ps + az1p1 + azzp2 =0,

where



Vol. 21, No. 1, 2017 11

by = a1z +ai3, be=ag +as, by =az + as,
Equations (3),(4) can be written as
A(0x)U =0 (5)
where

A(ax) :H qu(6x> H5~57 p,q = 17 ey 57

0? 0
Aji(0x) = pAdj + (A + M)ma Aj3(0x) = /61875]-
9 o) :
Ajy(0x) = ﬂg—axj, Ajs(0x) = 535’—%7 jl=1,2,

Agj(ax) = A4j(8x) = A5J(8x) = 0, ] = 1,2,
Aji2+2(0x) = a;A = bj,  Azg = a1z, Aszs = ass,
Az =ag, Ass=az, Asz=azn, Ass=az, j=12,3
dar is the Kronecker delta, U = (uq, ug, p1,p2,p3)L.
The matrix A (0x) :=|| A;;(0%) ||sa5:= AT (—0x), where A;;(9x) := A;;(—0x),

will be called the associated operator to the differential operator A (0x).
It is easily seen that

detA = ppoarazazA* (A +A7)(A+X3),  po =X+ 2p
where /\]2- are roots of equation

alagag)\Q + [agasby + ajazbs + ajazbs| A
+ai(bebs — aszzaszz) + az(b1bs — a1zasy) + az(biba — aj2a21) =0

Definition 2.1: A vector-function U = (u1,u2, p1,p2,p3) defined in the domain

D*(D™) is called regular if U € C2(D*) N CY(D"). Note that, in the case of the
domain D~ the vector additionally satisfies the following conditions at infinity:

ou

— =0(x]™), XPP=22+23>>1, a=12. (6)
0%q

U(x) = O(1),

3. Matrix of fundamental solutions

Here we apply the method developed in [28] and construct the matrix of funda-
mental solutions
We introduce the matrix differential operator B(0x) consisting of cofactors of



12

elements of the transposed matrix A divided on

where

13”'::

Substituting the vector U(x)
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w\+2p)aazas # 0 :

B(0x) := Bij(0x) [l5xs

1 2
——AA+ XA+ 23) 0500 — (A j=1,2
LU0 ( + 1)( + 2) j O ( +M)8x16x] y 4] 5 4y
_ Ak 9 _ _Bky 0 5 Ak O
Hoaiaz2as 69@ ’ 4= Hoaiazas 833‘j ’ 95 = Hoaia2a3 Oxj’
AQ
P lazaz A% — (asbs + azbz) A + babs — assass),
AQ
41003 [a1a3A2 — (a163 + agbl)A + blb3 — a13a31],
dragas [agalA — (agbl + albg)A + baby — algagl],
A2
- l[a12(a3A — b3) — ai3a32],
a1a2a3
AQ
- [a21(a3A — b3) — azrass],
ajasas3
A2
- [a13(a2A — b2) — a12a23],
ajaas
A2
- laz1(a2A — b2) — azasz],
a1a2a3
A2
- lazz(a1A — b1) — az1a13],
a1a2as3
AQ
- laz2(a1 A — by) — ar2a31],
ajasas

k13 = BrazazA® — [B1(azbs + asbz) + Brazas: + Bzazasi]A
+ (81 + B2 + B3)(b2bs — aszasz),

k14 = PaarazA® — [Ba(a1bs + asby) + Brasarz + Psarass]A
+ (81 + B2 + B3)(b1bs — aizazi),

kis = BsarasA® — [Bs(arbg + agby) + Brazars + Paayans]A

1o == A+ 2u.

+ (B1 + B2 + B3)(b1ba — ar2a21),

B(0x)W¥ into (5), we get

AAA(A + X (A +X3)® = 0.
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The solution of the last equation can be represented as

2 _ _ _
A\I/:r(lngzl)—i- 21 i 01 41117’_(,02 41117‘
FS VSV VI VR Y M
where
™ 1
O = EHg AT,

Hél)()\mr) is Hankel’s function of the first kind with the index 0

2 2i (1 Am ‘
Hél)(/\mr) = ?Zlnr + ?Z <ln2 +C — Z;) Jo(Amr)

2 ko k-1

2i %o (=1)F [ A\ (1 1
+7T(Jo()\mr)—1)lnr—7rkz () —+——+..+1

(k)2

0o [ r 2k
JO()\mT) = Z ( l)k <)\m) ) TQ = (xl - yl)2 + (x2 - y2)27 m=1,2.

=0 (k1)? \ 2

13

As all the components of B contain the operator A, Substituting (7) into U = BW®,
we obtain the matrix of fundamental solutions for the equation (5) which we denote

by I'(x-y)

L(x-y) =| T'rj(x-y) [|5x5,

where

Inr  A+pu 0%p r?(lnr — 1)
r -v) =4 _
a'y(X Y) ary L Lot Baﬁaﬁxv ¥o 4 )
1 (916‘13 1 ak'14
[ia(x-v) — — Tislx-v) = —
i3(x-y) ioarazas Dz, ja(xy) Hoarazas Dz,
1 0k Bspo <
15 30 k
1—" - g — = — —1 —
j5(x-y) Toaazas O, 8= 320 +) (=D ask(e — ¢r),
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1

Az
)\% — )\% 51(120,3 + )\2 +

Bs
)\4

Qs = , @=Inr,

Bs = (81 + P2 + £3)(babs — asgaszz), Az = PBi(azbs + azba) + faazaz + Pzazas,

Ay Bl]
+ T ’
PYIDY.

