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8 Single Step Method s

8.1 Initial value problems (IVP) for ODEs

Some grasp of the meaning and theory of ordinary differential equations (ODESs) is indispensable for

understanding the construction and properties of numerical methods. Relevant information can be

found in [52, Sect. 5.6, 5.7, 6.5]. Gradinaru

D-MATH

Example 8.1.1 (Growth with limited resources). [1, Sect. 1.1]

y:[0,T] — R: bacterial population density as a function of time
Model: autonomous logistic differential equations

y=[fly)=(a—Byy (811) 1
p. 433
0 Notation (Newton):  dot = = (total) derivative with respect to time ¢ N
Phys.
» y = population density, [y] = ﬁ
3
» growth rate &« — [y with growth coefficients a, 5 > 0, [a] = % [6] = - decreases due to
more fierce competition as population density increases.
Note: we can only compute a solution of (8.1.3), when provided with an initial value y/(0).
The logisitc differential equation arises in autocatalytic reactions (as in haloform reaction, tin pest,

. . . . L . . . Gradinaru
binding of oxygen by hemoglobin or the spontaneous degradation of aspirin into salicylic acid and L A
acetic acid, causing very old aspirin in sealed containers to smell mildly of vinegar):

A+ B — 2B withrater = kcycp (8.1.2)
As ¢y = —rand g = —r + 2r = r we have that c4 + cg = c4(0) + ¢p(0) = D is constant and
we get two decoupled equations 8.1
¢a=—k(D —ca)ea (81.3) p- 434

ép= k(D —cp)ep (814) yup
Meth.
which are of the form of (8.1.3) with 3 = k, o = kD for the element B and 3 = —k, « = —kD for "™
the element A.
151
By separation of variables
0 solution of (8.1.3)
for y(O) =1y >0
Yo
y(t) = , 8.1.5
() Byo + (o = Byo) exp(—at) ’ ®-19)
forallt € R
Gradina
D-MAT!
F(y*) = 0for y* € {0,a/8}, which are the sta-
‘ ‘ tionary points for the ODE (8.1.3). If y(0) = y* the
0 0.5 1 S . . . .
t solution will be constant in time.
Solution for different y(0) (c, 8 = 5) o
Example 8.1.2 (Predator-prey model). [1, Sect. 1.1] & [27, Sect. 1.1.1] initially proposed by Alfred
J. Lotka in “The theory of autocatalytic chemical reactions” in 1910
8.1
p. 42

Predators and prey coexist in an ecosystem. Without predators the population of prey would be YNum.
governed by a simple exponential growth law. However, the growth rate of prey will decrease with e
increasing numbers of predators and, eventually, become negative. Similar considerations apply to

the predator population and lead to an ODE model.

Model: autonomous Lotka-Volterra ODE:
i = (a—po)u - . _(u (= Po)u
b = (du—)v y="£y) with y=1 ] ) =501 ) - (8.1.6)
population sizes: — Gradina
) - D-MAT!
u(t) — no. of prey at time ¢, -
v(t) — no. of predators at time ¢ PR
vector field f for Lotka-Volterra ODE > 4 ’ . ‘ 1
‘ - Ve /
Solution curves are trajectories of particles carried [ } - B ]
along by velocity field f. i o 8.1

p. 4



Parameter values for Fig. 70: « =2, 3 = 1,0 = 1,y =1

Solution (1)) for yy = (1{¢)) = (3)

Parameter values for Figs. 72, 71: a« = 1,6 = 1,0 = 1,y =2

stationary point

Example 8.1.4 (Oregonator-Reaction).

Num. Num.

Meth. Meth.
Phys. Phys.
Special case of a time-dependent oscillation Zhabotinski-Belousov-Reaction [21]:
BrO; +Br~ — HBrO9
HBrOs + Br~ +— Org
BrO3 + HBrOg + 2HBIOs + Ce(IV) (8.1.9)
2HBrOy +— Org
Ce(IV) — Br~
—~—
y1=c(BrO3): g1 = —kyiye — ksyiys
B y2 = c(Br7): U2 = —kiyyz — kayoys + ksys -
- y3 = c(HBrO2): 93 = kiyiyo — kayoys + ksyrys — 2kay3 | (8.1.10) ***
= ¢(Org): 1 = koyoys + kay?

Yq
Y5 = c(Ce(IV)): 95 = ksyrys — ksys
with (dimensionless) reaction constants:

k=134, ky=16-10", k3=8.0-10°, ky=4.0-10", k;=1.0.

[ Periodical chemical reaction [ Video 1, Video 2

81  MATLAB-Simulation with initial values 41 (0) = 0.06, y2(0) = 0.33 - 1075, y3(0) = 0.501 - 10710, = 81

Example 8.1.3 (Bimolecular Reaction). p- 437 4,(0) = 0.03, y5(0) = 0.24 - 10~ 7: p. 42
p Y Y5
A N . Concentration of Br~ . Concentration of HBrO, N
R ko
N / Reacton: A+B - C+D. (8.1.7) 10" -
/ T k1
B SR /& with reaction constants kl; (“forwards™), ko (“back- w o
A 4 - _ _ cm?
/ Y ‘ wards”), [k1] = [ko] = ols: -
= % % 0*
107
Rule of thumb:  Speed of a bimolecular reaction is proportional to the product of the concentrations . ' 10° :
10 H - B
of each component: k i J J
P S S S . NP Gradinaru 107 : 4 107 : 7/ Gradina
B for(8.1.7): ¢y =¢ép=—¢o=—¢p=—kicycp+ kzlcCcD . (8.1.8) - : ’ .
= i i = & N "10 i i i i i i i i i 11
cA, B, €0, Cp = (time dependent) concentrations of components, [cx| = e S ex(t) > 0;Vt N S S S S S P2 N S S S S
t t &
(8.1.8) = autonom ordinary differential equation (??) with
CAEt; 1 Abstract mathematical description:
| et o L 1
y(t) = oty | £(t,y) = (kw2 + kaysya) |
cp(t) —1
C ion of d t t t ) =0 o o
[ onservation of mass:  — (ca(t) +cp(t) +colt) + eplt)) = o b 438 o dd



Initial value problem (IVP) for first-order ordinary differential equation (ODE): (— [52, |

Sect. 5.6])

y="£fty) , ylto)=yo. (8.1.11)

s f:IxD—RI= right hand side (r.h.s.) (d € N), given in procedural form

function v = f(t,y).

<~  “time variable” t

s [ C R = (time)interval

» DCRYZstate space/phase space <« ‘“state variable”y (ger.: Zustandsraum)

s  Q:=1x D = extended state space (of tupels (¢,y))

s tp=initialtime, Yy = initial state [ initial conditions

Terminology: f = f(y), r.h.s. does notdependontime O y = f(y) is autonomous ODE

For autonomous ODEs: » [ = Randrh.s. y — f(y) can be regarded as stationary vector

field (velocity field)
s ift— y(t)issolution = forany T € Rt — y(t+ 7)is solution,

too.
= initial time irrelevant  cannonical choice fo = ()

Note: autonomous ODEs naturally arise when modeling time-invariant systems/phenomena. All
examples above led to autonomous ODEs.

Remark 8.1.5 (Conversion into autonomous ODE).

Idea:

include time as an extra d + 1-st component of an extended state vector.

This solution component has to grow linearly <

2(t) = (yit)>:(zf;): y=flLy) o a2-g(), g~ (f<zfl+1ﬂ’>).

temporal derivative = 1

A
Remark 8.1.6 (From higher order ODEs to first order systems).
Ordinary differential equation of order n € N:
y" =f(t,y,y.....y" ) (8.1.12)

[0 Notation: superscript (n) = n-th temporal derivative ¢

- 0 Conversion into 1st-order ODE (system of size nd)
Meth.

Num.
Meth.

hys. 2 Phys.
0\ (2 :
z(t)=| ¥ :<t> = Z2 eR™: 8112) — z—gz), glz) = :
n—1 Zp,
y"=1(t) Zn f(t,z1,...,2n)
(8.1.13)

Note: n initial values y(#0), y (o), - . ., "~ Y (tg) required!

VAN

Gradinaru Gradina
D-MATH | Basic assumption: right hand side f : [ x D — RY locally Lipschitz continuous in y D-MAT!

Definition 8.1.1 (Lipschitz continuous function). (— [52, Def. 4.1.4])

£:0—Res Lipschitz continuous (in the second argument), if

3L > 0: ||f<t7w) - f(t,Z)H <L ”W - Z” V(t,W), (y7 Z) €q.
8.1 8.1
p. 441 | Definition 8.1.2 (Local Lipschitz continuity). (— [52, Def. 4.1.5]) p. 44
?\;}‘5‘1‘1‘1 O  Notation: Dyf = derivative of f w.rt. state variable (= Jacobian € R%:? 1) :I?;Il‘éi‘f{.
A simple criterion for local Lipschitz continuity:

Lemma 8.1.3 (Criterion for local Liptschitz continuity).

If f and Dyf are continuous on the extended state space ), then f is locally Lipschitz

continuous(— Def. 8.1.2).
Gradinaru Gradina
D-MATH D-MAT!

Theorem 8.1.4 (Theorem of Peano & Picard-Lindel®f). [1, Satz 11(7.6)], [52, Satz 6.5.1]

Ff:Q— Ris locally Lipschitz continuous (— Def. 8.1.2) then for all initial conditions

(to,y0) € 2 the IVP (8.1.11) has a solution y € CI(J(t[),y(]LRd) with maximal (temporal)

domain of definition J (¢, yo) C R.

Remark 8.1.7 (Domain of definition of solutions of IVPs).
8.1 8.1

Solutions of an IVP have an intrinsic maximal domain of definition

p. 442 p.- 44




Num.
Meth.

! domain of definition/domain of existence J (¢, y() usually depends on (¢, y) ! et

Terminology: it J(tg,yo) =/ O solutiony : I — R%is global.

