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ONE KIND OF MULTISYMPLECTIC STRUCTURES ON
6-MANIFOLDS

JIRf VANZURA

1. INTRODUCTION

Let us recall first that a multisymplectic structure of order k + 1 on a finite
dimensional real vector space V is a (k + 1)-form w € A¥T'V* such that the
homomorphism

VoAV v w=w,...,)
is a monomorphism. The first examples of multisymplectic structures are symplec-
tic structures and non-zero n-forms, where n = dim V. For further information on
multisymplectic strucrures we refer the reader to [CIL]. We shall use the following
definition.

1. Definition. Let w be a multisymplectic (k 4+ 1)-form on R™ and let £ be an
n-dimensional real vector bundle over a base X. A multisymplectic structure of
type w on ¢ is a continuous (k + 1)-form Q € A¥1¢* with the following property:
There exists an open cover {U;};er of X such that for every i € I there is an
isomorphism
such that for each x € U;

(fmi,x)*Q = w,
where k; , : R" — U; x R™ is defined by the formula &; ,(v) = (z,v).

2. Remark. If ¢ = TX is the tangent bundle of a differentiable manifold X, it
is natural to assume that the form (2 is differentiable. The standard definition of
multisymplectic structure in this framework requires also d2 = 0. Such a condition
in our setting makes no sense, and from the point of view of differential geometry
we should call our structure almost multisymplectic structure. Nevertheless, for the
sake of brevity, we speak about multisymplectic structures. The goal of this note
is to investigate special multisymplectic structures of order 3 on 6-dimensional real
vector bundles. It is known (see [C]) that on R® there exist up to isomorphism only

three (mutually non-isomorphic) multisymplectic 3-forms. If we denote e, ..., eq
the canonical basis of RS, and «ay, . .., ag the dual basis, the above mentioned three
forms are
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(1) w1 = a1 Nag Aas + ag N\ as N ag,

(2) w2 =a; Nag Nag+ay Nag \Nas 4+ as Nag N ag —az N as N\ ag,

(B) ws=w=ar ANag ANas+as ANag ANag+ az A as A ag.
If a 3-form « belongs to the isomorphism class of the form w;, we shall often say
that a is of type w;. We are interested only in the form ws, and therefore we shall
denote it simply by w. This means that we have always

w=a1 Nag Nas + a2 Nayg N\ ag+ as N\ as N\ ag.

2. ALGEBRAIC PROPERTIES

We shall introduce the subspaces
Vo = [e1,ea,e3] and Vg = [e4, es, eq).
For any 3-form a on R® we define
A(a) = {v € R% 1,a has rank 2.}

3. Lemma. A(w) =Vj.

Proof. Let us consider a vector v = cieq + - -+ + cgeg. We get
Lyw = C1aq4 N\ Q5 + cog N\ aig + czas N\ ag — ca) N\ i — cqip N\ g+
+csaq N ay — csaz N\ ag 4+ cgae N\ ag + cgag A\ as.
Further we have
(Low) A (Lpw) = —cgcg0n Aaa Aag Aas +cacsan Aag Aayg Ao — cial Ao Ao Aog—
—cscgay N ag A ag N\ as + cgoq Nag N ag N\ ag —cqcsay; N ag N\ as N\ ag+

+(cacqs + c3c5)an Aag A as A ag — cgag A s Aag A as + cscgon A as A ag A og—
—cqceaaNazAasAag+(—cica+cescg)aaNagAas Aag—(c165+cacs)as Aag Aas Aag.

Obviously, (tyw) A (t,w) = 0 implies ¢4 = ¢5 = ¢g = 0. On the other hand if
¢y = 5 = cg = 0, then (t,w) A (tyw) = 0. This finishes the proof. O

4. Remark. In Lemma 3 we have determined A(ws). Similarly we can find
A(wy) and A(wsy). We get
Awr) = Vo U Vg,

A(ws) = {0},

A(L{J3) = Vo.
This shows that w1, wo, and w3 represent three different isomorphism classes of 3-
forms. It is also easy to see how, using A(«), we can recognize to which isomorphism
class a multisymplectic 3-form « belongs. Let us mention here that there is an
invariant A(a) defined for any 3-form «, which was introduced by N. Hitchin (see
[H]). A multisymplectic 3-form « belongs to the isomorphism class of
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wy if and only if A(a) >0
wo if and only if A(a) <0
wsg if and only if AM(a) = 0.

It is also important to notice that V5 C R® is a subspace naturally associated
with the form w. This is no more true for the subspace V.

