6.6 Essential Skills Learned in Chapter 6

You should know:

e the idea behind the trigonometric approximation;

e what is the Gibbs phenomenon;

e the dicrete Fourier transform and its use for the trigonometric interpolation;

e the idea and the importance of the fast Fourier transform;

e how to use the fast Fourier transform for the efficient trigonometrical interpolation;
e the error behavior for the trionomteric interpolation;

e the aliasing formula and the Sampling-Theorem;

e how to use the fast Fourier transform for the efficient Chebychev interpolation.

7 Numerical Quadrature

Numerical quadrature

= Approximate evaluation of / f(x)dx, integration domain Q2 C R4
Q

Continuous function f : Q) C R? — R only available as function y = f(x) (point
evaluation)

Specialcase d=1: Q= a,b] (interval)

[0 Numerical quadrature methods are key building blocks for methods for the numerical treat-
ment of differential equations.

Remark 7.0.1 (Importance of numerical quadrature).

[0 Numerical quadrature methods are key building blocks for methods for the numerical treatment

of partial differential equations (LI Course “Numerical treatment of partial differential equationsg
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Example 7.0.2 (Heating production in electrical circuits).
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- Integrating power P = U over period [0, 7'] yields heat production per period: g
T
Wiherm = / U(t)I(t)dt, where I =1(U).
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function | = current (U) involves solving non-linear system of equations!
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7.1 Quadrature Formulas

n-point quadrature formula on [a, b]:
(n-point quadrature rule)

quadrature weights € R
quadrature nodes € [a, b]

n .
w; o
"

C
J

Remark 7.1.1 (Transformation of quadrature rules).

Given: quadrature formula (¢}, @j)};l on reference interval [—1, 1]

Idea: transformation formula for integrals

b 1 —~
/;ﬂww:§w—@/;fvm7,fww:ﬂ%
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(ger.: Quadraturgewichte)
(ger.: Quadraturknoten)

(1—7T)a+(r+1)b).

—1 1 a
Ja—ma+3r+1)b

B quadrature formula for general interval [a, b], a, b € R:

b n N n
/f(t)dtz%(b—a)z:@jf(’c\j):ijf(cj) with

J=1 J=1

J =

%(b — a)Wj .
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= A 1D quadrature formula on arbitrary intervals can be specified by providing its weights @j Creimam
Inodes ¢; for integration domain [—1, 1]. Then the above transformation is assumed.

Other common choice of reference interval: [0, 1]

Inevitable for generic integrand:
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quadrature error E(n) =

b
/fmw%uﬁ

Given families of quadrature rules {Q), },, with quadrature weights {u;’ j=1,...

1,...,n} we
neN

, n} and
neN

quadrature nodes {c?, j

should be aware of the asymptotic behavior of quadrature error ~ E(n) forn — oo
> algebraic convergence  E(n) = O(n™?),p >0
Qualitative distinction:
> exponential convergence E(n)= 0(¢"),0<¢< 1
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Note that the number n of nodes agrees with the number of f-evaluations required for evaluation of p.ar

the quadrature formula. This is usually used as a measure for the cost of computing Q,(f).

Therefore we consider the quadrature error as a function of n.

Idea: Equidistant quadrature nodes t; :=a+hj, h:= b;—a 7 =0,...,n: choose
the n weights such that the error E(n) = 0 for all polynomials f of degree
n— L.

Example 7.1.2 (Newton-Cotes formulas).

e n = 1. Trapezoidal rule
Quplf) = 5(S0)+ £(1) 713
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Remark 7.1.3 (Error estimates for polynomial quadrature).

Quadrature error estimates directly from L°°-interpolation error estimates for Lagrangian interpolation

Gradinaru

with polynomial of degree n — 1:
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fec(a,b)) = / F#)dt = Qu(f)| < (b= a1 | £ . (@15)
a n L5([a,b])
A
Idea: Gaussian quadrature: Choose the n weights and the n points such that the
error E(n) = 0 for all polynomials f of degree 2n — 1. 7.1
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Example 7.1.4 (2-point quadrature rule of order 4).
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Necessary & sufficient conditions for order 4 (first wrong integral is flf x4dx):

b
1
Qulp) = / pt)dtVp e Py & Quth) = ?(b‘l“ —a®), ¢=0,1,2,3.
a q
—~—
4 equations for weights w; and nodes ¢j, j = 1,2 (a = —1,b = 1), cf. Rem. ??

1 -1
/ 1dt =2 =1wy + 1wy / tdt =0 = ciwy + cows
—1 —1

(7.1.6) Gradinaru

1 1
/ 2dt = 3= (:f’u,'l + (;éwg / B3dt=0= c‘fw 1+ cng ) D-MATH
—1 —1
Solve using MAPLE:
> eqns : = seq(int(x"k, x=-1..1) = w 1] *xi[1] *k+w 2] xxi [ 2] "k, k=0.. 3);
> sols : = solve(egns, indets(eqns, nane)):
> convert(sols, radical);
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1
1 1
B quadrature formula: / fl)de~ f (—) +f <f—> (7.1.7)
-1 V3 V3
&
Remark 7.1.5 (Computing Gauss nodes and weights).
Code 7.1.6: Golub-Welsch algorithm .
_ 1/from numpy import zeros, diag, sqrt, size B
Compute nodes/weights of ;|from numpy.linalg import eigh
Gaussian quadrature by solv- 3
ing an eigenvalue problem! 4 |def gaussquad(n):
(Golub-Welsch algorithm [18, *fJ = Ze_VOS(n—l):( 2o ()
6 or i in xrange(size :
Sect. 3.5.4]) bLi]=(i+1)/sqrt(4#(i+1)(i+1)—1)
In codes: ¢j, w; from tables! 7 J=diag (b,—1)+diag(b,1)
8 x,ev=eigh(J); w=2xev[0]xev[0]
9 return (x,w) 71
p. 3€
Idea: Clenshaw-Curtis quadrature: !
Mol
1 s 2ak Phys.
/ f(.’r)d:x:/ f(cos @) sinfdo = Z — (7.1.8)
-1 0 1—k?
even k
with ay, the Fourier coefficients of F(6) = f(cos8) = > "7 ay cos(kb).
Advantage for the Clenshaw-Curtis is the speed and stability of the fast Fourier
transform.
Code 7.1.7: Clensahw-Curtis: direct implementation
1|def cc2(func,a,b,N):
) Dmm
3|___.Clenshaw—Curtis_quadrature_rule
4| .. by FFT_with_the_function_values -
S '—“—"—"—'" n D-MAT!
6 bma = 0.5x%(b—a)
7 X = np.cos(np.pi * np.linspace (0,N,N+1)/N) # Chebyshev points
8 X *= bma
9 x += 0.5%(ath)
10 fx = func(x)*0.5/N
11 vx = np.hstack ((fx,fx[—2:0:—1]))
12 g = np.real(np. fft. fft(vx))
13 A = np.zeros(N+1)
w|  A[0] = g[0]; A[N] = g[N] o
15 A[1:N] = g[1:N] + np.flipud (g[N+1:]) b 36




16 w = 0.xX
17 wl[::2] = 2./(1. —np.r_[:N+1:2]%%2)
18 return np.dot(w,A)xbma
Code 7.1.8: Clensahw-Curtis: weights and points
1|def ccl(func, a, b, N):
)
3|_._..Clenshaw—Curtis_quadrature_rule
4|_...by_constructing_the_points_and_the_weights
sl e
6 bma = b—a
7 c = np.zeros([2,2xN—2])
8 c[0][0] = 2.0
9 c[1][1] =1
10 c[1][—-1]= 1
1 for i in np.arange(2.,N,2):
12 val = 2.0/(1—pow(i,2))
13 c[O][i] = val
14 c[0][2xN—2—i] = val
15
16 f = np.real(np. fft.ifft(c))
17 w = f[O][:N]; w[0] %= 0.5; w[—1] *= 0.5 # weights
18 x = 0.5%((b+a)+(N—1)xbmaxf[1][:N]) # points
19 return np.dot(w, func(x))xbma

Example 7.1.9 (Error of (non-composite) quadratures).

