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The Homflypt skein module of a connected
sum of 3-manifolds
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Abstract If M is an oriented 3-manifold, let S(M) denote the Homflypt
skein module of M: We show that S(M;#M,) is isomorphic to S(M;) 1
S(Mz) modulo torsion. In fact, we show that S(M;#M5) is isomorphic to
S(M;) CS(M,) if we are working over a certain localized ring. We show the
similar result holds for relative skein modules. If M contains a separating
2-sphere, we give conditions under which certain relative skein modules of

M vanish over speci ed localized rings.
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1 Introduction

We will be working with framed oriented links. By this we mean links equipped
with a string orientation together with a nonzero normal vector eld up to
homotopy. The links described by gures in this paper will be assigned the
\blackboard" framing which points to the right when travelling along an ori-
ented strand.

De nition 1 The Homflypt skein module Let k be a commutative ring
containing x *; v 1; s % and —L: Let M be an oriented 3-manifold. The
Homflypt skein module of M over k; denoted by Sx(M), is the k-module freely
generated by isotopy classes of framed oriented links in M including the empty
link, quotiented by the Homflypt skein relations given in the following gure.

x1 x - X x = (s—sh >< ;
%) = (v / ;
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e - U
S— S

The last relation follows from the rst two in the case L is nonempty.

Remark (1) An embedding f: M ¥ N of 3-manifolds induces a well de ned
homomorphism £ : S (M) ¥ S (N). (2) If N is obtained by adding a 3-
handle to M, the embedding i : M ¥ N induces an isomorphism i : Sg(M) ¥
Sk(N). (3) If N is obtained by adding a 2-handle to M, the embedding
i:M T N induces an epimorphism i : Sg(M) ¥ Sg(N). (4) If My €My is
the disjoint union of 3-manifolds M1 and M, then Sx(M1 t My) = S(Mp) [
Sk(M2).

Associated to a partitionof n, =(1 i p 1), 1+ + p=n,is
associated a Young diagram of size j j = n, which we denote also by . This
diagram has n cells indexed by f(i;j); 1 i p,1 | ig. If c is the cell of

index (i;j) in a Young diagram , its content cn(c) is de ned by cn(c) =j —i:

De ne > >

c. = V(S_l _ S) S—ch(c) + V_l(S _ S—l) S2cn(c)
c2 c2

Let I denote the submonoid of the multiplicative monoid of Z[v;s] generated
by v, s,s?" — 1 for all integers n > 0; and ¢ . for all pairs of Young diagrams
,and ;withj j=j j,and ] j& 0: Let R be Z[v;s] localized at I: [5, 7.2]

Theorem 1

SR[x;x*l]('\/Il:'l#"'\/IZ) = SR[x;x*l]('\/ll) ES;‘Z[x;xfl](MZ):

Remark J. Przytycki has proved the analog of this result for the Kau man
bracket skein module [9]. Our proof follows the same general outline. We
thank J. Przytycki for suggesting the problem of obtaining a similar result for
the Homflypt skein module.

Let 1° denote the submonoid of the multiplicative monoid of R generated by
vi—s?"; forall n: Let R’ be R localized at 1°: It follows from [4], Sgopx.x-1;(S*
S?) is the free R'[x;x~1]-module generated by the empty link.

Corollary 1 Sgupx-1(#MS?  S2) is a free module generated by the empty
link.
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The Homflypt skein module of a connected sum of 3-manifolds 607

Remark This allows us to de ne a \Homflypt rational function" f in R’ for
oriented framed links in #M™S?  S2. If L is such a link, one de nes f(L) by
L="Ff(L) 2Sg(#™S! S?). A speci cexample is given in section 5.

Let | = R with x = v; then S;(M) is a version of the Homflypt skein module for
unframed links. The next two corollaries follows from the universal coe cient
property for skein modules which has been described by J. Przytycki [9] for
the Kau man bracket skein module. The proof given there holds generally for
essentially any skein module.