We shall introduce the group O(w) consisting of all automorphisms ¢ € GL(6,R)
preserving the form w, i. e. such that for every vectors v,v’,v” € V there is

) w(ev, v’ ") = w(v,v',v").

It is clear that O(w) is a closed subgroup of GL(6,R). Consequently, O(w) is a Lie
group.

5. Lemma. For every element ¢ € O(w) there is p(Vp) = V.

Proof. Let v € Vy, and let ¢ € O(w). For arbitrary vy, v2,v3,v4 € R® we get

1 .
((tpow) A (b)) (v1, 02, v3,04) = D signm - w(pv, ve1, Ur2) - W(PV, Va3, V) =
" wESy

1 . _ _ _ _
= a Z SIgNT - w(cpv, 2% lvﬂ'lv 2 11}71'2) . W(QOU, wP 11)71'3; Y 1'U7r4) =
’ TESy

1 . _ _ _ _
- @ Z signT - W(UHP 1'U7r1a<p 1’071'2) : w(v,g@ 1U7r3a<p 1’071—4) -
: TESy
= ((1ow) A (10w)) (™ 01,07 0g, 07 03, 07 T0g) = 0.
O

For ¢ € O(w) we denote ¢y = ¢|Vh. Further we denote Op(w) = {p €
O(w); o = id}. We obtain in this way a sequence

0 — Og(w) — O(w) L— GL(Vy) — 0,

where p denotes the restriction homomorphism. It is obvious that this sequence is
exact at Op(w) and at O(w). At this moment it is not clear whether it is exact at
GL(Vp). Our next aim is to investigate this sequence.

We can introduce a subspace Ay, C A?R%* as follows.

Ay, = {a € A*R%;1,a = 0 for every v € Vp}
We have the following obvious lemma.
6. Lemma. Ifv,v' € Vj, then tyt,w = 0.
This lemma shows that we can define a homomorphism

B:Vo— Ay, Bw) = tyw.

7. Lemma. The homomorphism (3 : Vi — Ay, is an isomorphism.
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Proof. The 3-form w is multisymplectic, and consequently § is a monomorphism.
A direct computation shows that Ay, has a basis ay A as,a4 A o, a5 A o, and
consequently dim Ay, = 3. This proves the lemma. O

Further, we set V; = R%/Vp, and p : RS — V; will denote the projection. It can
be easily seen that that A%p* : A2V}* — A2RS* has the image Ay,. We can thus
define an isomorphism

2 wy—1
(A g}) _ A2‘/1*

v: WV LN Ay,
The isomorphism « enables us to introduce a regular pairing
Vo x AV — R
by the formula
< g, 01 >= (yo)(01), where vy € Vp, 71 € A?V].
If 9, € A2RS, then it is easy to see that
< g, (A%p)iy >= w(vo, 01).

Let us remark that for any endomorphism o : Vo — Vf there exists a unique
endomorphism ¥ : A2V; — A%V; such that

< oo, V1 >=< vo,d%ﬁl > for every vy € Vo, 01 € AV,

We consider now an element ¢ € O(w), and v, v’ € RS. It is obvious that ¢ induces
an endomorphism ¢ : V4 — V3. We have

w(pvo,v,v") = wlvo, P~ v, 0~ W)
< @ovo, pv Apv’ >=< g, (o7 AT (pv Apv') > .
This shows that we have @} = A2 (gofl). From this we get
det(po) = det(pp) = det(A*(p7 1)) = (det i ')* > 0.
We can see that the short sequence under consideration can be written in the form
0 — Op(w) — O(w) B— GLT (V) — 0.

Let us consider now any complementary subspace W to the subspace Vj, i. e. any
subspace W such that RS = V; @ W. Similarly as above we get an isomorphism

yw o Vo — AW

defined by the formula ywvy = (tyow)|W. Using this isomorphism we get the
regular pairing

Vo x AW — R, < g, >= (ywuo) (W), where vy € Vo, w € A*W.

Consequently, to each endomorphism g : Vj — V| there exists a unique endomor-
phism 1" such that for every vy € V and @ € A2W we have

< Povo, W >=< vg, by D > .
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Let us consider now an element ¢ € O(w). We define a homomorphism ¢w : W —
W as the composition

w
‘”'ﬂﬂv”ﬂﬂw,

w

where 7y denotes the projection of RS = V; @ W onto W. It is easy to see that
pw is an isomorphism. For any vy € Vy and w,w’ € W we have

< povg, w Aw' >= w(pev, w,w) = w(pvy, P tw, pp~tw') =
- (U(U(), Sp_lw7 Sp_lw/) = LU(’U(L 7TWSD_luja ﬂ—W%D—lw/) =
= w(’UOv @I;/lw7 @;Vlw/) =< ’U07A2(3017V1) >,
which shows that
w0 = A (py).
8. Definition. A complementary subspace W is called special if w|W = 0.

