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6. ®-I'-modules and Galois cohomology

Laurent Herr

6.0. Introduction

Let G beaprofinite group and p a prime number.

Definition. A finitely generated Z,-module V' endowed with a continuous G-action
iscalled a Z,-adic representation of G. Such representations form a category denoted
by Repr(G); its subcategory Repy, (G) (respectively Rep,, i (G)) of mod p repre-
sentations (respectively p-torsion representations) consists of the V' annihilated by p
(respectively a power of p).

Problem. To calculate in asimple explicit way the cohomology groups H*(G, V) of
the representation V.

A method to solveit for G = G (K isalocal field) isto use Fontaine'stheory of
@- I -modulesand passto asimpler Galois representation, paying the price of enlarging
Z,, to the ring of integers of a two-dimensional local field. In doing this we have to
replace linear with semi-linear actions.

In this paper we give an overview of the applications of such techniquesin different
situations. We begin with a simple example.

6.1. The case of afield of positive characteristic

Let £ beafield of characteristic p, G = Gg and o: EXF — ES, o(x) = 2P the
absol ute Frobenius map.

Definition. For V € Repy (Gg) put D(V) := (E*P @, V)“7; o actson D(V) by
acting on ESP,
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Properties.

(1) dimgD(V)=dimg, V;

(2) the*“Frobenius’ map ¢: D(V) — D(V) induced by o ® idy, satisfies:
a) o(A\r) =o(Np(z) fordl e E, z € D(V) (so ¢ is o-semilinear);
b) o(D(V)) generates D(V) asan E-vector space.

Definition. A finite dimensional vector space M over E iscalled an éale ®-module
over E if thereisa o-semilinear map ¢: M — M such that ¢(M) generates M as
an E-vector space.

Etale ®-modulesform an abelian category qJMj?;t (the morphisms are the linear maps
commuting with the Frobenius ).

Theorem 1 (Fontaine, [F]). Thefunctor V' — D(V') isan equivalenceof the categories
Repp (G) and ®M.

We see immediately that HO(G g, V) = VEr ~ D(V)?.

So in order to obtain an explicit description of the Galois cohomology of mod
p representations of G, we should try to derive in a simple manner the functor
associating to an étale d-module the group of points fixed under ¢. Thisisindeed a
much simpler problem because there is only one operator acting.

For (M, ) € cng define the following complex of abelian groups:

M) 0—MZE Mo

(M standsat degree O and 1).

Thisis a functorial construction, so by taking the cohomology of the complex, we
obtain a cohomological functor (¢ := H' o C1);en from chg to the category of
abelian groups.

Theorem 2. The cohomological functor (3(° o D);cn can be identified with the Galois
cohomology functor (H*(G'g, -))ien for the category Repy (G'g). So, if M = D(V)
then J(*(M) providesa simple explicit description of H (G g, V).

Proof of Theorem 2. We need to check that the cohomological functor (H?);en is
universal; thereforeit sufficesto verify that for every i > 1 thefunctor H* iseffaceable:
this means that for every (M, ¢ar) € CDMEt and every = € H(M) there exists an
embedding u of (M, py) in (N, on) € ®ME suchthat ' (u)(x) iszeroin Hi(N).
But thisiseasy: itistrivial for ¢ > 2; for i = 1 choose an element m belonging to the
class z € M/(p — 1)(M), put N := M & Et and extend ), to the o-semi-linear
map o determined by px(t) =t +m. O
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6.2. ®-I-modulesand Z,-adic representations

Definition. Recall that a Cohen ring is an absolutely unramified complete discrete
valuation ring of mixed characteristic (0,p > 0), so its maximal ideal is generated

by p.

We describe a general formalism, explained by Fontaine in [F], which lifts the
equivalence of categories of Theorem 1 in characteristic O and relates the Z,,-adic
representations of GG to a category of modules over a Cohen ring, endowed with a
“Frobenius’ map and a group action.

