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9 Problems . . . . . L L e e 559
74 > on algorithms (principles, scope, and limitations)
0.3 (Semi-)implicit Runge-KUtta methods . . . . . . . . . . oo oo
9.4 Essential Skills Learned in Chapter ................................................. 585 > on implementation (efficiency, stability)
> on numerical experiments (design and interpretation)
no emphasis on s theory and proofs (unless essential for understanding of algorithms)
s hardware-related issues (e.g. parallelization, vectorization, memory access)
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Goals

» Knowledge of the fundamental algorithms in numerical mathematics
s Ability to choose the appropriate numerical method for concrete problems
s Ability to interpret numerical results

s Ability to implement numerical algorithms efficiently

Indispensable: Learning by doing (O exercises)

active attendance of the lecture
active participation to the exercises class

at least 5 hours of additional work per week (reading the lecture, answering the questions in
the “Essential skills"-section, performing the numerical experiments from the slides and from the
homework)

The final exam will take place at computer and will reside on practical implementations, based
on the questions in the “Essential skills”-section of each chapter.

Reading instructions

This course materials are neither a textbook nor lecture notes.
They are meant to be supplemented by explanations given in class.

Some pieces of advice:

» these lecture slides are not designed to be self-contained, but to supplement explanations in class.
» this document is not meant for mere reading, but for working with,
» turn pages all the time and follow the numerous cross-references,

» study the relevant section of the course material when doing homework problems.

What to expect

. The course is difficult and demanding (ie. ETH level)
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s Do not expect to understand everything in class. The average student will
e understand about one third of the material when attending the lectures,
e understand another third when making a serious effort to solve the homework problems,

e hopefully understand the remaining third when studying for the examnination after the end of
the course.

Perseverance will be rewarded!

Books

Parts of the following textbooks may be used as supplementary reading for this course. References
to relevant sections will be provided in the course material.

s M. HANKE-BOURGEOIS, Grundlagen der Numerischen Mathematik und des Wissenschaftlichen
Rechnens, Mathematische Leitfaden, B.G. Teubner, Stuttgart, 2002.

s P. DEUFLHARD AND A. HOHMANN, Numerische Mathematik. Eine algorithmisch orientierte Ein-
fuhrung, DeGruyter, Berlin, 1 ed., 1991.

J. Stor and R. Bulirsch, Einfuhrung in die Numerische Mathematik, 1976. English version, Intro. to
Numerical Mathematics, Springer Verlag, 1980. Latest edition is 2002.

.

» Quarteroni, Sacco and Saleri, Numerische Mathematik 1 + 2, Springer Verlag 2002

Essential prerequisite for this course is a solid knowledge in basic calculus and linear algebra. Famil-
iarity with the topics covered in the textbook [39] is taken for granted.

Extra questions for course evaluation

Course number (LV-ID): 401-1662-10 L

2.5.2011

Date of evaluation:

D1: I try to do all programming exercises.
D2: The programming exercises help understand the numerical methods.

D3: The programming exercises offer too little benefit for the effort spent on them.
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D4: Scope and limitations of methods are properly addressed in the course.
D5: Numerical examples in class provide useful insights and motivation.
D6: There should be more examples presented and discussed in class.
D7: Too much information is crammed onto the lecture slides

D8: The course requires too much prior knowledge in linear algebra

D9: The course requires too much prior knowledge in analysis

10: My prior knowledge of Python was insufficient for the course

11: More formal proofs would be desirable

12: The explanations on the blackboard promote understanding

13: The codes included in the lecture material convey useful information
14: The model solutions for exercise problems offer too little guidance.

15: The relevance of the numerical methods taught in the course is convincingly conveyed.

Scoring: 5: | agree fully
4: | agree to a large extent
3: | agree partly
2: | disagree
1: | disagree strongly

Please enter the shortcut code after the LV-ID in the three separate boxes.

0.2 Appetizer
Example 0.2.1 (Euler method for pendulum equation).
Hamiltonian form of equations of motion for pendulum
angular velocity p =& = i @) = b g=981=1
9 yor dt\ p *?Sina 9 el :

» numerical solution with explicit/implicit Euler method / ,

» constant time-step i = T/N, end time T’ =

a(0) = 7/4, p(0) = 0.

5 fixed, N € {50,100, 200},
» initial value:

0105000000

Behavior of the computed energy: kinetic energy : Fj;, () = %p(t)2
potential energy : Eioi(t) = —% cosaft)
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Kinetic energy

potential energy N

Kinetic energy
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I|mel time t
d explicit Euler: increase of total energy
ad implicit Euler: decrease of total energy (“‘numerical friction”)

0o Example 0.2.2 (Euler method for long-time evolution).

p. 13
_ 2.
- nitial value problem for , D = R*:
Meth.
Phys. ; i
. Yo 0 0 cost sin
- - t) = "
y (—yl » YO =yo B y® = g1t cost) Y0
B Notethat I(y) = ||y|| is constant.
(movement with constant velocity on the circle)
40 timesteps on [0,10.000000] 160 timesteps on [0,10.000000]
(0.2.1) canisomion] | I ‘ ' et soaion ‘
: et Eler e
A f | s i e,
| /
05 +“ *g% l 2{ / \
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N -1r \ \*m s A
25 \\'\vfk \*\H\H_. +MW
) 3 2 1 ) 1 2 55 -1 05 o 05 P
Yy Y1
a explicit Euler: numerical solution flyes away
0.2 . . . . .
1 g implicit Euler: numerical solution falls off into the center
p.
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Can we avoid the energy drift ?

Num. Num.
M i
Example 0.2.3 (Implicit midpoint rule for circular motion). ’ ’
40 timesteps on [0,10.000000] s 160 timesteps on [0,10.000000]
exact solution I exact solution
| T e / \ ] g Y
—+— implicit midpoint 3| == mplicit midpoint o RN +N\*
1r | / P ' 1 * %
osf | { f? \\ \ 1 7 v’ \\
‘ \ osl
SRR . f//g A Part |
o A NS ] ] e V)
Nl L }
e ] N
- / NIY /
1) ]
\ Gradinaru Gradina
T 7 af \‘:NM D-MATH D-MAT
-251 — 1 ~ H+M 1
T - ) - Systems of Equations
-4 -3 -2 -1 o 1 2 -15 -1 -0.5 0 05 1
yl yl
d Implicit midpoint rule:  perfect conservation of length !
<&
Example 0.2.4 (Implicit midpoint rule for pendulum).
0.2 0.2
Initial values and problem as in Bsp.8.4.1 p. 17 p. 1
P—— P—— . N
Meth. Meth.
Phys. Phys.
Iterative Methods for Non-Linear
1 Systems of Equations
A non-linear system of equations is a concept almost too abstract to be useful, because it covers
an extremely wide variety of problems . Nevertheless in this chapter we will mainly look at “generic”
methods for such systems. This means that every method discussed may take a good deal of fine-
tuning before it will really perform satisfactorily for a given non-linear system of equations.
Gradinarn . . . n n Gradina
by Clven: function F: D C R" — R", neN D T
<1 Behavior of the energy of the numerical solu- Possibl . Availability of 12 function F(x) lwating F
. . L ossible meaning: vailability of a procedure f u i =F( x) evaluatin
tion computed with the midpoint rule (8.4.2), 9 y P y 9
N = 50. h | ] | 7 0
. Sought: solution of non-linear equation X) =
No energy drift although large [ime step) 9 q ()
Note: F:D CR"+— R" <« *“same number of equations and unknowns”
ot enery
total energy )
P o 02 In general no existence & uniqueness of solutions L1
p. 18 p. 2




1.1 lterative methods

Remark 1.1.1 (Necessity of iterative approximation).