Obviously, the subspace V- is a special complementary subspace. It is easy
to see that complementary subspaces are in a bijective correspondence with the
elements 7 of the vector space Hom(Vg*, Vp). Moreover, T corresponds to a special
complementary subspace if and only if for every w,w’,w” € W there is

w(rtw,w,w") + w(w, 7w’ w") + w(w,w’, Tw") = 0.
We define a subgroup D(w) C O(w) by the formula
D(w) = {p € OW);(V5") = V5 }.

Obviously, D(w) is a closed subgroup of O(w), and consequently a Lie group.
Before we continue with our considerations, we shall need the following lemma.

9. Lemma. Let Z be a 3-dimensional real vector space, and let us consider a
homomorphism

N:GL(Z) — GL(A’Z), M) =A%p forpc GL(Z).
Then X is an epimorphism onto GLT(A2Z), and its kernel is {id, —id}.
Proof. Because det(A%(¢)) = (det())?, it is obvious that A is a homomorphism

into GLT(Z). We shall now investigate the kernel of this homomorphism. Let us
choose a basis 21, 22, 23 of Z, and for ¢ € GL(Z) let us write

3
QP(ZZ) = Zg@ijzj, Z = 1,273.
j=1

Let us assume that ¢ € ker \. Then we have

pz1 Npzg =21 N2zo, @zoNpzz =22 Nz3, @z3Npz1 =23N21.
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From these identities we get the following nine equations:
(1) p11p22 — pr2po1 = 1
(2)  p12923 — p130022 =0
(3) 1321 — pr19p23 =0
(4)  p2132 — P2p31 =0
(5) 2233 — pasipz2 =1
(6) @331 — p219033 =0
() w31912 — 32011 =0
(8) 32013 — pa3p12 =0
(9) w3311 — p31p13 = 1
The equations (7) and (4) can be written in the form
P11932 — p12w31 = 0
P219p32 — 2231 =0

Considering ¢392, 31 as unknown quantities, and 11, @12, P21@29 as coefficients, we
have a system of two homogeneous linear equations with two unknown quantities
and with a nonvanishing determinant (see (1)). Consequently, we get

w32 =0, @31 =0.
Proceeding along the same lines, we get
wij =0 for all i # j.
The equation (1), (5), and (9) have now the form
prip2e =1, ez =1, @szp1n =1

It can be easily seen that this system has only two solutions. Either 11 = @90 =
w33 =1 or 11 = Ya3 = @33 = —1. This shows that

ker A = {id, —id}.

Because dim GL(Z) = dim GL(A?Z), and GLT(A%Z) is connected, it follows easily
that A maps already GL*(Z) onto GLT(A%Z). O

10. Remark. The above lemma shows that we have a short exact sequence
0— Zy — GL(Z) 2— GLT(A2Z) — 0,
and that the restriction
AT GLY(Z) — GLT(A*Z)

is an isomorphism. Let us remark that because dim Z is odd, we have GL(Z) =
GLY(Z) x Zs.
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If Z = Vj resp. Z = Vi~ we denote the isomorphism A+ by Xo resp. Ag. Therefore,
we have the isomorphisms

Ao : GLT (V1) — GLT(A%Vy) resp. Ao : GLT(V5H) — GLT(A%Vgh).
Taking W = V4", we have the regular pairing
Vo x A2V - R
satisfying
<vg,wAw >=w(vg,w,w'), where vy € Vy ,and w,w’ € V5*.

Let now ¢ € D(w), and let us denote pg- = p|Vg-. It is obvious that oy = ¢p.
We denote for simplicity ¢f = . There is ¢ = ¢o @ @y, and we have

o = A*((wy) "), which implies Ay " ((¢25) ") = signdet(y) - gy
It is now easy to prove the following lemma.
11. Lemma. The homomorphism
p:GL(Vo) — D(w)
defined by the formula
1(0) = (lol,signdet(yo) - A5 ((96) ™)), where |go| = sign det(vo) - o,

is an isomorphism.

