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1. Introduction

Let ¢ be a function on R"™ which satisfies the following properties:

(1) [4(x)dz =0,

(2) Jle)] < C(1+[af) =+

(3) [éle+y) — olx)] < Clyl(L+ [e])~+ when 2ly| < [al;

Let m be a positive integer and let A be a function on R". We denote
I(z) = {(y,t) € RY™ : | —y| < t}. The multilinear Littlewood-Paley
operator is defined by

1/2

s = | [IFnEPYE|

I'(z)

where

:E y /f erl(A;x?Z)dZa
|z — z|m

Ruia(Ai,9) = Ar) = Y2 D% A(y) (e — ),

laj<m
and iy (x) = t~"(x/t) for t > 0. We also define that

1/2

dydt
/ ’ f ¢t | 2 tn+1 )

I'(z)

which is the Littlewood-Paley operator (see [15]).
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It is well known that multilinear operators are of great interest in harmonic
analysis and have been widely studied by many authors (see [2-6]). The main
purpose of this paper is to consider the continuity of the multilinear Littlewood-
Paley operators on certain Hardy and Herz-Hardy spaces. Let us first introduce
some definitions (see [7] [8] [9] [10] [11] [12]).

Definition 1. Let A be a function on R™ and let m be a positive integer
and 0 < p < 1. A bounded measurable function a on R" is said to be a
(p, D™ A) atom if

i) suppa C B = B(zg,7),

i) lallz= < [B|7V7,

i) [a(y)dy = [a(y)D*A(y)dy = 0,|a| = m;

A temperate distribution f is said to belong to Hpm 4(R"), if, in the Schwartz
distributional sense, it can be written as

f(x) = ijaj(a:),

where a;’s are (p, D™A) atoms, A\; € C and 7% |\j[P < oo. Moreover,

1/p
1 g ~ (520 IN1P)

Let B, = {JI € R": |l’| < Qk},Ck = By, \ Bi_1,k € Z, mk()\,f) = |{ZL‘ S
Cr | f(z)| > A}|; for & € N, let mg(A, f) = mg(\, f) and mo(A, f) = {z €
Bo: [f(z)] > A}

Definition 2. Let 0 < p, ¢ < o0, a € R.

(1) The homogeneous Herz space is defined by

Egv = {f € L (R"\{0}) : [|f|l jcor () < 00},

where
s 1/p
1 fllger = [Z 2ka”||ka||’2q] :
k=—o00

(2) The nonhomogeneous Herz space is defined by

Ke#(RY) = {f € Li(R™) : || flligoqany < o0},

loc

where
1/p

o
1/l = [Z 2| fxal o + 11 X80
k=1

Definition 3. Let m be a positive integer and let A be a function on
R' ae R, 0<p<oo,1<q<oo, A function a(x) on R" is called a central
(e, q, D"™A)-atom (or a central (a,q, D"™A)-atom of restrict type), if

1) suppa C B(0,r) for some r > 0 (or for some r > 1),

2) lallze < B0, )7/,
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3) [a(z)dr = [a(x)DPA(z)dx =0, |8 =m
A temperate distribution f is said to belong to H K fm 4 (R") (or HK ' fm 4(R")),
if it can be written as f = "2 Aja; (or f = 377" Aja;) in the S'(R") sense,
where a; is a central (a, ¢, D™A)-atom (or a central (a,q, D™A)-atom of re-
strict type) supported on B(0,27) and 3377 | N;[P < oo (or 0720 [P < 00),
moreover, ||f||HKap

1/p
g 00 [ fllircog, ) ~ (5 1A07)

Now we can state our main theorems.

Theorem 1. Let1>p>n/(n+1),DPA € BMO(R") for |3] = m. Then
S;} is bounded from HY. ,(R") to LP(R™).

Theorem 2. Let0<p<oo,1<g<oo,n(l-1/g)<a<n(l-1/q)+
and DPA € BMO(R"™) for |3| = m. Then SJ} is bounded from HKaDmA (R”)
to K;”’(R”).