Corollary 2 S;(M1#My) = S|(M1) LSKM)):
Let I'=R' with x =v:
Corollary 3 Sp(#™S?! S?) is a free I-module generated by the empty link.

De nition 2 The relative Homflypt skein module Let X = Xy Xp; ,
Xng be a nite set of input framed pointsin @M, and let Y = fy;;y,;  ;yng be
a nite set of output framed points in the boundary @M. De ne the relative
skein module Si(M;X;Y ) to be the k-module generated by relative framed
oriented links in (M;@M) such that L\ @M = @L = fx;; yjg with the induced
framing, considered up to an ambient isotopy Xing @M, quotiented by the
Homflypt skein relations.

Let S(M) denote Sgy.x—1;(M;) and let S(M; X;Y') denote Sgy.x—1j(M; X;Y):
We have the following version of Theorem 1 for relative skein modules. At this
point we must work over the eld of fractions of Z[x;v;s] which we denote
by F: This is because we do not know whether the relative skein module of a
handlebody is free. We conjecture that it is free. In the proof of Theorem 1,
we use the absolute case rst obtained by Przytycki [8]. We state Theorem 2
over F:; but conjecture it over R'[x;x™1]:

Theorem 2 Let M; and M, be connected oriented 3-manifolds. Let X; =
X1; X2; 1 Xng be a nite set of input framed points in @M;, and let Y; =
fy1;y¥2; ;yng be a nite set of output framed points in the boundary @M;:
Let X =X [ Xy, and Y =Y; [ Yy, then

SE(M1#M2; X; Y ) = SE(My; X1; Y1) [Sg(Mg; Xs; Y2):

We also have the following related result. Let 1, denote the submonoid of the
multiplicative monoid of Z[x;v;s] generated by x; v; s; s?" — 1 for all integers
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n=>0; and X" —1—c . for all pairs of Young diagrams , and ; such that
jj—jj=r,andj jand j j are not both zero. Let k, be Z[x;v;s] localized
at 1.: Note ko = R[x;x™1]:

Theorem 3 Suppose M is connected and contains a 2-sphere ; such that
M —  has two connected components. Let M? be one of these components. If
XXM —jYy \XM% =r & 0; then S, (M;X;Y)=0:

In section 2, we prove that there is an epimorphism from S(Hm,) CS{Hm,)
to S(Hm,#Hm,): Here and below, we let H,, denote a handlebody of genus
m: In section 3, we prove Theorem 1 in the case of handlebodies. We prove
Theorem 1 in the general case in section 4. Section 5 describes the class of a
certain link in the S S2#S! S2: Section 6 gives a proof of a lemma needed
in section 2. In section 7, we discuss the proofs of Theorems 2 and 3.

2 Epimorphism for Handlebodies

2.1 The nth Hecke algebra of Type A

We will use the related work of C. Blanchet [2], A. Aiston and H. Morton [1]

on the nth Hecke algebra of Type A. This is summarized in section 3 of [4]

whose conventions we follow. For the convenience of the reader, we give the

basic de nitions in this subsection.

Note that s> — 1 is invertible in R for integers n > 0: It follows that the
) sh—s™" . S

%Jantum integers [n] = pyp— for n > 0 are invertible in k. Let [n]! =

j=1[il, so [n]! is invertible for n > 0.

The Hecke category The k-linear Hecke category H is de ned as follows.
An object in this category is a disc D? equipped with a set of framed points.
If = (D%1) and = (D?I% are two objects, the module Homy( ; ) is
S(D? [0;1];1 1;1 0). The notation H( ; ) and H will be used for
Homgy( ; ) and H( ; ) respectively. The composition of morphisms are by
stacking the rst one on the top of the second one.

Let [—denote the monoid structure on H given by embedding two disks D?
side by side into one disk. For a Young diagram , by assigning each cell of

a point equipped with the horizontal (to the left) framing, we obtain an object
of the category H denoted by [0 . When is the Young diagram with a single
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The Homflypt skein module of a connected sum of 3-manifolds 609

row of n cells, Hy will be denoted by Hy, which is the nth Hecke algebra of
type A [7], [10].