Proof. Let us define a homomorphism fi : D(w) — GL(Vp) by the formula

(o, vo)) = signdet(i25) - vo.
Because sign det(sign det(pg) - Ay ' ((#h) 1)) = sign det(w), we have

(o) = signdet(go) - o = o-
Further, because

sign det (sign det (g ) - @) = sign det(pp)
we have
pii((po, ) = (o, signdet(y ) - signdet(vy) - ¢5) = (o, ¥5)-
O

12. Remark. The above isomorphism can be formulated also in the following
way.
p: GLY (V) x Zy — D(w),

where Zy denotes the multiplicative group {1, —1}, and p is defined by the formula
1(po,€) = (o, - g ((6) )

We can see that the Lie group D(w) has two connected components, and the
connected component of the unit element is isomorphic with GL*(3,R).
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We have shown that pD(w) = GLT(Vy). This enables us to introduce the short
exact sequence

0 — Do(w) — D(w) B— GL* (V) — 0,
where pp = p|D(w). From our previous considerations we can easily get Dy(w) =
{(id,id), (id, —id)}. Moreover, we obtain easily the following lemma.

13. Lemma. The short sequence
0 — Op(w) — O(w) B— GLT (V) — 0.
is exact.
We now introduce another subgroup K(w) C O(w), namely
K(w) = {p € O(w); 0 = id, p1 = id}.

We recall that ¢g = |V and ¢; is the automorphism of V; induced by ¢. It is
again easy to see that K(w) is a closed subgroup of O(w), and consequently is a
Lie group.

14. Lemma. K(w) is a normal subgroup of O(w).

Proof. Let ¢ € K(w) and ¢ € O(w). We get
(W™ ")o = opoty ' = Yoty ' = id,

Wy~ = oy = oy = id,
which finishes the proof. O

We can easily see that there is
D(w) N K(w) = {id}.
Let now ¢ € O(w) be an arbitrary element, and let us define ¢p € D(w) by the
formula
¢p = (po,signdet o1 - A" ((95) ™))
Our next aim is to prove that <p<p51 € K(w). Obviously, we have
o' = (o signdet o - Ag ! ()
For vy € V) we have
PPD V0 = PPy Vo = o

Before we continue with our considerations, we shall present the following com-
mutative diagram,

GL* (Vi) —22 GL*(A2Vy)

I Lo

GLT (Vi) —22 GL*(A2Wy)
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where the isomorphisms 7 and A7 are defined in the obvious way using the iso-
morphism p|Vi- : Vg5 — V4. From this commutative diagram we get the relation

At =TI (A ).
Further equality, which we shall need at the end of the following computation,
follows from the formula @} = (A?7)pf. Applying Ay " to this equality, we get
Ao (@h) = signdet (1) - o1 "
Let now ¥ € V; be arbitrary, and let v € V- be such that pv = 5. We have
1(op)7 0 = prp(signdet 1 - (Ag ™ (195))v) = signdet o1 - p1p(Ag " (19))v =
= signdet o1 - p1p(r Ay (A7) (f))v = signdet 1 - prp(m AT (h))v =
= signdet o - ©1(Ag 1 (04))0 = sign det @y - ¢ (signdet oy - o715 = .
We have thus shown that o' € K(w), which proves the following lemma.
15. Lemma. Every element ¢ € O(w) can be uniquely expressed in the form
@ =06C where d € D(w) and ¢ € K(w).
Using the above lemma we can define a homomorphism r : O(w) — D(w) in the

following way. Let ¢ € O(w) be an element, and let ¢ = §¢ be its decomposition
with § € D(w) and ¢ € K(w). We define

r(p) = 0.

Because §1(102(3 = 0162 (62_1C152)Cg, we can see that r is a homomorphism. Obvi-
ously, we have an exact sequence

0 — K(w) — O(w) 55— D(w) — 0.

We shall now investigate the subgroup K(w). It is obvious that any element of
K (w) has the form id + 7, where 7 : R® — R is a homomorphism satisfying

(Vo) =0, 7(V5") C V.
It can be immediately seen that id+7 € O(w) if and only if for any w,w’, w" € V5*
there is
/ " / 1 ! nN
w(rw,w, w") + w(w, Tw’, w") + w(w,w’, TW") = 0.
One can easily verify that for any homomorphism 7 with the above properties the
trilinear form 3 on Vj-
B(w, w',w") = w(rw,w, w") + w(w, 7w, w") + w(w,w’, Tw")
is antisymmetric, i. e. it is a 3-form. Consequently, there exist ¢(7) € R such that
wrw, w',w") + w(w, 7w, w") + w(w,w, Tw"”) = c(1) - (ag A as A ag) (w, w', w")

for every w,w’,w” € Vi-. Now, we can see that ¢(7) is a linear form on the vector
space Hom(Vyh, Vo), and id+7 € O(w) if and only if ¢(7) = 0. We get the following
lemma.
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16. Lemma. The group K(w) is a closed subgroup of O(w) which is isomorphic
(as a Lie group) with the commutative Lie group RS.