Gaussian eliminationl provides an algorithm that, if carried out in exact arithmetic, computes the so-
lution of a [inear system of equations with a finite number of elementary operations. However, linear
systems of equations represent an exceptional case, because it is hardly ever possible to solve gen-
eral systems of non-linear equations using only finitely many elementary operations. Certainly this is
the case whenever irrational numbers are involved.

A

D

S : N

An iterative method for (approximately) solving

the non-linear equation F(x) = 0 is A2 ox(3)

an algorithm generating a sequence (x(k7>),‘:€N0 ‘I;/ «*
| of approximate solutions. | (D) & - extd
. J ox(0)

N *%(0) o x(%)
Initial guess

Fundamental concepts: convergence [ speed of convergence

consistency

o iterate x(¥) depends on F' and (one or several) x n <k, eg.,

X(k) _ (I)F(X(kfl)7 o X(kfm)> (1.1.1)

iteration function for m-point method
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ox(0) . ,x(””’l) = initial guess(es) (ger.: Anfangsnaherung)

k]

Definition 1.1.1 (Convergence of iterative methods).
An converges (for fixed fitial guess(es)) < x¥) — x* and F(x*) = 0.

Definition 1.1.2 (Consistency of iterative methods).
An is consistent with F(x) = 0

& Opxf..xY)=x" & Fi)=0

p. 21 Terminology: error of iterates x(*) is defined as:  e(¥) := x(F) — x

*

Definition 1.1.3 (Local and global convergence).
An converges locally to x* € R", if there is a neighborhood U C D of x*,
such that

x . xm D ey = x®) welldefined A lim x¥) = x*

k—o0

for the sequences (x(k))keNU of iterates.
If U = D, the iterative method is globally convergent.

o~ | D .

> o
(Only “sufficiently close” to x* guar- ‘/ ‘ {,j U

antee convergence.) \ Y
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Goal: Find iterative methods that converge (locally) to a solution of F'(x) = 0.

Two general questions: How to measure the speed of convergence?
When to terminate the iteration?

1.1.1 Speed of convergence

Here and in the sequel, ||-|| designates a generic vector norm, see Def. [.1.9. Any occurring matrix

norm is indiuced by this vector norm, see Def. [1.1.12.

It is important to be aware which statements depend on the choice of norm and which do not!

“Speed of convergence” <« decrease of norm (see Def. [1.1.9) of [teration erron

Definition 1.1.4 (Linear convergence).
A sequence x\%), k = 0, 1,2,...,in R™ converges linearly to x* € R", if

JL < 1. Hx(kﬂ) - x* Vk e Np.

<L Hx(k) —x*

Terminology: least upper bound for L gives the rate of convergence

Remark 1.1.2 (Impact of choice of norm).

Fact of convergence of iteration is independent of choice of norm
Fact of linear convergence depends  on choice of norm
Rate of linear convergence depends  on choice of norm

Norms provide tools for measuring errors. Recall from linear algebra and calculus:

g{‘%ﬁ‘ Definition 1.1.9 (Norm). ﬁa‘%"@
X = vector space over field K, K = C,R. Amap | - || : X — R is anormon X, if it satisfies
() VxeX: x#0 & |[x]|>0 (definite),
@) |Ax|| = |Alx]] ¥xe€ X,AeK (homogeneous),
@iy |Ix+yl <|x||+|lyll vx,y € X (triangle inequality).
Examples:  (for vector space K", vector x = (1, xo, . .. ,rn)T e K™
name : definition nunpy. | i nal g function
Gradinarn : . L 12 2 Gradina
I Euclideannorm  : ||x||y :=1/|z1|>+ -+ + |zp|> norn(x) g
1-norm o)y =] e+ |2 nor n( x, 1)
oo-norm, max norm : ||x|| o, = max{|z1|,...,|zn|} norm(x,inf)
Recall: equivalence of all norms on finite dimensional vector space K"
Definition 1.1.10 (Equivalence of norms).
Two ||-|l; and ||-||5 on a vector space V' are equivalent if
11 3C,C > 0: Clplly < [lol < Clolly YoeV. H
p. 25 p. 2
Nieth etk
Phys. Theorem 1.1.11 (Equivalence of all norms on finite dimensional vector spaces). Phys!
If dim V' < oo all norms (— Def. on V' are equivalent (— Def. [1.1.10).
A
Simple explicit norm equivalences: for all x € K"
Ixlly < Ixlly < v llx]l; 1.17)
Gradinaru HXHOC < ||X||2 < \/ﬁ ”XHoo s (1.1.8) Gradina
Il < Hhely < 7 [l @19) P
Definition 1.1.12 (Matrix norm).
Given a vector norm ||-|| on R, the associated matrix norm is defined by
M
M e R"™" ||M| = sup M|
H xeRn\ {0} Xl 11
p. 26 p. 2



> sub-multiplicative: A K" BeK™: |AB|| <|A||B|

00 notation: ||X||2 — [|[M]

2 Il = Ml [xlloo = Moo

Example 1.1.4 (Matrix norm associated with and [I-norm).

e.g. for M € K*% | Mx|, = max{|my1z1 + mioxs|, [mo121 + mogol}
< max{|my1| + [maal, [ma1| + [maal} |12/l
[Mx]|; = [m1121 +miama| + |ma121 + mogws]
< max{|mqy| + |matl, [maa] + [maal (21| + |x2]) -

For general M € K"

n
O matrix norm < ||-[|o, = rowsumnorm [M],, = mex §:|mij|7
=1,....m
|

O matrixnorm < ||-|[; = column sum norm

m
M|, = 34| <
Ml = max ; Imi|

Remark 1.1.5 (Seeing linear convergence).

norms of iteration errors

!

~ straight line in lin-log plot

)

|« = 4[]
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1.1
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log( ‘e““)H) < klog(L) + log(He(O)H) .
(e: Any “faster” convergence also qualifies as lin- S N N Y
ear!) ¢
Let us abbreviate the error norminstep k by ¢, := Hx“§> — x*||. In the case of linear convergence Gradinaru
(see Def. [L.1.4) assume (with 0 < L < 1) [P

€1 ~ Lep, = logep g =logL +loger, = logep, =~ klogL +logey . (1.1.12)
We conclude that log L. < 0 describes slope of graph in lin-log error chart. A
Example 1.1.6 (Linearly convergent iteration).