Notation: for autonomous ODE we always have ¢ = 0, therefore write .J(yg) := J(0, yq)-

In light of Rem. 8.1.5 and Thm. 8.1.4: we consider only

y=fy) , y(0) =0,

autonomous IVP: (8.1.14) Gradinaru

D-MATH
with locally Lipschitz continuous (— Def. 8.1.2) right hand side f .
Assumption 8.1.5 (Global solutions).
All solutions of (8.1.14) are global: J(yy) =R forallyy € D.
8.1
p. 445
Change of perspective: fix “time of interest” ¢ € R\ {0} Num.
Phys.
. D — D .
O mapping @' : , t+ y(t) solution of IVP (8.1.14) ,
pping { Yo — y(b) y(t) (8.1.14)
is well-defined mapping of the state space into itself, by Thm. 8.1.4 and Ass. 8.1.5
Now, we may also let ¢ vary, which spawns a family of mappings {<I>t} of the state space into itself.
However, it can also be viewed as a mapping with two arguments, a time ¢ and an initial state value
yo!
Gradinaru
D-MATH
Definition 8.1.6 (Evolution operator).
Under Assumption 8.1.5 the mapping
P - { RxD w— D
| (tyo) — @lygi=y(1)
where t — y(t) € CY(R, Rd) is the unique (global) solution of the IVP y = f(y), y(0) = yo, is
the evolution operator for the ODE y = f(y).
8.1

p. 446

Note: t — Ply( describes the solution of y = f(y) for y(0) = yy (a trajectory) N
Phys.
Remark 8.1.8 (Group property of autonomous evolutions).
Under Assumption 8.1.5 the evolution operator gives rise to a group of mappings D +— D:
B0 =5 | dlod'=1d VieR. (8.1.15)
This is a consequence of the uniqueness theorem Thm. 8.1.4. Itis also intuitive: following an evolution
up to time ¢ and then for some more time s leads us to the same final state as observing it for the
whole time s + ¢.
A
Gradina
D-MAT!
8.2 Euler methods
Targeted: initial value problem (8.1.11)
. 8.2
y=~1ty) , y(to)=yo- (8.1.11)
p. 44
Sought:  approximate solution of (8.1.11) on [ty, 7] up to final time 7" # & Num.
Phys.
However, the solution of an initial value problem is a function J (¢, yo) — R? and requires a suitable
approximate representation. We postpone this issue here and first study a geometric approach to
numerical integration.
numerical integration = approximate solution of initial value problems for ODEs
(Please distinguish from “numerical quadrature”, see Ch. 7.)
Gradina
D-MAT!
Idea: 00 timestepping: successive approximation of evolution on small intervals
[ti—1til k=1,.... N, ty =T,
O approximation of solution on [t;._1, ;] by tangent curve to current initial
condition.
8.2
p.- 44



Y1 )
y(t) explicit Euler method (Euler 1768)
<1 First step of explicit Euler method (d = 1):
Slope of tangent = f (g, yo)
t
tio %l y1 serves as initial value for next step!
Example 8.2.1 (Visualization of explicit Euler method).
Gradinaru
D-MATH
8.2
p. 449
= exactsoiton| | Num.
—— explicit Euler Meth.
22f! Phys.
IVP for Riccati differential equation, see Ex. ?? 2/ / / / / /
j=y o ST
Here: yy =131 =0,T =1, > 7 / /
= “Euler polygon” for uniform timestep h = 0.2
povg P A Ay
— = tangent field of Riccati ODE 08 B P /
040 0‘2 O‘ 0‘5 0( / ‘2
' <> Gradinaru
D-MATH
Formula:  explicit Euler method generates a sequence (yk);LU by the recursion
Yk+1 =Yk + h[.f(tk* yk) ) k= 0,... >N -1, (8.2.1)
with local (size of) timestep (stepsize) hj ==ty — 1
Remark 8.2.2 (Explicit Euler method as difference scheme). )

p- 450

(8.2.1) by approximating derivative % by forward difference quotient on a (temporal) mesh M = yuu.
g Meth.
{to,t1, ..., tn}:

Phys.
. . Yi+1 — Yk
y=fty) b

h/k f(tk yh(tk)> ) k= 07 A 7‘NY —-1. (822)

—>

Difference schemes follow a simple policy for the discretization of differential equations: replace all
derivatives by difference quotients connecting solution values on a set of discrete points (the mesh).

VAN
Why forward difference quotient and not backward difference quotient? Let's try!
Gradina
D-MAT!
On (temporal) mesh M := {tg,ty,...,ty} we obtain
- . Yi+1 — Yk .
y = f(ty) — +h—]\ = f(tk+17yh(tk+l)> ) k= 0,..., N-—1. (8.2.3)
Backward difference quotient
This leads to another simple timestepping scheme analoguous to (8.2.1):
8.2
Yi+1 :yk"‘hkf(t]“ 17yl‘.”) s k:U.N— 11, (8.2.4) p. 4%
with local timestep (stepsize) hj =t 1 — 1 . -
Meth.
(8.2.4) = implicit Euler method [
Note: (8.2.4) requires solving of a (possibly non-linear) system of equations to obtain yj.. | !
(O  Terminology “implicit”)
Remark 8.2.3 (Feasibility of implicit Euler timestepping).
Consider autonomous ODE and assume continuously differentiable right hand side: f €
cY(D,R%).
Gradina
D-MAT!
(8.2.4) « h-dependent non-linear system of equations:
Yit1 =Yk + (1, ¥641) € Ghype1) =0 with G(h,z) =z — hf(z) -y}, .
Partial derivative:
dG
—(0,z) =1
75 0:2)
Implicit function theorem: for sufficiently small |k| the equation G(h,z) = 0 defines a continuous .
function z = z(h). b dF



AN

How to interpret the sequence (W)}Lo from (8.2.1)?

By “geometric insight” we expect: Vi~ y(ty)

(Throughout, we use the notation y () for the exact solution of an IVP.)

If we are merely interested in the final state y(7), then the explicit Euler method will give us the
answer y .

If we are interested in an approximate solution y,(t) ~ y(t) as a function [y, 7] — R?, we have to
do

post-processing = reconstruction of a function fromy;, k =0,..., N

Technique: interpolation, see Ch. 5

Simplest option: piecewise linear interpolation (— Sect. ??) [ Euler polygon, see Fig. 77.

Abstract single step method s

Recall Euler methods for autonomous ODE  y = f(y):

explicit Euler:  yj.1 = yi + hipf(yg) ,

implicit Euler:  yi.1: Yis1 = Yr + f(yri1) -
Both formulas provide a mapping

(Y& bie) = (R, YE) = Yt - (8.2.5)
Recall the interpretation of the y;, as approximations of y (¢.):
U(hy)~ @'y (8.2.6)

where @ is the evolution operator (— Def. 8.1.6) for y = f(y).
The Euler methods provide approximations for evolution operator for ODEs

This is what every single step method does: it tries to approximate the evolution operator ® for an
ODE by a mapping of the type (8.2.5).
0 mapping ¥ from (8.2.5) is called discrete evolution.

Vice versa: a mapping ¥ as in (8.2.5) defines a single step method.

Num. U In a sense, a single step method defined through its associated discrete evolution does not yum.
e approximate and initial value problem, but tries to approximate an ODE. [
Definition 8.2.1 (Single step method (for autonomous ODE)).
Given a discrete evolution ¥ : Q) C R x D — RY, an initial state Yo, and a temporal mesh
M= {tg <t <--- <ty =T} the recursion
Yi+1 = \I}</'A’+l —Lk,yk) , k=0,....,N—1 (8.2.7)
defines a single step method (SSM, ger.: Einschrittverfahren) for the autonomous IVP y = f(y),
Gradinaru y(()) =Y. Gradina
D-MATH D-MAT!
Procedural view of discrete evolutions:
\Ilhy «—— function yl = esvstep(h,y0) .
(function yl = esvstep( rhs,h,y0) )
8.2 8.2
p. 453 p. 48
Yt O Notation: Why:= W(h,y) i
Concept of single step method according to Def. 8.2.1 can be generalized to non-autonomous ODEs,
which leads to recursions of the form:
Vi1 = thr1, %), k=0,...,N—-1,
for discrete evolution definedon I x I x D.
Remark 8.2.4 (Notation for single step methods).
Gradinaru Gradina
i Many authors specify a single step method by writing down the first step: P
y1 = expression in yg and f .
Also this course will sometimes adopt this practice. A
8.2 8.3
p. 454 p. 4¢



8.3 Convergence of single step methods

Important issue: accuracy of approximation y;. ~ y () ?

As in the case of composite numerical quadrature, see Sect. 7.2: in general impossible to predict
error ||y — y(7T')|| for particular choice of timesteps.

Tractable:

asymptotic behavior of error for timestep i := maxy, iy — 0

Will tell us asymptotic gain in accuracy for extra computational effort.
(computational effort = no. of f-evaluations)

B

Example 8.3.1 (Speed of convergence of Euler methods).