17. Remark. Lemma 18 shows that the Lie group O(w) considered as a differ-
entiable manifold is diffeomorphic with the differentiable manifold D(w) x K(w).
Using Lemma 11 and Lemma 16, we can see that O(w) is diffeomorphic with
GL(3,R) x R® This shows that O(w)/GL(3,R) is diffeomorphic with R®, and
consequently contractible. Moreover, taking into account the equality following
Definition 8 we can immediately see that the group K (w) operates simply transi-
tively on the set of all special complementary subspaces. Consequently, the group
O(w) operates transitively on this set.

An easy consequence of the previous considerations is the following proposition.
18. Proposition. The Lie group O(w) is a semi-direct product of D(w) and K (w).
The Lie group Og(w) is a semi-direct product of Dy(w) and K (w).

19. Definition. A basis vq,...,vg is called adapted basis with respect to the
form w if and only if the following conditions are satisfied:

w(vs, v, v,) = 0 if at least two indices are < 3,

w(vr,vg,v5) =1, w(va,vg,v5) =0, w(vs,vyg,v5) =0,

w(v1,v4,v6) =0, w(va,v4,v6) =1, w(vs,vyg,v) =0,

w(vy,vs,v6) =0, w(vg,vs,v6) =0, w(vs,vs,v6) =1,
w(vg,v5,v6) = 0.

It is obvious that if vy, . . . , v is an adapted basis, then vy, . .., puvg is an adapted
basis if and only if ¢ € O(w). Because eq,...,es is an adapted basis, and O(w)
preserves Vj, we get easily the following lemma.

20. Lemma. For every adapted basis vy, ..., vg there is vi,ve,v3 € Vj.

The following considerations will be used later on. Let us choose any isomor-

phism
h: Vo — A2V5h.
Such an isomorphism exists because dim Vy = dim A2Vz-. Now, we can define a
bilinear form
b:VoxVo— R, bvg,v,) = w(vo, hvyp).

It is easy to see that the bilinear form b is regular. On the other hand, we have
obviously

w(vo, w,w') = blvg, h " H(w Aw')) for vy € Vo, w,w' € Vg-.

21. Lemma. Letb: VyxVy — R be a regular bilinear form, and let h : Vi — AQVOl
be an isomorphism. Then there exists a unique 3-form o on R® with the following
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properties
a(vg, vh,v) = 0 for vo, v, € Vo and v is arbitrary,
avg, w,w") = b(vg, b~ (w Aw')) for vy € Vo, w,w’ € V5",
a(w,w',w") =0 for w,w',w" € Vi*.

Moreover, « is multisymplectic, and belongs to the isomorphism class of w.

Proof. We prove first that « is multisymplectic. Let v € R® be a non-zero vector.
We can write v = vg + w, where vg € Vg and w € VOJ-. Let us assume first that
w = 0. The regularity of b implies that there exists v, € V; such that b(vg, v}) # 0.
Because every element of A2V;" is decomposable, there are w,w’ € V- such that
h=t(w A w') = vf. We get then a(vg,w,w’) # 0. Next, let us assume that w # 0.
Obviously, we can find w’ € Vg such that h=*(w A w’) # 0 and v}y € V; such that
b(vh, h~H(w Aw')) # 0. Then we have

a(vo +w, vh, w') = a(w, vy, w') = —a(vy, w,w') = —b(vh, h~H(w Aw')) # 0.

Now, we are going to prove that o belongs to the same isomorphism class as w.
First we define the isomorphism

ho : Vo — AQ‘/OL
by the formulas
ho(el) =e4 N €5, ho(eg) =e4 N eg, h0(€3) =e5 N\ €g.

When we take in the role of b the canonical scalar product on R®, which we denote
by, then applying our construction, we obtain the form w. There is a unique
automorphism 1o : Vo — Vj such that b(vg, v) = bo(¥vo, vj) for every vg, vj € Vo.
Then we get

b(vo, h ™Y (w Aw')) = bo(shovo, h * (hoh™ ) (w A w')),

where hoh™! : A2VGH — A%VG- is an automorphism. If det(hoh™!) > 0, then
according to Lemma 9 there exists an automorphism y : Vg- — Vj- such that
hoh~' = A%x. We have then

b(vo, b (w A w')) = bo(ovo, ho_l(xw Axw')).

