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ABSTRACT. A canonical hyperkahler metric on the total space T* M of a cotangent
bundle to a complex manifold M has been constructed recently by the author in
[K]. This paper presents the results of [K] in a streamlined and simplified form. The
only new result is an explicit formula obtained for the case when M is an Hermitian
symmetric space.

INTRODUCTION.

Constructing a hyperkahler metric on the total space T*M of the cotangent bundle
to a Kahler manifold M is an old problem, dating back to the very first examples of
hyperkéhler metrics given by E. Calabi in [C]. Since then, many people have obtained
a lot of important results valid for manifolds M in this or that particular class (see,
for example, the papers [DS], [BG|, [Kr2|, [Kr2], [N]). Finally, the general problem
has been more or less solved a couple of years ago, independently by B. Feix [F] and
by the author [K].

The metrics constructed in [F] and [K] are the same. In fact, this metric satisfies
an additional condition which makes it essentially unique — which justifies the use of
the term “canonical metric”. But the approaches in [F] and [K] are very different.
Feix’s method is very geometric in nature; it is based on a direct description of
the associated twistor space. The approach in [K] is much farther from geometric
intuition. However, it seems to be more likely to lead to explicit formulas.

Unfortunately, the paper [K] is 100 pages long and the exposition is not very good.
Sometimes, it is sometimes canonical to the point of obscurity. Some of the proofs
are not at all easy to understand and to check.

Recently the author has been invited to give a talk on the results of [K] at the
Second Quaternionic Meeting in Rome. It was a good opportunity to revisit the
subject and to streamline and simplify some of the proofs. This paper, written for
the Proceedings volume of the Rome conference, is an attempt to present the results
of [K] in a concrete and readable form. The exposition is parallel to [K] but the paper

is mostly independent.
195



196 D. KALEDIN

Compared to [K], the emphasis in the present paper has been shifted from canonical
and conceptually correct abstract constructions to things more explicit and down-to-
earth. The number of definitions is reduced to the necessary minimum. I have also
tried to give a concrete geometric interpretation to everything that admits such an
interpretation. In a sense, the exposition intentionally goes to the other extreme.
Thus the present paper is not so much a replacement for [K| but rather a companion
paper — the same story told in a different way.

The words “more or less” in the first paragraph of this Introduction refer to one
important defect of the canonical hyperkahler metric on 7*M — namely, it is defined
only in an open neighborhood U C T*M of the zero section M C T*M. This raises
a very interesting and difficult “convergence problem”. One would like to describe
the maximal open subset U C T*M where the canonical metric is defined, and to say
when U is the whole total space T* M. Unfortunately, very little is known about this.
In fact, in the present paper we even restrict ourselves to giving the formal germ of
the canonical metric near M C T*M. The fact that this formal germ converges to
an actual metric at least on an open subset U C 1T*M is proved in the last Section
of [K]. The proof is long and tedious but completely straightforward. Since I don’t
know how to improve it, I have decided to omit it altogether to save space.

This reader will find the precise statements of all the results in Section 1. The
last part of that Section contains a brief description of the rest of the paper, and
indicates the parallel places in [K], the differences in notation and terminology and
so on. The only thing in this paper which is completely new is the last Section 8.
It contains an explicit formula for the canonical metric (or rather, for the canonical
hypercomplex structure) in the case when M is an Hermitian symmetric space. The
formula is similar to the general formula for symmetric M obtained by O. Biquard
and P. Gauduchon in [BG].

Acknowledgements. [ would like to thank the organizers of the Rome Quaternionic
Meeting for inviting me to this very interesting conference and for giving me an
opportunity to present the results of [K|. Part of the present work was done during
my visit to Ecole Polytechnique in Paris during the Autumn of 1999. I have benefited
a lot from the hospitality and the stimulating atmosphere of this institution. I would
like to thank P. Gauduchon for inviting me to Paris and for encouraging me to write
up a streamlined version of [K|. The present paper owes a lot to discussions with
O. Biquard and P. Gauduchon during my visit. In particular, the last Section is an
attempt to compare [K] with the results in their beautiful paper [BG].

1. STATEMENTS AND DEFINITIONS.

To save space, we will assume some familiarity with hyperkahler and hypercomplex
geometry. We only give a brief reminder. The reader will find excellent expositions
of the subject in [B], [HKLR], [Sall], [Sal2].
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Let H be the algebra of quaternions. A smooth manifold X is called almost quater-
nionic if it is equipped with a smooth action of the algebra H on the tangent bundle
TX. Equivalently, one can consider a smooth action on the cotangent bundle A'(M).
To fix terminology, we will assume that H acts on A'(M) on the left.

An almost quaternionic manifold X is called hypercomplez if it admits a torsion-free
connection preserving the H-module structure on A'(M). If such a connection exists,
it is unique and called the Obata connection of the hypercomplex manifold X.

A Riemannian almost quaternionic manifold X is called hyperhermitian if the Rie-
mannian pairing satisfies

(th,OfQ) = (O{l,EO{Q) ) 01,09 € AI(M)5 h € ]HL

where h is the quaternion conjugate to h. A hyperhermitian almost quaternionic
manifold X is called hyperkdhler if the H-action is parallel with respect to the Levi-
Civita connection V¢. In other words, X must be hypercomplex, and the Obata
connection must be V¢.

Let X be a almost quaternionic manifold. Every embedding C — H from the field
of complex numbers to the algebra of the quaternions induces an almost complex
structure on X. If X is hypercomplex, then all these induced almost complex struc-
tures are integrable. If X is also hyperkahler, then all these complex structures are
Kahler with respect to the metric.

Throughout this paper it will be convenient to choose an emebedding I : C — H
and an additional element 7 € H such that

=1
j-1(z)=1(z)-j, z€C

With these choices, every left H-module V& defines a complex vector space V = V;
and a map j : V — V which satisfies

We will call V; the main complex structure on the real vector space Vg. Conversely,
every pair (V,j) of a complex vector space V and a map j : V — V which satisfies
(1) defines an H-module structure on the real vector space Vg underlying V.

The map j : V — V can be considered as an automorphims J : Vg — Vi of the
underlying real vector space. This map induces a second complex structure on Vk.
We will call it the complementary complex structure and denote the resulting complex
vector space by V;

Applying this to vector bundles, we see that an almost quaternionic manifold X is
the same as an almost complex manifold X equipped with a smooth complex bundle
map

(2) j:T(X) = T(X)
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from the tangent bundle 7 (X) to its complex-conjugate bundle 7 (X) which satisfies
(1).

It would be very convenient to have some way to know whether an almost quater-
nionic manifold X is hypercomplex or hyperkahler without working explicitly with
torsion-free connections. For hypercomplex manifolds, the integrability condition is
very simple. An almost quaternionic manifold X is hypercomplex if and only if both
the main complex structure on X and the complementary almost complex structure
X are integrable.

The simplest way to determine whether a hyperhermitian almost quaternionic man-

ifold X is hyperkahler is to consider the complex-bilinear form 2 on the tangent
bundle 7(X) given by

(3) Q(&1, &) = h(&1,5(&2)), 1,6 € T(X),

where h is the Hermitian metric on X. Then (1) insures that the form  is skew-
symmetric. The manifold X is hyperkdhler if and only if both the (2,0)-form
and the Kéhler w are closed. Alternatively, one can defines a (2, 0)-form Q; for the
complementary almost complex structure X ; instead of the (2, 0)-form 2 for the main
almost complex structure. Then X is hyperkahler if and only if both €2 and €2; are
closed. Moreover, it suffices to require that these (2, 0)-forms are holomorphic, each in
its respective almost complex structure on X (“holomorphic” here means that df is a
form of type (3,0)). Finally, if we already know that the manifold X is hypercomplex,
then it suffices to require that only one of the forms 2, 2; is a holomorphic 2-form.

If X is a Kéhler manifold equipped with a closed (2,0)-form €2, one can define a
map j : T(X) — T(X) by (3). Then X is hyperkihler if and only if this map j
satisfies (1).

Consider now the case when X = T*M is the total space of the cotangent bundle
to a Kahler manifold M with the kahler metric h. Then X carries a canonical
holomorphic 2-form 2. Moreover, the unitary group U(1) acts on X by homoteties
along the fibers of the projection X — M, so that we have

(4) 2" = 2Q

for every z € U(1) C C. Using these data, we can formulate the main result of [K]| as
follows.

Theorem 1.1. There exists a unique, up to fiberwise automorphisms of X/M, U(1)-
wnvariant Kahler metric h on X = T*M, defined in the formal neighborhood of the
zero section M C T*M = X, such that

1. h restricts to the given Kahler metric on the zero section M C X, and
2. the pair (2, h) defines a hyperkdhler structure on X near M C X.

Moreover, if the Kahler metric h on M 1is real-analytic, then the formal canonical
metric on X comes from a real-analytic hyperkahler metric defined in an open neigh-

borhood of M C X.
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The U(1)-action on T*M is very important for this theorem. In fact, 7*M with
this action belongs to a general class of hyperkéhler manifolds equipped with a U(1)-
action, introduced in [H], [HKLR].

Definition 1.2. We will say that a holomorphic U(1)-action on a hyperkihler man-
ifold X is compatible with the hyperkahler structure if and only if

1. the metric h on X is U(1)-invariant,
2. the holomorphic 2-form () satisfies (4),
3. the map j : T(X) — T(X) satisfies

(5) i(z°6) =z-2°(j(€), £e€T(X),zeU(1) cC

It is easy to check using (3) that every two of these conditions imply the third.
Theorem 1.1 can generalized to the following statement, somewhat analogous to
the Darboux-Weinstein Theorem in symplectic geometry.

Theorem 1.3. Let X be a hyperkdihler manifold equipped with a regqular compatible
holomorphic U(1)-action. Then there exists an open neighborhood U C X of the
U(1)-fized point subset M = XY C X and a canonical embedding £ : U — T*M
such that the hyperkdhler structure on U is induced by means of the map L from the
canonical hyperkahler structure on T*M.