Let R beanalgebraically closed completevaluation (of rank 1) field of characteristic
p andlet H beanormal closed subgroup of G. Supposethat G acts continuously on
R by ring automorphisms. Then F := R isa perfect closed subfield of R.

For every integer n > 1, thering W,,(R) of Witt vectors of length n is endowed
with the product of thetopology on R defined by the valuation and then W (R) with the
inverse limit topology. Then the componentwise action of the group G is continuous
and commuteswith the natural Frobenius o on W (R). Wealso have W (R) = W (F).

Let £ be aclosed subfield of F' such that F' isthe completion of the p-radica
closureof E in R. Suppose there exists a Cohen subring O¢ of W(R) with residue
field E and which is stable under the actions of o and of G. Denote by OA the
completion of the integral closure of O¢ in W(R): it isaCohenring whichis stable
by ¢ and G, itsresiduefield isthe separable closureof £ in R and (OA )H Oe¢.

The natural map from H to G g isanisomorphism if and only if the action of H
on R induces an isomorphism from H to Gr. We suppose that thisis the case.

Definition. Let I' be the quotient group G/H. An étale ®-T-module over O¢ isa
finitely generated O -module endowed with a o-semi-linear Frobenius map

¢: M — M and acontinuous I -semi-linear action of ' commuting with ¢ such that
theimage of ¢ generatesthe module M.

Etale ®--modules over O¢ form an abelian category dJngts (the morphisms
arethelinear mapscommuting with ). Thereisatensor product of ®-I'-modules, the
natural one. For two objects M and N of CDI'M(%‘8 the O¢-module Homg, (M, N)
can be endowed with an étale ®- IM-module structure (see [F]).

For every Z,-adicrepresentation V' of G, let Dy (V') bethe O¢-module (O&r ®z,

V) Itisnaturally an étale ®- I -module, with ¢ induced by themap o ®idy and
acting on both sides of the tensor product. From Theorem 2 one deduces the following
fundamental result:

Theorem 3 (Fontaine, [F]). The functor V' — Dy (V) is an equivalence of the cate-
gories Rep, (G) and @I Mg, .
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Remark. If E isafield of positive characteristic, O¢ is a Cohen ring with residue
field F endowed with aFrobenius o, then we can easily extend the results of the whole
subsection 6.1 to Z,-adic representations of G by using Theorem 3for G = G and
H ={1}.

6.3. A brief survey of thetheory of the field of norms

For the details we refer to [W], [FV] or [F].

Let K beacompletediscretevaluation field of characteristic 0 with perfect residue
field k of characteristic p. Put G = Gi = Ga(K*/K).

Let C bethe completion of K5, denotethe extension of the discretevaluation v
of K to C by vg. Let R* = I(i_m(C;*1 where C,, = C and the morphism from C,,4+1
to C,, israising to the pth power. Put R := R* U {0} and define vi((x,)) = vk (z0)-
For (z,), (y,) € R define

)+ ) = () where 2, = M (e + o)

Then R isanalgebraically closed field of characteristic p complete with respectto vy
(cf. [W]). Itsresidue field is isomorphic to the algebraic closure of k& and thereis a
natural continuous action of G on R. (Note that Fontaine denotes this field by Fr R
in [F]).

Let L be a Galois extension of K in K. Recal that one can always define
the ramification filtration on Gal(L/K) in the upper numbering. Roughly speaking,
L/K isan arithmetically profinite extension if one can define the lower ramification
subgroups of G so that the classical relations between the two filtrations for finite
extensions are preserved. Thisis in particular possible if Gal(L/K) isa p-adic Lie
group with finite residue field extension.