If det(hoh~!) < 0, then there exists an automorphism x’ : VG- — Vj' such that
—hoh™! = A?y. We have then

b(ve, h™H(w Aw')) = bo(—thovo, hy (X' w A xX'w')).

This means that the automorphism o @ x resp. the automorphism (—tg) @ x’
transforms the form w into the form o. O
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3. TOPOLOGICAL AND GEOMETRICAL PROPERTIES

The first results presented in this section are formulated in the category of
topological spaces. But it is easy to verify that all of them remain valid in the
category of differentiable manifolds of class C*°. At the end we prove some results
which make sense only in the category of differentiable manifolds. In this section
we shall call adapted basis adapted frame, which is terminology more common in
geometry.

We shall consider now an orientable 6-dimensional real vector bundle £ over a
base X endowed with a continuous form € € A3¢* with the following property: for
every x € X there is an isomorphism

gr : RS — &, such that ¢*Q = w.

In other words, we assume that for each € X the restriction Q, = Q|¢, on the
fiber &, is a 3-form of type w. Similarly as in the algebraic part, we can define a
3-dimensional subbundle

& = {v € &;1,9, is decomposable },

where €2, denotes the restriction of Q onto the fiber of £ passing through v. We
denote & = £/&y, and we have again an isomorphism

v :&o— Asz .
First we prove the following lemma.
22. Lemma. The 3-form () defines defines on £ a multisymplectic structure of

type w.

Proof. Our aim is to prove the local triviality in the sense of Definition 1. Let

x9 € X. First we choose an adapted basis vi,...,vs in the fiber &,. On a
neighborhood of xy we choose local sections s, ..., sf of £ such that

(i) s/(zo) =v;, 1=1,...,6,

(i) sf,...,sq are linearly independent,

(iii) s, sy, s4 are sections of &.

Now, we are going to prove that it is possible to substitute sj,s%,s¢ by local
3 ! / ! s VN /) /A 4 /o 7\ 3

sections s}, st, s (and simultaneously we set s§ = sf, s5 = s5, and s5 = s%) in

such a way that s, ..., s; satisfy the conditions of type (i)-(iii), and moreover
w(sy, sk, s5) = 0.

We denote 7 the vector subbundle spanned by the sections sf,st,sg, and by
Hom(n, &y) the vector bundle of homomorphisms. Taking a section 7 of this bundle,
we set

sy =58 +7s), sL=sL+TsL, S5g=S4+TSH-
The conditions of type (i)-(iii) are satisfied, and the remaining condition is satisfied
if and only if

w(Tsl, sy, s6) +w(sy,Tse,sg) +w(sy,se,Tsq) = —w(sy,s5,s4).
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Because the homomorphism Hom(n,&;) — & of the vector bundle Hom(n, &) into
the trivial line bundle ¢ defined for ¢ € Hom(n, &y), by the formula

t e w(tsy(z), s5(x), 55 (2)) + w(si(z), ts5 (@), s6(x)) + w(si(2), s5 (@), ts6(x))
is obviously surjective for x = =z, it is surjective in a neighborhood of zy. Con-

sequently, we can see that a local section 7 satisfying the above condition exists.
Summarizing, we have got sections s,. .., s; such that

(a) si,...,sg are linearly independent,

(b) s}, s5,s% are sections of &,

(C) w(sﬁh 8/5, 823) =0,
with all these conditions being satisfied on a neighborhood of xy. Finally, we set
S4 = S}y, S5 = sk, and sg = s§, and we define

s A, s = A, e = s A ),

where si*,..., s¢" are sections dual to the sections si,...,s;. Now, it is obvious
that for every z from a neighborhood of x( the basis s1(x), ..., s¢(z) is an adapted
basis in £;. From this the lemma follows easily. O

Because the vector bundle A2%£; is orientable (we recall that for an n-dimensional
vector bundle ¢ there is wy(A%¢) = (n — 1)wy(¢)), the vector bundle & is also
orientable. We choose a complementary subbundle n C ¢ to &, i. e. we have
& =& @ n. It is obvious that 7 is also orientable. As a consequence of this we get

n=A*n*.
Again, similarly as in the algebraic part, we get an isomorphism
Yo &0 — AN
Now, we can prove the following proposition.
23. Proposition. On an orientable 6-dimensional vector bundle £ over a base

X there exists a multisymplectic structure of type w if and only if there exists an
orientable 3-dimensional vector bundle n over X such that

EEnan.