Code 7.1.10: important polynomial quadrature rules

from gaussquad import gaussquad
from numpy import x*

def numquad(f,a,b,N,mode="equidistant’):
"""Numerical_quadrature_on_[a,b] _by_polynomial_quadrature_,
formula
6| oooonfo—_function_to_be_integrated_(handle)

7 a,b_—>_integration_interval_[a,b]_(endpoints_included)

N_—>_Maximal_degree_of_polynomial

e Y

a o~ W N P

quadrature_rule

wnn
[T

11 # use a dictionary as "switch" statement:

12 quadrule = {’'gauss’':quad_gauss, 'equidistant’:quad_equidistant,
"chebychev ’:quad_chebychev}

13 nvals = range(1,N+1); res = []

14 try :

9| mode (equidistant , Chebychev_=_Clenshaw—Curtis ,_Gauss)_selects_,
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for n in nvals:
res.append(quadrule [mode. lower () ](f,a,b,n))
except KeyError:
print "invalid_quadrature_type!"
else:
return (nvals,res)

def quad_gauss(f,a,b,deg):
# get Gauss points for [-1,1]
[gx,w] = gaussquad(deg) ;
# transform to [a,b]
X = 0.5%x(b—a)*gx+0.5x(ath)
y = f(x)
return 0.5x(b—a)=*dot(w,y)

def quad_equidistant(f,a,b,deg):

= arange(deg+1.0,0.0,—1.0)

= (power(b,p) — power(a,p))/p

linspace (a,b,deg+1)

= f(x)

# “Quick and dirty” implementation through polynomial interpolation
poly = polyfit(x,y,deg)

return dot(w, poly)

< X = O
|

def quad_chebychev(f,a,b,deg):

= arange(deg+1.0,0.0,—1.0)

= (power(b,p) — power(a,p))/p

0.5%(b—a)*cos ((arange(0,deg+1)+0.5)/(deg+1)*pi)+0.5%(a+b);
= f(x)

# “Quick and dirty” implementation through polynomial interpolation

poly = polyfit(x,y,deg)

return dot(w, poly)

< X £ T |
|
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Numerical quadrature of function 1/(1+(5t)%) Numerical quadrature of function sqrt(t)

10° 10° e b 7 plt.semilogy (nvals ,abs(gaures—exact), 'r+',label="Gauss, [
) o quadrature ')
o 18 plt.title ('Numerical_quadrature_of_function_ 1/(1+(5t)"2)")
10 b 19 plt.xlabel (’f_Number_of_quadrature_nodes’)
5 5771 0 plt.ylabel('f_|quadrature_error|’)
H . 1 plt.legend(loc="lower_left")
£ g 2 plt.show ()
S imA *\ . ] 23 |# eqdpl = polyfit(nvals,log(abs(eqdres-exact)),1)
07 h I 4 |# chbpl = polyfit(nvals,log(abs(chbres-exact)),1)
e oG \ 0L \***:1:? ] 5 |# gaupl :.polyﬁt(nvals,Iog(abs(gaures-exact)),1)
—— Gy ke E‘ . 6 |# plt.savefig("../PICTURES/numquaderrl.eps")
207 2 4 6 6 18 20 10° 7
Number of quadrature nodes 0 Number of quadrature nodes10 Gradinaru 28 ] It.fi gure () Gradina
quadrature error, fi(t) := H(IT)Z on [0, 1] quadrature error, f(t) := /% on [0, 1] D-MATH g exact = array (2./3.); D-MATI
30 f = lambda x: sqrt(x)
31 nvals ,eqdres = numquad(f,0,1,N, 'equidistant’)
Asymptotic behavior of quadrature error €, := ‘]01 F@)dt — Qn(f)| for “n — oo™ 2 nvals , chbres = numquad(f,0,1,N, 'Chebychev’)
33 nvals ,gaures = numquad(f,0,1,N, 'Gauss’)
O exponential convergence ¢, ~ O(q¢"), 0 < ¢ < 1, for C°°-integrand f| ~» : Newton-Cotes ;4 e - lexglet el ,abs(eqdrejsfexact) p ool LIRS TRl
i ) Newton—Cotes_quadrature ')
quadrature : ¢ ~ (.61, Clenshaw-Curtis quadrature : ¢ ~ 0.40, Gauss-Legendre quadrature : - plt.loglog (nvals ,abs(chbres—exact) , 'm—',label="'Clenshaw—Curtis
q =027 quadrature ')
71 36 plt.loglog (nvals ,abs(gaures—exact),’'r+',label="Gauss,, 7.1
p. 373 p. 31
O
algebraic convergence ¢, & O(n™%), a > 0, for integrand f5 with singularity at t = 0 ~» Mk quadrature’) et
Newton-Cotes quadrature : o ~ 1.8, Clenshaw-Curtis quadrature : a &~ 2.5, Gauss-Legendre ¥ plt.axis([1, 25, 0.000001, 1]); .
quadrature : o = 2.7 38 plt.title ('Numerical_quadrature_of_function_sqrt(t)’)
39 plt.xlabel (' f_Number_of_quadrature_nodes’)
Code 7.1.11: tracking errors on guadrature rules 10 plt.ylabel ('f_|quadrature_error|")
1/from numquad import numquad 1 plt.legend(loc="lower_left")
2|import matplotlib.pyplot as plt 2 plt.show()
3|from numpy import 13 |# eqdpl = polyfit(nvals,log(abs(eqdres-exact)),1)
A 1 |# chbpl = polyfit(nvals,log(abs(chbres-exact)),1)
5 def numquaderrs () : 15 |[# gaupl = polyfit(nvals,log(abs(gaures-exact)),1)
6 """Numerical_quadrature_on_[0,1]""" 16 | # plt.savefig("../PICTURES/numquaderr2.eps")
7 N = 20; b
& Gradinaru 18 [1f "__name__" == "__main__": Gradina
9 plt.figure () [DSHAED g numquaderrs () D-MAT!
0 exact = arctan(5)/5;
11 f = lambda x: 1./(1+power(5.0%x,2))
12 nvals ,eqdres = numquad(f,0,1,N, "equidistant’)
13 nvals ,chbres = numquad(f,0,1,N, 'Chebychev’) p . <
4 nvals ,gaures = numquad(f,0,1,N, Gauss’) ‘ Equal spacing is a disaster for high-order interpolation and integration ! \
5 plt.semilogy (nvals ,abs(eqdres—exact), 'b+',label="Equidistant,, .
Newton—Cotes_quadrature ')
6 plt.semilogy (nvals ,abs(chbres—exact) , 'm+—’,label="Clenshaw—Curtis P»=Divide the integration domain in small pieces and use low-order rule on each piece (composite
_quadrature’) n1 quadrature)

p- 374 pTake into account the eventual non-smoothness of f when dividing the integration domain p. 31



7.2 Composite Quadrature
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With a=2p<21 < <xp1<xTm=>=

/a-bf(t) dt = jzm;/g:jlf(t) dt .