Thefield R containsin anatural way the field of norms N(L/K) of every arith-
metically profinite extension L of K andtherestrictionof v to N(L/K) isadiscrete
valuation. The residue field of N(L/K) isisomorphic to that of L and N(L/K) is
stable under the action of . The construction is functorial: if L’ isafinite extension
of L contained in K3P, then L'/K isstill arithmetically profiniteand N(L'/K) is
a separable extension of N(L/K). Thedirect limit of the fields N(L’'/K) where L’
goes through all the finite extensions of L contained in K is the separable closure
E*® of F = N(L/K). Itis stable under the action of G and the subgroup G,
identifieswith Gg. Thefield E*P isdensein R.

Fontaine described how to lift these constructionsin characteristic 0 when L isthe
cyclotomic Z,-extension K, of K. Consider thering of Witt vectors 1V (R) endowed
with the Frobenius map o and the natural componentwise action of G. Define the
topology of W (R) asthe product of the topology defined by the valuation on R. Then
one can construct a Cohenring OEW withresiduefield E3P (E = N(L/K)) suchthat:
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(1) Ogur isstableby ¢ and the action of G,

(ii) for every finite extension L of K., thering (O&r)GL is a Cohen ring with
residuefield E.

Denote by O¢(k) the ring (Oé\ur)GKoc. It is stable by o and the quotient ' =

G/Gk.. acts continuously on Og k) With respect to the induced topology. Fix a
topological generator v of I': it isa continuous ring automorphism commuting with
o. The fraction field of Og(k) is atwo-dimensional standard local field (as defined
in section 1 of Part I). If « isalifting of a prime element of N(K../K) in Ogx)
then the elements of O¢ (k) aretheseries ) ., a;7, where the coefficients a; arein
W (kg ) and converge p-adically to O when i — —oo.

6.4. Application of Zy,-adic representations of G
to the Galois cohomology

If we put together Fontaine's construction and the general formalism of subsection 6.2
we abtain the following important result:

Theorem 3' (Fontaine, [F]). Thefunctor V' — D(V) := (Ogur ®z, V)C*~ definesan
equivalence of the categories Rep, (G) and or M&

()’

Since for every Z,-adic representation of G we have H(G,V) = V¢ ~ D(V)¥?,
we want now, as in paragraph 6.1, compute explicitly the conomology of the represen-
tation using the ®-I'-module associated to V.

For every étale ®-I"-module (M, ¢) definethefollowing complex of abeliangroups:

CoM): 0—=MSMaM M0
where M stands at degree 0 and 2,

a(x) = (¢ = Dz, (v = D),  B((y,2) = (v = Dy — (¢ — D)=

By functoriality, we obtain a cohomological functor (H? := H? 0 Cp);en from
q:ngtg(K) to the category of abelian groups.

Theorem 4 (Herr, [H]). The cohomological functor (H? o D);cn can be identified
with the Galois cohomology functor (H*(G,.));en for the category Rep,,.ior(G). S0,
if M = D(V) then (M) provides a simple explicit description of H*(G,V) inthe
p-torsion case.

|dea of the proof of Theorem4. We haveto check that for every i > 1 the functor K
iseffaceable. For every p-torsionobject (M, par) € cpngE(K) andevery x € H' (M)

we construct an explicit embedding « of (M, p5s) inacertain (N, on) € d)FMS‘E(K)
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such that 3 (u)(x) is zero in H(N). For details see [H]. The key point is of
topological nature: we prove, following an idea of Fontaine in [F], that there exists
an open neighbourhood of O in M on which (¢ — 1) is bijective and use then the
continuity of the action of T. O

As an application of theorem 4 we can prove the following result (due to Tate):

Theorem 5. Assumethat &y isfiniteandlet V' bein Rep, ,(G). Without using class
field theory the previous theorem implies that H*(G, V) arefinite, H'(G,V) = 0 for
7> 3 and

2
> UHN(G, V) = —|K: Q| V),

=0
where [() denotesthe length over Z,,.

See[H].

Remark. Because the finiteness results imply that the Mittag—L effler conditions are
satisfied, it is possible to generalize the explicit construction of the cohomology and to
prove analogous results for Z,, (or Q, )-adic representations by passing to the inverse
limits.