Proof. We have already seen that the condition is necessary. It remains to prove
that it is also sufficient. Thus, let us assume that & = n @ n. The following
considerations are in fact a bundlification of Lemma 21. We choose arbitrary
regular bilinear form B on 7, e. g. a riemannian metric. Further, we choose an
isomorphism H : n — A2n. We define a 3-form € A2¢* in the following way. For
any x € X we set

Qa:((vla 0)7 (UQ’ O)a ('U37’U4)) =0
Qm((vl, 0), (071)2), (O, 1}3)) = B(U17H71(U2 A ’Ug))
Q2:((0,v1), (0, v2),(0,v3)) =0
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for every vy, vs9,v3,v4 € M. It is easy to see that  is continuous and of type w in
every fiber of £. Consequently, by virtue of Lemma 22, it defines a multisymplectic
structure on &. This finishes the proof. O

Let us recall that a tangent structure on a 6-dimensional real vector bundle £ is
a continuous tensor field F' of type (1,1) on &, i. e. an endomorphism

F : & — ¢ such that F2 =0 and ker F = imF.

It is obvious that if there is on £ a tangent structure F', then we get a 3-dimensional
subbundle £ = ker F'; and for any complementary subbbundle 1 we have the
isomorphism F|n : n — &. This shows that the bundle & is a direct sum of two
isomorphic subbundles. If the vector bundle £ and the subbundle £, are orientable,
then obviously £ carries a multisymplectic structure of type w. Conversely, if £ is
endowed with a multisymplectic structure of type w, then £ Zn&n. On ndn we
have a tangent structure defined by the formula

FI(Ul, ’1}2) = (’Ug, 0)

Then we get a tangent structure also on the isomorphic bundle £. We have thus
proved the following corollary.

24. Corollary. On an orientable 6-dimensional vector bundle & over a base X
there exists a multisymplectic structure of type w if and only if there exists a
tangent structure F' such that the subbundle ker F' is orientable.

Considering the principal GL(6,R)-bundle Fr(£) consisting of all frames of the
vector bundle &, we can state the following lemma.

25. Lemma. On an orientable 6-dimensional vector bundle £ over a base X there
exists a multisymplectic structure of type w if and only if the principal GL(6,R)-
bundle F'r(§) can be reduced to the subgroup O(w) C GL(6,R).

Proof. If there is on ¢ a multisymplectic structure €2 of type w, the corresponding
reduction to the subgroup O(w) consists of all adapted frames. Conversely, if there
exists a reduction of Fr(€) to the subgroup O(w), we use any frame from this
reduction, and define a multisymplectic form 2 of type w on £ using the formulas
defining an adapted frame. O

We now pass completely to the category of differentiable manifolds. Let M be a
6-dimensional differentiable manifold, and let 2 be a diffrentiable 3-form on M, or
in another words on the vector bundle £ = T'M, defining there a multisymplectic
structure of type w. Let us recall that we do not suppose that the 3-form €2 is closed.
We have just seen that with this multisymplectic structure there is associated a
G-structure, where G = O(w). We shall call a multisymplectic structure Q of
type w integrable if and only if the associated O(w)-structure is integrable. The
subbbundle £y C & = T'M is in this situation a distribution on M, and we shall
denote it by Dy.
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26. Proposition. A multisymplectic structure ) of type w is integrable if and
only if the following two conditions are satisfied:

(i) the distribution Dy is integrable,
(ii) the 3-form Q is closed, i. e. d2 = 0.

Proof. Let Q be integrable. This means that in a neighborhood of every point
x € M we can find coordinates (z1,...,x¢) such that on this neighborhood we
have

Q =dxy Ndry Ndzs + dxg A dxg A dag + des A dzs A dzg.
It is obvious that the distribution Dy is spanned by the vector fields 9/9x1,0/0x4,
0/0x3, and consequently it is integrable. Moreover, obviously dQ2 = 0. Conversely,
let us assume that the conditions (i) and (ii) are satisfied. Because the distribution
Dy is integrable, on a neighborhood of any point x € M, we can find functions
T4, T5,xg such that the distribution Dg is described by the equations

d1‘4 = 07 dJC5 = 07 dJL‘e =0.

Similarly as in the previous section, we can introduce a subbundle Ap, C A2T*(M).
We can immediately see that the three 2-forms

dI4 A deg;, dI4 A\ dﬂ?5, d$5 A dxﬁ

are local sections of Ap,. Now, we define vector fields X, X5, X3 on the neighbor-
hood under consideration and belonging to the distribution Dy by the formulas

Xy =B (dwy Ndas), Xo = (dwa Ndag), X3z =B (dws A dg).
In other words, we have
tx,w=dxg Ndzs, tx,w=drs Ndzs, tx,w=drsAdze.