Here regular is a certain condition on the U(1)-action near the fixed points subset
XU ¢ X which is formulated precisely in Definition 2.1 (roughly speaking, weights
of the action on the tangent space 7}, X at every point m € XUV C X should be 0
and 1). The map £ will be called the normalization map. Note that this Theorem
allows one to reformulate Theorem 1.1 so that the metric is indeed unique — not
just unique up to a fiberwise automorphism of X/M. To fix the metric, it suffices
to require that the associated normalization map £ : X — X = TM is identical.
Metrics with this property will be called normalized.

There is also a form of Theorem 1.1 for hypercomplex manifolds (and it is this form
which is the most important for [K] — all the other statements are obtained as its corol-
laries). To formulate it, we note that out of the three condition of Definition 1.2, the
third one makes sense for almost quaternionic (in particular, hypercomplex) mani-
folds. We will say that a holomorphic U(1)-action on an almost quaternionic manifold
X is compatible with the quaternionic action if Definition 1.2 (iii) is satisfied.

Let TM be the total space of the bundle 7 (M) complex-conjugate to the tan-
gent bundle of the manifold M. Then TM is a smooth manifold, and we have the
canonical projection p : TM — M and the zero section i : M — TM. The group
U(1) acts on TM by homoteties along the fibers of the projection p. Moreover, for
any compatible hypercomplex structure on the U(1)-manifold TM the corresponding
Obata connection Vo induces a torsion-free connection V on M by the following rule

V(a) =i*(Vop'a), a € A(M).

The hypercomplex version of Theorem 1.1 is the following.
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Theorem 1.4. Let M be a complex manifold M equipped with a holomorphic con-
nection V on the tangent bundle T (M) such that

1. V has no torsion, and
2. the curvature of the connection V is of type (1,1).

Let X = TM be the total space of the complex-conjugate to the tangent bundle TM.
Let the group U(1) act on X by homoteties along the fibers of the projection p : X —
M.

Then there exists a unique, up to a fiberwise automorphism of X/M , hypercomplex
structure on X, defined in the formal neighborhood of the zero section M C X, such
that the embedding 1 : M — X and the projection p : X — M are holomorphic and
the Obata connection on X induces the given connection V on M.

Moreover, if the connection V is real-analytic, then the hypercomplexr structure on
X is real-analytic in an open neighborhood U C X of M C X.

Note that a priori there is no natural complex structure on the space X = TM (we
write T instead of T just to indicate the correct U(1)-action). Therefore Theorem 1.4
in fact claims two things: firstly, there exists an intergrable almost complex structure
on X, and secondly, there exists a map j : 7(X) — T (X) which extends it to a
hypercomplex structure.

Connections V that satisfy the conditions of this Theorem we called kdhlerian in
[K] (see [K, 8.1.2]). I would like to thank D. Joyce for attracting my attention to
his paper [J], where he uses the same class of connections to construct commuting
almost complex structures on the total space 7'M of the tangent bundle to a complex
manifold M. Joyce calls these connection Kdhler-flat.

Theorem 1.4 also admits a generalized Darboux-like version in the spirit of Theo-
rem 1.3; we do not formulate it here to save space.

We will now give a brief outline of the remaining part of the paper. In Section 2
we consider an arbitrary U(1)-equivariant hypercomplex manifold X and construct
the normalization map £ : X — TM, thus proving Theorem 1.3. This corresponds
to [K, Section 4]. What we call normalization here was called linearization in [K];
normalized corresponds to linear. The terminology of [K| has been changed because
it was misleading: connections on the fibration TM — M that were called linear in
[K] are not linear in the usual sense of the word.

Section 3 introduces R-Hodge structures and the so-called Hodge bundles (Def-
inition 3.1) which are the basis of our approach to U(1)-equivariant quaternionic
manifolds X. This corresponds to [K, Sections 2,3]. Proposition 3.3 is a version of
[K, Proposition 3.1].

In Section 4 we turn to the case X = TM and introduce the so-called Hodge
connections (Definition 4.2). This corresponds to [K, Section 5]. The proofs have
been considerably shortened. There are also some new facts on the relation between
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our formalism and the objects one usually associates with hypercomplex manifolds.
In particular, Lemma 4.3 is new.

Section 5 and Section 6 introduce the Weil algebra B*(M) of a complex manifold
M (Definition 5.1) and then use it to prove Theorem 1.4. Section 5 contains the pre-
liminaries; Section 6 gives the proof itself. This material corresponds to [K, Sections
6-8]. The approach has been changed in the following way. Keeping track of various
gradings and bigradings and on the Weil algebra presents considerable difficulties:
when the proof of Theorem 1.4 is written down, the number of indices becomes over-
whelming. In [K] we have tried to handle this by an auxiliary technical device called
the total Weil algebra ([K, 7.2.4]). It was quite a natural thing to do from the concep-
tual point of view. Unfortunately, the proof became more abstract than one would
like. Here we have opted for the direct approach. To make things compehensible, we
rely on pictures (Figure 1, Figure 2) which graphically represent the Hodge diamonds
of the relevant pieces of the Weil algebra B"(M).

Finally, Section 7 deals with things hyperkdhler: we deduce Theorem 1.1 from
Theorem 1.4. This corresponds to [K, Section 9]. We believe that the exposition has
also been simplified, and the proofs are easier to check.

The last Section 8 of this paper is new. We try to illustrate our constructions by a
concrete example of an Hermitian symmetric space M. We obtain a formula similar
to [BG]. The last section of [K] contains the proof of convergence of our formal series
in the case when the Kahler manifold M is real-analytic. In this paper, this proof is
entirely omitted.

2. NORMALIZATION.

Of all the statement formulated in the last Section, the most straightforward one
is the Darboux-like Theorem 1.3 and its hypercomplex version. In this Section, we
explain how to construct the normalization map £. Most of the proofs are replaced
with references to [K].

We begin with some generalities. Assume that the group U(1) acts smoothly on a
smooth manifold X. For any point z € X fixed by the action, we have an action of
U(1) on the tangent space T, X. Equivalently, we have the weight decomposition

T,X @x C = (T X)",
k

where z € U(1) C C acts on (7,X)* by multiplication by z¥. We will say that the
fixed point x is regular if the only non-trivial weight components (7, X)* correspond
to weights & = 0,1. The subset XU C X of fixed points is a disjoint union of
smooth submanifolds of different dimensions. Regular fixed points form a connected
component of this set. Denote this component by M C X.

Let ¢ be the differential of the U(1)-action — that is, the vector field on X which
gives the infinitesemal action of the generator % of the Lie algebra of the group U(1).
Assume further that X is a complex manifold and that U(1) preserves the complex
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structure. Say that a point x € X is stable if for any t € R, t > 0 there exists
exp(v/—1t@)z, and moreover, the limit
xo = lim exp(v—1tg)z

t——+o0
also exist. When the limit point zo does exist, it is obviously fixed by U(1). Say

that a stable point x € X is reqular stable if the limit point is a regular fixed point,
Too € M C X. Regular stable points form an open subset X" C X.

Definition 2.1. A complez U(1)-manifold X is called is regular if every point z € X
1s reqular stable, X" = X.

For example, the total space of an arbitrary complex vector bundle on an arbi-
trary complex manifold is regular (if U(1) acts by homoteties along the fibers). The
submanifold of regular fixed points in this example is the zero section.

When the U(1)-manifold X is hypercomplex, we will say that it is regular if it is
regular in the main complex structure. In this case, the subset M C X of regular
fixed points is a complex submanifold. Setting

pz) =z = lim exp(v—lt¢)z
defines a U(1)-invariant projection p: X — M.

Lemma 2.2 ([K, 4.2.1-3]). The projection p: X — M is a holomorphic submersion.
U

We can now define the normalization map. Consider the exact sequence

0 — T(X/M) — T(X) — p*T(M) -2 0

of tangent bundles associated to the submersion p : X — M. The differential ¢ of
the U(1)-action is a vertical holomorphic vector field on X, ¢ € T(X/M). Applying
the operator j : T(X) — T(X) to ¢ gives a section of the bundle 7 (X). We can
project this section to obtain a section

dp(j(¢)) € p"T (M)

of the pullback bundle p*7 (M). But such a section tautologically defines a map
L: X — TM from X to the total space of the complex bundle 7 on the manifold
M. Since ¢ is U(1)-invariant, and j is of weight 1 with respect to the U(1)-action,
the section dp(j(¢)) is also of weight one. This means that the associated map

L:X—>TM

is U(1)-equivariant. We will call it the normalization map for the regular hypercom-
plex U(1)-manifold X.

Lemma 2.3 ([K, Proposition 4.1]). The normalization map £ : X — TM is an open
embedding. O
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This Lemma essentially reduces Theorem 1.3 to Theorem 1.1.

A particular case occurs when X = TM is itself the total space of the complex-
conjugate to the tangent bundle on a complex manifold M — or, more generally, an
open U (1)-invarinant neighborhood U C T M of the zero section M C TM. As noted
above, in this case the zero section M C T(M) coincides with the subset of fixed
points. Therefore the normalization map £ : U — TM is an open embedding from
U into T M, possibly different from the given one.

Definition 2.4. The hypercomplex structure on U C TM is called normalized if the
normalization map L : U — TM coincides with the given embedding.

(In particular, when U = T'M is the whole total space, the normalization map must
be identical.)

To prove Theorem 1.1 and Theorem 1.4, it is sufficient to be able to classify all
normalized hypercomplex structures on the U(1)-manifold T(M) and germs of such
structures near the zero section M C TM. It will be convenient to slightly rewrite
the normalization condition. Namely, the identity map id : TM — TM defines a
section on X = T(M) of the pullback bundle p*7 (M). We will denote this section
by 7 and call it the tautological section. Then a hypercomplex structure on U C X
is normalized if and only if we have

(6) j(@) =71 € p"T(M).
3. HODGE BUNDLES.