Theorem 3. Let DPA € BMO(R") for || =m and 0 <p <1< ¢ < o0,
a=n(l—1/q)+1. Then, for any X\ >0 and f € HK] [ ,(R"), we have

00 1/p
S 2k, s;;‘u»p/q]
k=0

< C/\_1||f||HK;§mA(Rn) (1 + log™ (X 1||f||HK°‘gmA(R"))> :

Remark. Notethat whenm =0, Sﬁ is just the commutator of Littlewood
Paley operator (see [1]). Theorem 1-3 are an extension of the results in [1].

2. Proof of Theorems

We begin with some preliminary lemmas.
Lemma 1.1 Let A be a function on R" and D*A € LI(R") for |a| = m
and some q > n. Then

1/q

1
Ra(Aiag)| < Clo—y” 3 | oo [ DM@z |
g:m Q(z,y)|
Q(z,y)
where Q(z,vy) is the cube centered at x and having side length 5v/n|z — y|.

Lemma 2. Let 1 < p < oo and D*A € L"(R"), |a] =m, 1 < r < oo,
1/q=1/p+1/r. Then S} is bounded from LP(R") to LY(R"), that is

1S3 (Nllea < C > (DAl e[ 1] o-
|a|=m

Proof. By Minkowski inequality and the condition of ¢, we have
1/2

/()] IRmH (A; 2, 2) 2dydt
/ — z|m vy m dz

I'(z)
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1/2
< /U’!mmlezH J S
- |:)j — Z|m (1 + |y — Z|/t)2n+4 ti+n
0 [z—y|<t
1/2
< / |[f() | Rimt1(4; x, 2)| / / t=2n dydt .
- |z — 2™ (1+ |y — z|/t)2n+4 i1 >
0 |z—yl<t
1/2
|f ()| Ry (A; 2, 2)] / / 22t gl
< dydt d
B / |z — z|™ (2t + |y — z|)?n+2 Y =
0 |z—y|<t

noting that 2t + |y — z| > 2t + |z — z| — |t —y| >t + |z — z| when |z —y| <t
and

we obtain

1/2

| f(2)] / tdt
C’/’m_z‘m|Rm+1( T, Z)| (t+|$—2‘)2n+2 dz
0

C/ |Z)’]—Z|m+n m+1(A;x7Z)‘dZ7

S{(F)()

VAN

thus, the lemma follows from [5] and [6].

Now let us turn to the proof of Theorems in this paper.

Proof of Theorem 1. It suffices to show that there exists a constant
¢ > 0 such that for every (p, D™A) atom a,

155 (@)l]» < C.
Let a be a (p, D™A) atom supported on a ball B = B(xzg, 7). We write
/[S{E(a)(m)]pdx = / [S{;(a)(x)]pdx + / [S{Z‘(a)(x)]pdx =I1+1I.
|x—x0|>2r
R |z—20|<2r

For I, taking ¢ > 1, by Holder’s inequality and the L%-boundedness of S;Z‘ (see
Lemma 2), we see that

1< ClISA@)I[ - 1Blao, 20)[ 71 < Cllal[5| B/ < C.

To obtain the estimate of /1, we need to estimate S}(a)(x) for = € (2B)°. Let
B=5ynBand A(z) = A(z) — . 4 (D*A)j - 2*, where (A)p are the mean

|al=m
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values of A on B. Then R,,(A;x,y) = Rm(fl; x,y). We write, by the vanishing
moment of a,

FA)(zy) — / [wt(y‘z)—wt<y‘$°> Ry (A 2)a(2)de

|a:—z‘m ’y_x0|m
+ Tff IR (i ,2) — Rl )l
— 40

- Yuly —2)" (pe z) — (D" a(z)dz
3 a,/ DA - (0w

|

thus,
Sy (a) ()
[ 2 1/2
Vly—2)  duly — ) dydt
< A-
() B
[ 2 1/2
| (y — o) -~ dydt
+ / / Iz — zo|™ |R(A; 2, 2) — Ry(A; 2, 20)||a(2)|d2 pre
I'(z) B
- 2 1/2
Yuly —2)° dydt
DYA(z) — (D*A
+ / el / ‘3; — Z|m ( (2) = ( )B)a(z)dz Pl
I(z) I1¢