Recall (7.1.5): for polynomial quadrature rule and f € C"([a, b]) quadrature error shrinks with n +
1st power of length of integration interval.

(7.2.1)

B Reduction of quadrature error can be achieved by
s splitting of the integration interval according to (7.2.1),
» using the intended quadrature formula on each sub-interval [x;_1, ]
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Note: Increasse in total no. of f-evaluations incurred, which has to be balanced with the gain in
accuracy to achieve optimal efficiency,
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Idea: » Partition integration domain [a, b] by mesh (grid) M = {a = 2y < x] <
o< xpm =0}
» Apply quadrature formulas on sub-intervals [ := [:r;j_h :1:’)'],,7' =1,...,m,
and sum up.
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composite quadrature rule

Note: Here we only consider one and the same quadrature formula (local quadrature formula) applied
on all sub-intervals.

Example 7.2.1 (Simple composite polynomial quadrature rules).
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x1 —x0)f(a)+ o

Composite trapezoidal rule, cf. (8.6.2) I
1

1

2@y — wj—) flz))+

b
/f(t)dt: ;
J=1 T

% T — 2m-1) f(b) . ost
(7.2.2)

= N

n

Y 0 1 2 3 4 5 6 7.2
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Composite Simpson rule, cf. (7.1.4) .
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Formulas (7.2.2), (7.2.3) directly suggest efficient implementation with minimal number of f-
evaluations.
<&
Focus: asymptotic behavior of quadrature error for
7.2
mesh width h:= max |z;,—z;_ 1 —0 .
j:lw.“m| J J l‘ p. 31
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For fixed local n-point quadrature rule: O(mn) f-evaluations for composite quadrature (“total cost”)
0 If mesh equidistant (|:rj ij,l\ = h for all j), then total cost for composite numerical quadrature
=Oo(hh.
Theorem 7.2.1 (Convergence of composite quadrature formulas).
For a composite quadrature formula () based on a local quadrature formula of order p € N -
holds D-MAT!
3C > 0: ‘/f(t) dt — Q(f)’ < cone || f® pey Y € CHID, M.
1
Proof. Apply interpolation error estimate . O
Example 7.2.2 (Quadrature errors for composite quadrature rules).
. 7.2
Composite quadrature rules based on B
p.



e trapezoidal rule (8.6.2) [ local order 2 (exact for linear functions),

e Simpson rule (7.1.4) O local order 3 (exact for quadratic polynomials)
on equidistant mesh M = {jh}?:(), h=1/n,n€N.

Code 7.2.3: composite trapezoidal rule (7.2.2)

1|def trapezoidal(func,a,b,N):

)

3| oo Numerical_quadrature_based _on_trapezoidal_rule

4| oo func: _handle_to_y, = f(x)

5| oo, b _bounds_of_integration_interval

6| oo N+1: number_of_equidistant_quadrature_points
N

8

9 from numpy import linspace, sum

0 # quadrature nodes

1 x = linspace(a,b,N+1); h = x[1]—x[0]

12 # quadrature weights: internal nodes: w=1, boundary nodes: w=0.5
13 I = sum(func(x[1:—1])) + 0.5%(func(x[0])+func(x[—1]))
14 return Ixh

15

6|if __name__ == "_ _main__":

17 import matplotlib.pyplot as plt

18 from scipy import integrate

19 from numpy import array, linspace, size, log, polyfit
0

51 # define a function and an interval:

2 f = lambda x: x**2

3 left = 0.0; right = 1.0

%

5 # exact integration with scipy.integrate.quad:

% exact,e = integrate.quad(f,left ,right)

7 # trapezoid rule for different number of quadrature points

8 N = linspace(2,101,100)

9 res = array (N) # preallocate same amount of space as N uses
30 for i in xrange(size(N)):

31 res[i] = trapezoidal(f,left ,right ,N[i])

32 err = abs(res — exact)

13 #plt.loglog(N,err,’0")

4 #plt.show()

35

36 # linear fit to determine convergence order

37 p = polyfit(log(N),log(err),1)

18 # output the convergence order

39 print "convergence_order:",—p[0]
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Code 7.2.4: composite Simpson rule (7.2.3)

from numpy import linspace, sum, size
def simpson(func,a,b,N):

Numerical_quadrature_based_on_Simpson_rule
func:_handle_to_y,_=_f(x)

a,b: _bounds_of_integration_interval

N+1: number_of_equidistant_quadrature_points

[T
[T AT
[T

[T

# ensure that we have an even number of subintervals

if N2 == 1: N = N+1

# quadrature nodes

x = linspace(a,b,N+1); h = x[1]—x[0]

# quadrature weights:

# internal nodes: even: w=2/3, odd: w=4/3

# boundary nodes: w=1/6

I = hxsum(func (x[0: —2:2]) + 4xfunc(x[1:—1:2]) +
func(x[2::2]))/3.0

return |

if __name__ == "__main__
import matplotlib.pyplot as plt

from scipy import integrate
from numpy import array, linspace, size, log, polyfit

# define a function and an interval:
f = lambda x: 1./(1+(5%Xx)*%2)
left = 0.0; right = 1.0

# exact integration with scipy.integrate.quad:
exact,e = integrate.quad(f,left,right)
# trapezoid rule for different number of quadrature points
N = linspace(2,101,100)
res = array (N) # preallocate same ammount of space as N uses
for i in xrange(size(N)):
res[i] = simpson(f,left,right ,N[i])
err = abs(res — exact)
#plt.loglog(N,err,0")
#plt.show()

# linear fit to determine convergence order

p = polyfit(log(N[—20:]),log(err[—20:]),1)
# output the convergence order

print "convergence_order:",—p[0]
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Note: fnct is supposed to accept vector arguments and return the function value for each vector Yum.

component!
" numerical quadrature of function 1/(1+(5t)?) o numerical quadrature of function sqrt(t)
10
—— trapezoidal rule] ) —— trapezoidal rule] _
iz(r:g)son nule JPEELges | | =+ simpson rule -7
- - o) T 1071 - - - o(h*?) ///
o 107
5 B
5 5 10°F
5 3]
2 2
E £ 10k
L H
10°F
10°F
10'1:’- \72 ‘,1 o 10'7 L L
10 10 10 2 -1
meshwidth 1o meshwwdlh10 1
- L 1
quadrature error, fi(t) := L on [0,1] quadrature error, f>(t) := v/t on [0, 1]

Asymptotic behavior of quadrature error E(n) := ’fol f(t)dt — Qn(f)| for meshwidth "h — 0”

O algebraic convergence E(n) = O(h) of order & > 0, n = h ™!