The first step in the proof of Theorem 1.4 is to give a workable description of
hypercomplex structures on the total space X = TM. For this we use the language
of R-Hodge structures.

Recall that an R-Hodge structure V' of weight k is by definition a real vector space
Vk equipped with a grading

(7) V="1a@:C=PVrir
p
such that
(8) Vea =V  pq€Z,p+q=k.

Equivalently, instead of the grading (7) one can consider a U(1) action on V defined
by

z-v =2V, veVPiCV,zeU(1l) CC.
Then (8) becomes

kz. ., veV,zeU(1l) c C.

When the weight & is equal to 1, this equation on the complex conjugation map
becomes precisely (5). The difference between the complex conjugation map and the
map j used to define quaternionic structures is that the first one is an involution,

Z-UV =2z
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v = v, while for the second one we have j(j(v)) = —v. Nevertheless, we will exploit
the similarity between them to describe quaternionic actions via Hodge structures.
To do this, we use the following trick. Let V' be an R-Hodge structure of weight 1,
and consider the map

LV =V

given by the action of —1 € U(1) C C - in other words, let
t(v) = (—1)7, ve VPP CV.

Then the map

9) j=10":V =V

still satisfies (5), and (1) also holds. This turns V into a left H-module. Conversely,
every left H module (V, j) equipped with a U(1)-action on V' such that j satisfies (5)
defines an R-Hodge structure of weight 1.

To use this for a description of hypercomplex structures on manifolds, we introduce
the following.

Definition 3.1. Let X be a smooth manifold equipped with an action of the group
U(1), and let ¢ : X — X be the action of the element —1 € U(1) C C. A Hodge
bundle &£ of weight k& on X is by a U(1)-equivariant complez vector bundle £ equipped
with a U(1)-equivariant isomorphism

—: &= E(k)
such that — o~ = id.

Here £(k) is the bundle complex conjugate to £, whose U (1)—-equivariant structure
is twisted by tensoring with the 1-dimensional representation C(k) of the group U(1)
of weight k,

z-x = 2", z € C(k),z€eU(1) CC.
When the U(1)-action on the manifold X is trivial, a weight-k£ Hodge bundle £ on X is
just the bundle of R-Hodge structures of weight £ in the obvious sense. In particular,
if X is an almost complex manifold, then the bundle A¥(X) of all complex-valued
k-forms on X is a Hodge bundle of weight .

When the U(1)-action on X is no longer trivial, every bundle £ of R-Hodge struc-
tures on X still defines a Hodge bundle. Thus A*(X) is still a weight-k Hodge bundle.
But this Hodge bundle structure is not interesting, since it does not take into account
the natural U(1)-action on A*(X). Assuming that the U(1)-action preserves the al-
most complex structure on X, we define instead a Hodge bundle structure on A(X, C)
by keeping the usual complex conjugation map and twisting the U(1)-action so that

AMX,C) =2 AM(X)(1) ® A (X)

as a U(1)-equivariant vector bundle. It is easy to check that this indeed defines on
AY(X,C) a Hodge bundle structure of weight 1.
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Assume now that the almost complex manifold X is equipped with an almost
quaternionic structure which is compatible with the U(1)-action. Then the complex
vector bundle A% (X) of (0,1)-forms on X already has a structure of a Hodge bundle
of weight 1. The U(1)-action for this structure is the natural one, and the complex
conjugation map is induced by the map j : 7(X) — TX via (9). This Hodge
bundle structure completely determines the quaternionic action. More precisely, for
every smooth U(1)-manifold X, every Hodge bundle £ of weight 1 whose underlying
real vector bundle &g is identified with the cotangent bundle A'(X,R) comes from a
unique compatible almost quaternionic structure X.

The natural embedding A%'(X) € A'(X,C) is not a map of Hodge bundles — it is
U(1)-equivariant, but it obviously does not commute with the complex conjugation
map. This can be corrected. To do this, one has to look at the picture in a different
way (which will turn out to be very useful). Return for a moment to linear algebra.
Let Vi be a left H-module, and let V', V; be the complex vector spaces obtained from
Vk by the main and the complementary complex structures. Consider the complex
vector space Vg ®g C. This vector space does not depend on the H-action on V.
Given an H-action, we have the main and the complementary complex structure
operators I = I(y/=1) : Vg — Vi and J : Vg — Vi and the associated eigenspace
decompositions

(10) Ve@rC=VaV,
(11) Ve@rC=V;0V;
Since the operators I and J anti-commute, these decompositions are distinct: we
have - -
VoV, =vVnV,=vnV,=vVnV,=0.
In particular, the composition
(12) H:V-5W%keC-oV;

of the canonical embedding in (10) and the canonical projection in (11) is an isomor-
phism. We will call it the canonical isomorphism between the main and the comple-
mentary compler structures. On the level of the real vector space Vg, the map H is
induced by a non-trivial automorphism H : Vx — Vi (in fact it is the action of the
element I(v/—1) + j € H). Conjugation with this map interchanges the operators I
and J.

Return now to the case of an almost quaternionic manifold X. Then we claim that
the complementary almost complex structure operator J : A'(X,C) — A'(X,C) is
a map of Hodge bundles. Indeed, it commutes with the complex conjugation map
by definition. Therefore it suffices to show that it is U(1)-equivariant on A%!'(X) C
A'(X,C). But for every v € AM(X) we have J(v) = j(v) € A% (X), and the map
is of weight 1. Thus the operator J is indeed U(1)-equivariant (recall the twisting of
the U(1)-action in the definition of the Hodge bundle structure on A'(X, C)).
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Since the endomorphism J : A}(X,C) — A}(X,C) is a map of Hodge bundles, its
eigenbundles
AT (X), AYH(X) C AY(X,C)
are Hodge subbundles. Therefore we obtain a canonical weight-1 Hodge bundle struc-
ture on the bundle A%'(X) of (0,1)-forms for the complementary almost complex
structure on X.
This Hodge bundle is not a new one. Indeed, the canonical isomorphism

H:A%(X) = A% (X)

defined in (12) is U(1)-equivariant — it is obtained as a composition of U (1)-equivariant
maps. Moreover, it is very easy to chesk that H commutes with the complex conju-
gation. Thus A% (X) = A%'(X) as Hodge bundles. But the projections

(13) AYX,C) — A% (X),
(14) AY(X,C) — AY(X) = A% (X),

are different. Only the second one is a Hodge bundle map.

All this linear algebra is somewhat tautological, but it becomes useful when we
consider the integrability conditions on an almost quaternionic quaternionic struc-
ture. The real advantage of R-Hodge structures over H-modules is the presence of
higher weights. Namely, the category of H-modules admits no natural tansor product.
On the other hand, the category of R-Hodge structures and the category of Hodge
bundles are obviously tensor categories. Thus, for example, the weight-1 Hodge bun-
dle structure on the cotangent bundle A'(X,C) induces a weight-k Hodge bundle
structure on the bundle A*(X, C) of k-forms.

To make use of these higher-weight Hodge bundles, we need a convenient notion of
maps between Hodge bundles of different weights.

Definition 3.2. A bundle map (or, more generally, a differential operator) f : € —
F between Hodge bundles £, F of weights m, n is called weakly Hodge if it commutes
with the complex conjugation map and admits a decomposition
(15) f= > m

0<p<n—m

where fP: & — F is of weight p with respect to the U(1)-action — in other words, fP
is U(1)-equivariant when considered as a map

P& — Fp).

We see that non-trivial weakly Hodge maps between Hodge bundles £. F exist
only when their weights satisfy wt F > wt&.

When the U(1)-action on the manifold X is trivial, the Hodge bundles £ and F
come from bundles of R-Hodge structures on X, and the decomposition f = Zp fP
of a weakly Hodge map f : &€ — F is simply the Hodge type decomposition,

fP=fre p+qg=wtF —wt€.
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If the U(1)-action is not trivial, but preserves an almost complex structure on X, the
de Rham differential d = 8 + 0 = d*° + d*' : A°(X) — A'(X) is weakly Hodge. If
the almost complex structure is integrable, then the same is true for the de Rham
differential d : A*(X,C) — A**!(X,C) for every k > 0.

When the U(1)-manifold is almost quaternionic, we have a Hodge bundle structure
of weight 1 on the bundle A%'(X). Then the Dolbeault differential

D =20;:A(X,C) — A% (X)
is weakly Hodge. Indeed, it is the composition of the weakly Hodge de Rham differ-
ential and the projection (14) which is a Hodge bundle map. Denote by
(16) D =D+ D!

be the decomposition (15) for the weakly Hodge map D. Looking at the definition
of the canonical isomorphism H : A®'(X) — A%'(X), we see that the Dolbeault
differential 0 for the main complex structure considered as a derivation

d:A%(X,C) — A% (X) = A% (X)

coincides with the component D° : A°(X,C) — A%'(X) in the decomposition (16).
Assume now that the almost quaternionic U(1)-manifold X is hypercomplex. The
bundle A%*(z) of (0, k)-forms on X is a Hodge bundle of weight k for every k > 0,
and we have the Dolbeault differential
D =3, : A% (z) = A% (2).

Since the projections A*(X,C) — Ag’k(X ) are Hodge bundle maps for every k£ > 0,
this Dolbeault differential is weakly Hodge. It turns out that this is a sufficient inte-
grability condition for an almost quaternionic manifold equipped with a compatible
U(1)-action.

Proposition 3.3. Let X be an almost quaternionic manifold equipped with a com-
patible U(1)-action. Assume that the Dolbeault differential

D:A%(X,C) = AY'(X)
extends to a weakly Hodge derivation D : A" (x) — A% (X) of the algebra A (X)
satisfying D o D = 0. Then the manifold X is hypercomplex.