For each permutation 2 S,, a positive permutation braid, w , is a braid
which realizes the permutation  with all crossings positive [6]. Let ; 2

position (i i +1). Asin [1], de ne

fn = is_ n(nzil) (Xs_l)_l( )!
[n]!
2Sn
and
1 n(n—1) X |( )
On (—xs) 1
[n]!
ZSn

Here I( ) is the length of

Idempotents in the Hecke Algebra [1] For a Young diagram  of size
n, let F be the element in Hy formed with one copy of [ ]'f , along the
row i, for i = 1;:::;p: We let — denote the Young diagram whose rows are
the columns of : Let G be the element in Hy formed with one copy of

quasi-idempotent. Let y be the normalized idempotent from y .

A Basis for the nth Hecke Algebra H, A standard tableau t with the

shape of a Young diagram = (%) is a labeling of the cells, with the integers

1 to n increasing along the rows and the columns. Let t be the tableau

obtained by deleting the cell numbered by n. Note the cell numbered by n in

a standard tableau is an extreme cell. C. Blanchet de nes {2 H(n;O ) and
¢t 2 H(O ;n) inductively by

1= 1=1g;
t = ( t01|:@) Yy
t=Y ¢ (v CL:

Here 2 H(O vy L1 ) is the isomorphism given by an arc joining the
added point to its place in  in the standard way.

Note that t=0if &t,and  +=Y (-

Theorem 4 (Blanchet) The family  for all standard tableaux t; such
that (t) = () for all Young diagrams with j j = n forms a basis for Hp,.

Algebraic & Geometric Topology, Volume 1 (2001)
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Let H,, denote H,, with the reversed string orientation.

ik

Hn

I
-

2.2 The Epimorphism on the Handlebodies

If X is a set of m distinguished framed points in D?> flg and Y, be a

(m)
in S(D? 1;X;Y) modulo the submodule L(m) generated by links which

intersects D? f§g in less than m points.

set of m distinguished framed points in D? f0g, Let denote equality

In section 6, we derive;

Lemma 2.1 Let , be two Young diagrams,and m=j j+j j:
y

<209 [Oa] - O o ¢ O D
| T

Let Hy, be a handlebody of genus m. Let D be a separating meridian disc of
Hm, let y = @D. Let (Hm)y be the manifold obtained by adding a 2-handle

to Hy, along v.

D

Let Vb = [—1;1] D be the regular neighborhood of D in H,,, Vp can be
projected into a disc Dp = [—1;1] [0;1].

Algebraic & Geometric Topology, Volume 1 (2001)



The Homflypt skein module of a connected sum of 3-manifolds 611

Lemma 2.2 (The Epimorphism Lemma) The embedding i : H, —D 1
(Hm)y induces an epimorphism:

i :S(Hm — D) — S((Hm)y):

Proof Let z, be a link in Hy, in general position with D and cutting D 2n
times, let z!, =z, \ Vp, i.e.,

n n

Note z 2 H, CH}. Using the basis elements ; of H, given in the previous
theorem, 291 can be written as a linear combination of the elements [ ,
where s IS s With the reversed orientation. A diagramof [ ¢
is given by the following:

€ s Tlae]  [oopd
By the inductive de nitionof ¢ ; ; s, an alternative diagramof ¢ [
s IS given by:
9 FN
[0
yL-| y
t L1 =
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We will consider the sliding relation given by:

l T O I—I—T 0

l

Zp,uU o p(zn)

From the above observation, we will be interested in the following relation:

[ Ea) [ Ed|
Ya | Yu] Y y
) D ()

Ya | Y | Y2 Yu

Cl
From Relation I, and Lemma 2.1,asj j=j j,in S (D? )y we have
C;(t |:|5)2LJJ+JJ

As c . is invertible in R, we have that  [1 s 2 LG j+]j]j). By
induction, we can eliminate all elements of (Hn)y which cut the 2-disk Dy
non-trivially. Thus i is an epimorphism. O