= IIl +]Iz —I—I]g
By Lemma 1, for z € B and x € 2**'B\ 2¥B, we know

[Ru(Aiz,2)| < Cla— 2™ 37 [D*A(x) — (D" A)ypl:

laf=m

By the condition of ¢ and Minkowski’s inequality, similar to the proof of
Lemma 2, noting that |z — z| ~ |z — x| for z € B and x € R" \ B, we obtain

11 <
M <B/< e 'W”")”Wt(y_fx):%y_%)')
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1/2
|z — 2 dydt -
o [ | [t - PR | IRt 2l
B I(z)

1/2

1 o, dydt
+ C/ 7= 2™ / Wiy — 2) — Ye(y — o) ]
B I'(x)

X Rn(Ai 7, 2)|a(z)|dz

IA

1/2
|B|1/n—1/p / tl_ndydt / B
< o2 Ro(A; 2, 2)|d
= o — aom (2t + |y — xo|)2n T2 | Rin(A; 7, 2)|dz
(z) B
1/2
|B|1/n—1/p / tl_ndydt / 5
o= R (A: . 2)|d
L T—— (2t + [y — zo]) 2 (47, 2) dz
I'(z) B

< Clz — ao|”mtntD| p|t/n-1/p /\Rm(A;:c,z)|dz

< Chlw — ao| "BV VPN " D A(z) — (D*A)girpl;

|a|=m
On the other hand, by the formula (see [4]):
Rp(A; 2, 2) — Ry(A; x, 20) Z m18(DPA; 2, 20) (v — 20)°
I5\<m
and Lemma 1, we get
R (A;2,2) = Ry (As 2, 20)| < C Y Y g — 2™ — o || DA | 5o,
|Bl<m |a|=m

so that

I, < C’/ |z — x| (™ Z ’Rm_‘m(Dﬁfl;z,xo)’ |z — 20|¥|a(2)|dz

B |Bl<m

< /|x—x0| Crm) y ~ Jag — 2Pl — 2|71 Y |ID Allpasola(z)|dz

|Bl<m |al=m

<Y | AHBM0/| o)l

laf=m

< C Z HD AHBMO|~77_xo‘inil‘Byl/nfl/p‘Fl;

|a|=m
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For 113 , we write

/wt = x—Z)a(DaA(z) — (D"A)p)a(z)dz

yl™
_ /{wt( ‘_ )(7_2)a_¢t(?/‘—1'0)(y‘—$0)a

X [DYA(z) — (D“A)gla(z)dz.

Similar to the estimate of I1;, we obtain

II; < C’Z |x—x\ (n+1) /\xo—zHDaA z) — (D*A)plla(z)|dz

laf=m

< ) ||DaA||BMO|B|1/"_1/p+1|$—Iol_”_l-

laf=m

Therefore, recall that p > n/(n+ 1),

o)

n<y [ st
k:12k+1B\2kB
< CZ / kP|z — x| 7P | B|pUFL/n=1/p)
k:12k+13\2k3
p
% Z |D*A(z) — (D*A)grrip| | dr
laj=m
P o0
+C Z [|D* Al 5o Z / |z — ao| PV | BPIHL/n=1/P) gy
= F=loktip\ok g
P 00 p
= ¢ Z 1D Allparo kaQk(n_p_pn)SC Z |ID*AllBmo |
la[=m k=1 la|=m

which together with the estimate for I yields the desired result. This finishes

the proof of Theorem 1. _
Proof of Theorem 2. Let f € HK b (R") and f(x) = 377 Aja,(x)

j=—00
be the atomic decomposition for f as in Definition 3. We write

ISED iy < C

0 k-3 pq1/p
S g ( >INl quf(aj)XkHLq) ]

k=—o00 j=—00
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0 p71/p
Z okap ( >Nl |\S$(GJ)XI<:HLQ> ] =1+11.