» IVP for Riccati ODE (??) on [0, 1] +

s explicit Euler method (8.2.1) with
uniform timestep h = 1/N,
N € {5,10,20, 40,80, 160, 320, 640}

07

. Error erry, = |y(1) — yn|

error (Euclidean norm)

Observation:

algebraic convergence erry, = O(h)

timestep h

s IVP for logistic ODE, see Ex. 8.1.1

SIEILIIIA ]\:1}‘3{‘1“
’ y=My(1—y) , y0)=001. ’
»  Explicit and implicit Euler methods (8.2.1)/(8.2.4) with uniform timestep 4 = 1/N,
N € {5,10,20, 40,80, 160, 320, 640}
» Monitored: Error atfinaltime E(h) := |y(1) — yy|
10° o(;mg 000000 0 U 4»—2 (zhf,oooooo
E 107" ’E 107
Gradinaru é 0° % 07 Gradina
D-MATH ] o) D-MAT
o o timestep h o i o o timestep h
explicit Euler method implicit Euler method
83 > O(h) algebraic convergence in both cases 3.3
p. 457 p. 48
?\5}‘;“1“ Convergence analysis for explicit Euler method (8.2.1) for autonomous IVP (8.1.11) with sufficiently gﬁ‘:‘-“}]‘:
" smooth and (globally) Lipschitz continuous f, that is, e
L >0: |f¢ty) —£f¢z)|<Ll|ly—-z| Vy,zeD. (8.3.1)
Recall: recursion for explicit Euler method
Ye+1 =Yk + hkf(yk) ) k= 17 0009 N =1 (821)
D
y(1)
Gradinaru ____Error sequence: e =y, — y(lg) - Gradina
D-MATH . D-MAT!
Yk+2 4 —=tey(t)
— = Euler polygon,
°=y(ty),
Yk—1 2
t ® =V
W 7 T T — = discrete evolution Wlk+1 7k
83 00 Abstract splitting of error: 83

p. 458 p. 4€



Here and in what follows we rely on the abstract concepts of the evolution operator @ associated with Yum.
the ODE y = f(y) (— Def. 8.1.6) and discrete evolution operator ¥ defining the explicit Euler single *
step method, see Def. 8.2.1:

621 = Uhy—y+nf(y). (8.3.2)

We argue that in this context the abstraction pays off, because it helps elucidate a general technique
for the convergence analysis of single step methods.

Yi+1
Fundamental error splitting
h hp. e Gradinaru
€41 =v U”Yk - IAY(tk> ot () s D-MATH
hy. hy. "y (t
= Wty — Wlhy(ty) Vi % ‘
N — \
propagated error .L
hy. & —— o
+ Wty (ty) — DTy (ty) - e y(test)
one-step error
7
®33) | "y
1 1
k-1 i1
8.3
p. 461
Num.
y one-step error: %Iﬁ;-‘é'.'
) 7(h,y) = Tly — @hy . (8.3.4)
7'(\’/,7 y/\)
y(t) <1 geometric visualisation of one-step error for
| ‘ ‘ t explicit Euler method (8.2.1), cf. Fig. 76.
I
tk by
O notation: ¢ +— y(t) = (unique) solution of IVP, cf. Thm. 8.1.4. iz
D-MATH
[0 Estimate for one-step error:
Geomtric considerations: distance of a smooth curve and its tangent shrinks as the square of the
distance to the intersection point (curve locally looks like a parabola in the & — 7 coordinate system,
see Fig. 84).
8.3

p. 462

Num.
Meth.
Phys.

(Iz:yk‘)

1\
23 1

Analytic considerations: recall Taylor's formula for function y € @St
t+h

K j K
PN h—
it =) =3 0+ [ st gy
J= t
_ f(K+1)(£)hK+l

K!
for some & € [t,t + A

= ify € C([0,T]), then
B y(tre1) — Y(t) = F(tR)hi + 35(E)h;, for some ty, < & <ty

=y (tp)hy, + 55 (R,

Gradina
D-MAT!

(8.3.5)

8.3
p. 4€
Num

Meth.
Phys.

since ¢ — y(t) solves the ODE, which implies y(t;) = f(y(¢;)). This leads to an expression for

the one-step error from (8.3.4)

T<hk7 }’(tk)):‘l’hk}’(tk) - y(tk A hk)

®32) g (tg) + hif(y(tr)) — y(t) — E(y(tg) s + 55(E)h2

= 39(&p)hs .

Sloppily speaking, we observe [T(}Lk, y(ty) = O(h%)} uniformly for 2z, — 0.

[0 Estimate for the propageted error from (8.3.3)
|y — Wy (8| = llyi + e (v) — y(te) — ey (B0

(8.3.1)
< (14 Lhy)
e ———

lye =yl -

O Recursion for error norms €. := ||ey|| by A-inequality:

epi1 < (L+hpL)ep + pp, pri=sh?  max y(7)|| -
k1 < (L+hgL)eg +pr 5 Pk Zktkggtkﬂ”y( il

(8.3.6)

Gradina

D-MAT!

(8.3.7)

(8.3.8) 83
p. 4€



Taking into account € = 0 this leads to

ko 1-1

6}\7SZH<1+LhJ)pl7 k:]‘7"'7N'
=1 j=1

Use the elementary estimate (1 4 Lh;) < exp(Lh;) (by convexity of exponential function):

k-1
839 = ¢ ZH exp(Lhy;) Zexp LZ hJ

=1 =1
-1
Note: >~ hj < T for final time T
j=1 "
k
e < exp(LT) < exp(LT mdx— h
B e < exp( lz;pz p(LT) ma Z 1

< Texp(LT) Hlmx hy -

e -yl < Texp(LT) e By

s HY( )H

max 7| -
Ug%tk”y( Il

Total error arises from accumulation of one-step errors!

» errorbound = O(h), h := m;ax h; (O  1st-order algebraic convergence)

s Error bound grows exponentially with the length 7" of the integration interval.

Most commonly used single step methods display algebraic convergence of integer order with respect

to the meshwidth h := max;. hj.. This offers a criterion for gauging their quality.

The sequence (yy), generated by a
single step method (— Def. 8.2.1) of order (of consistency) p € N

fory = f(t,y) onamesh M := {t) <t; <--- <ty =T} satisfies

y(t)|| < ChP for h:= i Illld‘( [t —tp_1| — 0,

with C' > 0 independent of M, provided that f is sufficiently smooth.

Num.
Meth.
Phys.

Gradinaru
D-MATH

8.3
p. 465

Num.
Meth.
Phys.

Gradinaru
D-MATH

8.4
p. 466

8.4 Structure Preservation

Num.
Meth.
Phys.
Example 8.4.1 (Euler method for pendulum equation).
Hamiltonian form of equations of motion for pendulum
angular velocity p:=a = i > = P g=981=1 (8.4.1)
g ty pi=a at\p) =\ ~fsina ) g=981=1. 4.
» numerical solution with explicit/implicit Euler method (8.2.1)/(8.2.4),
» constant time-step h = T/N, end time T’ = 5 fixed, N € {50, 100, 200},
Gradina
» initial value: «(0) = 7/4, p(0) = 0. D-MATI
. %\ \ |
//f /
N 8.4
Fiy. 8¢} p. 4€
Behavior of the computed energy: kinetic energy : Fj;,(t) = %p(t)Q o,
1 . — 9 o Meth.
potential energy : Eyot(t) = —7 cos a(t) Phys.

Energies for explicit Euler discrete evolution

Energies for implicit Euler discrete evolution
T T T T T T T . . . , "

Kinetic energy
potential energy
total energy

kinetic energy
potential energy
total energy

Gradina

A 1

\ / osf \ 1 D-MAT!
W 1
o 5

05 1 15 2 25 3 35 7 pu ] 05 1 15 2 25 3 35 4 ws

ad explicit Euler:
g implicit Euler:

increase of total energy
decrease of total energy ("‘numerical friction”)

Example 8.4.2 (Euler method for long-time evolution). 8.4

p. 4€



Initial value problem for , D = R2:

o[ Y2 _ ~( cost sint
Y= ( Ul) > YO =y O y<t>_(fsint cost) Yo

B>  Notethat I(y) = |ly|| is constant.
(movement with constant velocity on the circle)

40 timesteps on [0,10.000000] 160 timesteps on [0,10.000000]

= = = exact solution e = = = exact solution
—+— explicit Euler

—+— explicit Euler it r

1.5 1| —+— implicit Euler 1 —+— implicit Evler

t it -
it - 1 .

[ - s
| .
| . .
| , \ .

\ i
\‘3 Y os|

Y2
&
Y2

—~—

\ \ ‘x gy I

e
“osl

4 E) E) Y

Yy Y1

O explicit Euler:
| implicit Euler:

numerical solution flyes away
numerical solution falls off into the center

8.4.1 Implicit Midpoint Rule

Can we avoid the energy drift ?

[to, t1] via
e linear polynomial through (g, yo)
e with slope f(t*,y"),
t* = 5t + t1), y* =
— = solution through (¢, yo),
— = solution through (¥, y*),
— =tangent at — in (t*, y*).

3o +y1)

Apply on small time intervals [tny_1,ty] O implicit midpoint rule

lto, t1], [t1, t2), - -

B via implicit midpoint rule generated approximation y., 1 for y(t;.) fulfils

=y + W (St + i), 3k T ¥ri1) s k=0, ,N—1 |,

with local (Time)step  hj, =t 1 — 1. .

Vi1 = Yu(tit1)

y Idea: Approximate solution through (to,y() on

Note: (8.4.2) requires soltion of a (evtl. non-linear) equation for y., 1 !

(8.4.2)

Num. . . Num.
Heth. (0 "implicit”) Moth.
Remark 8.4.3 (Implicit midpoint rule as difference method).
(8.4.2) from the approximation of time-derivative % via centred difference quotients on time-grid G :=
{th tla ey tf\“y}:
. Yalter1) —¥alte) — o1 1 v
y="£ty) «— m =5tk + te+1), 2(ynlte) + y(gy1), =0,... . N —1.
A
Gradinaru Example 8.4.4 (Implicit midpoint rule for logistic equation). Gradina
D-MATH D-MAT!
8.4 8.4
O p. 469 p. 41
10° 10
Num. Num.
Meth. Meth.
Phys. 107" 10 Phys.
n% 107 % - T
b3 £ 10 _
ERtH g +
g (S
5 o s
5 10 g
. 107
10 =1.000000 —+— A = 10.000000
=2.000000 1 —+— A = 20.000000
10° =5.000000 || 107 —+— A =50.000000
=10.000000 —+— A =90.000000
. ) ) o) “\» ) o(?)
]Uln ? 107 10" " *© 107 107 107
timestep h timestep h
Gradinaru . Gradina
D-MATH Asmall: O(h ) convergence (asymptotical) A large: stable for all time steps 5 ! O DAAT)
Example 8.4.5 (Implicit midpoint rule for circular motion).
8.4 8.4
p. 470 p. 41



40 tmestops on 0.10.000000]

160 timesteps on [0,10.000000]

ool T o
151 —+— implicit Euler —+— implicit Euler
—+—impliit midoint / \ [ impicit midpoit
1 T
0.5) *;‘ ‘ / \‘3\ \‘ osh /
x 4 | z{
S -05 “* y ‘?’ N 1
\ |
4 1
af / b
/
s
15
f %
1 o
-2.5] i \\.\.\H_, T
% 0 T s 45 T o5 o o5 T
Yy Y1
O Implicit midpoint rule: perfect conservation of length !
&
Example 8.4.6 (Implicit midpoint rule for pendulum).
Initial values and problem as in Bsp. 8.4.1
Enevg\es for lmpllc\( mmpmm discrete evolution
251
i <1 Behavior of the energy of the numerical solu-
5 tion computed with the midpoint rule (8.4.2),
© 15f
5 N = 50.
it No energy drift although large time step)
05
inet energy
potential energy
total energy .
o os 1 is 2 25 3 35 4 =
time t

Num.
Meth.
Phys.