3 Isomorphism for handlebodies

Recall that (Hpy)y is obtained by adding a 2-handle to Hy, along y. From
[4] section 2, we have S((Hm)y) = S(Hm)=R, where R is the submodule of
S(Hm) given by the collection ¥ '(z) — “(2) jz 2 S(Hm;A;B)g. Here A; B
are two points on y, which decompose y into two intervals y* and y”, z is any
element of the relative skein module S(Hm; A; B) with A an input point and
B an output point, and ’(z) and ¥(z) are given by capping o with y' and
vy, respectively, and pushing the resulting links back into Hp,.

Let 1o be the submodule of S(Hy) given by the collection fpp(L) — Lt O j
L 2 S(Hmn)g, where O is the unknot. Locally, we have the following diagram
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description.

o= 11O

L L

po(L) =

EREN.
I

Y Y

Lemma 3.1 R =y.

Proof First note R lp. We need only show that R lp. Let be the
projection map : S(Hm) ¥ S(Hm)=lp. We will show that (R) = 0 in
S(Hm)=lp, i.e. R 1g. We show this by proving now that ( °(2)) = ( “(2))
forany z 2 S(Hm; A; B).

Recall that Vp = [—1;1] D is the regular neighborhood of D in H,,. Let
D, =f-1g Dand D, =flg D. Lety; =@0D; and y, = @D;, note y; and

y2 are parallel to y.
D
(o - oJTo -
Dl Dy

Let I4 = fpp,(z) —z2t0O jz 2 S(Hn;A;B)g, I2 = fpp,(2) —zt0 jz 2
S(Hm; A; B)g, where locally

o, (2) = T Vi Pp,(2) = l |
Yol

z 4

oj 10

z

Let a.g be the projection map ag:S(Hm;A;B) ¥ S(Hm; A;B)=(11 +12).
Note that '(I;) = lp and %(l;) = Ig for i =1;2.

Let z 2 S(Hn—(D1[D>);A;B), then (2) = %(z) in S(Hn—D1—D>), since
Vb =[—1;1] D isa 3-disc and closing a relative link along y by y* and y” in
Vp gives isotopic links. Let :S(Hmn—(D1[D2);A;B) ¥ S(Hn,—D; —Dy)
denote the map which sends z to  '(z) = %(2):

=
FY
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In general, let z 2 S(Hn;A;B). Now consider the following commutative
diagram,

S(Hm — (Dy [ D2);A;B) = | S(HmyA; B) 28 S(Hp A; B)=(11 + I2)
2 2

? p

Yy y 'y
S(Hm— (D1 [D2)) —21  S(Hy) —1 S(Hm)=lo

'):75 0 0

S(Hm — (D1 [ D2);A;B) —20 S(Hm: A;B) —251 S(Hpm; A; B)=(I1 + 1)

Here j; and j, are induced by inclusion maps. Also ’; and ® are induced by

" and " respectively. By an argument similar to the proof of Lemma 2.2, the
composition map agji: S(Hn— (D1 [D2);A;B) ¥ S(Hm; A;B)=(11 + 1)
is an epimorphism.

Take z 2 S(Hm; A;B), then ag(z) 2 S(Hm; A;B)=(l11+12). As a:gj1 isan
epimorphism, there exists z' 2 S(Hm — (D1 [ D2); A; B) such that a.gj1(2") =
aB(2). By the commutativity of the diagram, j»( (%)) = ( %(z)) and
20 @)= ("@): Thus ( "@)= ( “2)). O

Corollary 4 The embedding Hy, ¥ (Hp)y induces an isomorphism
S(Hm)=lo = S((Hm)y):

Now we want to show that the embedding Hy, — D ¥ (Hm)y induces an
isomorphism
S(Hm — D) = S((Hm)y):

Lemma 3.2
S(Hh—D)\lg=0:

Proof Przytycki [8] calculated the unframed Homflypt skein module of a
handlebody. It follows from this, the universal coe cient property of skein
modules and an argument of Morton in [6] section (6.2) that S(Hy) is free.
As S(Hn — D) is free, the map S(Hn, — D) ¥ Sg(Hy — D); induced by
R[x;x!] ¥ F is injective. Let lo = fpp(L) —L €O jL 2 Se(Hm)g. Itis
enough to show SE(Hmn — D)\ 19 =0:

Let be the map from Se(Hn) ¥ Se(Hy) given by (L) =pp(L)—LtO
for L 2 Se(Hm). Image( ) = lo.
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It also follows from Przytycki’s basis that the map induced by inclusion S(Hm—
D) ¥ S(Hn) is injective. Let By be the image of a free basis for the module
S(Hm — D) in S(Hn): Bg also a basis for injective image of Sp(Hy, — D) in
Se(Hm): Let By be the subspace of Sg(Hm) generated by framed oriented
links in Hy, which intersect the disk D 2n times. Then we have a chain of
vector spaces:

Bo B1 B Bn

By is a basis for Bg: The vector space Bh=Bn—1 is generated by elements of the
form [ g inaneighborhood of D; where j j=j jisn. Let B, be a
basis Bh=Bn—1; constructed by taking a maximal linearly independent subset of
the above generating set. By the proof of Lemma 2.2, each element of B,,; where
n > 0; is an eigenvector for  with nonzero eigenvalue. B = [, oBn is a basis
for Se(Hm): Let B’=B —Bg. Note (Bg) =0. So lg =1Image( )= (BY:

It follows that induces a one to one map: Bn=Bn-1 ¥ Bn=Bn—1. Thus
(< B*>)\ S (Hm — D) = 0. The result follows. 0

Theorem 5 The embedding Hy, —D ¥ (Hp)y induces an isomorphism

S(Hm — D) = S((Hm)y):

Proof From the above, we have the following commutative diagram
0 —°¥ S(Hn —,)D)\lo —1 S(Hm)— D) —1 S((I—:I;n)y) —1190

? ?
y y y
0 —1 lo —1%  S(Hm) —1¥ S((Hm)y) —1 0

O

Hm, #Hm, is equal to Hpy,+m, with a 2-handle added along the boundary of
the meridian disc D separating Hy, from Hpy,,. Let y = @D. Therefore we
can consider Hi#H> = (Hm)y: As Hm+m, — D = Hp, € Hy,; the above
theorem says:

Corollary 5 Let B; and B denote the 3-balls we remove from Hy,, and
Hm, while forming Hm,#Hm,: The embedding (Hm, — B1) €t (Hm, — B2) 1
Hm, #Hm, induces

S(Hml) ES]Hmz) = S(Hml#Hmz)

Algebraic & Geometric Topology, Volume 1 (2001)
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4 The general case for absolute skein modules

A connected oriented 3-manifold with nonempty boundary may be obtained
from the handlebody H by adding some 2-handles. If M is closed, we will also
need one 3-handle. As removing 3-balls from the interior of a 3-manifold does
not change its Homflypt skein module, we may reduce Theorem 1 to the case
that M; and M, are connected 3-manifolds with boundary.

In this case, each M; is obtained from the handlebody Hy,; by adding some 2-
handles. Let m = m;+m,. Let N be the manifold obtained by adding both sets
of 2-handles to the boundary connected sum of Hy,, and Hp,, which we identify
with Hy,. Let D be the disc in Hy, separating Hpy,, from Hp,: Let y = @D;
s0 Hm,#Hm, = (Hm)y: Here and below P denotes the result of adding a
2-handle to a 3-manifold P along a curve in @N: We can consider M1#M5
as obtained from (Hn)y by adding those 2-handles. Thus N — D = M; Tt My;
and M{#M, = NyZ

Theorem 6 The embedding N —D ¥ N, induces an isomorphism
S(N — D) =S(Ny):

Proof We proceed by induction on n; the number of the 2-handles to be added
to (Hm)y to obtain Ny: If n =0; we are done by Theorem 5. If n  1; let N°
be the 3-manifold obtained from (Hpy)y by adding (n — 1) of those 2-handles
added to (Hm)y . Suppose the result is true for N°, i.e.