_ Biyo

2
1
)\2)\2 + Z a4k (o — 1), Oy =

X=X

[ﬁ2a1a3 +

Bi = (B1 + P2+ B3)(bibs — a13a31), Ai = Pa(aibs + asbe) + Brazaiz + Bzaiass,

By
>\4 ’

By 1
)\2f2 + Z O[5k 90 Sok) Q5 =

kis = EVEEEV]
A5 —

Ay
Bzazay + 3 +

By = (81 + P2 + B3)(babr — a12a21), Az = B3(aibs + agbi) + fraiasz + Paaza13,

babs — aszaszo

[33(x-y) = )\2)\2a1a2a3 ®+ Z '71k$0ka
2
1 babz — azzazz
= i b b
Y1k 2 — \arazas [aws kTt 2 +az03 +azoz |,
T as(xey) = b1b3 — ai3a31 n 22:( 1) e yon0n
Y) = o - 2% Pk>
/\%)\%alagag 1
1 b1b3 — ai3a3;
= A7 b b
2k (2 = X)arazas [alai’» kT X2 +a103 +azor |,
I55(x-y) = biby — 012021 + i:(_l)k’YSk(Pk
- 212 )
A Asa1az2a3 P
1 b1by — a12a01
= by b byl
3k (2 — M)arazas [alaz kT N2 + a102 + az01
[34(x-y) = — ! -a a12<p1—cp2 _bibs—aan (p—@1 g -]
’ aagas | 0 A — A2 A -2 y 2]
I Y1 —p2 ble - a12a21 </7 @1 ©— 2]
I'35(x-y) = — a20a13 — ,
( Y) aragas | )\% _ /\2 % |
L [ p1—ps bzba — a23a32 p—91 -]
liz(x-y) = — a3as ,
¥) aiazaz | A — >\2 A N
Lys(x-y) = — ! aragg T2 b1b2 _ “12@21 <<P p1 - p— 902>_
arazas | M-\ A2 A2
Ts3(x-y) = — 1 aal 1<P — P2 b2b3 - a236132 P—p1 p—p2
53 aj1asas 3 )\2 /\% )\ %
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L | g P2 bibs—aas (o -1 @ —
a1a2a3 )\% — )\% )\% — )\% )\% )\% ’

g1 =T3=Ty=Tp=51=05n=0, ¢, = H(()l)()\kT)v p=Inr, k=1,2,

The following assertion holds

Theorem 3.1: The elements of the matriz T'(z-y) has a logarithmic singularity
as * — y and each column of the matriz I'(z-y), considered as a vector, is a
solution of system (5) at every point © if T # y.

Let us consider the matrix I'(x) := I'' (-x). The following basic properties of
I'(x) may be easily verified.

Theorem 3.2: Fach column of the matriz f‘(m-y), considered as a vector, sat-
isfies the associated system A(0z)T'(x-y) = 0, at every point x if x # y and the

elements of the matriz T'(z-y) have a logarithmic singularity as * — 1y, where
A(0g) = AT(=0y).

4. Matrix of singular solutions

Using the matrix of fundamental solutions, we construct the so-called singular
matrices of solutions by means of elementary functions.

Let n(z) = (n1,n2) denote the exterior (with respect to DT) unite normal vector
of S at the point z = (21, 22) € S. Denoting the stress vector by P(9,,n)U we
have

3
P(0x,n)U = T(0x,n)u + nZﬂkpk,

k=1

where  T(0x,n) is the stress vector in the classical theory of elasticity

0 0 0 0
g T At pnig— (At pnig—+pae
T(0x,n)u = n “gl 9 T2 39 u,
(>\+u)n2871 —Hmo Mmoot (A+u)n2372
o _ 0 0
8n 18:61 28%27
0 0 0

We introduce the following notations



16 Bulletin of TICMI

T11(0x,n) T2(0x,n) Bint  Boni Pang

T51(0w,n) Tre(0x,n)  Pinz  [anz Bzna
0 0 CL12 0 O
R(@X, n) = on )
0
0 0 0 ag% 0
0
0 0 0 O ag%
T11(8x, n) Tlg(ax, n) 0 0 0
T21(8a:, n) ng(al’, n) 0 0 0
0
~ 0 0 — 0 O
R(0x,n) = “on )
0
0 0 0 ag% 0
0
0 0 0 O a3%
where
0 0 0
T = c— —_— ;— ), =1, 2.
kj (8X, Il) ,U/dkj 877, + /\nk 8(,6] + Mnj axkv kv Js )

Applying the operator R(Jx,n) to the matrix T'(x-y), we obtain

R(0x,n)I(x-y) :=[| My;j [[5x5, (8)
where
Olnr A 0 0%p 0 A+ 0 0%¢pq
M1 = O — — Mg =—1Inr -2 —