0  Sufficiently smooth integrand fi: trapezoidal rule — a = 2, Simpson rule — « = 41?2

O singular integrand fo: « = 3/2 for trapezoidal rule & Simpson rule !

((lack of) smoothness of integrand limits convergence !|

Simpson rule: order =4 ? investigate with MAPLE

> rule := 1/ 3xhx(f(2+h) +4«f (h) +f (0))
> err :=taylor(rule - int(f(x),x=0..2+h), h=0,6);
1 P % n
S (4) g 3 6 -
err (90 (D )(j)(())h +()(h),h.0)
O Simpson rule is of order 4, indeed !

Code 7.2.5: errors of composite trapezoidal and Simpson rule

#!/usr/bin/env python

1

2

3/import numpy as np

4/import matplotlib.pyplot as plt

Phys.
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from scipy import integrate

# own integrators:

from trapezoidal import trapezoidal
from simpson import simpson

# integration functions:

integrators = [trapezoidal, simpson]
intNames = (’'trapezoidal’, 'simpson’)
# define a few different Ns

N = np.linspace(2,201,200)

# define a function...

f = lambda x: 1./(1+(5%x)*%2)
#f = lambda x: x**2

# ...and an interval

left=0.0; right=1.0

# "exact" integration with scipy function:
exact,e = integrate.quad(f,left ,right,h epsabs=1e—12)

# our versions

err = []; res = []

for int in integrators:
for i in xrange(np.size(N)):

res.append(int(f,left ,right ,N[i]))

err.append(np.abs(np.array(res)—exact))
res = []

plt.figure ()

# evaluation

logN=np.log (N)
for i in xrange(np.size(integrators)):
# linear fit to determine convergence orders
p = np.polyfit(logN[—20:],np.log(err[i][—20:]),1) # onlylook at last
20 entries- asymptotic!
# plot errors
plt.loglog(N,err[i],’0o’, label=intNames[i])
# plot linear fitting
X = np.linspace (min(logN) ,max(logN) ,10)
y = np.polyval(p,x)
plt.loglog (np.exp(x) ,np.exp(y),label="linear_fit:_
m="+str(—p[0]) [:4])
# output the convergence order
print "convergence_order_of_"+intNames[i]+":",—p[0]

plt.xlabel ("log(N)"); plt.ylabel("log(err)")
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o plt.legend(loc="lower_left")
1| plt.show ()

Remark 7.2.6 (Removing a singularity by transformation).

Ex. 7.2.2 [0 lack of smoothness of integrand limits rate of algebraic convergence of composite

quadrature rule for meshwidth i — 0.
Idea: recover integral with smooth integrand by “analytic preprocessing”

Here is an example:

b
For f € C*°([0,b]) compute / Vi f(t) dt via quadrature rule (— Ex. 7.2.2)
JO

b Vb
substitution s = v/#: / ViEf(t)dt = / ihs\
Jo Jo

Then: Apply quadrature rule to smooth integrand

Example 7.2.7 (Convergence of equidistant trapezoidal rule).

Sometimes there are surprises: convergence of a composite quadrature rule is much better than

predicted by the order of the local quadrature formula:

Equidistant trapezoidal rule (order 2), see (7.2.2)
m—1
3 f(kh)+%f(b))  hi=

. b—a
k=1

b
/ F(t)dt = To(f) = h (% fla) +

m

Code 7.2.8: equidistant trapezoidal quadrature formula

(7.2.4) Phys.

1|def trapezoidal(func,a,b,N):

3 Numerical_quadrature_based_on_trapezoidal_rule

4 func:_handle_to_y. =f(x)

[T

5 a,b: _bounds_of_integration_interval

b, 6 | L N+1: number_of_equidistant_quadrature_points
- H . e
8
9 from numpy import linspace, sum
10 # quadrature nodes
1 x = linspace(a,b,N+1); h = x[1]—x[0]
12 # quadrature weights: internal nodes: w=1, boundary nodes: w=0.5
13 I = sum(func(x[1:—=1])) + 0.5%(func(x[0])+func(x[—1]))
14 return Ixh
5
6|if __name__ == "__main__":
17 import matplotlib.pyplot as plt
8 from scipy import integrate
grf?:::w from numpy import array, linspace, size, log, polyfit
20
51 # define a function and an interval:
2 f = lambda x: x*x2
3 left = 0.0; right = 1.0
24
5 # exact integration with scipy.integrate.quad:
%6 exact,e = integrate.quad(f,left , right)
7 # trapezoid rule for different number of quadrature points
79 8 N = linspace(2,101,100)
b, 389 9 res = array (N) # preallocate same amount of space as N uses
Nem. 0 for i in xrange(size(N)):
peth. gy res[i] = trapezoidal(f,left,right ,N[i])
32 err = abs(res — exact)
33 #plt.loglog(N,err,0")
34 #plt.show()
35
36 # linear fit to determine convergence order
37 p = polyfit(log(N),log(err), 1)
38 # output the convergence order
39 print "convergence_order:",—p[0]
_ 1-periodic smooth (analytic) integrand
D-MATH 1
)= —/———=, 0<a<1.
1 —asin(2rt — 1)
(“exact value of integral”: use 75)
7.2
p. 390
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Trapezoidal rule quadrature for 1./sqrt(1-a*sin(2*pix+1)) Trapezoidal rule quadrature for non-periodic function

N ——
+ —* e —h
- . - X

|quadrature error|
|quadrature error|

© \ |
~12|| ——a=0.5
1070 az09 —

2=0.95
—+—a=0.99)

0 2 4 6 8 10 12 14 16 i Io
no. of. quadrature nodes

quadrature error for Ty, (f) on [0, 1]
—_—

—

exponential convergence !! merely algebraic convergence

Code 7.2.9: tracking error of equidistant trapezoidal quadrature formula

import matplotlib.pyplot as plt
from scipy import integrate

from trapezoidal import trapezoidal
from numpy import *

# define the function: (0 <a<1)
f = lambda x: 1./sqgrt(l—a*xsin(2xpixx+1))
avals = [0.5, 0.9, 0.95, 0.99];

left = 0
# first interval: [0, 0.5]
err = []; right = 0.5
# loop over different values of a:
for a in avals:
# exact integration with scipy.integrate.quad:
exact,e = integrate.quad(f,left ,right)
# trapezoid rule for different number of quadrature points
N = linspace(2,50,49)
res = array(N) # preallocate same amount of space as N uses
for i in xrange(size(N)):
res[i] = trapezoidal (f,left ,right ,N[i])
err.append( abs(res — exact) )
plt.figure ()
plt.xlabel('N")
plt.ylabel(’error’)

plt.