Proof. It suffices to prove that both the main and the complementary almost complex
structures on X are integrable. For this, it is enough to prove that the Dolbeault
differentials

d; =D : A(X,C) — AY'(X),
0 =D":A°(X,C) — AY'(X) = A(X),

extend to square-zero derivations of the exterior algebra A% (X). The differential D
extends by assumption. To extend D, take the component D° : A} (z) — AS™!(X)
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of the weakly Hodge map D : A%"(z) — AY"™(X). Then D°o D° is a component in
the decomposition (15) of the weakly Hodge map Do D : A} (z) — A% (X). Since
Do D =0, we also have D° o D° = 0. O

We will now say a couple of words about hyperkahler manifolds and Hodge bundles.
Let X be an almost quaternionic U(1)-manifold. Then every Riemannian metric on
X defines a (2, 0)-form Q; € A%°(X). It turns out that if the metric is hyperhermitian
and U(1)-invariant, then in terminology of [K], the form Q; of H-type (1,1). This
means the following. Consider the from 2; as a bundle map

(17) Qs R(—=1) = A*(X),

where R(—1) is the trivial bundle on X equipped with the so-called Hodge-Tate R-
Hodge structure of weight —1 — that is, the complex conjugation map on R(—1)
is minus the complex conjugation map on R, and the U(1)-equivariant structure is
twisted by 1. The form Q; is said to be of H-type (1,1) if the map (17) is a Hodge
bundle map.

Conversely, every (2,0)-form Q; € A%%(X) of H-type (1,1) on an almost quater-
nionic U(1)-manifold X which satisfies a positivity condition

(18) Q(617 1(52)) > 07 51: 52 € T(X7 R)

defines a U(1)-invariant hyperhermitian metric on X. (See [K, 1.5.4], but the proof
is almost trivial.)

If X is hypercomplex, then, as indicated in Section 1, the metric corresponding to
8112(:}1 a form €2 is hyperkahler if and only if the form €2; is holomorphic, D); =0 €
A7 (X).

Remark 3.4. In fact, using the U(1)-action on X, one can even drop the integrability
condition. Indeed, if a form Qj of H-type (1,1) on an almost quaternionic U(1)-
manifold X satisfies D)y = 0, then it also must satisfy

DOQJ:DIQJZO.

The canonical endomorphism H : A*(X,R) — AY(X,R), being the conjugation with a
quaternion, preserves up to a coefficient the metric associated to €25 and interchanges
the almost complex structure operators I and J. Therefore it sends 25 to a form
proportional to Q. Then D°Q; = 0 implies that not only Q0 is holomorphic, but
that Q is holomorphic as well. This proves that X is hyperkdhler (a posteriori, also
hypercomplez). We will never need nor use this argument. An interested reader will
find details in [K, 3.3.4].

4. HODGE CONNECTIONS.

We will now restrict our attention to the case when the U(1)-manifold X is the
total space T'M of the complex-conjugate to the tangent bundle of a complex manifold
M. In this case, Proposition 3.3 is really useful, because it turns out that the Hodge
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bundle algebra A%*(X) does not depend on an almost quaternionic structure on X
To see this, denote by p: X =TM — M the canonical projection, and let

§p: p*AH(M,C) — A(X,C)

be the codifferential of the map p. Then for every compatible hypercomplex structure
on X, we have canonical bundle maps

pPAY(M,C) —25 AYX,C) —— A%'(X)
Assume that the manifold X is a equipped with a hypercomplex structure satisfying
the conditions of Theorem 1.4 — namely, assume that the projection p: X — M and
the zero section ¢ : M — X are holomorphic maps. Then the codifferential Jp is
obviously a map of Hodge bundles. However, we also have the following.

Lemma 4.1 ([K, 5.1.9-10]). The composition map
p*AY(M,C) — AYH(X)

s an isomorphism of Hodge bundles in an open meighborhood of the zero section
M C X. O

From this point on, it will be convenient to only consider germs of hypercomplex
structures defined near the zero section M C X. In other words, we replace X = TM
with an unspecified and shrinkable U(1)-invariant open neighrborhood of the zero
section. Since we are only interested in hypercomplex structures on X that satisfy
the conditions of Theorem 1.4, Lemma 4.1 shows that no matter what the particular
hypercomplex structure on X is, we can a prior: canonically identify the Hodge bundle
A%'(X) with the pullback bundle p*A'(M,C). The only thing that depends on the
hypercomplex structure is the derivation D : A°(X,C) — A" (X) = p*Al(M, C).

To formalize the situation, we introduce the following.

Definition 4.2.
1. A C-valued connection © on X/M is a bundle map
0:A(X,C) = p*A'(M,C)
which splits the codifferential dp : p*AY(M,C) — AY(X,C) of the projection
p: X — M.
2. The derivation D : A%( X, C) — p*A'(M, C) associated to a C-valued connection
© is the composition D = © od of © with the de Rham differential d.
3. A Hodge connection © on X/M is a C-valued connection such that the associated
derivation D : A°(X,C) — p*A'(M, C) is weakly Hodge.
4. A Hodge connection © on X/M is called flat if the associated derivation D
extends to a weakly Hodge derivation

D:p*A*(M,C) — p*A"T (M, C)

of the pullback of the de Rham algebra A° (M, C), and the extended map D sat-
isfies Do D = 0.
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Of course, a Hodge connection O is completely defined by the associated derivation
D : A%(X,C) — p*AY(M,C). Conversely, an arbitrary weakly Hodge derivation

D : A°(X,C) — p*A'(M,C)
comes from a Hodge connection if and only if we have
Dp*f = p*df € p"A*(M,C)
for every smooth function f € A°(M,C). Say that a derivation
D : A°(X,C) — p*A'(M,C)
is holonomic if the associated Hodge connection © induces an isomorphism
(19) 0 : AYX,R) — p*AY(M,C)

between the real cotangent bundle A'(X,R) and the real bundle underlying the com-
plex vector bundle p*A'(M,C). Then Proposition 3.3 and Lemma 4.1 show that
hypercomplex structures on X satisfying the conditions of Theorem 1.4 are in one-
to-one correspondence with Hodge connections on X/M whose associated derivations
are holonomic. Indeed, the isomorphism (19) induces a Hodge bundle structure of
weight 1 on the cotangent bundle A'(X,R), hence an almost quaternionic structure
on X. Applying Proposition 3.3, we see that flatness of the Hodge coonnection is
equivalent to the integrability of this almost quaternionic structure. All derivations
D that we will work with will be automaticall holonomic — this will turn out to be a
consequence of the normalization condition (6) (see Lemma 4.5).

The name “Hodge connection” invokes the notion of a connection on a smooth
fibration. This is somewhat misleading. The problenm is that a Hodge connection
O : AY(X,C) — p*AY(M,C) is only defined over C. So it has a real part O, and an
imaginary part Oy,,. The real part

Ore : A'(X,R) — p*A'(M,R)
is indeed a connection on the fibration p : X — M in the usual sense — that is, it
defines a smooth splitting
A(X,R) = p*A'(M,R) @ Ker O,

connection on the cotangent of the real cotangent bundle A'(X,R) into a horizontal
and a vertical part. The vertical part Ker O, is canonically isomorphic to the relative
cotangent bundle A'(X/M,R).

The imaginary part Oy,,, on the other hand, vanishes on the subbundle
p*AY(M,R) C A}Y(X,R) and defines therefore a certain map

(20) Ry : AY(X/M,R) — p*"A'(M,R)
from the realtive cotangent bundle A*(X/M,R) to the pullback bundle p*A'(M).
Since X is an open subset in 7'M, we can canonically identify the bundle A (X /M)

with the pullback bundle p*A'(M). Under this identification, the map R; becomes
an endomorphism of the bundle p*A*(M).
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Typically, when a Hodge connection © comes from a hypercomplex structure on
X, the associated real connection O, on X/M is not flat. It is only the sum

©= 6Re + v _1®Im

which is flat — but it is no longer a real connection. This situation is somewhat similar
to what happens in C. Simpson’s theory of Higgs bundles and harmonic metrics ([S]).
The presence of a non-trivial imaginary part O, seems to imply a contradiction.
Indeed, a Hodge connection © : A'(X,C) — p*A'(M,C) must by definition be com-
patible with the Hodge bundle structures — in particular, it must commute with the
complex conjugation map. But this is different from “real”. The reason for this is
the twist by the involution ¢ : X — X that we have introduced in the definition of a
Hodge bundle. This can be seen clearly if instead of the connection © one considers
the associated derivation D. The derivation D : A°(X,C) — p*A'(M, C) satisfies

(21) Df=uDf

for any C-valued smooth function f € A°(X,C). Take the decomposition D =
D_ + D, into the odd and the even part with respect to the involution ¢, so that
every function f € A°(X,C) we have

D_(:'f) =~ D_(f), D' f) = "Dy (),
There is no reason for either one of these parts to vanish. But (21) shows that
(22) D_ =0Opg.od,
(23) D, = V=10 0 d,

where d : A°(X) — A'(X) is the de Rham differential.

The imaginary part ©p,, of a Hodge connection © on X/M — or rather, the as-
sociated map R; — by itself has a very direct geometric meaning in terms of the
hypercomplex structure on X given by ©. To describe it, consider the splitting

(24) A(X,R) = AY(X/M, R) @ A (M, R)
given by the real part O, and identify p*A'(M,R) = AY(X/M,R).

Lemma 4.3. The operator j : A'(X,R) — AYX,R) of the hypercomplex structure
given by © can be written with respect to the decopomosition (24) as the matriz

0 -R;'
R; 0 ’
where Ry : p* A1(M,R) — p*Al(M,R) is the bundle endomorphism (20).