1.1

Iteration (dimension n = 1):
Code 1.1.7: simple fixed point iteration

k+1) :I<k)+cosw(k’>+1. def lincvg(x):

y = [I

for k in xrange(15):
X = X +(cos(x)+1)/sin(x)
y += [x]

err = array(y) — x

rate = err[1:]/err[:—1]

return err, rate

(
‘ sin z (k)

® N o g~ W NP

Note: z(15) replaces the exact solution 2™ in the computation of the rate of convergence.

k 20 =04 0 =06 20 =1
(k) _ . (15) (k) _.(15) (k) _,.(15)
(k) | _Ja®—a15)] (k) | L™ —a1%)] (k) | L™ —z(1%)]
v |a(k=1) (15| v |k =1) (15| v | (k=1) (15|
2(33887| 01128 |3.4727| 04791 |2.9873| 0.4959
3|3.2645| 04974 3.3056| 0.4953 |3.0646| 0.4989
432030 04992 |3.2234| 0.4988 |3.1031| 0.4996
5(3.1723| 04996 | 3.1825| 04995 |3.1224| 0.4997
6]3.1569 04995 |3.1620| 0.4994 |3.1320| 0.4995
7/3.1493| 04990 |3.1518| 04990 |3.1368| 0.4990
8(3.1454| 04980 |3.1467| 04980 |3.1392| 0.4980

[Rate of convergence/~ 0.5

——x-04
O _gp
0o,

as in Def. 114

error graphs = straight lines in lin-log scale
— Rem.

iteration error

5 6
index of iterate

Definition 1.1.13 (Order of convergence).
Alconvergent sequence xF) k=0, 1,2,...,in R™ converges with order p to x* € R", if

p

30 > 0 Hx<k‘+1> _x* Vk e Ny,

<C Hx(k) —x*

with C' < 1 for p = 1 (linear convergence — Def. [1.1.4)
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10° e+ — 1 S’[F!q]]])
107 i * - -
107+ )
guotr ) < Qualitative error graphs for convergence of
% 0° 1 order p
% ol o (lin-log scale)
107"
——p=11
e=12
10" ——p=14
——p=17
) )
10 0 1 2 4 5 6 7 8 9 10 11
index k of iterates
Gradinaru
D-MATH
In the case of convergence of order p (p > 1) (see Def. [1.1.13):
k
€fr1 Ceﬁ = logepy =logC +ploge, = logep | = l()gC’Zpl +pFtl log €
=0
log C' log C' )
= logepi) = — L 4 ( & +log60> p/Hl .
p—1 p—1
In this case, the error graph is a concave power curve (for sufficiently small ¢; !)
1.1
Example 1.1.8 (quadratic convergence). (= convergence of order 2) p- 33
Iteration for computing v/a, a > 0: .
Meth.
k1) _ L, ), @ (k+1) L) 2 i
o\ ':—<.’L’ )+ ) = |L _\/&|: “L—\/(ﬂ (1.1.13)
By the arithmetic-geometric mean inequality (AGM) v ab < %(a +0b) we conclude: ) > Vva

for k > 1.

= sequence from (L.1.13) converges with order 2 to \/a

Note: z*+D) < 2 forallk > 2 O (iU(k))keNo converges as a decreasing sequence that is

q Gradinaru
bounded from below (— analysis course) e
How to guess the order of convergence in a numerical experiment?
Abbreviate ¢, := ||x(¥) — x*H and then
log e — loge
ekHzCei), = logepy) =logC +ploger = OBkl — OBk
' ’ log €, — logep_4
1.1
Numerical experiment: iterates for a = 2: p. 34

. (k k) . k |Ej(1\.)‘ . ‘6(1\.71)‘ Num.
I )=o) VB |log iy < o8 gy i
0 | 2.00000000000000000 | 0.58578643762690485
11.50000000000000000 | 0.08578643762690485
211.41666666666666652 | 0.00245310429357137 1.850
311.41421568627450966 | 0.00000212390141452 1.984
411.41421356237468987 | 0.00000000000159472 2.000
511.41421356237309492 | 0.00000000000000022 |O.630|
Note the doubling of the number of significant digits in each step ! [im® roundoff 1]
The doubling of the number of significant digits for the iterates holds true for any convergent second-
order iteration: radina
D-MAT
Indeed, denoting the relative error in step k by d;., we have:
aW =1 +6,) = 2 — 2% ="
= 2" 8] = |25 — 2% < Cla® — 2* | = Ola* 5,2
= |0pp] < Cla*|ez. (1.1.14)
Note: ;. ~ 10~¢ means that x'*) has ¢ significant digits.
¢ 20 11
Also note that if C' =~ 1, then §;, = 10~ and (L.1.8) implies 0, | ~ 10~ " b3
O
Phys.
1.1.2 Termination criteria
Usually (even without roundoff errors) the iteration will never arrive at an/the exact solution x* after
finitely many steps. Thus, we can only hope to compute an approximate solution by accepting x(K)
as result for some K € Nj. Termination criteria (ger.: Abbruchbedingungen) are used to determine
a suitable value for K.
Gradina
D-MAT
For the sake of efficiency: > stop iteration when [iteration error is just “small enough”
“small enough” depends on concrete setting:
Usual goal: Hx<K) —x*|| <7, T £ prescribedfolerancel.
Ideal: K = argmin{k € Ny: Hx<k> - X*H <T7}. (1.1.15)
p. 3



O A priori termination:  stop iteration after fixed number of steps (possibly depending on x(“)).

@ Drawback: hardly ever possible !

Alternative: A posteriori termination criteria

use already computed iterates to decide when to stop

O
Reliable termination: stop iteration {x(k)}keNU with limit x*, when

o

@ x* not known !

Invoking additional properties of either the non-linear system of equations F'(x) = 0 or the iteration

<7, 7= prescribed folerancel > 0 . (1.1.16)

it is sometimes possible to tell that for sure x(k) — x* < 7 forall kK > K, though this K may be
(significantly) larger than the optimal termination index from (1.1.15), see Rem. [1.1.10.

Code 1.1.9: stationary iteration

1|[from numpy import sqrt, array
2|def sqrtit(a,x):
3 exact = sqrt(a)
O use that M is finite! (— Sect. ??) 4 e = [x]
5 x_old = —1.
O possible to wait until (convergent) iteration 6 while x_old !'= x:
becomes stationary 7 x_old = x
. s 8 x = 0.5x(x+alx)
possibly grossly inefficient ! 0 e += [x]
(always computes “up to 10 e = array (e)
imachine precision’’) 1 e = abs(e—exact)
12 return e
13
14le = sqrtit(2.,1.)
15 |print e

O Residual based termination: stop convergent iteration {X(k)}keNov when
HF(XW)H <7, 7= prescribed tolerance > 0 .

@ no guaranteed accuracy

Num.
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Phys.

Num. F(z) F(x)
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Phys.
xr T
HF(X“”))H small & |z — z*| small HF(XU‘”’))H small = |z — z*| small
ardinare SOMetimes extra knowledge about the type/speed of convergence allows to achieve reliable termina- .4,

D-MATH  tjon in the sense that can be guaranteed though the number of iterations might be (slightly) D-MAT

too large.

Remark 1.1.10 (A posteriori termination criterion| for linearly convergent iterations).

Known:

1.1
p. 37

N Derivation  of
eth.