6.5. A new approach to local classfield theory

Theresults of the preceding paragraph allow usto prove without using classfield theory
the following:

Theorem 6 (Tate's local duality). Let V' be in Rep,.(G) and n € N such that
p"V = 0. Put V*(1) := Hom(V, ,»). Then there is a canonical isomorphism from
H?(G, pyn) to Z/p™ and the cup product

H'(G,V) x H* (G, V*(1)) = HXG, ) = Z/p"
is a perfect pairing.

It is well known that a proof of the local duality theorem of Tate without using
class field theory gives a construction of the reciprocity map. For every n > 1 we
have by duality a functorial isomorphism between the finite groups Hom(G,Z/p™) =
HYG,Z/p"™) and HY(G, p,pn) Whichisisomorphicto K*/(K*)*" by Kummer theory.

Taking the inverse limits gives us the p-part of the reciprocity map, the most difficult
part.
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Sketch of the proof of Theorem6. ([H2]).

a) Introduction of differentials:

Letusdenoteby Q! the O¢(x)-moduleof continuous differential formsof O over
Wi(kk.). If = isafixedlifting of aprime element of F(K./K) in Og k), thenthis
module is free and generated by dr. Define the residue map from Q! to W(kx_) by
res (3°,cz aim'dm) = a_1; itisindependent of the choice of .

b) Calculation of some ®-I'-modules:
The O¢(x)-module Q! is endowed with an éale ®- I -module structure by the
following formulas: for every A € O¢(x) we put:

pp(Adr) = o(N)d(o(r)) , ~(Adm) = ~7(N)d((7)).

The fundamental fact is that there is a natural isomorphism of ®-I"-modules over
Oe () between D(y,») and thereduction Q1 of Q! modulo p".

The étale ®- I -module associated to the representation V*(1) is
M = Hom(M, Q-}m), where M = D(V). By composing the residue with the trace
we obtain a surjective and continuous map Tr,, from M to Z/p™. For every f € M,
themap Tr,, o f isan element of the group M of continuous group homomorphisms
from M to Z/p". Thisgivesin fact agroup isomorphism from M to MY andwecan
therefore transfer the ®- I -module structure from A to MV, But, since & is finite,
M islocally compact and MV isin fact the Pontryagin dual of M.

¢) Pontryagin duality implies local duality:
We simply dualize the complex C>(M) using Pontryagin duality (all arrows are
strict morphisms in the category of topological groups) and obtain a complex:

CoM)Y 00— MY 2L MV e MY 2L MY o,
wherethetwo M"Y arein degrees 0 and 2. Since we can construct an explicit quasi-
isomorphism between Cy(MVY) and C,(M)Y, we easily obtain a duality between
FH(M) and HZ (M) forevery i € {0,1,2}.

d) The canonical isomorphism from H(Q? ) to Z/p™:

The map Tr,, from Q1 to Z/p" factors through the group H2(Q2 ) and this
gives an isomorphism. But it is not canonical! In fact the construction of the complex
Cy(M) dependson the choice of ~. Fortunately, if we take another -, we get a quasi-
isomorphic complex and if we normalize the map Tr,, by multiplying it by the unit
—pvr(109x0)) /1og x(v) of Z,, where log isthe p-adic logarithm, y the cyclotomic
character and v, = vq,, then everything is compatible with the change of ~.

€) The duality is given by the cup product:

We can construct explicit formulas for the cup product:

HU(M) x HZH(MY) = HAQL,)
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associated with the cohomological functor (J%);cy and we compose them with the
preceding normalized isomorphism from }CZ(Qin) to Z/p™. Since everything is
explicit, we can compare with the pairing obtained in c) and verify that it is the same
up to aunit of Z,,. O

Remark. Benois, using the previous theorem, deduced an explicit formula of Cole-
man’s type for the Hilbert symbol and proved Perrin-Riou’s formula for crystalline
representations ([ B]).