Gradinaru
D-MATH

8.4
p. 473

Num.
Meth.
Phys.

Gradinaru

D-MATH

8.4
p. 474

8.4.2 Stdrmer-Verlet Method [?] -

Meth.

Phys.
use the idea of Euler method for an equation of 2nd order
? y=fty). (8.4.3)
Givenyj, 1 ~ y(t;—1). ¥ = y(i}) approximate y(t) on [t 1, tj41] via
e parabola p(t) through (¢4 1, y—1). (t, y5) (%),
ewith  p(ty) = f(yy) (+).
(x) O Parabolais uniquely determined. o)
D-MAT!
> Vi1 = Pltyt1) = y(tgs)
B  Stdrmer-Verlet method for (8.4.3) (time-grid G := {to,t1, ..., tN }):
hy, hy, 9 .
Vi1 = T Ykl {1+ h— i+ 50 + hihp_)E (b, y) , k=1, N —1.
' (8.4.4)
In case of a fixed time step h: ad
yk+l = 7ykfl + ka + th(Uw y}\) ’ k = 17 teey *7\7 - 1 . (845) b 47
Note: (8.4.4) does not require the solution of an equation ([ explicit method) N
Meth.

Phys.

We say: Vil =Yre1(Yeye_1) O (8.4.4)is atwo-step method
(explicit/implicit Euler method, midpoint rule = one-step method)

Remark 8.4.7 (Stormer-Verlet method as difference method).

(8.4.5) from the approximation of the second time-derivative by a

second centered difference quotients on time-grid G := {tg,t1,...,ty}: for cosntant time-step
h >0
Yultes)=yn(te) _ yn(te)=yn(te—1
. B R _ Ya(tis1) = 2yn(te) + Ya(te—1)
y = f<y) h - h2 Gradina
D-MAT!
= f(yn(ty)) -
A
Remark 8.4.8 (Initialisation of the Stérmer-Verlet method).
Initial values for (8.4.3)y(0) = yq, y(0) = vg
8.4
p. 41



s usevirtualmoment t_:=ty— hy

» apply (8.4.5)to [t_1,t]:

» centered difference quotient on [t _1, ¢1]:

>

Example 8.4.9 (Stérmer-Verlet method for pendulum).

s (8.4.5)
s initialisation via. 8.4.8

s constant time step A :
steps

Y1 = —y_1+2y0 + hif(to, yo) - (8.4.6)

compute y1 from (8.4.6) & (8.4.7)

= T/N, N € N time

s reference solution via very precise integration

ode45()
» (1():77/2, po=0,T =

s Number of time steps:

5, vgl. Bsp. 8.4.1

N =40

. Pendulum g = 9.800000, | = 1.000000,(0)=1.570796,p(0)=0.000000 Pendulum g = 9.800000, | = 1.000000,(0)=1.570796,p(0)=0.000000 .
Num. . . - . - ' . T T T T T T T T T Num.

Meth. Meth.

Phys. : Phys.
Pl \ |
/’\\' \ /\\
/ s \ 1 ,

Yyi—Y-1 / \ 1 £ \ / ]
YLVl _ g 8.4.7) \ / 8 / \
2hy \ / | > / \
\ / \
\ % / 1
\ y f 1
\/ /
A J 1
Gradinaru time t time t Gradina
D-MATH D-MAT!
8.4 8.4
p. 477 p. 41
Pendulum g = 9.800000, | = 1.000000,a(0)=1.570796,p(0)=0.000000 B Energies for Stoermer-Verlet discrete evolution B
° ‘ ‘ ‘ ‘ ‘ ‘ etk T~ . ~— o~ Yotk
J ] Phys. ok ] Phys.
s 1 o 1
of ] B
L | o 1
IS B
g 1 g 1 O No energy drift thought large time steps
s
> -1F q 4t
L | i perfect periodical orbits !
°r ] i On the contrary: Ex. 8.4.1
“alb 4 1k kinetic energy
potential energy
total energy
B Y E) o5 o o5 T = 3 0
angle a Gradinaru Gradina
D-MATH <> D-MATI
Remark 8.4.10 (One-step formulation of the Stérmer-Verlet method).
In case of constant time step, see (8.4.5), analogously to the refromulation of a 2nd order equation to
8.4 8.4

p. 478 p. 4¢&



] i < Wi o Yk+1— Yk .
a fisrt order equation, see (8.1.13): with Vlc+$ = Num.
Phys.
v = f s y =V,
y (v) v = f(y).
i
Vied = Vit of(ve)
Vel = 2Vk +yh1 = hiflyr) = | Yl = VetV
h
Vil = Vi 1+ oY) -

one-step method

two-steps method

Gradinaru

D-MATH
Initialisation (— Rem. 8.4.8) is built in already in the formulation.
A
Remark 8.4.11 (Stérmer-Verlet method as polygonal line method).
8.4
p. 481
Num.
Meth.
Phys.
Perspective: Stdrmer-Verlet method as
polygonal line method
(see Ren. 8.4.10)
Virl = Vi) + hf(y) ,
1 = yYr+hv, 1.
Yi+1 Yk ]H,E
Gradinaru
D-MATH
o 78 e tin t
A
"Why so many different numerical methods for ODEs?”
Answer: each numerical integrator has its specific properties 84

[0 best (not) suited for certain classes of initial value problems b 482

8.4.3 Examples

Num.
Meth.
Phys.

Example 8.4.12 (Energy conservation). <« Bsp. 8.4.6

Pendulum IVP (8.4.1) on [0, 1000], p(0) = 0, ¢(0) = 77/6.

Compare classical Runge-Kutta method (8.6.6) (order 4) with implicit midpoint rule 8.4.2), constant
time-step h = :
pn=s:

° 0.
8l 0.9
I Gradina
085¢ D-MAT!
7"
f" 2 08
o s—\\“: /,,/ %y), 0.75¢
J \\,‘ ' | 8 o7
NG o 5 0.651
Ao - L
+ Impl. Mittelpunktsregel 0.55 T T L L
3 : . L L . L 4‘, ~ 0 200 400 600 800  iGGO
-2 -15 -1 -0.5 g 0.5 1 S 2 t 8.4
Trajectories of "exact” /discrete evolutions Energy conservation of discrete evolutions p. 48
O No drift in enrgy in case of midpoint rule .
Mol
Phys.
&
Fascinating observation
| Some () numerical time-integrators:
> approximative long-time energy conservation (no energy drift)
: \
() Implicit midpoint rule (8.4.2) — Ex. 8.4.12, 8.4.6,
Stormer-Verlet mehtod (??) — Ex. 8.4.9
Gradina
Example 8.4.13 (Spring-pendulum). A
Friction-free spring-pendulum: Hamilton function (energy) H(p,q) = % Hp||2 + %(HqH —1)2 4
(q = position, p = momentum)
. q 0 .
> o (al-d - (1) a-p .45
8.4
p. 4¢&



‘Spring pendulum trajectory

Num.
Meth.
Phys.

a;

Trajectories for long-time evolution >

(chaotical mechanical system)

21 -0

a
Gradinaru
D-MATH
ESV: s Stormer-Verlet method (8.4.5) (order 2),
» explicit trapezoidal rule (8.6.3) (order 2).
8.4
p. 485
1 T T T 1 — T Num.
Meth.
osl oslk Phys.
ab
= s
15F 151
L
sl .
S S |
- Soosicis : IR Iy
3-51 5 1 -0‘5 3 0‘5 1 3 15 1 -0‘5 ‘D 0‘5 1 el
q; a4
Gradinaru
Stormer-Verlet Explicit trapezoidal rule D-MATH
Stormer-Verlet: positions in “allowed domain” even for long times
Explicit trapezoidal rule: trajectories leave the “allowed domain” at long times (energy drift !)
&
8.4

Example 8.4.14 (Molecular dynamics). — [13, Sect. 1.2]

p. 486

» Space of states for n € N atoms in d € N dimensions:

(positions q = [q!;...: "7 € R, Momenta p =
Energy (Hamilton-function):
1 2
H(p,q) =3 pllz+V(a) .
Lenard-Jones-potential: >
H
q' —d HQ) :
J=liA)
VE)=¢-¢° (8.4.9)
0 Hamiltonian ODE
] —
2 qu -d H

P Stoérmer-Verlet method (8.4.5):
ap(t + 3h) = qu(t) + Bpy(t) |

ph(t+h) =

th’

qp(t +h) = qp(t + Eh) 4 7ph(

h) -
Simulation with d = 2, n = 3, q'(0) = 3v2(71), ¢%(0) = 2v2(}), &*(0) =

end-time 7" = 100

Trajektorien der Atome, Verlet, 10000 timesteps

2
D = R2dn
1 nT dn
p,....p"]" €R™)
Lenard-Jones potental
+ _equilibrium distance
25
ol
151
W
05
o o5 i 15 p 25
lal
2 =l f=
qQ =p 7]_17"')”'

(¢ + ) — q}'L(H%h)H )

qy(t+ 3h) — g}, (t + 5h)
2|t + 5m) — it + )

3v2(7). p(0) = 0,

Energieantete, Verlet, 10000 timesteps

0.
100+ > 04
. 3 -
80 . = 02
& )
60-| - S

- B w
40 L 02
-0.4
-0.6

kinetische Energie
—— potentielle Energie
—— Gesamtenergie

i1

M MW IM\ ‘\ il r, Jl

10 20 30 40 50 60 70 80 90
t

100

Num.
Meth.
Phys.