k=—o00 j=k—2

For 1, by the boundedness of Sﬁ on LI(R"™) (see Lemma 2), we have

[ oo 00 p71/p
T oy e ( >INl H%Hm) ]
J

<
Lk=—00 =k—2
[ oo (o) p71/p
< O ) 2k ( > \Aj|2—ja> ]
Lk=—00 j=k—2
( s 1/p
3o 3 |0y
Lk=—0c0 j=k—2
SOy T o o e/ 1P
S gt |Aj|p2—jap/2) (Z z—jap'ﬂ) Cps1
[ k=0 j—k—2 j—k—2
([ Jj+2 1/p
> (5 st ] 0ns
Lj=—00 k=—00
< ¢ [ oo Jj+2 1/p
Z |)\j|P Z Q(k—j)al’/2>] . p>1
\ Lj=—o0 k=—o00
00 1/p
P
< C Z P‘y’) <CHfHHK“gmA
j=—00

For I, similar to the proof of Theorem 1, we have, for x € Cy, 7 < k — 3,

SA(a)@) < Cla — aol ™™ By / ;)| Ron (A 2, ) dy

B;j
+C 32 (1D Allmssoll = e = o "B [ latw)ldy
18l=m B,
< (' F(nt1)9j(1+n(1-1/q)—a) Z |D5A DﬁA)B,J
|Bl=m
+C Z |DPA|| prro(k — §)2 - FntDoidn(i=1/g)=a)
|Bl=m
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thus,
[e'e) k—3
I < C{ Z zkap( Z |\ |2 (D) + (0 (1-1/g) o)
k=—00 Jj=—00
1/q Y
> | [1aw - @ par| )]
Bl=m \3,
9] k—3
+C[ Z 2kap< Z |)\]|(k _j)2—k(n+1)+](1+n(1—1/q)—a)2kn/q
k=—o00 Jj=—00
p /P
S 11D All o) } L
|Bl=m
To estimate I; and I5, we consider two cases.
Casel 0<p<l.
L <
00 k—3 1/p
C Z gkap Z ’)\j‘p2Hﬂ(n+1)+j(1+n(1*1/q)*a)]p2knp/q( Z HDﬁAHBMo)p
k=—oc0 j:*OO |ﬂ‘:m

& e 1/p
= ¢ Z 107 Al| saro Z |A; P Z Q(J'k)(1+n(11/q)a)p]

|Bl=m Lj=—o00 k=j+3

[e%s} 1/p
< O ID%Allsyo | 3 IM”) < Ol fll ke

DmA’
|B|=m j=—00

[ oo 00 1/p
L < C Z |D° A|| Brro Z |\ [P Z (k_j)p2(jk)(1+n(11/q)a)p]
|8|=m Lj=—00 k=j+3

o 1/p
< CY D Allsmo | Y WI”) < Ol fllgges

. q,pmA’
\ﬁ|:m J=—00

Case 2 p > 1. By Holder’s inequality, we deduce

oo k-3
L < C Z ||DBA||BMO[ Z (Z |)\j|p2(j—k)p(1(1_1/q)_a)/2)

|ﬂ‘:m j=—00 \j=—00
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k—3 ‘ , p/p U
S QU (et 2 }

j=—o0

o0 1/13
< c ( 3 w) < Ol

j=—o00

L < C>  [ID°Allpmo lz

|6=m j=—o00

h3 p/p') /P
( Z 2(jk)p’(1+n(11/q)a)/2>

j=—o00

k-3
( Z I\ [P (k — j)pz(jk)p(1+n(ll/q)a)/2)

j=—o00

X

©© 1/p
< C Z HDﬁAHBMo [Z ])\ \p Z )pQ(J k)p (1+n(l—1/q)—a)/2]