Proof. Since j2 = —id, it suffices to prove that for every horizontal 1-form o €
p*AY(M,R) the 1-form j(«) is vertical, — that is,

(25) Ore(j()) =0,
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and moreover, that we have
(26) Om(j(@)) = —a.
Let « be such a form. By definition, the kernel Ker® C A!(X,C) of the projec-

tion © : A(X,C) — p*A'(M,C) is the subbundle A}°(X) of (1,0)-forms for the
complementary complex structure on X. Therefore we have

a—vV—1j(a) € Ker©,
which means that

O(a) = v-10(j(a)).
Since a = O(«), equations (25) and (26) are the real and the imaginary parts of this
equality. O

In keeping with the general philosophy of this section, we will use the formula

for j given by Lemma 4.4 to express the bundle endomorphism R; : p*A'(M,C) —

AY(M,C) entirely in terms of operators on the algebra p*A°(M,C). To do this,
consider the tautological section of the pullback tangent bundle p*T'(M), and let

7 p" AT (M, C) — p*A° (M, C)
be the operator given by contraction with this tautological section. Thus 7 vanishes on

functions, and for every 1-form o € A'(M,R) the function 7(p*) is just o considered
as a fiberwise-linear function on the total space T(M).

Lemma 4.4. For any 1-form a € A*(M, C) we have
R;(a) = —vV—1D,7(a).
Proof. By (23), the right-hand side is equal to
Orm(dr(a)) € p"AN (M, C).
Since the projection O, : AYX,C) — p*A'(M,C) vanishes on the subbundle
p*AY(M,C) c A'(X,C), this expression depends only the relative 1-form P(d7(a)) €
AY(X/M,C) obtained from the 1-form d7r(a) € A'(X,C) by the projection P :

AY(X,C) — AYX/M,C). But P(dr(a)) is precisely the image of the form a €
p*A' (M, C) under the canonical isomorphism p*A'(M,C) = A'(X/M, C). O

We will now rewrite in the same spirit the normalization condition (6) on the hy-
percomplex structure on X associated to D. For this we need to extends the canonical
isomorphism A'(X/M,C) = p*A'(M,C) to an algebra isomorphism A°(X/M,C)
p*A"(M,C). Then the map

7:p*A"T (M, C) — p*A" (M, C)
becomes the contraction with the relative Euler vector field (that is, the differential
of the R*-action by homoteties along the fibers of the projection p: X — M).

The normalization condition (6) involves a different vector field — namely, the dif-
ferential ¢ of the action by homoteties of the group U(1). It will be more convenient
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now to multiply it by v/—1 (or, equivalently, to change the generator of the Lie algebra
of the circle U(1) from 2 to z:2). Denote by

o:prANTH(M,C) 2 AT X/M,C) —— p*A*(M,C) =2 A*(X/M,C)
the contraction with the vertical vector field v/—1¢. The operators ¢ and 7 are related
by
o(a) =v-17(Ica), ae AN'(M,C),
where I : A'(M,C) — A'(M,C) is the complex structure operator — in other words,

— —id on AM(M).
_H_{id on A%(M).

Lemma 4.5. Let © be a Hodge connection on X/M, and let Dy be the even compo-
nent of the associated derivation

D:A'(X,C) — p*AY(M,C).
The hypercomplez structure on X given by © satisfies the normalization condition (6)
if and only for every 1-form o € A'(M, C) we have

ocoD.(f)=/.

where f = 7(p*a) € A°(X, C). Moreover, if this is the case, then the Hodge connection
© is holonomic.

Proof. Tt suffices to check (6) by evalutating both sides on every 1-form a € p*A'(M, C).
Moreover, it is even enough to check it for forms of the type p*«, where a € A' (M, C)
is a 1-form on M. Let « be such a form. We have to check that

j(p*a) 1 ¢ =T(p ).
By Lemma 4.3 this is equivalent to
o(R;(p*e)) = —V=17(p"),
and by Lemma 4.4 this can be further rewritten as
—V=1o(Ds7(p*a)) = —V=17(p*a).

Replacing 7(p*a) with f gives precisely the first claim of the lemma.
To prove the second claim, we have to show that the map

0 : AY(X,R) — p*AY(M,C)

is surjective. By definition, on the second term p*A'(M,R) C A'(X,R) in the splitting
(24) we have © = Op, = id. Therefore it suffices to prove that

Orm : A'(X/M,R) — /—=1p*A' (M, R)
is surjective. But by (23) and the first claim of the lemma, this is the inverse map to
o:V/=1p*A'(M,R) — S'(M,R) 2 A'(X/M,R). O
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5. THE WEIL ALGEBRA.

The final preliminary step in the proof of Theorem 1.4 is to reduce it from a question
about the total space X = T'M of the complex-conjugate to the tangent bundle on
M to a question about the manifold M. To do this. we introduce the following.

Definition 5.1. The Weil algebra B* (M) of a complex manifold M is the algebra on
M defined by

B*(M) = p.p*A* (M, C),
where p : TM — M is the canonical projection.

This requires an explanation — indeed, for a vector bundle £ on TM, the direct
image sheaf p,.€ a prioriis not a sheaf of sections of any vector bundle on M. We have
to consider a smaller subsheaf. From now on and until Theorem 1.4 is proved, we
will be interested not in hypercomplex structures on the total space TM but in their
formal Taylor decompositions in the neighrborhood of the zero section M C TM.
Therefore it will be sufficient for our purposes to define the direct image p.£ as the
sheaf of sections of the bundle & on TM which are polynomial along the fibers of the
projection p : TM — M. Formal germs of bundle maps on &£ will give formal series
of maps between the corresponding direct image bundles.

Having said this, we can explicitly describe the Weil algebra B*(M). Our first
remark is that B¥(M) is canonically a Hodge bundle on M of weight k. Moreover,
since the U(1)-action on M is trivial, Hodge bundles on M are just bundles of R-
Hodge structures in the usual sense. Thus we have a Hodge type bigrading

B = @ Bre(M)

ptq=Fk

and a canonical real structure on every one of the complex vector bundles B*(M).
The projection formula show that for every k we have a canonical isomorphim

B¥(M) = B (M) ® A¥(M, C).

These isomorphisms are compatible with the Hodge structures and with multiplica-
tion. The degree-0 Hodge bundle B°(M) is a symmetric algebra freely generated by
the bundle S'(M, C) of functions on TM linear along the fibers of p : TM — M. The
complex vector bundle S*(M, C) is canonically isomorphic to the bundle A*(M, C) of
1-forms on M. However, the Hodge structures on these bundles are different. The
Hodge type grading on S'(M,C) is given by
SYM,C) = SV Y M) e STV (M, C),

where SH1 (M) =2 AM(M) and SV (M) =2 A%Y(M) - the grading is the same as on
AY(M,C) but graded pieces are assigned different weights. Moreover, the complex
conjugation map on S'(M,C) is minus the complex conjugation map on A'(M, C).
This is the last vestige of the twist by the involution ¢ : TM — T M in Definition 3.1.
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To simplify notation, denote by S*¥(M, C) the k-th symmetric power of the Hodge
bundle S*(M,C). Then we have

B (M) = P 5*(M,C),
k>0

and the Weil algebra B (M) = B°(M) ® A*(M,C) is the free graded-commutative
algebra generated by S'(M,C) and A'(M, C) (where, contrary to notation, S'(M, C)
is placed in degree 0).

It will be convenient to indtroduce another grading on the Weil algebra B*(M) by
assigning to both of the generator bundles S'(M, C), A*(M, C) degree 1. We will call
it augmentation grading and denote by lower indices, so that we have

S'(M,C) = Bi(M) C B(M),
AY(M,C) = BH(M) c BY(M).
The augmentation grading corresponds to the Taylor decomposition near the zero

section M C TM . Namely, every formal germ near M C TM of a flat Hodge
connection on T'M /M induces a formal series

(27) D=>) Dy

k>0
of algebra bundle derivations
Dy : B (M) — B (M),

where each of the derivations Dy is weakly Hodge and has augmentation degree k.
Their (formal) sum satisfies

DoD=0.
Conversely, every formal series (27) induces a (formal germ of a) weakly Hodge deriva-
tion D : p*A*(M,C) — p*A*+t1 (M, C) on the total space TM. This derivation comes
from a flat Hodge connection if and only if we have

D(f) = df

for every function f € BY(M) = A°(M, C). Since we have Do D = 0, this immediately
implies that D coincides with the de Rham differential d on the whole subalgebra

A (M,C) c B' (M) 2B (M) ® A" (M, C).

More precisely, we must have D; = d on A*(M,C), and all the other components
Dy, k # 1 must vanish on this subalgebra. Since D is a derivation, this in turn
implies that all the components Dy, : B (M) — B*T!(M) for k # 1 are not differential
operators but bundle maps. Moreover, since the algebra B*(M) is freely generated
by S'(M,C) and A'(M,C), and we know a priori the derivation D on the generator
subbundle A'(M,C), it always suffices to specify the restriction D : S'(M,C) C
B°(M) — BY(M).
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The decomposition D = D_ + D, of a Hodge connection into an even and an odd
part is quite transparent on the level of the Weil algebra — we simply have

D_ = Z Doj 1 D, = Z Dyy,.

k>0 k>0

We will now rewrite the normalization condition (6) in terms of the Weil algebra.
To do this, note that the map o : p*A"*}(M,C) — A*(M,C) induces a bundle map
o : B TY(M) — B (M). This map is in fact a derivation of the Weil algebra. It
vanishes on the generator bundle S'(M, C), while on the generator bundle A(M, C)
it is given by

_ Jid s AY(M) — SYTH(M) = AMO(M),
| —id s ASY(M) = STEH(M) = A%H(M).