Gradina
D-MAT!

8.4

p. 48

Num.
Meth.
P

Gradina
D-MAT!

8.4

p. 4¢&



100+

80+

60

40+

20+

0=
-2

-15

Trajektorien der Atome, Verlet, 2000 timesteps

-1 -o05 0

Observations:

Energleanlelle Verlet, 2000 umesleps

Zﬁ‘g“\ww M'l yl' »l LA

Num.
\Ietll.

—Kinetische Energie

potentielle Energie
—— Gesamtenergie

HJ

W \v} ‘M

o

Gradinaru

s very different trajektories for long-times with different tim=steps h.

» Qualitatively correct trajektories in any case.

Verlet auf [0, 10] Schwankung der Gesamtenergie

e Vanallon

Example 8.4.15 (Many particles molecular dynamics).

40 60 80 100
Anzahl(Zeitschritte)

D-MATH
8.4
p. 489
Nieth
T =10,d =2 n =3 qi0) = §V2(7)), "=
: IO -1
q2(0) = %\/5(1): Clﬁ(()) = %\/5( 1 )v p(o) = 0.
N—-1
Variation = Z |Etot((i + 1)h) — Eior(ih)]
Drift = ‘Etot(T> - Et()t(o)‘ 5
Abstand = IIlHX{Hq%(T)HQ ,j=1,2,3}.
Gradinaru
D-MATH
— [?, Sect. 4.5.1]
8.4
p- 490

2D conservative system of many particles with
Lennard-Jones-potential — Bsp. 8.4.14

initial positions >
(initial momenta = 0 « 0K)

Initial position of atoms, 0K

S
Obseravtions for explicite trapezoiudal rule (8.6.3), M
Stérmer-Verlet (8.4.5) i
. . 2r
» Approximation of energy H(p, q)
A
» middle kinetic energy (“temperature”) L I S . . . "
ql
Animation
-908[
-910[ _g0o
_— L w
g g
o 10 2 30 o E) E) 70 ) = = 105 10 20 30 o 50 60 70 80 STt
t t

Num.
Meth.
Phys.

Gradina
D-MAT!

8.4
p. 4€

Num.
Meth.
Phys.

Gradina
D-MAT!

8.4
p. 4¢



‘Trapezoidal rule, 10 x 10 Lenard-Jones atoms

Stoermer-Verlet: 10 x 10 Lenard-Jones atoms

temperature
temperature

“ﬁw"!'lﬁlﬂ‘ !

Ul Mm

Symplectic time-integrator (Verlet): qualitatively correct behaviour of the temperature

&
8.5 Splitting method s [27, Sect. 2.5]
Autonomous IVP with right hand side of the form:
y=1fy)+8y) . y0)=yo, (85.1)

with f : D ¢ R? — RY, g: D C R? — R? “suff, smooth”, locally Lipschitz continuous (—
Def. 8.1.2)

., o eq y=f(y),
(Continuous) Evolution: { ey ¥)
¢, — eq y=gy

Assume: <I>tf, <I>Z (analytically) known

Idea: Construct Single-step method with discrete evolution

Lie-Trotter-Spliting: ¥/ = '1>’g‘ o ®h (8.5.2)
Strang-Splitting: ~ ¥" = @i’/ fodlo ‘I’]}/ ’, (8.5.3)

Y1

Num. Num.
Meth. Meth.
Phys. Phys.
h,
(8.5.2) « (8.5.3) « ‘Pfj
Yo
ey
Example 8.5.1 (Convergence of simple splitting methods).
=y —y)+y/1-y> , y(0)=0
— ( ) N—_——
Gradinaru T =9(y) Gradina
D-MATH D-MAT!
1
Sly=— > 0,y€]0,1] (logistic differential equation (8.1.3
B Py o —y— y €0,1] (log q (8.1.3)
sin(t + arcsin ,if t + arcsin <
: 1 , else,
8.5 8.5
p. 493 p. 4€
Num. 107 Num.
Meth. Meth.
Phys. Phys.
10°
_ Numerical experiment:
L';jw" T =1, A = 1, compare splitting method (constant
- time-step) with very precise numerical solution
10° < Error atend-time 7' =1
—+— Lie-Trotter-Splitting|
e —+— Strang-Splitting
---0(h)
10° . . ---o(h?) ‘
107 10"
Zeitschrittweite h <>
Gradinaru Gradina
p-matH - Example 8.5.2 (Splitting methods for mechanical systems). D-MAT]
.. 8.1.13) .
Newton eq. of motion 1 = a(r) €113 y = (r) = ( M ) = F(y)
\4 a(r)
N (0 v
Splitting: F(y) = (a(r)) + (0) .
N —
=fly) =sgly)
8.5 8.5
t(ro) _ r) t(ro\ _ (ro+ivy
p- 494 B (bf <V0> B (VU +ta(r0)> ’ q)g (Vu) - ( Vo ) ’ p. 4¢



[ Lie-Trotter-Splitting (8.5.2): O Symplectic Euler method

Num.
Meth.

Phys.
wh () (@{7 o«I)h.') r\ _ (r+h(v+ha(r)) . (85.4)
v 9° ") \v v + ha(r)
[ Strang-Splitting (8.5.3):
172 1
l l 5 5
o (T (tp,;/Qo@?otI);/Q) r\ _ (r+hv+sh a(11+ 5hv) . (855)
v : : v v + ha(r 4 5hv)
= single-step formulation of Stérmer-Verlet methods (8.4.5), see Rem. 8.4.10!
1
Tpl =Tk +5hvy
(855) «——  Vipl=Vi+ ha(rk%) ; (8.5.6)
1 S
Y 1="r, 1+5hvi,q. Gradinaru
k+1 k+3 210V E+1 -
&
Idea: Replace
exact evolution —— discrete evolution
h h h h
oy @ ¥ — vy, @ ¥
Example 8.5.3 (Inexact splitting method). Cont. Ex. 8.5.1
8.5
IVP of Eq. 8.5.1, inexact splitting method when we rely on (several) inexact underlying methods: p. 497
LTS-Eul  explicit Euler method (??) — \IIZ g Num.
2| ’7 Meth.
1 \Il;; f * Lie-Trotter-Splitting (8.5.2) L
SS-Eul explicit Euler method (??) — \IJZ ¢
o o) 7+ Strang-Splitting (8.5.3)
g SS-EuEl Strang-SpIitting (8.5.3): explicit Euler
g W method (??) o exact evolution <I>g' oim-
plicite Euler method (??)
10°] LTS-EMP explicit midpoint rule (8.6.4) — tIJZg,
\Il;; I Lie-Trotter-Splitting (8.5.2)
107} SS-EMP  explicit midpoint rule (8.6.4) — \IIZ ”
Zeitschrittweite h \Il;; Ft Strang-Splitting (8.5.3) Gradinaru
7 D-MATH
O Order of splitting methods is determined by the quality of <I>}]Z <I>Z’.
&

Remark 8.5.4. Note that the converegence order of a reversible method (i.e., if we exchange i < —h
and y;. < yj.+1 We get the same method) is always even.

8.6
p- 498

8.6 Runge-Kutta methods

Num.
Meth.
Phys.
So far we only know first order methods, the explicit and implicit Euler method (8.2.1) and (8.2.4),
respectively.

Now we will buld a class of methods that achieve orders > 1. The starting point is a simple integral
equation satisfied by solutions of initial value problems:

Gradina

't D-MAT!

y(t) =f(t,y(t), f(r,y(to+ 7)) dr

y(to) = yo

IVP: = y() :}’u+/

to

Idea: approximate integral by means of s-point quadrature formula (— Sect. 7.1, de-

fined on reference interval [0, 1]) with nodes ¢y, . . ., ¢s, weights by, . . ., bs.

S
y(t) ~yi=yo+ b b+ e [ytor e, hi=ti—ty.  (©61)

i=1
Obtain these values by bootstrapping

8.6

p. 4€

bootstrapping = use the same idea in a simpler version to get y(Zy -+ ¢;h), noting that these values Yu-

can be replaced by other approximations obtained by methods already constructed (This approach 7
will be elucidated in the next example).

What error can we afford in the approximation of y (¢ + ¢;k) (under the assumption that f is Lipschitz
continuous)?

Goal: one-step error  y(t1) — y1 = O(hPH1)

This goal can already be achieved, if only ;'\a:l'\'i
v (to + ¢;h) is approximated up to an error O(h?),

because in (8.6.1) a factor of size h multiplies f(ty + ¢;, y(to + ¢;h)).