6.6. Explicit formulas for the generalized Hilbert symbol
on formal groups

Let Ky bethefractionfield of thering Wy of Witt vectors with coefficientsin afinite
field of characteristic p > 2 and F a commutative formal group of finite height
defined over W.

For every integer n > 1, denote by F[p™] the p™-torsion pointsin F(M¢), where
Mc is the maximal ideal of the completion C' of an agebraic closure of K. The
group J[p"] isisomorphicto (Z/p"Z)".

Let K beafinite extension of Ky containedin K=" and assume that the points of
F[p™] aredefined over K. We then have abilinear pairing:

( ; ]SF,n:G?{b X ?(MK) - g[pn]

(see section 8 of Part 1).

When the field K contains a primitive p™ th root of unity (,», Abrashkin gives
an explicit description for this pairing generalizing the classical Briickner—Vostokov
formula for the Hilbert symbol ([A]). In his paper he notices that the formula makes
sense even if K does not contain (,» and he asks whether it holds without this
assumption. In arecent unpublished work, Benois provesthat thisis true.

Suppose for simplicity that K containsonly ¢,. Abrashkin considersin his paper

the extension K = K(7? ,r > 1), where 7 isafixed prime element of K. Itisnot
aGaloisextension of K but is arithmetically profinite, so by [W] one can consider the
field of norms for it. In order not to loose information given by the roots of unity of
order apower of p, Benois usesthe composite Galoisextension L := KOOIN(/K which
isarithmetically profinite. Thereare several problemswith thefield of norms N(L/K),
especially it isnot clear that one can lift it in characteristic O with its Galois action. So,
Benois simply considers the completion F' of the p-radical closure of £ = N(L/K)
and its separable closure 5% in R. If we apply what was explained in subsection 6.2
for I = Gal(L/K), we get:

Theorem 7. Thefunctor V — D(V) = (W(EF%®) @7, V)" defines an equivalence
of the categories Rep,, (G) and ®F M, 1.
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Choose a topological generator ~' of Gal(L/K) and lift v to an element of
Gal(L/K). Then I istopologically generated by v and +/, with the relation 74/ =
()%, where a = x(v) (x isthe cyclotomic character). For (M, ¢) € qJI'M%,(F) the
continuous action of Gal(L/K ) on M makesit amodule over the Iwasawa algebra
Zp[[v — 1]]. So we can define the following complex of abelian groups:

a—Aga a—Aja a—Ara

Cg(M)Z 0— My My M>
where My isindegree 0, Mo = Mz = M, My = M, = M3,

p—1 vy—1 1-9p 0
Ao=| v—-1 ], 4=+ -1 0 1—¢ |, A=(()"-10—v ¢—1)

v -1 0 +*-1 §—~

and 6 = ((7)* = (v = D)t € Z,[[v - 1]].

As usual, by taking the conomology of this complex, one defines a conomological
functor (H?);en from dJFM{}‘,(F) in the category of abelian groups. Benois proves
only that the cohomology of a p-torsion representation V' of G injects in the groups
HY(D(V)) whichisenough to get the explicit formula. But in fact a stronger statement
istrue:

M3z — 0

Theorem 8. The cohomological functor (3(? o D);cn can be identified with the Galois
cohomology functor (H'(G,.))sen for the category Rep, o (G).

Idea of the proof. Use the same method as in the proof of Theorem 4. It is only more
technically complicated because of the structure of T. O

Finally, one can explicitly construct the cup productsin terms of the groups H? and,
asin [B], Benois uses them to calculate the Hilbert symbol.

Remark. Analogous constructions (equivalence of category, explicit construction of
the cohomology by a complex) seem to work for higher dimensional local fields. In
particular, in thetwo-dimensional case, theformalismissimilar to that of this paragraph;
the group I acting on the @-T -modules has the same structure as here and thus the
complex is of the same form. Thiswork is still in progress.
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