Then Lemma 4.5 immediately shows that the (formal germ of the) hypercomplex
structure on T'M induced by a derivation D : B* (M) — B**'(M) is normalized if and
only if we have

(28) ocoD, =id

on the generator subbundle S'(M,C) C B°(M). It is convenient to modify this in
the following way. Let C : S'(M,C) — A'(M,C) be the isomorphism inverse to
o : AY(M,C) — AY(M,C). Set C = 0 on the generator subbundle A'(M,C) C
B(M) and extend it a derivation C : B'(M) — B'T1(M) of the Weil algebra. Both
derivations C' and o are real. Moreover, the derivation C' is weakly Hodge (the
derivation ¢ is not — simply because it decreases the weight). Then the normalization
condition is equivalent to

D() = C,
{aoD;C =0 on S*(M,C) C B°(M) for every even k = 2p > 1.

To sum up, formal germs near M C TM of normalized flat Hodge connections on
TM are in a natural one-to-one correspondence with derivations

D =) "Dy:B(M)— B*(M)

of the Weil algebra B° (M) which satisfy the following conditions.

1. DoD =0.

2. Dy : B'(M) — BT (M) is a weakly Hodge algebra derivation of augmentation
degree k.

3. DO = C

4. Dy = d and Dy, = 0, k # 0 on the subalgebra A*(M,C) C B*(M).

5. 00 Dy, =0 on S} M,C) = BY(M) c B(M) for every k > 1.
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For every such derivation, the differential operator
D, : S'(M,C) = BY(M) — By(M) = S'(M,C) ® A' (M, C)
satisfies the Leibnitz rule
Di(fa) = fD;(a) + adf, a€ S'(M,C), feAN(M,C).

Therefore it is a connection on the bundle S'(M,C). We postpone the proof of the
following Lemma till the end of Section 7.

Lemma 5.2. The connection Dy on the bundle S*(M,C) = AY(M, C) coincides with
the connection on M induced by the Obata connection for the hypercomplex structure
on T'M defined by the derivation D.

With Lemma 5.2 in mind, we see that Theorem 1.4 is reduced to the following
statement.

Proposition 5.3. Suppose that V is a torsion-free connection on the cotangent bun-
dle AY(M,C) of a complex manifold M such that the curvature of the connection V

is of type (1,1).
Then there exists a unique derivation

D =) Dy:B(M)— B*(M)

of the Weil algebra B* (M) of the manifold M such that D satisfies the condtitions
(1)-(v) above and we have

D1=V
on SY(M,C) C B°(M).

This ends the preliminaries. We now begin the proof of Proposition 5.3.

6. THE PROOF OF PROPOSITION 5.3.
The proof proceeds by induction on the augmentation degree. Denote
Dy =Dy+D;+ -+ Dy.
To base the induction, consider the derivation D<;. By assumptions it is equal to
Doy =C+ Ds.
Let R: B (M) — B**}(M) be the composition
R =D oDq.

Since the derivation D<; of the graded-commutative algebra B*(M) is of odd de-
gree, up to a coefficient the composition R coincides with the supercommutator
{D<1, D<1}. In particular, it is also an algebra derivation.
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The derivation R : B (M) — B'"?(M) a priori has components Ry, R;, Ry of
augmentation degrees 0, 1 and 2. However,

Ry ={C,C} =0.

Moreover,

R, ={C,D,}: S'(M,C) — B3 (M) = A*(M,C)
is precisely the torsion of the connection V = D;. Thus it vanishes by assumption.
Since C =0 on A*(M,C) C B'(M), we also have R; = 0 on A'(M, C), which implies
that R; = 0 everywhere. What remains is Ry. In general, it does not vanish, and to
kill it we have to add new terms Dy,

We now turn to the induction step. Assume that for some k£ > 2 we are al-
ready given the derivation D<j_; which satisfies the conditions (ii)-(v) on page 217,
and assume that the composition D<;_1 0 D<;_; has no non-trivial components of
augmentation degrees < k. Denote by Ry : B*(M) — B**(M) its component of
augmentation degree k. We have to find a derivation Dy, : B*(M) — B**' which also
satisfies (ii)-(v) and such that

(ng—l + Dk) o} (ng—l + Dk) =0
in augmentation degree k. This is equivalent to
(29) {Do, Dy} = {C, Dy} = —Ry.

The conditions (ii) and (iii) mean that Dy : B'(M) — B**'(M) must be a weakly
Hodge derivation which vanishes on A'(M,C) = B} (M) C B*(M). The condition
(iv) is only relevant for D;. Finally, the condition (v) is relevant for all even & and
means that

g o Dk =0
on SY(M,C) C B*(M).

Because of (iii), it suffices to define Dj on the generator subbundle S'(M,C).
Since Dj commutes with the complex conjugation map, it even suffices to consider
only S¥~1(M) c SY(M,C). Moreover, (iii) implies that it also suffices to check (29)
only on S~ (M) = By (M) c B°(M). Note that on this subbundle we have
{C, Dk} =Co Dk.

There will be two slightly different cases. The first is one when £ = 2p + 1 is odd,
the second one is when k£ = 2p is even.

In both cases, the weakly Hodge map Ry : BY(M) — B; (M) only has non-
trivial pieces of Hodge bidegrees (2,0), (1,1) and (0, 2). Moreover, for any map © of
odd degree we tautologically have [{©,0},0] = 0. Applying this to © = D, and
collecting terms of augmentation degree k, we see that

CORk:O.

To track various components of the map Ry : BY(M) — Bi, (M) it is convenient
to refine the augmentation grading on the Weil algebra B°(M) to an augmentation
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FIGURE 1. The augmentation bigrading on B, for an odd k, k = 2p + 1.

bigrading by setting
deg §"~1(M) = deg AX(M) = (1,0),
deg STH(M) = deg A (M) = (0,1),
on the generator bundles
SY(M,C) = SHH(M) @ STV (M)
and
A(M,C) = AY(M) & A% (M).
The augmentation bigrading will be denoted by lower indices, so that we have
B, = P B,
ptg=k
The relevant pieces of the augmentation bigrading on the bundle B, (M) are shown
on Figure 1 for £ = 2p 4+ 1 odd, and on Figure 2 for £ = 2p even. The axes on the
figures correspond to the grading by Hodge type. A Hodge bidegree component B4,
can be non-trivial only when p > m —n and ¢ > n—m. Thus the component B;;’, is
representated by an upward-looking angle with vertex (m —n,n—m): a graded piece
Bk, can be non-trivial only if the point (p, ¢) lies in the interior (or on the boundary)
of this angle.
Consider the Hodge bidegree decompositions
C — 01,0 + 00,1 o= 0_—1,0 + 0_0,—1

of the derivations C, o of the Weil algebra B°(M). Then the augmentation bigrading
is essentially the eigenvalue decomposition for the commutators {C'Y o1} and
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FIGURE 2. The augmentation bigrading on B, for an even k, k = 2p.

{C%! 6%}, More precisely, we have

{01,0’ 00,—1} — {00,1’ 0—1,0} — O,
(30) {C*, 07} =mid on B;,,,

{C", 6% '} =nid on B;,,
Indeed, since all these commutators are derivations of the Weil algebra, it suffices
to check this on the generator bundles S'(M,C), A'(M,C), which is elementary.
In particular, we see that both C' and o preserve the augmentation bidegree. The
equalities (30) also immediately imply that

{C,0} =kid on B,.

One further corollary of (30) will be very important (we leave the proof to the reader
as an easy exercise).

Lemma 6.1. If m,n > 1, then the map C'° is injective on every graded piece B,

with ¢ = n — m, while C%' is injective on Byt with p=m — n.

Graphically, this means that C° is injective on B2, when the point (p, q) lies on
the right-hand boundary of the angle representing B;;",, and C%' is injective in this
graded piece when the point (p, ¢) lies on the left-hand boundary of the same angle.
We will call this the boundary rule.

We can now proceed with the proof of the induction step.

Case when k = 2p + 1 is odd. Looking at Figure 1, we see that the only non-trivial
augmentation-bidegree components of the map Ry : BY(M) — Bp (M) are Ry, 4
and Ry,

Ry = Rppi1 + Ry,

and the same is true for any weakly Hodge map Dy, : S¥"1(M) — B, (M),
Dy = Dppi1+ Dpiiyp.
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Moreover, on S (M) C B°(M) we have

0,1 1,0
Dk =D p,p+1 D — “p+1l,ps
0,2 0,2 2,0 2,0
Rk Rp ,p+1 Dk - Rp+1 p?

while R,lc’1 further decomposes as Rp’+1 + R o p+1-
We have to find D;, which satisfies (29). In particular, we must have

(31) R’ =-C"oD,” RY’ = —C% o DY

But by the boundary rule the map C'° is injective on B> +2p, while the map C%!

is injective on B 0 1p+1- Therefore there exists at most one weakly Hodge map Dy :
By (M) = By 4 Wthh satisfies (31). Setting (again on SH~1(M))

1
0,1 01 _ 0,1 _ p0,2
Dy Dpp+1__p+1‘7 o Ry”,
1
pLo_ plo  _ _ ~1,0 o p20.
k p+1l,p P+ 20 k
gives this unique solution to (31). Indeed, we have
1
01,0 o Di,O — _p+ 201,0 o 0_—1,0 o R]?;O
— p+2({010 10}o p+1p+0 OCI’OOR%O)_

The second summand in the brackets vanishes since C' o R, = 0, while the first is
equal to (p + 2)Ry° by (30). This proves the first equation in (31). The second one
is proved in exactly the same way.

It remains to prove that this map Dy satisfies not only (31) but also the stronger
condition (29). To do this, note that

CO(CODk+Rk) = (COC)ODk+OORk:O.
But from (31) we see that C o Dy + Ry is of Hodge bidegree (1,1). Therefore this
implies that

C" o (CoDy+ Ry) =C%0(CoDy+ Ry) =0.
The only possible non-trivial components of C' o Dy + R with respect to the augme-

nation bigrading have bidegrees (p + 1,p) and (p,p + 1), and by the boundary rule
C'Y is injective on BQHP, while C%' is injective on B>? o1~ Thus C o Dy + Ry = 0.