This is accmomplished by a less accurate discrete evolution than the one we are bidding for. Thus, .

we can construct discrete evolutions of higher and higher order, successively.
p. 5



Example 8.6.1 (Construction of simple Runge-Kutta methods). .
P ( P 9 ) Num. The formulas that we have obtained follow a general pattern: Num.
Phys. Phys.
Quadrature formula = trapezoidal rule (8.6.2):
1
1 . _ o _ _ — by —
QU =30+ /(1) & s=2 a=0c=1, b=b= 5 (8.6.2) Definition 8.6.1 (Explicit Runge-Kutta method).
i—1 .. . .
and y(T) approximated by explicit Euler step (8.2.1) Forbj,a;j € R, ¢; = 3207y a5, 1,j =1,..., s, s € N, an s-stage explicit Runge-Kutta single
; step method (RK-SSM) for the IVP (8.1.11) is defined by
ki = f(tg,y0) , ko="F(tg+h,yo+hki), y1=yo+ 5k +ko). (8.6.3) - .
(8.6.3) = explicit trapezoidal rule (for numerical integration of ODEs) k; = f(tg+cih,yo+ h Z ajjkj), i=1,...,5 , y1:=yo+h Z bik; .
j=1 1=1
i - midpoi 1 The k; € R are called increments.
Quadrature formula — simplest Gauss quadrature formula = midpoint rule & y(z(tl +1p)) ap- et i et
proximated by explicit Euler step (8.2.1) D-MATH D-MAT!
ki = f(ty,yo), ko=fF(tg+ L; yo + %kl) . y1=yo+hko. (8.6.4) The implementation of an s-stage explicit Runge-Kutta single step method according to Def. 8.6.1
. . o - . is straightforward: The increments k; € Rd are computed successively, starting from k; = f(tg +
(8.6.4) = explicit midpoint rule (for numerical integration of ODESs)
o c1h, yo).
Example 8.6.2 (Convergence of simple Runge-Kutta methods). P Only s f-evaluations and AXPY operations are required.
» IVP: y = 10y(1 — y) (logistic ODE (8.1.3)), y(0) = 0.01, T" =1, 3.6 8.6
» Explicit single step methods, uniform timestep h. p. 501 p. 5C
1 ‘ PEEE S 10° ¢ v
) .73 + =L, Explcit Euler _ N 0 0 e
09| 1 Bl rapezoida e ot L i A Py Shorthand notation for (explicit) Runge-Kutta ;1 R Phige
0.8/l_2 Explicit midpoint rule ";' | 107 —omd) . methods cl A _ 2 21 .
l e ‘b : H I ;
/ = Butcher scheme > Cs | sl as,s—1 0
0.6[ g X 10
S & (Note: 2 is strictly lower triangular s X s-matrix) by o bs
e K . = (8.6.5)
04f / g 107
03f RS
o2 ,{' + 1 * Note that in Def. 8.6.1 the coefficients b; can be regarded as weights of a quadrature formula on [0, 1]:
o __4,.—3” " ‘ apply explicit Runge-Kutta single step method to “ODE” y = f(¢).
0 02 04 06 08 2 107 10"
t stepsize h
. . - . . Gradinaru Gradina
yp(3/10), 5 = 1,..., 10 for explicit RK-methods Errors at final time y;,(1) — y(1) D-MATH 9 D-MAT)
. . . o [N Necessarily Z b;=1
Observation: obvious algebraic convergence with integer rates/orders i
explicit trapezoidal rule (8.6.3) order 2 L
explicit midpoint rule (8.6.4)  order 2 Example 8.6.3 (Butcher scheme for some explicit RK-SSM).
-, 0]0
e Explicit Euler method (8.2.1): 1 O order =1
< 86 8.6
p. 5C

p. 502




000 et 1} 1 e
o explicit trapezoidal rule (8.6.3): 1110 O order =2 e vs.
T T explicit trapezoidal rule
22
0100
0100 110
.. . . ) 111 — 5 5
e explicit midpoint rule (8.6.4): 3|3 0 O order =2 2 2
01 green: solution
magenta: local slops k;
? (1) 8 8 8 *: points f-evaluation
5|3 ) )
® Classical 4th-order RK-SSM: i 0 % 00 O order = 4 . red: polygonal line -
110010 D-MATH 0 02 04 06 08 1 [P
t
e Kutta's 3/8-rule: 0 order =4
8.6 8.6
O p. 505 p. 5C
Example 8.6.4 (explicit Runge-Kutta method for Ricatti equation). e ‘ ‘ ‘ ‘ R
Initial value problem: = * + y, y(0) = 0.2. Phe  classical Runge-Kutta method (RK4) il 1 Mk
00000 osl B i
Geometrical interpretation of explicit RK-methods as polygonal lines Ll g _— >
121 B - ylT
Totoo (866) 4 /// |
[ ‘ ‘ ; . 10010 . — . ky
o G600 oaf —— = .~ ]
explicit midpoint rule: green  solution L g
Y0 T e —
(lJ ? 0 magenta local slopes k; L — - /“5/ / ]
505 0 R
2 01 * point f-evaluation -
. 0 — = = -
Gradinaru red: polygonal line ‘ ‘ ‘ ‘ ‘ Gradina
green solution i 0 02 o4 08 08 1 P
magenta local slops k;
* points f-evaluation
red: polygonal line
0 02 04 06 08 1
t
8.6 8.6

p. 506 p. 5



Kuttas 3/8-rule

0o 0 00
%é 000
-5 100 (8.6.7)
1 10

Example 8.6.7 (Numerical integration of logistic ODE ).

Num. Num.
1 Meth. Meth.
Phys. Phys.

integrator: ode45():

usage of ode45

from ode45 inport ode45

fn =1lanbda t, y: 5.xy*x(1.-y) R
t,y = ode45(fn (0 1. 5) _[_1._5]_):_’|n|t|al and final time
% initial state Yo

— Handle passing r.h.s.

<&
green solution
magenta local slopes k;
* point f-evaluation ]
red:  polygonal line aninen 8.7 Stepsize control Gralag
o 0‘2 0‘ ) 0‘ P 0‘8 D-MATH D-MAT!
4 o
Example 8.7.1 (Oregonator reaction).
Remark 8.6.5 (“Butcher barriers” for explicit RK-SSM).
Special case of oscillating Zhabotinski-Belousov reaction [21]:
orderp|1 234567 8 >9 _ B
minimal no.s of stages|1 2 3 4 6 7 9 11 >p+3 BrOg" + Br™ — HBrOy
HBrOs + Br~ +— Org
No general formula available so far BrO3 + HBrOy +— 2HBrO; + Ce(1V) (8.7.1)
Known: orderp < number s of stages of RK-SSM o 2HBrO; = Org .
nown: order p number s of stages of RK- p. 500 Ce(IV) — Br- p. 51
- v .
AN N
Phys. Phys.
Remark 8.6.6 (Explicit ODE integrator a la MATLAB). Yl = c(Brog): n = —kiyiye — ksyys
yo = c(Br7): Y2 = —kiy1y2 — kayoys + ksys ,
Syntax: ys3 = c(HBrO2): g3 = kiyiy2 — kzy;z)y3 + ksy1ys — 2kays (8.7.2)
— . 4 = ¢(Org): Uy = koyoys + kyy3
t,y = ode45(odefun, tspan, y0); vy = ¢(Org : / > 30
| | y5 = c(Ce(IV)): g5 = ksyrys — ksys
with (non-dimensionalized) reaction constants:
odefun : Handle to a function of type (t, y) < rh.s. f(¢,y) 9 3 7
tspan : vector (ty, 7)7, initial and final time for numerical integration k=134, kp=16-10", k3=8.0-10", ky=40-10", k5=10.
yO0 . (vector) passing initial state y( € R4
Gradinaru Gradina
Return values: [DSYINE periodic chemical reaction [0 Video 1, Video 2 D-MATI
t : temporal mesh {fg <t <ty < - <ty =ty =T} simulation with inital state y1(0) = 0.06, y(0) = 0.33 - 1075, (0) = 0.501 - 10712, y,(0) = 0.03,
y . sequence (y;ﬂ)?{:() (column vectors) y5(0) =0.24-107"
A

8.6 8.7
p. 510 p. 51



Concentration of Br~ Concentration of HBrO2

c(t)

107 10"

0 20 40 60 80 100 120 140 160 180 200 ] 20 40 60 80
t

We observe a strongly non-uniform behavior of the solution in time.

This is very common with evolutions arising from practical models (circuit models, chemical reaction

models, mechanical systems)

Example 8.7.2 (Blow-up).

Scalar autonomous IVP:

2

y=y", y(0)=y>0.
Yo
Yt)=—"—"—, t<1y.
Byt T— ot /w0 ol

Solution exists only for finite time and then suffers -
a Blow-up, thatis, lim y(t) = co: J(yp) = =f

t—1/y
] - o0, el "

How to choose temporal mesh {t) < t; < --- < t)y_1 < t} for single step method in case .J(y)

is not known, even worse, if it is not clear a priori that a blow up will happen?

Just imagine: what will result from equidistant explicit Euler integration (8.2.1) applied to the above

IVP?

solution by odeds

Num. =
Mgl s ‘ ; | 1]/odefun = lambda t,y: y**2.0
[ 2|print ’'y0_=’,0.5
3[t2, y2 = ode45(odefun,
“ stats=True)
T 4lprint "\n’,’y0_=",1
= sor : : 5/t1, yl = ode45(odefun,
“wr ' 1 stats=True)
3 : : 6/ print "\n’,’y0_=",2
» : : {1 7/t3, y3 = ode45(odefun,
ol : | stats=True)
Gradinaru
D-MATH )
warning messages:
y0 = 0.5
error: QdePkg: I nval i dArgunent
Sol ving has not been successful. The iterative integration loop exited at tine t =
Nunber of successful steps: 151
Nunber of failed attenpts: 74
Nurmber of function calls: 1344
g7 Y0 =1

error: OdePkg: | nval i dAr gunent

p. 513 go vi ng has not been successful. The iterative integration loop exited at tine t

e Nurmber of successful steps: 146
Phys. Nunber of failed attenpts: 74
Nurmber of function calls: 1314

yo = 2
error: OdePkg: | nval i dAr gunent

Sol ving has not been successful. The iterative integration loop exited at time t

Nurmber of successful steps: 144
Nunber of failed attenpts: 72
Nunber of function calls: 1290

We observe: ode45 manages to reduce stepsize more and more as it approaches the singularity of

the solution!

Gradinaru

D-MATH

Key issue (discussed for autonomous ODEs below):
Choice of good temporal mesh {0 =ty < t; < --- <ty_; < tny}
for a given single step method applied to an IVP

8.7
p. 514 What does “good” mean ?

Num.
Meth.
Phys.

Gradina
D-MAT!

8.7

- p. 5l

Num.
Meth,
Phys.