SR ™ po 0s 0w10zy’ 1275 po Os Ox2’

9)
A 2 1 A 2
lez—glnr—i-Q +,u28cp07 M22:5kj882r+2 +'u2 %o

Os po Os 0x2 o Os dr10:o’
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20 o 0

My=-——H 9 9,
13 toaiazas 0s Oxo 1%
20 o 0
My=-—H 9 9,
14 foaiazas 0s Oxo 14
2 o 0
M5 = — a = 75— k15,

Hoa1azas 0s 0T

21 0 0

Myg= —"—— ——
2 Hoaiasas 0s 0xy
2 o 0

My 0O
poaiasas 0s 0y

2 o 0

Mys = —H— = =

"~ poaiazas Os Oxy

0 0
M33 = aq %FSS M3y = aq %F:‘A M35 = aq %ngn

0 0 0
Mys = ao——T43, My =as-—Taa, My = as-—1ys,
on on on
M, I M, 9 I M, I
Q= Qq— P = a3— = as—
53 85,158 54 85,151 55 85,155

M3y = M3y = My = Myo = M5y = Msz = 0.

k137

k147

k157

17

Let [R(9y,n)I(y-x)]" be the matrix which we get from [R(dx,n)I'(x-y)] by
transposition of the columns and rows and the variables x and y (analogously

R(0y,n)T’

)] ).

Let us introduce the single-layer and double-layer potentials.
The vector-functions defined by the equalities

1

V(x;9 =~ /F(X —y)g(y)dyS,

s
S

- 1

Vixig) = [ T7(y -~ )g)dyS

S

will be called single layer potentials, while the vector-functions defined by the

equalities

1

W h) = / [R(0y, m)T(y — )] h(y)dys,

™
S

—~ 1

™
S

W (x;h) = / [R’(ay,n)rT(y ~x)

-
h(Y)dyS

will be called double layer potentials. Here g and h are the continuous (or Hélder
continuous) vectors and S is a closed Lyapunov curve.
The following theorems hold true.

Theorem 4.1: The vectors V(m, g) and W(x; h are solutions of the system



18 Bulletin of TICMI

A(9,)U = 0 at any point © & S.The vectors V(xz; g) and W/(a; h) are solu-

tions of the system A(0z) U =0 at any point x ¢ S. The elements of the matrices
~ T

[R(0y, n)T'(y — o))" and [R(ﬁy, )T (x — y)} contain a singular part integrable

in the sense of the Cauchy principal value.

Theorem 4.2: If S € C(S), g,h € C%%(S), 0<d<n<1, then the vectors
W(z,h), V(x,g), ﬁv/(az,h) and V (z,q) are reqular vector-functions in D (D7),
and when the point x tends to any point z of the boundary S from inside or from
outside we have the following formulas:

(W) =Fh(z) + [ (RO, Ty~ ] hl)dyS.
S
W ()} = h(a) + 1 [ (RO (- 2)] hw)d,s,
S

(R0 m) V(g = +9(2) + [ ROLmT(z~ 1)g(u)d,5,
S

R0V (29 = £0(2) + - [ R0 (5 Dol(w)d, 5.
S

Here the integrals are understood in the principal value sense.

5. A representation of regular solutions

In this section we represent the general solution of Egs.(1)-(4) by means of har-
monic, biharmonic and metaharmonic functions.

It is evident that we can investigate separately Eqs. (4), which contain only p;.
Solving the system 4, we get

2 2
pr=¢+ > Aror, p2=¢+ Y Brpr,
k=1 k=1

2
b3 = SO—I_ZSOIC’
k=1

where

Ap=0, (A+X)pr=0, k=12,
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a13(a2A3 + b2) + ai2a23
(a1 A2 + b1)(agA? + bo) — aroas’

az3(a1Af + b1) + ai3a12
(a1 A2 + b1)(a2A? + ba2) — ar2a21’

Agazy + Brazy = b3+ a3y k=1,2.
Assuming that p; are known functions, we can rewrite Eq. (3) in the following form

3 2

pAu+ (A + p)graddiva+ grad | > Bup + > (B1Ak + B2Br + B3)er) | =0, (10)
k=1 k=1

Clearly, the general solution of equation (10) can be represented in the form
u=v-++uy
where
HAV + (A + p)grad divv =0

and ug is a particular solution of equation (10)

2

3
1 1
uy = _Iograd E ﬁkgog - E F(ﬁlAk + /82Bk + 63)90143)
k

k=1 k=1

Here g, satisfies the equation

Apg =, Ap=0.

6. Conclusions

The main results of this work can be formulated as follows:

1. The fundamental and singular matrices of solutions of the system of equations
of motion in the equilibrium theory of elasticity for triple porosity materials are
constructed explicitly.

2. Some basic properties for single and double layer potentials are established.

3. Representation of regular solution is obtained.

Remark 1: By using the above-mentioned method, it is possible to construct
explicitly the fundamental and singular matrices of solutions of the systems of
equations in the modern linear theories of elasticity, thermoelasticity and poroe-
lasticity for materials with microstructures and for elastic materials with multiple
porosity, etc.
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