[a posteriori termination criterion|

iteration linearly convergent with 0<L<1:

for linearly

convergent

11
p. 3

iterations  with Num.
Meth.

i 0<L<L m"“’
A-inequ.
Hx(k) 7X*H Sq ‘x(zm) 7X(k)H i Hx(mw ¥ < Hx(zm) 7X<k)” r Hx(k) —
lterates satisfy: Hx("’“) —x*|| < % Hx(kﬂ) - x(]‘"')H (1.1.17)
Gradinaru Gradina
D-MATH - Thijs suggests that we take the right hand side of (1.1.17) as|[a posteriori error bound. BT
A
Example 1.1.11 (A posteriori error bound for linearly convergent iteration).
Iteration of Example [L.1.6&
1.1 o - (K) 1.1
. cosz\") 4+ 1 :
p. 38 kD) = —_— = 2% = 7 for 2 close to 7 . p. 4
' sin z(F) '



Observed |rate of convergence

L=12

Etror and error bound for z(0) = 0.4:

E

lz%) — x|

L fglk) k)

slack of bound

© 0O ~NO OO~ WNLPR

el ol
a b wNEFO

2.191562221997101
0.247139097781070
0.122936737876834
0.061390835206217
0.030685773472263
0.015341682696235
0.007670690889185
0.003835326638666
0.001917660968637
0.000958830190489
0.000479415058549
0.000239707524646
0.000119853761949
0.000059926881308
0.000029963440745

4.933154875586894
1.944423124216031
0.124202359904236
0.061545902670618
0.030705061733954
0.015344090776028
0.007670991807050
0.003835364250520
0.001917665670029
0.000958830778147
0.000479415131941
0.000239707533903
0.000119853762696
0.000059926880641
0.000029963440563

2.741592653589793
1.697284026434961
0.001265622027401
0.000155067464401
0.000019288261691
0.000002408079792
0.000000300917864
0.000000037611854
0.000000004701392
0.000000000587658
0.000000000073392
0.000000000009257
0.000000000000747
0.000000000000667
0.000000000000181

Hence: the a posteriori error bound is highly accurate in this case!

Note:

If L not known then using L > L in error bound is playing safe.

1.2 Fixed Point Iterations

Non-linear system of equations F(x) =0, F:D C R"+— R",

A fixed point iteration is defined by iteration function ® : U C R" — R™:

Sequence of iterates need not be well defined:

initial guess

iteration function @ : U C R" — R"

<0 ey

iterates (x(k))keNU: xF D)= @ (x(k))

— 1-point method, cf. (L.1.I)

x(#) ¢ U possible !
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1.2.1 Consistent fixed point iterations

Definition 1.2.1 (Consistency of fixed point iterations, c.f. Def. 1.1.2).
A fiixed point iteration] x ¥ 1) = & (x(F)) is consistent with F(x) = 0, if

Fx)=0 and z€UND & &(x)=x.

fixed point iteration (locally)
convergent to x*

x* is fixed point
of iteration function| ®.

Note: & continuous &

General construction of fixed point iterations that is consistent with F'(x) = 0:

rewrite F'(x) =0 < &(x) = x and then

use the fixed point fteration]  xA*1) = (I)(x<k)) . (1.2.1)

Note: there are many ways to transform F(x) = 0 into a fixed point form !

Example 1.2.1 (Options for fixed point iterations).

Flz)y=ze"—1, z€]0,1].

Different fixed point forms:

Dy(z) = e, £
1+
Bolz) = —
200) = T

€z

Os(x) = v+ 1—ze

Num.
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Observed:

Question:

function @

function ®o

function @3

2kt = (I)l(f(k>>

2 k+1) .= Dy (T(k))

2+ = (I)S(I(k>)

Boow~w~ouohrwnr o>

0.500000000000000
0.606530659712633
0.545239211892605
0.579703094878068
0.560064627938902
0.571172148977215
0.564862946980323
0.568438047570066
0.566409452746921
0.567559634262242
0.566907212935471

0.500000000000000
0.566311003197218
0.567143165034862
0.567143290409781
0.567143290409784
0.567143290409784
0.567143290409784
0.567143290409784
0.567143290409784
0.567143290409784
0.567143290409784

0.500000000000000
0.675639364649936
0.347812678511202
0.855321409174107
-0.156505955383169
0.977326422747719
-0.619764251895580
0.713713087416146
0.256626649129847
0.924920676910549
-0.407422405542253

\:lrgkﬂ) — x|

|I§k+1) . 1*|

A

© 0O ~NOOUAWNR O ™

=
o

0.067143290409784
0.039387369302849
0.021904078517179
0.012559804468284
0.007078662470882
0.004028858567431
0.002280343429460
0.001294757160282
0.000733837662863
0.000416343852458
0.000236077474313

0.067143290409784
0.000832287212566
0.000000125374922
0.000000000000003
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000

0.067143290409784
0.108496074240152
0.219330611898582
0.288178118764323
0.723649245792953
0.410183132337935
1.186907542305364
0.146569797006362
0.310516641279937
0.357777386500765

0.974565695952037

linear convergence of x;

no convergence (erratic behavior) of xék)), ri

(k)

, quadratic convergence of x

0)

(k)
2 )

0.5.

can we explain/forecast the behaviour of the iteration?
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1.2.2 Convergence of fixed point iterations

In this section we will try to find easily verifiable conditions that ensure convergence (of a certain order)

of ffixed point iterations, It will turn out that these conditions are surprisingly simple and general.

Definition 1.2.2 (Contractive mapping).
®: U C R" — R"is contractive (w.r.t. norm ||-|| on R"), if

A <1 ox)— )| < Llx—yl| vxyeU. 122)

A simple consideration:
lcontractivel mapping @ satisfies

HX<I"H> —x* (I)(X(k)) — &(x") (D:gm) I Hx(k) —x*

)

that is, the iteration converges (at least) linearly (— Def. 1.1.4).

Remark 1.2.2 (Banach'’s fixed point theorem). — [52, Satz 6.5.2]

A key theorem in calculus (also functional analysis):

Theorem 1.2.3 (Banach'’s fixed point theorem).
IfDCK'"(K=R,C)closedand & : D +— D satisfies

A<l (o) oyl < Llixk—y| VxyeD,

then there is a unique fixed point x* € D, ®(x*) = x*, which is the limit of the sequence of
iterates x(t1) .= @(2(¥) for any x(V) € D.

Proof. Proof based on [I-point iteration| x(k) = @(x("’*w), x0) e D:

k+N—1 ‘ ‘ k+N-1
[ - x93 xS L - x|

koo

<

-0

(X<k))kEN0 Cauchy sequence [ convergent x(¥)

k—oo <* -
Continuity of @ 0  &(x*) = x*. Uniqueness of fixed point is evident.

A simple criterion for a differentiable ® to be contractive:

Num.
Meth.
Phys.

Gradina

if (x*) = x* (fixed point), then a induced by a p-var
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http://en.wikipedia.org/wiki/Banach_fixed_point_theorem

Lemma 1.2.4 (Sufficient condition for local linear convergence of fixed point iteration).

If®: U CR" — R”, &(x*) = x*,0 differentiable in x*, and || D®(x*)|| < 1, then the fixed

point iteration converges locally and at least linearly.

matrix norm, Def. [1.1.12]!

O notation: DP(x) = Jacobian (ger.: Jacobi-Matrix) of  atx € D

Example 1.2.3 (Fixed point iteration in 1D).