Case when k = 2p is odd. Assume for the moment that k£ > 4, thus p > 2.
Looking at Figure 2, we see that a prior: the map Ry can have three non-trivial
augmentation-bidegree components, namely,

0,2
Ry, = R 1p+1+Rpp+R+1p 1-
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However, since C o R, = 0, and the map C' is injective on 821[214,_1(M ) by the

boundary rule, we see that Rgfl,p,l = 0.

Analogously, R, 1 ,+1 = 0. Therefore Ry is of pure augmentation bidegree (p, p).
Since the map Dy : S'(M) — B, (M) is weakly Hodge, it must also be of aug-

mentation bidegree (p, p). Conversely, looking at the angle representing B, , |, we

see that every real map Dy : S'(M,C) — B, of pure augmentation bidegree (p, p)

is necessarily weakly Hodge. In particular, setting
1

(32) Dk:_k—{—IOORk
defines a weakly Hodge map. This map is a solution to (29):
1 1
CoD,= —k—_|_1C'oooR;c = —m{C,a}oRk—aoCoRk = —Ry.

This solution is not unique. However, since k is even, we have the additional normal-
ization condition o o Dy = 0. This condition (automatically satisfied by the solution
(32)) ensures uniqueness. Indeed, the difference P = Dy, — D}, between two solutions
Dy, D, must satisfy C o P = 0 o P = 0, which implies

1

P=—-{C,o0}oP=0.
k + 1{ !

Finally, it remains to consider the case kK = 2. The general argument works in this case

just as well, with a single exception. Since p — 1 = 0 is no longer strictly positive, the

boundary rule does not apply: it is not true that C'*? is injective on B;jll,p_l = Bg’,’o_ !

(in fact, on this graded piece C° is equal to zero). Therefore the component Ry 1, 1

does not vanish automatically. However, this component
R - SHTHM) — By (M) = A*°(M) @ SV (M)

is precisely the (2,0)-curvature of the connection V on M. It vanishes by the second
assumption on this connection. O

7. METRICS.

The last Section essentially finishes the proof of the hypercomplex Theorem 1.4
(it remains to prove Lemma 5.2). We will now sketch a proof of the hyperkihler
Theorem 1.1.

As we have already noted, Theorem 1.1 will be a corollary of Theorem 1.4. Namely,
given a Kéhler manifold M we proceed in the following way. First we note that the
Levi-Civita connection Vi on M has no torsion and no (2,0)-curvature. Therefore
Theorem 1.4 applies to V¢ and provides a hypercomplex structure on the total space
X =TM. Then we show that every Hermitian metric on M which is preserved by
Vic (in particular, the given Kéhler metric) extends uniquely from the zero section
M CTM to a (formal germ of a) hyperhermitian metric on the hypercomplex man-
ifold X = TM which is compatible with the hypercomplex structure. After this,
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we finish the proof by identifying the holomorphically symplectic manifolds TM and
T M.
We will go through these steps in reverse order, starting with the last one.

Lemma 7.1. Assume given a hypercomplez structure on the total space X = TM
which satisfies the conditions of Theorem 1.4. Let h be a U(1)-invariant hyperkdhler
metric on X compatible with this hypercomplez structure, and let Qx € A*°(X) be the
associated holomorphic 2-form. Let T*M be the total space of the cotangent bundle
to M equipped with the standard holomorphic 2-form €.

Then there exists a unique U(1)-equivariant biholomorphic mapn: X — T*M such
that QX = n*Q

Proof. Since the map n must be U(1)-equivariant, it must commute with the canonical

projections p : X, T*M — M and send the zero section M C X to the zero section

M C T*M. Denote by ¢ the differential of the U(1)-action. Then we also must have
Qx 10 =0"Q1¢=1"(29).

But the 1-form a = Q¢ is the tautological 1-form « € p*(A'(M)) C AYT*M).

Therefore the 1-form p*a on X completely defines the map 7.

Conversely, the form ax = 0x 1¢ satisfies ax = n*« for a unique map n : X —
T*M. Since the metric h is U(1)-invariant, the forms Qx and ax are of weight 1.
Therefore the map n : X — T*M is U(1)-equivariant. By the Cartan homotopy
formula, we have

Qx =dax = dn*a = n"da = dS). a

We will now explain how to construct the metric h — or, equivalently, the associated
holomorphic 2-form Q; € A%(X).

Keep the notation of last two Sections. Let w € AY'(M,C) be the Kihler form
(more generally, any (1, 1)-form preserved by the connection). We have to prove that
there exists a unique (formal germ of a) holomorphic (2,0)-form Q € A%°(X) which
is of H-type (1,1) and whose restriction to the zero section M C X coincides with
w (since the positivity (18) is an open condition, it is satisfied automatically in a
neighborhood of the zero section M C X).

To reformulate this in terms of M, consider the complex A% (X) of Hodge bundles
on TM with the Dolbeault differential D = 8; : A%"(X) — A%>**1(X). Denote by

€ (M) = p. A% (X)

its direct image on M (the grading is shifted by 2 to make it compatible with the
Hodge degrees). We are given a section w € AM (M) of Hodge type (1,1). We have
to prove that there exists a section Q = Q; € CH(M) such that Q = w on the zero
section M C X and D2 = 0.

Since A%"(X) = A%°(X) @AY (X) and A%°(X) = p*A%(M, C), the complex C* (M)
is a free module

C* (M) = L2(M) ® B (M)
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over the Weil algebra B*(M) = p,A%"(X) generated by some subbundle
L*(M) C C*(M)

which is isomorphic to A%(M,C). We introduce the augmentation grading on the
B’ (M)-module C* (M) by setting deg L?(M) = 2. Just as in Proposition 5.3, the proof
will proceed by induction on the augmentation degree — namely, we will construct the
form Q € C'(M) as a sum

Q=Qo+ 4+ +...

with Q; € ;' (M) of augmentation degree k + 2. We begin with the induction step.
It is completely parallel to Proposition 5.3, so we give only a sketch.

Induction step — a sketch. We can assume that we already have
Q<k:QO+"'+QkJ—1

such that ® = D), is of augmentation degree > k + 2. Denote by &, = CIJz’l + @,16’2
the component of augmentation degree exactly k£ + 2. We have to show that there
exists a unique {2 € CiiQ such that ®, = D).

The derivations C' and o of the Weil algebra B*(M) extend to endomorphisms of
the free module L? ® B*(M) by setting C = ¢ = 0 on L?(M). Just as on B" (M), we
have Dy = C. For every k > 0, we have {C,0} = kid on C;,,. This immediately
implies that C' = D is injective on C,i;b(M ) for k£ > 1, which proves the uniqueness
of Qk.

The space C,_, splits into the sum of parts of the form

Lp7q ® B.

m,n?

p+q=2; m+n==k; p,g,m,n>0.

Such a part can have a non-trivial piece of Hodge bidegree p1, ¢; only if p; > p+m—n
and ¢ > ¢+ n — m. Having in mind the graphical representation as in Figure 1
and Figure 2, we will say that the part L»? ® B, , C C;,, is an angle based al
(p+ m —n,qg+n —m). Each angle is preserved by the maps C and o. In this
terminology, CZiQ can intersect non-trivially with various angles based at (2,0) and
(1,1), while C;f2 can intersect non-trivially with angles based at (1,1) and (0, 2). But
by induction we have C®; = 0, which implies that C'0®>" = C%'®,” = 0. Applying
the boundary rule Lemma 6.1, we see that both @z’l € C,f;:Q and <I>,1€’2 € Cif2 must
lie entirely within angles based at (1,1). Therefore 0®; must also lie within angles
based in (1,1). This means that o®; € (C,lci2 is of Hodge type (1,1), and we can set

Qk - %O'(I)k. H

We now have to base the induction — namely, to find the section Qo € Cy'(M)
with correct restriction to the zero section M C X, and to handle those angles
LPA(M) ® B, », to which the boundary rule does not apply — which means the angles
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with m = 0 or n = 0. There are three such angles. We denote the corresponding
components of the derivation D : LY (M) — L*(M) ® B*(M) by

(33) Dy : LY (M) — LY'(M) ® B (M),
(34) D}y : L' (M) — L**(M) ® By, (M),
(35) D} : LV (M) — L**(M) ® Byg ' (M).

We have to choose {2y so that D€y = DIQQO = D5y = 0. We note that DéQO =0
implies D}€)y = 0 by complex conjugation.

Moreover, we note that we have one more degree of freedom. So far nothing
depended on the choice of the generator subbundle L?(M) C C%(M) - all we needed
was to know that it exists. We will now make this choice. It will not be the most
obvious one, but the one which will make computations as easy as possible. We
consider the splitting

(36) AY(X,C) = A (X) ® p* A (M, C)

given by the Hodge connection © : A'(X,C) — p*A!'(M,C). This splitting induces
a bigrading on the de Rham algebra A°(X,C). The complex A*(X,C) with this
bigrading is a bicomplex which we will denote by Ag (X). More precisely, the de
Rham differential d is a sum of two anticommuting differentials

d:AY(X) = AZ™(X) DAY (X) = AgTH(X)

(this is essentially equivalent to the flatness of the Hodge connection ©).
Since the first term in the splitting (36) is A}°(X), the subcomplexes AZ*"(X) and
AZ*"(X) of the de Rham complex A*(X,C) are the same for every k. Therefore the

associated graded quotients A%"(X) and A% (X) are also isomorphic for every k. In
particular, we have

CH (M) = p AT (X) 2 p.AG  (X).
On the other hand, since
Ag'(X) = AY(X,©)/p" A1 (M, C) = A (X/M,C)
is the bundle of relative 1-forms on X/M, the quotient complex Ag’(X) with the
differential d is canonically isomorphic
(37) A (X) 2 A'(X/M,C)

to the relative de Rham complex A"(X/M,C). We use this identification and choose
as

LF(M) C p A" (X/M,C) = p, A (X)
the subbundle of k-forms which are constant along the fibers of the projection p :

X — M (by a constant k-form on a vector space V with a basis ey, ..., e, we mean
a linear combination of forms e,, A --- A e,, with constant coefficients).
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This choice guarantees that the relative de Rham differential d: L (M)®B(M) —
L't (M) ® B°(M) takes a very simple form. Namely, it vanishes on L¥(M), and

induces an isomorphism
(38) d: SH(M) = L}(M)

between the generator subbundles S*(M) C B*(M) and L'(M) C L*(M) ® B*(M)
This is important because by construction d anticommutes with D. Moreover, since d
obviously preserves the augmentation degrees, it anticommutes separately with each
of the components Dy. Since we already know the derivations Dy on B*(M), the
isomorphism (38) will allow us to compute individual components Dy : L (M) —
L'(M) ® Bi(M).