S(N’—D) = S(Ny):

Suppose that the nth 2-handle is added along a curve y in the boundary of
(Hm); where y is disjoint from y and the curves where the other (n — 1) 2-
handles are attached. Let A’ and B’ be two points on y : By the proof of the
Epimorphism Lemma 2.2,

S(N"—D; A", BY) — S(NY; A", BY:
Using [4, section 2], we have the following commutative diagram with exact

rows.
0 YN =1 0 0 -
S(N' - D; A", B') ' S(N';-D) ' S(N'5D)y) 1o

? ? ?
ontoy =y Yy
S(NJ;A%BY)  —1  S(N) —1  S(N),) —10

The vertical map on the right is an isomorphism by the ve-lemma. N is
obtained from N' by adding the nth 2-handle along y . Thus (N’ — D)y
N —D and (Ny)y = Ny. D
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Corollary 6 Let B; and B, denote the 3-balls we remove from M; and M,
while forming M1#M,: The embedding (M; — B;) t (M, — B3) ¥ Mi#M>
induces an isomorphism

S(M1) [S{Mz) = S(M1#My):
Proof Since S(M — D) =S(M;) [S(My). ]

The above corollary holds whether or not M; or M, have boundary.

5 An example in St S?#S! S?

In [4], we showed that S(S! S?) is a free R[x;x1]-module generated by the
empty link. It follows that S(S' S2#S?! S?) is also a free module generated
by the empty link. Let K be a knot in ST S2#S!  S? pictured by the

5

Here the two circles with a dot are a framed link description of St S?#S! S2.
Note this same knot was studied with respect to the Kau man Bracket skein
modules in [3].

In S(S? S'#D3;4pts), isotopy vyields,
O AT
> Q!Z!)
o

Using the Homflypt skein relations in S(D? 1;4pts),

_1_V

d:_b: Vs —(s—s

[

—1)2\/
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Therefore, in S(S? S#D3;4pts), we have:

(v-v)

Thus

(v—v 12K = (s —s71)?

— S—l

(o — o—1y2VvTioy . _S
=(s—s —1 . 1e. K= e

in S(S! S2#S!  S2).

6 Proof of Lemma 2.1

Note y =F G . We start with the following:

V2] =&‘_2=

:——sl:

E!A]
x2S | —— +x(s—sTH — (1%
@‘Iﬂ
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We pulled out the string corresponding to the last cell in the last row of
Therefore in the above diagram, a 1 by the side of the string indicates the

string related to the last cell in the last row of . Applying the Homflypt skein
relation to the last diagram:

L’T_uJ

— 2 I

=X - X
Y

We pulled out the string corresponding to the last cell in the last row of
Continuing to pull out strings which correspond to cells of ; working to the
left through columns and upward through the rows of ; we obtain:

where the string corresponding to the last cell in the last row of encircles the
remaining j j — 1 strings as shown.

In this way Equation (1*) becomes:

Algebraic & Geometric Topology, Volume 1 (2001)
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] g%_\ o

—4—/\’ +(s—s_1)v_1x_2(J =1

[Ya ] (m)xz
J—1 BN
|

We continue in this way, pulling the encircling component successively through
the vertical strings corresponding to cells of , working to the left through
columns and upward through the rows of : We obtain:

n
>

e

En Fa
< O T 20 Q+ d (i-1)
(m) )
EN [Ga] [l

_ WPii o il . .
where d denotes v=i(s —s™1) 12 x720 I=D: In the last diagram, the i—1
vertical strings are related to the last i —1 cells of by the index order, and
the ith string encircles the remaining j j —i strings. Lemma 2.1 follows from
the following lemma and Lemma 6.2 (&) below.