Gradina
D-MAT!



be efficient be accurate

P

mex |ly(ty) — yp|l <TOL
or |ly(T) = ynll < ToL

Policy:  Try to curb/balance one-step error by

» predicting suitable next timestep A1

Tool:  Local-in-time one-step error estimator (a posteriori, based on y ., hj._1)

Objective: N as small as possible &  k=1,...N , TOL = tolerance

local-in-time
» adjusting current stepsize hy, stepsize control

Why local-in-time timestep control (based on estimating the one-step error)?

Consideration: If a small time-local error in a single timestep leads to large error ||y — y(¢;)] at
later times, then local-in-time timestep control is powerless about it and will not even notice!!

Nevertheless, local-in-time timestep control is used almost exclusively,

[0 because we do not want to discard past timesteps, which could amount to tremendous waste of

computational resources,

[0 because it is inexpensive and it works for many practical problems,

O because there is not reliable method that can deliver guaranteed accuracy for general IVP.

“Recycle” heuristics already employed for adaptive quadrature, see Sect. 7.3:

Idea: Estimation of one-step error, cf. Sect. 7.3

~h
Compare two discrete evolutions \I!h, v ! of different order

for current timestep h:

If Order(¥) > Order(W¥)

~h
= ®'y(ty) — By(t)) ~EST) = W y(ty) — Wy(ty) .
—_—
One-Step error

Heuristics for concrete h

absolute tolerance

EST}, <> ATOL

B> Compare  par' ., RToL [y, |

relative tolerance

0 Reject/accept current step

(8.7.3)

(8.7.4)

Num.
Meth.

Phys.

Gradinaru

D-MATH

8.7
p. 517

Num.
Meth.
Phys.

Gradinaru

D-MATH

8.7
p. 518

P> Simple algorithm: Nm
Phys.

EST;, < max{ATOL, |ly||RTOL}: Carry out next timestep (stepsize h)
Use larger stepsize (e.g., ah with some o > 1) for following step
(%)

EST; > max{ATOL, |ly||RTOL}: Repeat current step with smaller stepsize < h, e.g., %h

Rationale for («): if the current stepsize guarantees sufficiently small one-step error, then it might
be possible to obtain a still acceptable one-step error with a larger timestep, which would enhance
efficiency (fewer timesteps for total numerical integration). This should be tried, since timestep control
will usually provide a safeguard against undue loss of accuracy.

Gradina
Code 8.7.3: simple local stepsize control for single step methods D-MAT!
1|/def odeintadapt(Psilow, Psihigh, T, y0, hO, reltol, abstol, hmin):
2 t=[0]; y=[y0]; h=h0 #
3 while t[—1] < T and h > hmin:
4 yh = Psihigh(h,y0)
5 yH = Psilow (h,y0)
6 est = norm(yH-yh)
7 if est < max(reltolsnorm(y0), abstol):
8 y0 = yh; y.append(y0);
t.append(t[—1]+min(T—t[—1],h)) 8.7
9 h = 1.1xh p. 51
10 else: _—
1 h =h/2.0 oy
12 return (array(t),array(y))
13
14 |def odeintadapt_ext(Psilow, Psihigh, T, y0, hO, reltol, abstol, hmin):
15 """extended_version_of_odeintadapt._also_returns_vector_of
rejected_points_and_vector_of_estimated _errors"""
16 t=[0]; y=[y0]; h=h0; rej = []; ee = [0O]
17 while t[—1] < T and h > hmin:
18 yh = Psihigh(h,y0)
19 yH = Psilow (h,y0)
20 est = norm(yH-yh)
21 if est < max(reltol«norm(y0), abstol): o
22 |# print 'accept step, h = y0 = yh; y.append(y0); t.append(t[-1]+min(T-t[-1],h)) ;'\a;l'\';i
23 h = 1.1xh; ee.append(est)
24 else:
25 |# print reject step, h = rej = hstack([rej,t]); h = h/2.0
26 return (array(t),array(y),rej,ee)
Comments on Code 8.7.2:
8.7

e Input arguments:

kel
<4
Ka



—Psi | ow, Psi hi gh: function handles to discrete evolution operators for autonomous ODE of =~ Num.
different order, type @y, h) , expecting a state (column) vector as first argument, and a [
stepsize as second,

—T: final time 7" > 0,

—yO0: initial state yy,

—hO: stepsize hy for the first timestep

—rel tol, abst ol : relative and absolute tolerances, see (8.7.4),

— hni n: minimal stepsize, timestepping terminates when stepsize control i, < hy,;,, which is

relevant for detecting blow-ups or collapse of the solution.

e line ??: check whether final time is reached or timestepping has ground to a halt (h;, < hyiy). Gradinaru
D-MATH
e line ??, ??: advance state by low and high order integrator.

e line ??: compute norm of estimated error, see (?7?).
e line ??: make comparison (8.7.4) to decide whether to accept or reject local step.

e line ??, ??: step accepted, update state and current time and suggest 1.1 times the current
stepsize for next step.
e line ?? step rejected, try again with half the stepsize.
8.7
e Return values: p. 521

—t:temporalmeshty < t; <ty <... <ty <71, wherety < T indicated premature N
termination (collapse, blow-up),

Phys.
. N
—y: sequence (y)5.—-

By the heuristic considerations, see (8.7.3) it seems that £.ST}. measures the one-step error for
5 the low-order method W and that we should use yj 1 = \Ilhk'y;\., if the timestep is accepted.

= Ny,
However, it would be foolish not to use the better value y;. .| = ¥ L’yk, since it is available for free.
This is what is done in every implementation of adaptive methods, also in Code 8.7.2, and this choice

can be justified by control theoretic arguments [13, Sect. 5.2]. Gradinaru
D-MATH

Example 8.7.4 (Simple adaptive stepsize control).

s IVPfor ODE g = cos(ay)?, a > 0, solution y(t) = arctan(a(t — ¢))/a for y(0) €] — /2, 7/2

» Simple adaptive timestepping based on explicit Euler (8.2.1) and explicit trapezoidal rule (8.6.3)

Code 8.7.5: function for Ex. 8.7.4
1|def odeintadaptdriver(T,a, reltol=1e—2,abstol=1e—4):

8.7
‘ p. 522

w

(&}

© © N o

10
11
12
13
14
15
16
17
18
19
20
21
22

23
24
25
26
27
28
29
30

31
32
33
34
3
36
37

a

39
40
2
42

"""Simple_adaptive_timestepping_strategy of,_
Code~\ref{mc: odeintadapt}
oo based_on_explicit_Euler_\eqref{eq:eeul}_and_explicit_
trapezoidal
rule_\eqref{eq:exTrap}

[T

# autonomous ODE y = cos(ay) and its general solution
f = lambda y: (cos(axy)x*%*2)

sol = lambda t: arctan(ax(t—1))/a
# Initial state y
y0 = sol(0)

# Discrete evolution operators, see Def. 8.2.1

# Explicit Euler (8.2.1)

Psilow = lambda h,y: y + hxf(y)

# Explicit trapzoidal rule (8.6.3)

Psihigh = lambda h,y: y + 0.5xhx( f(y) + f(y+thxf(y)) )

# Heuristic choice of initial timestep and A,

hO = T/(100.0%(norm(f(y0))+0.1)); hmin = h0/10000.0;
# Main adaptive timestepping loop, see Code 8.7.2

t,y,rej,ee =

odeintadapt_ext(Psilow, Psihigh ,T,y0,h0, reltol ,abstol,hmin)

# Plotting the exact the approximate solutions and rejected timesteps
fig = plt.figure ()
tp = r_[0:T:T/1000.0]
plt.plot(tp,sol(tp),’'g—",linewidth=2, label=r"y(t)")
plt.plot(t,y, 'r.’,label=r"y;")
plt.plot(rej,zeros(len(rej)),’'m+’,label="rejection’)
plt.title ('Adaptive_timestepping, _rtol_=_%1.2f,_ atol_=_%1.4f
= %d’ % (reltol ,abstol,a))

plt.xlabel (r’'t’,fontsize=14)
plt.ylabel(r'y’,fontsize=14)
plt.legend(loc="upper_left ")
plt.show()

# plt.savefig(’../PICTURES/odeintadaptsol.eps’)

print '%d_timesteps, %d _rejected_timesteps’ %
(size(t)—1,len(rej))

# Plotting estimated and true errors

fig = plt.figure ()

plt.plot(t,abs(sol(t) — y),’'r+’',label=r"true_error_|y(t;) — yz
plt.plot(t,ee, 'm«’,label="estimated_error_EST k')

|l_la

")

Num.
Meth.
Phys.

Gradina
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_ ) Example 8.7.6 (Gain through adaptivity). — Ex.8.7.4 !
43 plt.xlabel(r't’, fontsize=14) Ny [
s s . _ Phys. . . . . . i Phys.
44 plit.ylabel(r’error’, fontsize=14) Simple adaptive timestepping from previous experiment Ex. 8.7.4.
45 plt.legend(loc="upper_left’)
46 plt.title ('Adaptive_timestepping, _rtol_=_%1.2f,_atol_=_%1.4f, _a New: initial stat 0 o
=%’ % (reltol ,abstol,a)) ew: initial state y(0) = 0!
47 plt.show ()
48 |# plt.savefig('../PICTURES/odeintadapterr.eps’) Now we study the dependence of the maximal point error on the computational effort, which is pro-
49 portional to the number of timesteps.
so[if __name__ == '_ _main__":
51 odeintadaptdriver(T=2,a=20,reltol=1e—2,abstol=1e—4)
Sohingd,y=a cos(y)? with a = 40,000000 by simple adaptive timestepping Error vs. no. of timesteps for  y = a cos(y)” with a = 40.000000
0.05 10"
T o e
Gradinaru o o' ' Gradina
N e e e e ) B
0.035 ;/ ol
0.03 ’,=' ;“
oot ! £ w0l
E + *N
10°F . u**u
107 *
ocos} .
R R = 1 . - ‘
87 o 0.2 0.4 06 08 1‘ 12 14 16 iy . mm‘ o.N Of;{:;:nesteps 1w 87
p- 525 Solutions (y},);, for different values of r t ol Error vs. computational effort B 5
Adapive tmesepping, 0l = 0010000, atol = 0.000100, .= 20000000 Adapive timestepping, ol = 0010000, atl =0.000100, = 20000000 7 . 7
0 T * T N Observations: Npum.
« 4 estimated error EST, Phys. Phys.
oce|L_+ _refecton ] * ) 3
002 :i
0048 ] i [0 Adaptive timestepping achieves much better accuracy for a fixed computational effort.
ooar 1 0.015F ’ i
. PN 4 | s ol
| g .
0.02 - A ooy - <>
oo ] M
ol | e N Example 8.7.7 (“Failure” of adaptive timestepping). — Ex. 8.7.6
; n ; . . . . . . . . P bere T TO X L i . X X i
Moz o s os R oz o4 ee ea 1 a2 128 Same ODE and simple adaptive timestepping as in previous experiment Ex. 8.7.6. Same evaluations.
Gradinaru Gradina
o . . B D-MATH D-MAT!
Statistics: 66 timesteps, 131 rejected tinesteps Now: initial state (0) = —0.0386 as in Ex. 8.7.4
Observations:
O Adaptive timestepping well resolves local features of solution y(¢) at ¢ = 1
[0 Estimated error (an estimate for the one-step error) and true error are not related!
8.7 8.7
& po 526