1D setting (n = 1): ® : R — R continuously differentiable, ®(2*) = =

*

fixed point fteration: % 1) = d(z(%))

“Visualization” of the statement of Lemma [1.2.4: The iteration converges locally, if ® is flat in a

neighborhood of z*, it will diverge, if @ is steep there.

a()

—1 < ®'(z*) <0 0O convergence

xT

0 < ®'(2*) <1 O convergence

o) |

®'(2*) < —1 0O divergence

1< ®'(z*) D divergence

Num.
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Proof. (of Lemmall.2.4) By definition of derivative

[@(y) — @(x*) — DO(x")(y — x*)| < ¥(lly —x*|) lly — x*
with 9 : ]Rg — Ra' satisfying tlin})zp(t) =0.

Choose ¢ > 0 such that

L:=9(t)+ || DO(x")|| < 5(1+ |DB(x)|) <1 YO<t<§.
By inverse triangle inequality we obtain for fixed point iteration

[@(x) — x| = [[DO(x*)(x — x) | < 9(|lx —x*[]) [|Ix — x|

- [x & x| < @ + D6 B - x| < £ x®) - x

bl

if Hx(k) —x*|| < 0.

Contractivity also guarantees the uniqueness of a fixed point, see the next Lemma.
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Recalling the Banach fixed point theorem Thm.[1.2.3 we see that under some additional (usually mild)

assumptions, it also ensures the existence of a fixed point.

Lemma 1.2.5 (Sufficient condition for local linear convergence of fixed point iteration (l1)).

Let U be convexand @ : U C R" — R" continuously differentiable with L := sup || D®(x)|| <
xeU

1. If &(x*) = x* for some interior point x* € U, then the ffixed point iteration x ¥ +1) = d(x(#))
converges to x* locally at least linearly.

Recall: U C R convex < (tx+ (1 —t)y) e Uforallx,y e U,0 <t <1

Proof. (of Lemma[l.2.5) By the mean value theorem

1
d(x) — d(y) = /0 DO(x+7(y —x))(y —x)d7 Vx,y € dom(®) .
B (o) -2 <Ly —x] .

p. 5
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Thereisd > 0: B = {x: [|x —x*|| < ¢} C dom(P). P iscontractivelon B with unique fixed point

x*.

Remark 1.2.4.

If0 < || Dd(x*)|| < 1, x'¥) ~ x* then the asymptotic rate of linear convergence is L = || Dd(z*

i

©
ot

A



Example 1.2.5 (Multidimensional fixed point iteration).

System of equations in fixed point form:
x1 — c(cosr) —sinag) = 0 c(cosw) —sinag) =
. = o .
(x1 —x9) —csinzg = 0 c(cosr) — 2sinxg) = x9
Define: o T\ _ B COS T - SIn x9 -~ Do T\ _ e sm €] COSTo .
T9 cosx] — 2sinxy 9 sinx] 2cosxo
Choose appropriate norm:  ||-|| =co=norm ||-|| o, (— Example 1.1.4) ;
1 .
te<s = D)o <1 Vxe R?,
a (at least) linear convergence of the fixed point iteration.
The existence of a fixed point is also guaranteed, because ® maps into the closed set [—3, 3]2. Thus,
the Banach fixed point theorem, Thm. [1.2.3, can be applied.
<&
What about higher order convergence (— Def. [1.1.13) ?
Refined convergence analysis forn = 1 (scalar case, @ : dom(®) C R — R):
Theorem 1.2.6 (Taylor's formula). — [52, Sect. 5.5]
Ifd: U C R~ R, Uinterval, is m + 1 times continuously differentiable, z € U
m 1
o(y) - 0(a) = Y 0P @)y —2)F + Olly — ™) wyeU. (1.2.3)
il
Apply Taylor expansion (1.2.3) to iteration function ®:
If &(z*) = 2" and ® : dom(P) C R — R is “sufficiently smooth”
= 1
g* ) — g = o(z)) — (2*) = l—’d>(l>(x*)(x(k) — 2 4 0|z — ¥ty L (1.2.4)
I=1
Lemma 1.2.7 (Higher order local convergence of fixed point iterations).
If®: U C R+~ Rism + 1 times continuously differentiable, ®(x*) = z* for some x* in the
interior of U, and (b([>(x*) =0forl =1,...,m, m > 1, then the fixed point iteration (1.2.1)
converges locally to z* with order > m + 1 (— Def. [1.1.13).

Num.
Meth.
Phys.

Gradinarn

D-MATH

1.2
p. 93

Num.
Meth.
Phys.

Gradinaru

D-MATH

1.2

Proof. For neighborhood U/ of x*

Num.
Meth.

Phys.
@Z2) = 3IC>0 |d(y) — )| < Cly -2 Wwel.
§"C <12 20— 2" <5 = [2W —2*<27%5 O local convergence .
Then appeal to (1.2.4) O
Example [1.2.1l continued:
Ph(z) = Lowe” 0 ,if xe® —1=0 hence quadratic convergence !
2= A e T - a gence ™
Gradina
D-MAT
Example 1.2.1 continued: ~Since et —1=0
Pj(r)=—e" = d|(+*)=—2%~ —0.56 hence local linear convergence .
" " 1
Ph(r)=1—ze’ —e* = Dh(z") = —— ~ 179 hence no convergence .
Remark 1.2.6 (Termination criterion for [contractivel fixed point iteration).
1.2
Recap of Rem. 1.1.10: p. 5
Merminafion criterionl for Confractivel fixed point iteration, c.f. (.2.3), with contraction factor 0 < L < 1: Num.
Phys.
A-ineq.kerfl _ } k+m—1
Hx<k+m> _ X(k)H <y men _ X(a)H < Y Uk (kD) _ X(k)H
=k =k
1—Lm L 3 1—-r™ .
_ - HX(kH) _ X(A)H <& pkel HX<1+1> _ x(z>H .
1-L 1-L
hence for m — oo, with x* = lim x(F):
k—o0
Gradina
D-MAT
k—1
‘ x* — x(k)H < L— HX(ZH) — XU)H . (1.2.5)
~1-L
1.2
p. 5



Set/ = 0in (1.2.5 Setl =k —1in (@ .25 Ny
T —— Phys.
[a_priori termination criterion| [a posteriori termination criterion
Lk () (K) _ x(=1)
’ X — X(MH < 1 HX(U _ X(‘))H (1.2.6) ‘ x"—x H < T Hx —x
(1.2.7)
A
1.3 Zero Finding Cieiineen
D-MATH
Now, focus on scalar case n = 1: I I C R+ R continuous , [ interval
Sought: atel F(z*)=0
1.3
p. o7
1.3.1 Bisection .
Meth.
Phys.
Idea: use ordering of real numbers & lintermediate value theorem
F(z)
Input: a,b € I suchthat F(a)F(b) < 0
(different signs !)
3 2* €l min{a, b}, max{a, b}: ! “L* | x
F(z*)=0. a b
Gradinaru
D-MATH
Algorithm 1.3.1 (Bisection method).
Code 1.3.2: Bisection method
1|def mybisect(f,a,b, tol=1le—12):
2 if a>b:
3 t =b; a=Db; b=t
4 fa = f(a); fb = f(b) 13
5 if faxfb > 0: raise ValueError p. 58