for

title (u’Trapezoidal_rule_quadrature_for_non—periodic_function’)
i in xrange(size(avals)): plt.loglog(N,err[i], -0’ ,label="a=_
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6| plt.xlabel ('N")
v |plt.ylabel(’error’)
1l
8|plt.title (r"Trapezoidal_rule_quadrature_for_(1 —a-sin(2rx +1))2 ")
-5 w|for i in xrange(size(avals)): plt.loglog(N,err[i], =0’ ,label="a=_
) "+str(avals[i]))
p. 393
Num 50| plt.legend(loc="lower_left")
Phys.
: 51| plt.show ()
52 | #plt.savefig("../PICTURES/traperrl.eps")
Explanation:
1 0 ,ifk#£0,
Jo f@yde = Lo
F(t) = 2Tk Jifk=0.
' T (f) = 1 "Lil L2y 612) )0 itk émZ
= — m =
mn ™3 1 ,ifkemZ.
Gradinaru
D-MATH
Equidistant trapezoidal rule 7}, is exact for trigonometric polynomials of
degree < 2m !
It takes sophisticated tools from complex analysis to conclude exponential convergence for analytic
integrands from the above observation.
7.2
p. 394

'+str(avals[il]))
plt.legend(loc="lower_left")
plt.show()
#plt.savefig("../PICTURES/traperr2.eps")

# second interval: [0, 1]
err = []; right =1
# loop over different values of a:
for a in avals:
# exact integration with scipy.integrate.quad:
exact,e = integrate.quad(f,left ,right)
# trapezoid rule for different number of quadrature points
N = linspace(2,50,49)
res = array(N) # preallocate same amount of space as N uses
for i in xrange(size(N)):
res[i] = trapezoidal(f,left ,right N[i])
err.append( abs(res — exact) )
plt.figure ()
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7.3 Adaptive Quadrature

Example 7.3.1 (Rationale for adaptive quadrature).

Consider composite trapezoidal rule (7.2.2) onmesh M :={a =2y < ) < --- < 2y, = b}:

10000
Local quadrature error (for f € CQ([a, b))): ~

9000+
8000+

Ty
[ #0at =yt + ) i | ) = et
Thel - £ 5000
< (g = ‘/Ek*ﬁs ”f””Lx([zk,,l,wk]) : 4000t H
0 Do not use equidistant mesh ! 3000 Il

2000+ ‘ ‘
Refine M, where | f”| large !

10001 I

Makes sense, e.g., for “spike function” 05

" Goal:

Equilibrate error contributions of all mesh intervals
Tool: Local a posteriori error estimation
(Estimate contributions of mesh intervals from intermediate results)
Policy: Local mesh refinement
[ Adaptive multigrid quadrature — [14, Sect. 9.7]

Idea: local error estimation by comparing local results of two quadrature formulas

@1, Q- of different order — local error estimates

heuristics: error(Q2) < error(Q1) = error(Q1) = Qo f) — Q1(f) .

Now: () =trapezoidal rule (order 2) < ()9 = Simpson rule (order 4)

Given: mesh M :={a=2) <z <- - <xpy=>0}

[0  (error estimation)

For I =[vj_1,2), k=1,...,m (midpoints pj := %(Ik,l + 1))
hp. hy.
ESTy = | o (f (1) + 47 () + F () = () + 2/ ) + flap)| . (73D)
Simpson rule trapezoidal rule on split mesh interval

Num.
Meth.

Phys.

0 (Termination)
Simpson rule on M = preliminary result [
m
If ZESTkgRTOL-] (RTOL = prescribed tolerance) = STOP
k=1
O (local mesh refinement)
Gradinaru 1 m

D-MATH

S={ke{l, ..., “EST,. >n-— EST;} , ~0.9.
{ke{l,....m} EST, >0 ””'j; it
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(7.3.2)

Gradina

(733) D-MAT!

B newmesh: M*:=MU{p,:keS}.
Then continue with step O and mesh M« M*,
Non-optimal recursive implementation:

73 Code 7.3.2: h-adaptive numerical quadrature 73
p- 397 1|from numpy import x p. 3¢
xm  2|from scipy import integrate _—
M M

4|def adaptquad(f,M, rtol ,abstol):

5 W

6| _.__adaptive_quadrature_using_trapezoid_and_simpson_rules

AR Arguments:

8 f handle_to_function_f

9 M initial_mesh

0| oo rtol . relative_tolerance_for_termination

1| oo abstol_ _absolute_tolerance_for_termination ,_necessary_in_case_

the_exact_integral_value_=_0,_which_renders_a _relative _tolerance_
meaningless.
Gradi 2 e Gradi
o = dif Sor=
# compute lengths of mesh

intervals

4] mp = 0.5%( M[: —1]+M[1:] ) # compute |
midpoint positions

15| fx = f(M); fm = f(mp) # evaluate |
function at positions and midpoints

16 trp_loc = hx( fx[:—1]+2xfm+fx[1:] )/4 # local trapezoid rule

17 simp_loc= hx( fx[:—1]+4xfm+fx [1:] )/6 # local simpson rule ‘

18 I = sum(simp_loc)

73 # lIJse simpson rule value as intermediate approximation for integral ‘ 73
p- 398 19 esvta_lllgc = abs(simp_loc — trp_loc) # difference of values \ p. 4C



obtained from local composite trapezoidal rule and local simpson rule is used as an
estimate for the local quadrature error.

Num.
Meth.

0 err_tot = sum(est_loc) # estimate | "~
for global error (sum moduli of local error contributions)
1 # if estimated total error not below relative or absolute threshold, refine mesh
2 if err_tot > rtolxabs(l) and err_tot > abstol:
3 refcells = nonzero( est_loc >
0.9xsum(est_loc)/size(est_loc) )[0]
%4 | =
adaptquad (f, sort(append(M,mp[refcells])),rtol ,abstol)
# add midpoints of intervalls with large error contributions,
recurse.
5 return |
26
7 if __name__ == '__main__": Gradinaru
8 f = lambda x: exp(6xsin(2%pixx)) Dol
29 #f = lambda x: 1.0/(1e-4+x*x)
30 M = arange(11.)/10 #0,0.1,..0.9,1
31 rtol = 1le—6; abstol = 1e—10
32 | = adaptquad(f,M, rtol ,abstol)
33 exact,e = integrate.quad(f,M[0] ,M[—1])
34 print ’'adaptquad:’,l, '"exact":',6 exact
35 print ’error:’,abs(l—exact)
7.3
p. 401
Comments on Code 7.3.1: Num.
Phys.
e Arguments: f = handle to function f, M= initial mesh, rt ol = relative tolerance for termination,
abst ol = absolute tolerance for termination, necessary in case the exact integral value = 0,
which renders a relative tolerance meaningless.
o line 13: compute lengths of mesh-intervals [z;_1, 2],
e line 14: store positions of midpoints p,
e line 15: evaluate function (vector arguments!),
e line 16: local composite trapezoidal rule (7.2.2),
e line 17: local simpson rule (7.1.4), Gradinaru
e line 18: value obtained from composite simpson rule is used as intermediate approximation for pMATE

integral value,

e line 19: difference of values obtained from local composite trapezoidal rule (~ ()1) and ocal
simpson rule (~ ()9) is used as an estimate for the local quadrature error.

e line 20: estimate for global error by summing up moduli of local error contributions,
e line 21: terminate, once the estimated total error is below the relative or absolute error threshold,

e line 24 otherwise, add midpoints of mesh intervals with large error contributions according to

. 7.3
(7.3.3) to the mesh and continue. !

p. 402

Example 7.3.3 (h-adaptive numerical quadrature).