Because d2 = 0 we have dQ(X,X’,Y,Z) = 0 for any vector fields X, X' Y, Z
defined around the point z. Let us assume that the vector fields X and X’ belong
to the distribution Dy. Then we obtain

0=4dUX, X".Y,Z) =
= XQ(X’,Y,Z) — X’Q(X,Y,Z) +YQ(X,X’,Z) — ZQ(X,X',Y)
-QUX, X',Y,Z2)+ Q(X,Y], X', Z2) - Q(X, 2], X")Y)
QX" Y], X, Z)+ QX' Z2),X,Y) -]V, Z], X, X') =
=XQX"Y,Z) - X'QX,Y, Z)

-QUX, X',Y,Z2)+ Q(X,Y], X', Z2) - Q(X, 2], X",Y)

QX" Y], X,2) + QX' 2], X,Y).
Hence we get
Q(X,X',Y,Z) = XQUX",Y, Z) — X'Q(X,Y, Z)
+Q(X, Y], X', Z2) - Q(X, 2], X",)Y) - QX" Y], X, 2) + Q(X', 2], X,Y) =

= X((tx (Y, 2)) = X' ((exQ)(Y, 2))
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—(ex (X, Y], 2) + (x([X, Z],Y) + (LXQ)([X/7Y]7 Z) - (LXQ)([X/a 2),Y).
Setting now X = X; and X' = X, we get
Q([X1,X5],Y, Z) = X1((dey Adze) (Y, Z)) — Xo((dxy A dxs) (Y, Z))
—(dzy Ndzg)([X1,Y], Z) + (dag A dag)([X1, Z],Y)
+(dzy N dxs)([X2, Y], Z) — (dzg A das)([ X2, Z],Y) =
= X1((dzg Ndze) (Y, Z)) = Y ((dzg A dxg)(X1,2)) + Z((dzy A dae)(X1,Y))
—(dxg Ndxg)([X1,Y], Z) + (dxg A dxe)([X1, Z],Y) — (dzg A dxe)([Y, Z], X1)
—Xo((dzg Ndas)(Y, Z)) + Y ((dxg A dxs) (X2, Z)) — Z((dzy A das)(X2,Y))
+(dzy Ndxs)([X2, Y], Z) — (dzg A dxs)([ X2, Z],Y) + (dzg A dzs)([Y, Z], Xo) =
= (d(dxg N dxg))(X1,Y,Z) — (d(dxg A dxs))(Xs,Y,Z) = 0.
The 3-form 2 is multisymplectic, and this implies that [X7, Xo] = 0. Along the
same lines we can prove that [X1, X3] = 0 and [X3, X3] = 0. Now, it is easy to see

that we can find functions x1, 2, x3 defined in a neighborhood of the point x such
that together with the functions x4, x5, x¢ they form coordinates, and

0 0 0
Mo T am T ey
See e. g. [S]. Consequently, with respect to the coordinates (z1,...,2s), we have
QO =dry Ndxy Ndrs + dxg N drg A dee + dxs A des A dxg.
This finishes the proof. O

The aim of the next example is to show that the assumption concerning the
integrability of Dy is is independent of the assumption d2 = 0. We present an
example of a multisymplectic 3-form of type w which is closed but the distribution
Dy of which is not integrable.

27. Example. Let us consider the open subset U = {z € RS;z3 # x4}. We
define on U the following six 1-forms

Ay = BT gy + 23  drs + dxg
Ay = eTr@s Tt gy + x4 dxs +dxs
Az = dxo
Ay = r1 drs+dry
Ay = dxs
Ag = dxg
It is easy to see that at each point x € U the 1-forms Aj,,..., Ag, are linearly

independent. Let us set
QZAl/\A4/\A5—|—A2/\A4/\A6—|—A3/\A5AAG.

We have
dA4 = dl‘l N dJC3, dA5 = 0, dAG = O,
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which shows that the distribution D, determined by the equations dA, = 0, dA5 =
0, and dAg = 0 is not integrable. Moreover, we have

dQ = (—x1e™ 3 4 dny A des — e 3T dny Adxy) A (v1dzs + dog) A dos
—(e"®3 4 dyy + w3das + dag) A dry A dws A dws
+(—x ™3 adpy A dwg — e 3Ty A day — dog A dxy) A (z1des 4+ dog) A dag
—(e™®3F adyy + wydas + das) A dry Adws A dog = 0.

28. Remark. Topological conditions for the existence of a multisymplectic 3-
form of type w (or equivalently of a tangent structure) on a 6-dimensional vector
bundle will be the subject of a forthcoming paper.
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