The first result is the following: the map D; = D" in (33) is minus the connection

V:L"(M)— LV (M) ® A'(M,C)

on the bundle LY (M) = AM (M, C). Indeed, Dy : L'(M) — L (M) @ A*(M,C) is a
derivation of the exterior algebra L°(M). Thus it suffices to prove that D; = —V on
L'(M). Since dD; = —D;d, this follows from (38) and the construction of the map
D : B (M) — B (M) given in Section 6. This shows that taking

(39) Qo =w € LY(M) =2 AVY(M)

guarantees that D,y = 0.
At this point we will also choose the isomorphism L¥(M) 2 A'(M,C) - namely,
we take the composition of the embedding

LF(M) c AF(X/M,C) = A (X)

and the restriction i*AM(X) — A*¥(M,C) to the zero section i : M < X. Then the
form €y defined by (39) automatically restricts to w.
It remains to prove that D50 = 0. This is a corollary of the following claim.

Lemma 7.2. The map D} defined in (35) is the composition of the curvature
R: LYY(M) — L"(M) @ AY(M)
of the connection V = Dy : L' (M) — LY (M)® A" (M, C) and a certain bundle map
Q: L (M) ® AV (M) — L (M) ® By (M).
Proof. Extend the map D) to an algebra derivation
Dy: L' (M) — L'(M)® By ' (M) 2 L'(M) ® S (M) ® A (M)
by setting D} = 0 on L%'(M) and taking as
Dy - LY (M) — L (M) © By, ' (M)
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the corresponding component of the map Dy : LY (M) — L'(M) ® B3(M). Since
D} is a derivation of the algebra L*(M) which vanishes on L%'(M), on LYY(M) it is
equal to the composition

L i
M) B;:O_I(M) ®L0’1(M) Q LO’I(M) SN

id @ Alt B;:O—I(M) ® LO,Q(M)
(here Alt : LOY(M)® L% (M) — A%?(M) is the alternation map). Therefore it suffices
to prove that on L*(M) we have
Dy=PoR:L"(M)— L"(M)® A" (M) — L% ® By (M)

for a certain bundle map P : L'%(M) ® AY{(M) — L% ® By ' (M). Since D,D =
—dDs,, this follows directly from (38) and (32) with k£ = 2. O

This Lemma implies that D5(€) = Q(R(w)) = Q(V(V(w))) = 0. This finishes
the proof of Theorem 1.1.

The last application of the formalism that we have developped in this Section is
the proof of Lemma 5.2.

LMO(M) @ Lo (M)

Proof of Lemma 5.2. The Obata connection Vp on a hypercomplex manifold X is
defined as follows: for every (0,1)-form o € A™0(X) the (1,0)-part V5° is equal to
Vila = 0o € A% (M) @ AYO (M),
while the (0, 1)-part satisfies
Vo a = —(id®))(0(i(a) € A (M) @ A>(M).

The first condition in fact automatically follows from the absence of torsion.
Consider a hypercomplex structure on X = TM corresponding to a torsion-free

connection V on M, and let oo € A%!(M) be a (0,1)-form on M. We have to prove

that V' (p*a) = p*V%la on the zero section i : M < X. It suffices to prove that

(40) *0j(p*a) = i*(i[d ®j) (V')

as section of the bundle A%!'(M) ® ©*A'(X,C) on the zero section M C X. The
canonical isomorphism H : A" (X) = A}’ (X) sends the Dolbeault differential 0
to the component D0 of the Dolbeault differential D = 8; : A7"(X) — A" (X).
Moreover, the composition of the map Hoj : p* A% (M) — A}°(X) and the restriction
to the zero section M C X induces a bundle map

P A (M) — L' (M) =i*AY°(X) c i*A'(X, C).

It is easy to check that this map is proportional to the canonical embedding A%! (M)
LY (M) < L*(M). Therefore it commutes with the connection V'* — namely, we
have (id®P) o V10 = V0o P. The equation (40) becomes

D°P(a) = VPP(a).

(a4
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But we have already proved that on L'(M) we have V = D;. O

8. SYMMETRIC SPACES.

To illustrate our rather abstract methods by a concrete example, we would like
now to derive a formula for the canonical hypercomplex structure on X = TM in the
case when M is a symmetric space. In this case the classic equality VR = 0 bring
many simplifications, so that the constructions of Section 6 can be seen through to
a reasonably explicit final result. The formula that we obtain is similar to the one
obtained by O. Biquard and P. Gauduchon in [BG].

Let us introduce some notations. Let M be a symmetric space with Levi-Civita
connection V and curvature R. Consider the total space X = T'M with the canonical
projection p: TM — M. Let A : p*AY(M) — p*A'(M) be the endomorphism of the
pullback bundle p*A'(M) given by

(a) A©)(@) = —3 Bn(0) 5(€®€), a € p A ().

Here (£,m), m € M, £ € T,,M is a point in TM, R, is the curvature evaluated at the
point m € M, and R(«) is interpreted as a section of the bundle p*A!'(M)®p* AL (M).

Let also
f(z) = Z fo?”

p>1
be the generating function for the recurrence relation

(42) fo=—g Y S

2
p 1<i<p-1

with the initial condition f; = 1. In other words, f(z) is the solution of the ODE
22f'(2) + f(2) + f*(2) = 32

with the initial condition f(0) = 0. With these notations, we can formulate our
result.

Proposition 8.1. Let I : A'(M) — A'(M) be the complex structure operator on
M. Then the map J : A" (X) — AY(X) for the canonical normalized hypercomplex
structure on X is given by the matrix

with respect to the decomposition
LX) = A (X/M) @ p"AL (M) = p* AL (M) @ p*A' (M)

associated to the Levi-Civita connection on M.
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We have already noted that this result is very similar to the formula obtained
in [BG]. However, it is not the same. The reason is the following: Biquard and
Gauduchon work with the cotangent bundle T*M, and they use the normalization
natural to the cotangent bundle. As the result, their analog of the map A is slightly
different, and the function f(z) is also different — in particular, it is given by an explicit
expression. To compare our results with those of [BG], one should either compute
the normalization map £ : T*M — TM for the Biquard-Gaudochon hypercomplex
structure, or go the other way around and compute the map 1 : TM — T*M provided
by Lemma 7.1. Unfortunately, I haven’t been able to do either.

Proof of Proposition 8.1. Throughtout the proof, we will freely use the notation of
preceeding Sections.

The main simplification in the case of symmetric spaces is the well-known equality
VR = 0. For our construction it immediately implies that the odd augmentation
degree components Dy, ; of the weakly Hodge derivation D : B'(M) — B*+*(M)
vanish for p > 1. The only non-trivial component is D;. By (22), this immediately
shows that the connection ©Opf, on the fibration p : X — M is simply the linear
connection associated to the Levi-Civita connection V. Applying Lemma 4.3, we see
that all we have to prove is the equality R; = f(A). By Lemma 4.4 this can be
rewritten in terms of the Weil algebra B (M) as

Dioo = f(A): AY(M,C) — B*(M).

Moreover, by (32) with £ = 2 the endomorphism A of the B°(M)-module B*(M)
p«p* A (M, C) satisfies

1%

A:DZOU

on A'(M,C). In fact, this should be taken as the definition — I apologize to the reader
for any possible mistakes in writing down the explicit formula (41).
Next we note that since D, vanishes on A'(M, C), the endomorphism A is in fact
equal
A = {DQ, O'}

to the commutator { Dy, 0}. Moreover, this formula holds not only on the generator
subbundle A'(M,C) C B'(M), but on the whole B°(M)-module B!(M). Indeed, by
the normalization condition (28) this commutator vanishes on the generator subbun-
dle S*(M) C B°(M). Since it is a derivation of the Weil algebra, it vanishes on the
whole B%(M). Therefore it restricts to a map of B°(M)-modules on B' (M) C B*(M).

We now trace one-by-one the induction steps in the proof of Proposition 5.3. Since
all the odd terms vanish, we only need to consider the even terms D,,. We have to
prove that

{Dy,, 0} = fpA¥ : BY(M) — B (M).

Since both sides are maps of B°(M)-modules, it suffices to prove this on A'(M,C) C
B'(M), where we can replace { Dy, o} with D,oo. By (32), on S*(M) C B*(M) we
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have

D. KALEDIN

1
2p+1

DQp = Z g o D2l (¢] D2(p—l)-

1<i<p-—1

Comparing this to (42), we see that it suffices to prove that

cdoDyoD,00={Dy,0}0{D,,o}: A"(M)— B (M)

for all even m,n > 2. Writing out the commutators on the right-hand side, we see
that the difference is equal to

D,,oo0o0D,00+ D,,ooc000D, +0c0D,,o00D,,.

The first summand vanishes since by the normalization condition (28) we have o o
D, =0 on SY(M) = o(A'(M,C)). The last two summands vanish since D,, = 0 on

AY(M, Q). O
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