6 v =1

7 if fa>0: v = —1

8 x = 0.5x(ath)

9 k =1

10 while (b—a>tol) and (a<x) and (x<b):

11 if vkf(x)>0: b = x

12 else: a = x

13 x = 0.5x(ath)

14 k += 1

15 return x, k

16

17|if __name__=='__main__":

18 f = lambda x: xx%3 — 2xx**x2 + 4.xx/3. — 8./27.
X, k = mybisect(f,0,1)

20 print 'x_bisect_=_", x, ’'_after_k=', k, ’iterations’

21 from scipy.optimize import fsolve, bisection

22 x = fsolve (f,0,full_output=True)

23 print x

24 print bisection(f,0,1)

e “foolproof”

© Advantages: o requires only F' evaluations

Merely linear convergence: |z%) — 2*| < 27¥|b — qf

o _ b—a
@ Drawbacks: B log <| ol ‘) steps necessary
(o)

1.3.2 Model function methods

= class of [terative methods| for finding zeroes of F":
Idea: Given: approximate zeroes a:(]")., a:“’fl), S 71*(/"*’”')
O replace F' with model function F
(using function values/derivative values in m(k), x“"*l), o 71:(]‘*’”))

O 2+ .= zero of F
(has to be readily available < analytic formula)

Distinguish (see (1.1.1)):

one-point methods : ") = ¢ p(2")), k € N (e.q., fixed point iteration — Sect. 1.2)

multi-point methods : k1) = (I)F(l‘<k), x<k71)7 . 7;10(1“7"1')), keN,m=23,...
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http://en.wikipedia.org/wiki/Intermediate_value_theorem

1.3.2.1 Newton method in scalar case

Num.

Ny Useful, if a priori knowledge about the structure of /' (e.g. about F' being a rational function, see Num.

Meth.

Phys. below) is available. This is often the case, because many problems of 1D zero finding are posed for ™*
Assume: I : I — R continuously differentiable functions given in analytic form with a few parameters.
model funcfion:= tangent at /' in x*): Prerequisite: Smoothness of F: [ € C™(I) for some m > 1
F(z) = F(.'r(k>) + F(aW)y(z — ;lf(k)) Example 1.3.4 (Halley's iteration).
p(k+1) .o :
take @ = zero of tangent tangent Given z(F) € I, next iterate := zero of model function: h(:z<k“>) =0, where
We obtain - Newton iteration h(z) = % + ¢ (rational function) such that F(47‘>(x<k>) = h<-7)(m(]">) , 7=0,1,2.
a
. )
(k+1) —_ (k) _ Fa®) ———
x =7 Fr(zR)y |7 1.3.1) /. . Gradinaru Gradins
F k1) (k)
F T D-MATH @ *) @ ' () %2, iy (8) D-MAT
; 10, (k) +c=F(z\"), — =F'(z = T
that requires /(%)) #£ 0. 25 £ p (@), (x(k) +b)2 @) <T(k) +b)3 (@)
————
Example 1.3.3 (Newton method in 1D). (— Ex.[1.2.1)
(k
SE+D) _ (k) _ F(z®) 1
Newton iterations for two different scalar non-linear equation with the same solution sets: F/(.r(k)) 1 1 F(a®) B (z(R))
2 F’(x(“)z
(8)gz® _ q (kN2 o —a®)
v v k1) _ (k) _ L€ (@) +e 1 1
Fl@)=ze"—1= F(z)=¢"(143) = g+l = 5k) ) o ® 13 Halley’s iteration for F(z) = 5 5—1, £>0: and 20 =0 1.3
em™ (1 4 (k) 1+z (x+1)?  (z+0.1)
p. 61 p. 6
. , L (k+1) *) 2(k) _ 67;5(") 14 2k 121}'3-’1'1'1 k z(F) F(,r<k)) 7F) — g(k=1) zF) — ¥ 121]‘3’1'1
Flapj=p=c" = FlaE)j=l+e” = = =z s o—e® = G h 1 0.19865959351191 10.90706835180178 -0.19865959351191 -0.84754290138257 h
v te 2 0.69096314049024 0.94813655914799 -0.49230354697833 -0.35523935440424
1.2.1 1113 3 1.02335017694603 0.03670912956750 -0.33238703645579 -0.02285231794846
4 1.04604398836483 0.00024757037430 -0.02269381141880 -0.00015850652965
5 1.04620248685303 0.00000001255745 -0.00015849848821 -0.00000000804145
Newfon iterafion) = (— Sect/1.2) with [iteration functionl )
. Compare with Newton method for the same problem:
F(x F(z)F"(x
O(z) =1z — F,(T> V' (z) = % V(a*) =0, it Fz*) =0, F'(z%) £0.
€] (F'(2)) A () ) B~ o (6=T) PR
From LemmaL.2.7t 1 0.04995004995005 44.38117504792020 -0.04995004995005 -0.99625244494443
Gradinary 2 0.12455117953073 19.62288236082625 -0.07460112958068 -0.92165131536375 Gradins
[P 3 0.23476467495811 8.57909346342925 -0.11021349542738 -0.81143781993637 et
. T 0 4 0.39254785728080 3.63763326452917 -0.15778318232269 -0.65365463761368
Newton method locally quadratically convergent (— Def. [L.1.13) to zero 2™, if F"(z¥) # 5 0.60067545233191 1.42717892023773 -0.20812759505112 -0.44552704256257
6 0.82714994286833 0.46286007749125 -0.22647449053641 -0.21905255202615
7 0.99028203077844 0.09369191826377 -0.16313208791011 -0.05592046411604
8 1.04242438221432 0.00592723560279 -0.05214235143588 -0.00377811268016
1322 Special one-point methods 9 1.04618505691071 0.00002723158211 -0.00376067469639 -0.00001743798377
10 1.04620249452271 0.00000000058056 -0.00001743761199 -0.00000000037178
) ) ) o 1.3 1.3
Idea underlying other one-point methods:  non-linear local approximation ». 62 Note that Halley's iteration is superior in this case, since F" is a rational function. b6



http://mathworld.wolfram.com/NewtonsMethod.html

Newton method converges more slowly, but also needs less effort per step  (— Sect. ??)

In the previous example Newton’s method performed rather poorly. Often its convergence can be
boosted by converting the non-linear equation to an equivalent one (that is, one with the same solu-
tions) for another function g, which is “closer to a linear function”:

Assume F' ~ ]/5 where ]3 is invertible with an inverse ]3_1 that can be evaluated with little effort.

B ya)=F ' Fa)~z.

Then apply Newton’s method to g(z), using the formula for the derivative of the inverse of a function

d

Iy(ﬁ*)(;,) ===

Example 1.3.5 (Adapted Newton method).

1 1
F(z) = + -1

- z>0:
@+ 12 (z+0.1)2 !

Observation:

Flz)+1~2z 2forz> 1

“almost” linear for

and so (](73) = m
] 3l

> 1

| !
Idea: instead of F(x)=0 tackle g(x)=1 with Newton's method (L.3.1).