Num.
Meth.
Phys.
1
» approximate /exp(()’ sin(2xt)) d¢, initial mesh Mg = {,7'/10}}&0
0
Algorithm: adaptive quadrature, Code 7.3.1
Tolerances: rt ol = 1076, abstol = 10"
We monitor the distribution of quadrature points during the adaptive quadrature and the true and
estimated quadrature errors. The “exact” value for the integral is computed by composite Simpson
rule on an equidistant mesh with 10" intervals.
Gradina
D-MAT!
7.3
p. 4C
i [ =]
10“: E Phys.
gmo"—* ' o,
107 . N
quadrature level X ° - o nos.uof quadrature pol\%‘j&os e “1 0]
Gradina
1 D-MAT!
» approximate /min{exp((i sin(27t)), 100} d¢, initial mesh as above
0
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+ exactermor
. + _estimated error
o
100 F q
L
10
-
*
w0, *
4 o
e *
© 107} +F *
o *
5 *
8 10" + F *
5
El + *
Ef + «
o
10°
0" N + +
N
10 , . . .
x 3 100 200 600 700 =)

300
no. of quadrature points

quadrature level

Observation:

» Adaptive quadrature locally decreases meshwidth where integrand features variations or kinks.
» Trend for estimated error mirrors behavior of true error.

» Overestimation may be due to taking the modulus in (7.3.1)

However, the important information we want to glean from EST). is about the distribution of the
quadrature error.

&

Remark 7.3.4 (Adaptive quadrature in Python).

sci py. i ntegrate. quad: adaptive multigrid quadrature

wrapper to the Fortran library G
see help and sci py. i nt egr at e. expl ai n_quad() for details
sci py.integrate.quadrature: adaptive Gaussian quadrature

A

7.4 Multidimensional Quadrature

The cases of dimension d = 2 or d = 3 are easely treated by the iteration of the previous quadrature
rules, e.g:

I= /a.b/chd fla,y)dedy = /a.bF(y)d:u-,

Num.
Meth.

Phys.

Gradinaru
D-MATH

p. 405

Num.
Meth.
Phys.

Gradinaru

D-MATH

74
p. 406

where

Num.
d ny Meth.
L 1 1 Phys.
Fy)= | fla.y)de = Y wj flej.v),
¢ J1=1
with the corresponding quadrature rule in the x-direction.
The integration of F'(y) requires then the quadrature rule in the y-direction:
ny ng
~ wh w2 flel 2
I'~ Z Z U/Jlu/sz((’Jl’(’Jz)'
J1=1j2=1
We obtain hence the tensor product quadrature:
given the 1-dimensional quadrature rules £
D-MAT!
ko k
Wy Cs , k=1,..., d,
( Jk’ Jk’)lﬁjkﬁn/\f T
the d-dimensional integral is approximated by
ny g
-~ ol and 1 d
I~ Z . Z wy, - - “’de<(’J1"' ..,(/M).
a=l ji=1
@ Drawback: the number of d-dimensional quadrature points IV increases exponentially with ~ 7-4
dimension d: with n quadrature points in each direction, we have N = n? quadrature points!  P: =
Num.
Meth.
Phys.
0 Note: the convergence speed depends essentially on the dimension and smoothness of the func-
tion to integrate: O(N /) for a function f € C".
7.4.1 Quadrature on Classical Sparse Grids
Consider first a quadrature formula in 1-dimension:
b | Gradina
1= f(x)de = Q,,(f). D-MAT!
a
Increasing the number of points used by the quadrature is expected to improve the result:
Q}lﬂ(f) — Q}L(f) is expected to decrease. Here a simple example using the trapezoidal rule:
fla) + f(b)
Ty(f,a,b) = 5 (b—a),
and let us denote the error by
b
Sl(fvasb) = f(I)d‘E_Tl(j a b>7 74
a p. 4C



which describe in Figure 7.4.1 the area uncovered by the first trapez 7. Here we used only the
values f(a) and f(b). Clearly, the approximation is quite bad. We may improve it by using two
shorter trapezes, i.e. using f((a + b)/2) as supplementary information:

fla)+ f(la+0)/2) | flla+b)/2) + F(b)
2 2

TZ(f a, b) =

Clearly, both terms in the last sum are large.

However, we may improve the quadrature just by adding the information we gain by using the new
function value f(a + b)/2. We only add to T the value of the area of the triangle D; sitting on the
top of the trapez 77:

TZ(f~ a, b) = Tl(fv a, b) + Dl(f7 a, b)7
with
Di(f.a.b) = <f(a;rb) B f(a);rf(b)> b;a, _ gl(ffa,b)b —a

We call here g1(f, a,b) = f(“—érb) — M the hierarchical surplus of the function f on the interval
[a, b]. The error is then the sum of the area of the triangle D1 and the two smaller parts S{ and S{’:

a+b
2

Si(f.ab) = Dylfra ) + Si(fa 20y 4 5107, ),

AW

T

a+0b
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We expect to have smaller errors S’ and S and hence smaller hierarchical surpluses when we
repeat the procedure.

Edfork=0,1,...,20 - 1.
We call ¢ level and consider Q% a simple quadrature formula on each interval. Typical examples are
the tapezoidal rule and the midpoint rule. The Clenshaw-Curtis rule and Gaussian rules are of the

same flavour, but they spread the quadrature points non-uniformly.

Let us focus on the interval [0, 1], which we divide in 2¢ sub-intervals 2'

The procedure described previously may be formulated as a simple telescopic sum of the details at
each level:

Qif = Qif +(Qlf - Qéf) (@ F —QIf) +...+ (QLF — Qb1 f)

1,
_Q0f+A1j+Af+ +AN‘.
As long as we remain in 1-dimension, there is no gain in this reformulation. Things change funda-
mentally when going to d dimensions.

The tensor-product quadrature for the levels £ = ({1, ..., ;) is

d _ 1 1
Q(’f Q(1®®Q[d
:\'1
_ : £k d
=> - Zu m (ejpr---5¢5,)
Ji=l o jg=l
d
— 1 1
- Z Z <Ak1® "®A]"'(l) !
J=11<k;<t;
In the case of an isotropic grid { = (¢, ..., {) we denote
d
1 1 1 1 1
Q;:Z Z (A ® "®Ak(1>f: Z <A/ﬂ® “®A7~‘d)f'
J=11<k;<t K| oo <t

Idea: In the case that f
(A}ﬂ ®...® A}ﬂ) [ are so small that they may be neglected.
a

The classical sparse grid quadrature (Smolyak) rule is defined by

> (aheeal)r

k| <(+d—1

is a smooth function, many of the details

S?]f =

One can prove the combinations formula:

3 (_1>4+(17\k\171( d—

1< Ikly —
1< |k <l+d—1

Sty =

Jehe.

@0} 1,
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which is used in the practical parallel implementations. e
um.
Meth.

Phys.
The sparse grid is then the grid formed by the reunion of the anisotropic full grids used in the com-
binations formula. Its cardinality is N = O(2°¢9=1) which is much less than O(29¢) of the full grid.

The error of the classical sparse grid quadrature is O <N‘r 1<>g(d*1>("“)(w’)> for f of a certain
smoothness 7.