Lemma 6.1 Let be a Young diagram of size n,

N

Yu

-1_ X
v M — _ 1 —2cn(c)
p—— vs— s ) s Yu

. > ”

—_ X_Zj J
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Proof We consider

y
O =x2CO (- xY(s - s_l)dé) 1
Yu

Here we start with the string corresponding to the last cell in the last row of

, we pull the encircling component successively through the vertical strings,
working to the left through columns and upward through the rows. Repeating
the above process, for i 2:

=x41 | QQ-vs-st x4
En

The result follows from Lemma 6.2 (b) below. O

Lemma 6.2 Let be a Young diagram and (h;l) be the index of the cell
after which (i — 1) cells of  follow.

(a) f
Fa

(i-1) — X2(j j—i)32cn(c) Y
Ga
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(b)

(i-1) = =20 j=Dg=2cn(©)| vy,

=/

Remark The techniques used in this proof are similar to the proof of the
framing factor in section 5 of [1] by H. Morton and A. Aiston.

Proof (a) We will borrow the notation of H. Morton and A. Aiston and use
a schematic dot diagram to represent the element in the Hecke category H
which is between F and G as shown on the left-hand side.

Recall that y = F G . Now in the diagram of the left-hand side of (a),
introduce a schematic picture T as follows:

This indicates that the last i — 1 strings were pulled out, the ith string marked
by starts and nishes at (h;l). The arrow on the ith string shows the
string orientation when we look at it from above. The ith string encircles the
remaining j j — i strings in the clockwise direction. Here all strings shown by
single dots are going vertical. The left-hand side of (a) can be expressed as
F TG . We will be working on F TG . Using the Homflypt skein relations
and the inseparability in Lemma 16 of [1], we have,

FTG =x201-(-D-hhE sG
Where S is given by:
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Since S = S1T1S,, where:

Sl_

First we have F S; = (xs)?("DF by the property ifm = xsf,, ; secondly,
S,G = (—xs H)2(=DG by the property gm i = —xS"1gm, [1, Lemma 8]) .
It follows that F SG = x2(+1=2g20-NF T,G . By a similar argument as in
the proof of Theorem 17 in [1], F T:G = x?"D0O-DFE G | Thus F TG =
x20 iI=Dg2(=ME G = %20 i=Ds2en©y where ¢ is the cell indexed by (h;1).

(b) We prove the result with all string orientations reversed. As string re-
versal de nes a skein module isomorphism, this su ces. Asy =F G , we
can use the following schematic picture to denote the left-hand side of (b) as
F G T F G , where

the ith string is indexed by (h;1) and circles the remaining strings in the
clockwise direction. Again, we have

G T7IF =x"201=(-D=hhg s~IF :
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Where S~ is given by:

Since S™t =S, 1T, 1St where:

Sz_lz. - .. .;

Sl_l e
We have G S;1 = (—x71s)2"DG and S;*F = (x71s71)2(-DF by the
properties ifm = xsfm and gm i = —XS"1gm.

We have

G S—lF =X_2(h+|_2)32(h_l)G Tl—lF :X—Z(h+|—Z)SZ(h—|)X—2(h—l)(|—l)G F :

It follows that G T™!F = x~20 i=Ds=2n(G F . By the idempotent prop-
erty F G T7IF G =x72017Dg72n(©OF G . The result follows. O

7 Discussion of the proofs of Theorems 2 & 3

The proof of Theorem 2 is basically the same as the proof of Theorem 1. How-
ever as noted in the introduction we do not yet know that the relative Homflypt
skein of a handlebody is free. So we must work over F:

For the proof of Theorem 3, we note that every relative link in (M;X;Y)
is isotopic to a link which intersects a tubular neighborhood of  with m
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straight strands going in one direction and m++r straight strands going the other
direction. We will write such elements as linear combinations of ¢ [1 ¢,
and t and are standard tableaux of a Young diagram , and s are standard
tableaux of a Young diagram  withj j=m;andj j=m+r. As x?' —1—c .
is invertible over ky; we have that ¢ [—1 g 2 L( j+]j j): We may repeat
this argument until the class of our original relative link is represented by a
linear combination of links each of which intersects  less than r times. This
must be the empty linear combination.
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