1Bl=m k=j+3
00 1/p
< C < Z |>\j’p) < CHfHHK“DmA
j=—o00

This finishes the proof of Theorem 2.
Remark. Theorem 2 also holds for nonhomogeneous Herz-type space.
Proof of Theorem 3. Let f € HK hm,(R") and let f(z) = 372 \ja;(2)
be the atomic decomposition for f as in Definition 3. We write

s 1/p
> " 2ker (A, S;ﬁ(f))p/q] <C
k=0

3 1/p
Z2’““pmk<x,5$<f>>p/q]

k=0
[ s k—3 p/q] /P
+C | D 2 Py, (A/Z,Z \Ajysg,‘(aj))
| k=4 j=0
[ 0o 0 p/a] P
+C ) 2Py, </\/2, Sit ( > Ajaj>) =1+ I+ I
k=4 j=k—2

For Iy, I3, by the weak (g, ¢) type boundedness of S;Z‘ and 0 < p < 1, we have
3 1/p 0o 1/p
s aein| <o (S
k=0 =0
00 1/p
< ot (Z Al 2‘]‘”’)
=0

L < o)Xt
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< ot (pr) < Ol g,
=0
) 1P

L < Ox! szap Z Aja;

| k=4 =k— L9 ]
. 1/

S C)\il Z Z >\ |p2 jap
=4 =k— -

j42 1/p 00 1/p
< CX\7! Z\)\ yPZQ‘H ] <Ox? (Zyw)
Lj=0 Jj=0
< OXNYIfllmxey,

DmA

For I, by the same argument as the proof of Theorem 1 and 2, we have

Silag)(x) < C27K Y DI Ar) = (DPA)p, | +k Y |ID°Allsuo | .

|B]l=m 18|=m
therefore,
- - p/q] H/P
L<C | 2%y [ A4, 027D N I DPA(x) — (DPA)p, | ) |N]
k= 181=m =
. . p/q] /P
+C | 2%y | A4, C27H Ok " [DP Al o Y A
k=4 1B8l=m j=0
= ]2(1) + ]2(2).
For Iél), by using John-Nirenberg inequality (see [15]), we gain
1/p

Y

IN

[ /a
o C2k(n+1)/\ p
C ok | exp | — — okn
kz; ( ( Zm\:m ||DﬁA||BMO Zj:O ’)‘j|
r 1/p
o0 C/\2k(n+1)
< C 2k(n+1)p exp | — —
_kzzo Z|B|:m | DA Al Bumo ijo Al

e’ 1/13
AT
P lexp | — ¢ = dx
/ ( Z|B|:m||DﬁAHBMO Zj:Ol)\j|>

LO

IN
Q
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00 1/p
= XD Allsuo Syl [ tetar
=0 0
o] 1/p
< ox! (Zmp)
7=0

< ON YIS llakes

¢,DMmA’

For 1'52), by using the following fact: If there exists u > 1, such that 2% /2 < u
for z > 3, then 2% < culog™ u. We have, if

Hx € Cr: O N |IDP Allgaro 3 [N > A/4}) £0,
|Bl=m J=0
then N
1< QDO < A S (D8 Ao 3 N,
|8l=m i=0
thus,

gk(n+1) < oML Z ’)\j| log+ (}\1 Z |/\j‘> .
j=0 j=0

Let K, be the maximal integer k& which satisfies this estimate, then

K 1/p
[2(2) < C (Z 2kap2knp/q> < C«QKA(TL—H)
k=4
CA™YY || log* ()\‘1 > |Aj|>
7=0 7=0
oo 1/p o0
ot (Z MP) log™ | A7} (Z |Ajyp>
§=0 j=0

< O flluxgg, log" (NI i, )

,D A

IN

1/p

IN

Now, summing up the above estimates, we have

[e.o]

1/p
> 2k (X, S () q]

k=0

< Nl g, (14108 (N llmrog,) ) -

This completes the proof of Theorem 3.
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