Gradinaru

D-MATH

Figure 7.1: Sparse Grids based on midpoint rule and on open Clenshaw-Curtis rule

The Clenshaw-Curtis rule on a full grid in d = 3 dimensions at level n = 6 needs 274625 function ~ 7-4

evaluations and executes in about 6.6 seconds on my laptop to run. The same quadrature rule on P- 413

the sparse grid of the same level n = 6 needs only 3120 function evaluations and executes in about L
0.1 seconds. The error in the full grid case is 1.5 - 107 and in the sparse grid case 1.5 - 1079 for the },Ih"“;‘
function f(x) = (1+ 1/d)%(zy - ... zy)"/%

The same example in d = 4 dimensions requires in the full grid case about 17.8 millions function

evaluations with error 3.3 - 1075 and runs in 426 seconds, while the sparse gird algorithms needs
9065 function evaluations and runs in 0.3 seconds with error 8 - 105,

7.5 Monte-Carlo Quadrature

Gradinaru

D-MATH

Monte-Carlo integration: instead of step-functions as quadrature,

1 N
1:/0 f(t)dt zh;f(t,,j)

where t; = (i — %)h,, h= % the { f(¢;)} may be reordered in any way. In particular, we can order
them randomly:

N
7.5

1 1
1:/0 f)at zﬁz,f(m

i=1

p. 414

where ¢; € (0, 1) are uniformly distributed and sampled from a random number generator. A little
more generally, Phys.

b 1 N
1= [ fde=p-altr) = b= al 3 fit)
Ja i=1
wheret; = a+ (b—a)- RNG (rand e.g.).

Each Monte-Carlo Method needs:

o a domain for the “experiment”: here [0, 1)

e generated random numbers : here t;

Gradina

e a deterministic computation: here |b — a% [\:1 ) [P

e a representation of the result: here P(I € [Iy — oy, Iy + oy]]) = 0.683

Random variables and statistics are not subject of this lecture.
Essential: good RNG: fullfill statistical tests and is deterministic (reproductible).

Uniform RNG: Mersene-Twister (actual in python and Matlab), better is Marsaglia (C-MWC), bestis ~ 75
WELL (2006); SPRNG (Masagni) is especially suited to large-scale parallel Monte Carlo applications. P- 41
Normal RNG: Box-Muller improved by Marsaglia, better is Ziggurat-method of Marsaglia (1998)

Num.
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Phys.

Note: methods based on the inversion of the distribution function resides offen on badly-conditioned
zero solvers and hence have to be avoided.

What is really important is the statistical error, in d-dimensions,

]”d

Nk

error =
The constant k; = +/variance.

Note the different meaning of this error: it is now of a probabilistic nature: 68.3% of the time, the Gadina

estimate is within one standard deviation of the correct answer. =
The method is very general. For example, A C Rd,
[ Fooddas sy L)
where |A| is the volume of region A.
‘ The error is always N—L2 independetly on the
. . 7.5
dimension d !
p. 41




But k; can be reduced significantly. Two such methods: antithetic variates & control variates. An

example,

T (™ o
Ip(z) = f/ e Tty
0

™

In(z) is a modified Bessel function of order zero.

© © N o U A W N P

Code 7.5.1: Plain Monte-Carlo

_Computes_integral
L10(1) =.(1/pi)_ int(z=0..pi)__exp(—cos(z))_dz_by raw_MC.
Abramowitz_and_Stegun_give_I0(1)_=,1.266066

import numpy as np
import time

tl = time.time ()

M = 100 # number of times we run our MC inetgration
asval = 1.266065878

ex = np.zeros (M)

print 'A_and_S_tables:_ 10(1)_=_",asval

print ’'sample variance _MC_l0_val’

int — o T
prin AP AP

k = 5 # how many experiments
N = 10*xnp.arange(1l,k+1)
v=1[]e=1]
for n in N:
for m in xrange(M):
x = np.random.rand(n) # sample
X = np.exp(np.cos(—np.pi*x))
ex[m] = sum(x)/n # quadrature
ev = sum(ex)/M
vex = np.dot(ex,ex)/M
vex —=  evkkx2
v += [vex]; e += [ev]
print n, vex, ev

t2 = time.time ()
t = t2—t1

print "Serial_calculation_completed, time_= %s_s" % t

O General Principle of Monte Carlo: If, at any point of a Monte Carlo calculation, we can replace

an estimate by an exact value, we shall replace an estimate by an exact value, we shall reduce
the sampling error in the final result.

O  Mark Kac: “You use Monte Carlo until you understand the problem."

Antithetic variates: usually only 1-D. Estimator for

Num. Num.
)Ietl}. )Ietjl}.
Phys. = ]a + ]b Phys.
where
N LN
b
I~ 0 = NZf[(L](éL‘z) and I, ~ 0 = sz[ (i)
i=1 i=1
so the variance is
2
Var,, = <(‘90 + 91} - 1) >
9 .
= ((6a— 1)) + {6y — 1)*) + 2((6a — 1a)(6y — 1))
= Var, + Vary, + 2Cov,y,
Gradinaru - . Gradina
iy TGOV = (0, — 1) (0 — Ip)) < 0 (negatively correlated), Var,, is reduced. B
Our example: break the integral into two pieces 0 < x < 7/2 and x + 7/2. The new integrand is
SIn@) 4 e=cos(@) for 0 < 7 < /2, and strictly monotone.
Ip(l) = I +1-
N
1 sinu; /2 sin(1—u;)/2
= — ) MMy i
59D
i=
5 +6—00577Uz’/2 te cOSﬁ(l—UZ')/Q. 75
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! Code 7.5.2: Antitetic Variates Monte-Carlo )
Motk EE Mol
Phys. Phys.
2 |_Computes_integral
3|,10(1) _=_(1/pi)_int(z=0..pi)__exp(—cos(z))_dz
4| _by__antithetic_variates.
5| We_split_the_range_into_0_<_x_<_pi/2_and_pi/2<x<pi.
6| _The_resulting _integrand_is
7|_exp(sin(x))_+_exp(—cos(x)),_which_is_monotone
8|_increasing_in_0_<_x_<_pi/2,_so_antithetic_variates
9| _can_be_used.
0|_Abramowitz_and_Stegun_give_I0(1)_=1.266066
|
L2
Gradinaru R Gradina
D-MATH i Import numpy as np D-MAT!
15|M = 100 # number of times we run our MC inetgration
6 |asval = 1.266065878
7|ex = np.zeros (M)
8 |print 'A_and_S_tables: __10(1)_=_',6 asval
o|print ’'sample__._...._variance_ . . ... MC_ 10_val’
0 (print ———— s —_—
1 |k = 5 #how many experiments
2 |N = 10%xnp.arange(1l,k+1)
7.5 i - 7.5
Blv = []; e =[] |
p. 418 p. 42



% |pi2 = 0.5%np. pi

s for nin N:

%6 for m in xrange(M):

27 up = pi2*np.random.rand(n) # sample

8 dn = pi2—up

29 X = np.exp(np.sin(up)) + np.exp(np.sin(dn))
30 X += np.exp(np.cos(—up)) + np.exp(—np.cos(dn))
31 ex[m] = 0.25xsum(x)/n # quadrature

32 ev = sum(ex) /M

33 vex = np.dot(ex,ex)/M

34 vex —=  evx*2

35 v += [vex]; e += [ev]

36 print n, vex, ev

Control variates Integral

1
1:/U F(t)dt

can be re-written

1 1
7= /0 (f(t)f@(t»dtf/o olt)dt

Q

=|
=

|
=
=

Pick ¢:

o d(u) ~ g(u) is nearby, and

oly= /¢(u)du is known.