Solving d, y = a cos(y)” with a = 40.000000 by simple adaptive timestepping Ertor vs. no. of timesteps for ¢y = a cos(y)” with a = 40.000000

oosr 1 Qlllél;ll‘ Asymptotic expressions for one-step error for h — 0: gﬁlél‘]‘)‘
Whiy(ty) — Bhry(ty) = ch? L+ OKEY?) | 675
~hk ; clfs
Ty () — @My (ty) = O,
ot i NN with some ¢ > 0.
002 o T Why 7712 Remember estimate (??) from the error analysis if the explicit Euler method: we also
-o0af : ﬂ‘i§§§§§§§ found O(hi) there for the one-step error of a single step method of order 1.
' no-Nofmesteps GradinamiHoyristics:  the timestep / is small [ “higher order terms” O(hP*2) can be ignored. ctezilony
Solutions (y,);. for different values of r t ol Error vs. computational effort Rttt D-MAT
h. hy. - ptl p+2
Observations: ‘P,Ay(t’f) - By (ty) = chy jo(hk’ RN EST}, = ch?"! (8.7.6)
~ by ' o L ’ . 7.
Gy (1)) — Bhry(ty) = O(RY) .
O Adaptive timestepping leads to larger errors at the same computational cost as uniform O notation: = equality up to higher order terms in h,
timestepping.
L aptl . EST;
EST, = chk = L (8.7.7)
k.
Expl ion: th iti f th f th lution h iti initial . . : o
xplanation: the position of the steep step 0_ the s_o _u_tlorT as a sen_smve dependence on an initia 87 Avallabie In algorthin, see (B17:3) 87
value y(0) ~ —/2. Hence, small local errors in the initial timesteps will lead to large errors at around p. 520 p. 53
time ¢ ~ 1. The stepsize control is mistaken in condoning these small one-step errors in the first few yus. For the sake of accuracy (stipulates “EST; < TOL") & efficiency (favors “>") we aim for N
steps and, therefore, incurs huge errors later. A i [
EST;, = TOL := max{ATOL, ||y| RTOL} . (8.7.8)
What timestep 5. can actually achieve (8.7.8), if we “believe” in (8.7.6) (and, therefore, in (8.7.7))?
& EST;.
(8.7.7)&(8.7.8) = TOL= p—fl RETL
h
Remark 8.7.8 (Refined local stepsize control). adjusted stepsize (A)
The above algorithm (Code 8.7.2) is simple, but the rule for increasing/shrinking of timestep arbitrary [ "Optimal timestep™: hs=h "ﬁl/ %TL]\_ @ suggested stepsize
and “wastes” informatiom contained in EST}. : TOL: (stepsize prediction) ®)
Gradinaru - A Gradina
More ambitious goal ! When EST;. > TOL: stepsize adjustment better h), = ? paan (A): Incase EST, > TOL [ repeat step with stepsize /. -
: i icti =2
Wi B, o TOLkE siispers iedieien  gred b = (B): IfEST, < TOL [ use hy as stepsize for next step.
. . ) — Code 8.7.9: refined local stepsize control for single step methods
Assumption: At our disposal are two discrete evolutions: 1 [from numpy import x
» W withorder(¥) =p (O “low order” single step method) 2 from numpy. I|na!g import norm
3limport matplotlib.pyplot as plt
» W with order(¥)>p (O “higher order” single step method) 4
s|def odeintssctrl(Psilow,p, Psihigh,T,y0,h0, reltol ,abstol,hmin):
These are the same building blocks as for the simple adaptive strategy employed in Code 8.7.2 (, g7; 6 t = [0]; y = [y0]; h = ho # 8.7
passed as arguments Psi | ow, Psi hi gh there). p. 530 while t[—1] < T and h > hmin: # b 5%
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42

43
44
45
46
47
48

yh = Psihigh(h,y0) #

yH = Psilow (h,y0) #

est = norm(yH—-yh) #

tol = max(reltol+norm(y[—1]),abstol) #

h = hxmax(0.5, min(2,(tol/est)*x*(1.0/(p+1)))) #
if est < tol: #

y0 = yh; y.append(y0);
t.append(t[—1]+min(T—t[—1],h)) #

return (array(t),array(y)) # converttonumpy array

if _name__ == '_ _main__
"""this_example_demonstrates_that_a_slight _reduction_in_the
cuuooouutolerance can_have_a_large effect _on_the quality _of_the
solution

nan
[T

# use two different tolerances
reltoll=1e—2; abstoll=1le—4
reltol2=1e—3; abstol2=1e—5
T=2; a=20

# autonomous ODE y = cos(ay) and its general solution

f = lambda y: (cos(axy)x**2)

sol = lambda t: arctan(ax(t—1))/a
# Initial state y(

y0 = sol(0)

# Discrete evolution operators, see Def. 8.2.1

Psilow = lambda h,y: y + hxf(y) # Explicit Euler (8.2.1)

o = 1 # global order of lower-order evolution

Psihigh = lambda h,y: y + 0.5xhx( f(y) + f(y+hxf(y)) ) # Explicit
trapzoidal rule (8.6.3)

# Heuristic choice of initial timestep and A,

hO = T/(100.0%(norm(f(y0))+0.1)); hmin = h0/10000.0;
# Main adaptive timestepping loop, see Code 8.7.2
t1,yl =
odeintssctrl (Psilow,o, Psihigh ,T,y0,h0, reltoll ,abstoll ,hmin)
t2 ,y2 =

odeintssctrl (Psilow,o, Psihigh,T,y0,h0, reltol2 ,abstol2 ,hmin)

# Plotting the exact the approximate solutions and rejected timesteps

fig = plt.figure ()

tp = r_[0:T:T/1000.0]

plt.plot(tp,sol(tp),’'g—",linewidth=2, label=r'y(t)")

plt.plot(tl,yl,’'r.’,label="reltol:_%1.3f,_abstol:
%1.5f "%(reltoll , abstoll))

i g plt.plot(t2,y2,'b. "’ ,label="reltol:_%1.3f,_ abstol: [
e %1.5f '%(reltol2 , abstol2)) [
50 plt.title ("Adaptive_timestepping,_a_=%d’ % a)
51 plt.xlabel(r’'t’,fontsize=14)
52 plt.ylabel (r'y’,fontsize=14)
53 plt.legend(loc="upper_left’)
54 plt.show()
s5 |# plt.savefig(’../PICTURES/odeintssctrl.eps’)
Comments on Code 8.7.8 (see comments on Code 8.7.2 for more explanations):
Gradinaru . i i Gradina
pvate @ Input arguments as for Code 8.7.2, except for p = order of lower order discrete evolution. D-MAT!
e line 12: compute presumably better local stepsize according to (8.7.9),
e line 13: decide whether to repeat the step or advance,
e line 14: extend output arrays if current step has not been rejected.
8.7 8.7
p- 533 Example 8.7.10 (Adaptive timestepping for mechanical problem). p. 52
i, Movement of a point mass in a conservative force field: ¢ +— y(t) € RZ= trajectory i
Mk
: .. 2y ’
Newton’s law: y=ry =-—3 (8.7.10)
Iyl
acceleration force
Equivalent 1st-order ODE, see Rem. 8.1.6:  with velocity v :=y
y v
<3,'> = ( 2y ) . (8.7.11)
v TR
lyll2
CradinareINItIAl values used in the experiment: E—
D-MATH D-MAT!
—1 0.1
y(0) = ( 0 ) , v(0) = (70.1)
8.7 8.7

p. 534 p. 58
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Gradinaru Gradina
. reltol=0.001, abstol=1e-5 reltol=0.01, abstol=1e-3 _r
Observations:
[0 Fast changes in solution components captured by adaptive approach through very small
timesteps.
[0 Completely wrong solution, if tolerance reduced slightly.
8.7 8.7
p. 537 p. 52
abstol = 0.001000, reltol = 0.010000 abstol = 0.001000, reltol = 0.010000 ~ ~
a 02 Num. <& Num.
——v,(0 (exakn) ~¥,(t) (Naeherung) %)I}:gl:. %)I}ot_h.
3k ——¥,(®) (exakt) || . ¥,(t) (Naeherung) Vs hy's.
— v, (1) (exaky) . v,(t,) (Naeherung)
2 v (xako vl (achenna) An inevitable consequence of time-local error estimation:
%
3 Absolute/relative tolerances do not allow to predict accuracy of solution!
o 05 1 15 2 25 3 e 4 - . .
i i 8.8 Essential Skills Learned in Chapter 8
Gradinaru Gradina
D-MATH D-MAT!
You should know:
e what is an autonomous ODE
e how to reduce an ODE to an autonomous first order system of ODEs
e the meaning of evolution operator
87 e the Euler methods with pros and contras 3.8
P 538 o the derivation and advantages of the implicit midpoint rule p. 54