Variance is reduced if
var(f — ¢) < var(f)
To see how it works, our problem
£(t) = e—costa)
= 1 —cos(nt) + %(cos(wt))2 + ...

o(t) = first three terms

Code 7.5.3: Control Variates Monte-Carlo

1
2|_Computes_integral

Num.
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75
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3(,10(1)_=.(1/pi)_int(z=0..pi)__exp(—cos(z))_dz o
4|_by_ control_variate._The_splitting_is Moth.
5| <_exp(—cos)_> . = < exp(—cos) — phi_> +_.int(0..pi)_phi_dz
6 |_where_phi_=_1_+ cos_—_(1/2)xcosxcos_is_the_control.
7|_The_exact_integral_of_the_control
8| int(z=0..pi)_(1_+_cos_—_ (1/2)xcosxcos) _dz_=1.25.
9| Abramowitz_and_Stegun_give_I0(1)_=.,1.266066
o"""
11
2 |import numpy as np
13
4|M = 100 # number of times we run our MC inetgration
5 |asval = 1.266065878
Gradina

6|/ex = np.zeros (M) Ll
7|/ print 'A_and_S_tables: __10(1)_=_',6 asval
8|print 'sample_ . ... variance _ . ... _MC_10_yval’
o|print L e
0|k = 5 # how many experiments
1 |N = 10xxnp.arange(1,k+1)
2|v = []; e =[]
3 (for n in N:
% for m in xrange(M):
5 X = np.pi*xnp.random.rand(n) # sample 75
%6 ctv = np.exp(—np.cos(x)) — 1. + np.cos(x) — b4

0.5%np.cos(x)*np.cos(x) _—
7 ex[m] = 1.25 + sum(ctv)/n # quadrature oy
8 ev = sum(ex) /M
9 vex = np.dot(ex,ex)/M
30 vex —= evk*2
31 v += [vex]; e += [ev]
32 print n, vex, ev
Importance Sampling
Idea: Concentrate the distribution of the sample points in the parts of the interval that are of most
importance instead of spreading them out evenly.
Importance Sampling: ;":‘;‘?}

1 1 . 1 .
0:/ f(x)dx:/ f(l)g(r)dx:/ f<1)dG(x)
0 Jo g(@) 0 gx)

where g and G satisfy

T 1
Glz) = /0 o)y, G(1)= /0 o) dy =1,

and G(z) is a distribution function. Variance

7.5

1 .
7o = [ (F@)/ate) = 0)dG1a) b 12



How to select a good sampling function?

How about g = ¢f? g must be simple enough for us to know its integral theoretically.
Example 7.5.4. ‘[01 f(x)dz with f(x) = 1/4/2(1 — x) has singularities at z = 0, 1. General trick:

isolate

with

them!

1 1

1
g(z) = NG + N = /U h(z)dG(x)

and dG(x) will be sampled as

u = rand(N)

v = rand(N)

X = uxu

w = where(v>0.5)

x(w =1 - x[w

Code 7.5.5: Importance Sampling Monte-Carlo

1|/from scipy import where, sqrt, arange, array
2|from numpy.random import rand
3|/from time import time
4
s|from scipy.integrate import quad
6|f = lambda x: 1/sqrt(xx(1—x))
7|print ’'quad(f,0,1)_=_", quad(f,0,1)
8
9 func = lambda x: 4./(sqrt(x)+sqrt(l1—x))
10
1 |def exotic(N):
12 u = rand(N)
13 v = rand(N)
14 X = Uuxu
5 w = where(v>0.5)
6 x[w] =1 — x[w]
17 return x
8
9 |def ismcquad() :
20 k = 5 # how many experiments
n N = 10xxarange(1,k+1)
[7) ex = []
3 for n in N:
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X = exotic(n) #sample

x = func(x)

ex += [x.sum()/n] # quadrature
return ex

def mcquad() :
k = 5 #how many experiments
N = 10x*xarange(1l,k+1)
ex = []
for n in N:
X = rand(n) # sample
x = f(x)
ex += [x.sum()/n] # quadrature
return ex

M = 100 # number of times we run our MC inetgration
tl = time()
results = []
for m in xrange (M) :
results += [ismcquad ()]
t2 = time ()
t = t2—t1

print "ISMC_Serial_calculation_completed, time_= %s _s" % t

ex array(results)

ev = ex.sum(axis=0)/M

vex = (exx*x#*2).sum(axis=0)/M
vex = vex — ev¥x2

print ev[—1]

print vex

tl = time ()
results = []

for m in xrange(M):
results += [mcquad ()]

t2 = time ()

t = t2—t1

print "MC_Serial_calculation_completed, _time_=_%s_s" % t

ex = array(results)

ev ex.sum(axis=0)/M

vex = (exx*x*2).sum(axis=0)/M
vex = vex — evkx2

Num.
Meth.

Phys.
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2iprint ev[—1]

Num,
3print vex Heth.
. Compare with the analytical computed value.
7.6 Essential Skills Learned in Chapter 7
You should know: S
D-MATH
e several (compozite) polynomial quadrature formulas with their convergence order
e what is special about the trapezoidal rule
e Gaussian quadrature rules
e how to compute a high-dimensional integral
e particularities of Monte-Carlo integration
e how to reduce the variance in Monte-Carlo integration
7.6
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Integration of Ordinary Differential Equations
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Num.
Meth.
Phys.
8 Single Step Methods
8.1 Initial value problems (IVP) for ODEs
Some grasp of the meaning and theory of ordinary differential equations (ODES) is indispensable for
understanding the construction and properties of numerical methods. Relevant information can be
found in [52, Sect. 5.6, 5.7, 6.5]. Gradina
D-MAT!
Example 8.1.1 (Growth with limited resources). [1, Sect. 1.1]
y:[0,7] — R: bacterial population density as a function of time
Model: autonomous logistic differential equations
y=[fly)=(a—Byy (811 g1
p. 42
O Notation (Newton): dot = = (total) derivative with respect to time ¢ e
Phys.
» y = population density, [y] = #
2
» growth rate v — By with growth coefficients a., 3 > 0, [o] = % [6] = &-: decreases due to
more fierce competition as population density increases.
Note: we can only compute a solution of (8.1.3), when provided with an initial value y(0).
The logisitc differential equation arises in autocatalytic reactions (as in haloform reaction, tin pest,

. . . . L . . . Gradina
binding of oxygen by hemoglobin or the spontaneous degradation of aspirin into salicylic acid and -
acetic acid, causing very old aspirin in sealed containers to smell mildly of vinegar):

A+ B — 2B withrater = kcycp (8.1.2)

As ¢y = —randég = —r + 2r = r we have that ¢4 + cg = c4(0) + ¢g(0) = D is constant and
we get two decoupled equations 8.1
cqg=—k(D —cyq)ey (8.1.3) p. 4