(k)Y (k) 3/2
;L‘<k+1> _ L(A) B g(«L )k 1 _ :I7<k) n 1 B 2(F<l )(;r 1)
g (k) Fa®) 11 F!(z7)
o 2FPERY 1)1 =/ F®) +1)
= z(¥) A

Convergence recorded for 20 =

PO
-0.13307818147469
-0.00103227334125
-0.00000005485332
-0.00000000000000

o k (k) F(f[;(k>> L&) (k=1)

\Ils\lil 1 0.91312431341979 0.24747993091128 0.91312431341979
2 1.04517022155323 0.00161402574513 0.13204590813344
3 1.04620244004116 0.00000008565847 0.00103221848793
4 1.04620249489448 0.00000000000000 0.00000005485332
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For zero finding there is wealth of iterative methods that offer higher order of convergence.

consistent modification of the Newton-Iteration:

Aim: find H such that the method is of p-th order; tool: Lemma [1.2.7.

One idea:
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[ H(z) with"proper” H : I — R .

fixed point iteration :

Assume: F smooth "enough” and 3z* € I F(2*) = 0, F'(z*) # 0.

b=gx—uH , O =1—vH—-—uH , &' =—u"H—2/H—uH",
FF// ” F// F<F//)2 FF///

=1- =—"— 42 L — .
! e T TE TR PR

13 with u = Y
p. 65

=
p. 6
Num.

Meth.
Phys.

Num.
Meth.
Phys.

g
&

Fx*)=0 0 wu(x*) =04 (2*) =

_F@) g ot
P H ) 28 ).

Lemmall.2.7 O Necessary conditions for local convergencd of order p:

B @) =1-H@Y) , ' (1.3.2)

p = 2 (quadratical convergence): H(z*) =1,
1F// K
p = 3 (cubic convergence): H(z") =1 A H'(z") = 5% .

In particular:  H(x) = G(1 — «/(z)) with "proper” GG

Fz®) o F(z®)F" (z(k))
(F/(a(k)))2

Gradinaru

D-MATH

(1 B 3) Gradina

fixed point iteration x(kﬂ) = x<k> —
D-MAT

[

Lemma 1.3.1. If F € C2(I), F(z*) = 0, F'(z*) # 0, G € C*(U) in a neighbourhood U of 0,
G(0) =1, G'(0) = % then the fixed point iteration converge locally cubically to *.

Proof: Lemmall.2.7, (1.3.2) and

1.3

p. 6



Example 1.3.6 (Example of modified Newton method).

oG(t):?%t
o) = — 2>
GO =T =

O Halley’s iteration (— Ex.

O Euler’s iteration

e G(t)=1+ %t O quadratic inverse interpolation

Numerical experiment:

F(z)=xe" -1,
20 =5

1.3.2.3 Multi-point methods

Idea:

Simplest representative:

21 = zero of secant

=N

Halley

Euler

Quad. Inv.

o ~NOO U WNR

2.81548211105635
1.37597082614957
0.34002908011728
0.00951600547085
0.00000024995484

3.57571385244736
2.76924150041340
1.95675490333756
1.25252187565405
0.51609312477451
0.14709716035310
0.00109463314926
0.00000000107549

2.03843730027891
1.02137913293045
0.28835890388161
0.01497518178983
0.00000315361454

F(aW) — pk-D)

Replace F' with interpolating polynomial

secant method

s(z) = F(z®) +

2k) — 4 (k=1)

(x — m(k))

(1.3.4)

producing interpolatory model function methods

F(;L.(k,))(l.(k) _ :L»(kfl))

kD) = k)

F(zk) — F(z(h=1)

(1.3.5)
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1

3
.70

secant method
(python implementation)

e Only one function evaluation per step

e no derivatives required !

Remember: F(z) may only be available as output of a (complicated) procedure. In this case it is
difficult to find a procedure that evaluates F/(z). Thus the significance of methods that do not involve

evaluations of derivatives.

Example 1.3.8 (secant method).

Code 1.3.7: secant method

1
2
3
4
5
6
7
8
9

10
11
12
13

def secant(f,x0,x1,maxit=50,tol=1e—12):

fo = f(x0)
for k in xrange(maxit):
fn = f(x1)
print ’'x1=",x1, 'f(x1)=', fn
s = fnx(x1—x0) /(fn—fo)
x0 = x1; x1 —='s
if abs(s)<tol:
X = x1
return x, k
fo = fn
X = NaN
return x, maxit

F(x)=xe" -1,

20 =0, 21

=5.

2

Ea

F(a®)

elk) = gh) _ g

log \e(k“)\flog |9(1")\
log e(®)|—log |e(*—1)]|

0.00673794699909
0.01342122983571
0.98017620833821
0.38040476787948
0.50981028847430
0.57673091089295
0.56668541543431
0.56713970649585
10 0.56714329175406
11 0.56714329040978

© 0O ~NOOUhA~WN

-0.99321649977589
-0.98639742654892

1.61209684919288
-0.44351476841567
-0.15117846201565

0.02670169957932
-0.00126473620459
-0.00000990312376

0.00000000371452
-0.00000000000001

-0.56040534341070
-0.55372206057408

0.41303291792843
-0.18673852253030
-0.05733300193548

0.00958762048317
-0.00045787497547
-0.00000358391394

0.00000000134427
-0.00000000000000

24.43308649757745
2.70802321457994
1.48753625853887
1.51452723840131
1.70075240166256
1.59458505614449
1.62641838319117

A startling observation: the
Def. [1.1.13
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method seems to have a fractional (!) order of convergence, Se€€ Gradina

Remark 1.3.9 (Fractional order of convergence of secant method).

Indeed, a fractional order of convergence can be proved for the secant method, see[29, Sect. 18.2].

Here is a crude outline of the reasoning:

D-MAT

1.3
p. 7


http://en.wikipedia.org/wiki/Secant_method

! i —i
Asymptotic convergence of secant method: error (k) := (k) — z* 3,1]'2-’1'1'1 F/ )
1) — p(a* 1 o) g% 1 olk=Dy _ g% o F@)(z-y)
e =O(z" +e\"", 7" te z© ,with ®(x,y) ==z 1.3.6 , F
( , ) @)=t po gy @39 ,
Use MAPLE to find Taylor expansion (assuming £’ sufficiently smooth): .
Fz*)=0 <« FY0) =2z
> Phi 1= (x,y) -> x-F(x)*(x-y)/ (F(x)-F(y));
> F(s) := 0;
> e2 = normal (ntayl or (Phi (s+el, s+e0)-s,[e0, el], 4));
O linearized error propagation formula: Gradinaru
. D-MATH
k+1) - LEUE) k) (k=1) _ () (k=1
elktl) = §F/(x*)e( Jelk=1) = celRlelk=1) | (1.3.7)
Try elk) = K(c(k*”)p to determine the order of convergence (— Def. [1.1.13):
. 1)
= elF+1) — EPH (e 1))p Casem =1 0O secant method
Dp2—p— _
=  (FDpTrloKPe 5 PP op-1=0 = p=31+V5).
As e®) — 0 for k — oo we get the rate of convergence p = %(1 +1/5) ~ 1.62 (seeEx. Z
p. 73
Num. Case m = 2: |quadratic inverse interpolation, see [36, Sect. 4.5]
Phys.
Example 1.3.10 (local convergence of secant MAPLE code: P := X-> asxA2+b*x+c;
thod). ' . X
method) sol ve({p(f0)=x0, p(f 1) =x1, p(f 2) =x2}, {a, b, ¢} ) :
F(x) = arctan(z) assign(%; p(0);
= secant method converges for a pair - (k+1) FUZ(FIZL'Q — Fyxp) + FE(FQZL’U — Fyzo) + F;(Fgasl — Fixg)
(.7;(0), xm) of initial guesses. F}%(Fl —F)+ FIQ(FZ —Fy)+ FQQ(E) - R)
= [ocal convergence] — Def. [1.1.3 (Fp:= F(,r<k_2)), F = F(,r<k_1)), = F(.r(k)), xo = x(k_z), iy = ,r<k_1), T9 = 2k
&
x© . Example 1.3.11 (quadratic inverse interpolation). F(z) = ze® — 1, 20 = 0, 2 =253 =5.
D-MATH i i
Another class of multi-point methods:  inverse interpolation i (k) F(.r(k)) k) — (k) _ % log [e* D] —log|e®)]
) log [e(®)|—log [e(*=1)]|
ST F:IcCR— R one-to-one 3 0.08520390058175 -0.90721814294134 -0.48193938982803
4 0.16009252622586 -0.81211229637354 -0.40705076418392 3.33791154378839
F(l*> =0 = F*l(o) = z*. 5 0.79879381816390 0.77560534067946 0.23165052775411 2.28740488912208
4 . ) 6 0.63094636752843 0.18579323999999 0.06380307711864 1.82494667289715
» Interpolate /'~ by polynomial p of degree d determined by 7 0.56107750991028 -0.01667806436181 -0.00606578049951 1.87323264214217
(F(T(kim)» - T(k,,m) m=0 d 8 0.56706941033107 -0.00020413476766 -0.00007388007872 1.79832936980454
[ P v ’ DR 13 9 0.56714331707092 0.00000007367067 0.00000002666114 1.84841261527097
10 0.56714329040980 0.00000000000003 0.00000000000001
; (k+1) . p. 74
 New annroximate 7ern r =nlM
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http://en.wikipedia.org/wiki/Inverse_quadratic_interpolation

Also in this case the numerical experiment hints at a fractional rate of convergence, as in the case of etk
the secant method, see Rem. [1.3.9]

<&
1.4 Newton's Method
Gradinaru
D-MATH
[Non-linear system of equations: for F': D C R" — R findx* € D: F(x*) =0
Assume: F:D CR"— R" continuously differentiable
1.4
p. 77
1.4.1 The Newton iteration -
il
Idea (— Sect. [1.3.2.1): local linearization:
Givenx®) ¢ D 0 x¥t1) as zero of affine linear model function
F(x) ~ F(x) = F(x®)) 4+ DF(x#)(x — x|
. N oF; \"
DF(x) € R™" = Jacobian (ger.: Jacobi-Matrix), DF'(x) = | ——(x .
Oxy, k=1
B Newton iteration: (< forn =1)
xk+) = xW_ppxEh =T p®)y | 1t DF(xV)) Fegulan] (1.4.2) G

Terminology:  —DF(x¥))~1F(x(%)) = Newton correction

1.4
p. 78

lllustration of idea of Newton’s method for n = 2:
>

Sought: intersection point x* of the curves
F1<X) = (0and FQ(X) =0.

Idea: x**1) = the intersection of two straight
lines (= zero sets of the components of the
model function ) that are approximations of

the original curves

MATLAB-CODE: Newtonverfahren

def newton(x, F, DF,tol,maxit):

template for Newton method: for i in xrange(maxit):
Solve linear system: — | ——.

—1 s = (DF(x), F(x))
solve(A b) =A™
F, DF: functions X -= s

|A posteriori termination criterion ——if norn(s) < tol*norn(x):return

Example 1.4.1 (Newton method in 2D).

2 _ 4 _, 1
F(x) = (Il jg) , X= <$1> € R? with solution F(1> =0.
T1— Ty 7

3
Jacobian (analytic computation):  DF(x) = (811F1(x) Or, Py () > = (Qxl 4x3>

ax1F2($> aIQFQ(:E)

Realization of Newton iteration (1.4.1):

1. Solve LSE

211 74$§ AXUf) _ lf — lé
1 —=3z3 T — T

Gradina

D-MAT
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where x(*) = (2, 29)"" N, New aspect for 7 >> 1 (compared to n = 1-dimensional case, section. [1.3.2.1): -
Meth. Meth.
2.set x(FD) = x(k) + Ax(F) Phys. Phys.

Computation of the Newton correctionlis eventually costly!

Code 1.4.2: Newton iteration in 2D

from scipy import array, diff, log, zeros, vstack

: ! ¢ Remark 1.4.3 (Affine invariance of Newton method).
from scipy.linalg import norm, solve

An important property of the Newton iteration : affine invariance — [12, Sect .1.2.2]
F = lambda x: array ([x[0]**2 — x[1]**4, x[0]—x[1]*x%3])

DF = lambda x: array ([[2%x[0], — 4#x[1]*%3], [1, —3x[1]*%2]]) set G(x):= AF(x) withregular A € R™" sothat F(x*)=0 & Gx")=0.
—

X = arra 0.7, 0.7 .. . . . .
y (I 1 affine invariance: Newton iteration for G(x) = 0 is the same for all A € GL(n) !

x0 = array ([1., 1.])

tol = le—10 Gradinaru Gradina
D-MATH  This is a simple computation: D-MAT.
= 4); 1:3] = x; 3] = —x0 _ 1, — _
;erfm éﬁ;?j( )i res[1:3] = x; res[3] = norm(x~x0) DG(x) = ADF(x) = DG(x)"'G(x) = DF(x) A~ 'AF(x) = DF(x)"'F(x).
print F(x) Use affine invariance as guideline for
s = solve (DF(x) ,F(x))
X —='s e convergence theory for Newton’s method: assumptions and results should be affine invariant, too.

resl = zeros(4); res[0] = 1.; resl[1:3] = x; res1l[3] = norm(x—x0)

e modifying and extending Newton’s method: resulting schemes should preserve affine invariance.
res = vstack((res,resl))

k =2

while norm(s) > tolsxnorm(x): 14 A 14
s = solve (DF(x) ,F(x)) p. 81 p. 8
X —= S Num. . L. . . B . Num.
resl = zeros(4); resl[0] = k; res1[1:3] = x: res1[3] = norm(x—x0) e Remark 1.4.4 (Differentiation rules). — Repetition: basic analysis eth
res = vstack((res,resl))
k += 1

Statement of the Newton iteration (I4.1) for F' : R" — R" given as analytic expression entails

logdiff = diff(log(res[:,3])) computing the Jacobian D F'. To avoid cumbersome component-oriented considerations, it is useful

rates = logdiff[1:]/logdiff[:—1] to know the rules of multidimensional differentiation:
print res
print rates Let V, W be finite dimensional vector spaces, I : D C V s W sufficiently smooth. The differential

DF(x) of Finx € V is the unique

k x(k) e = |Ix* — X<k)||2 Gradinaru linear mapping  DF(x) : V.~ W, Gradin:
0 (0.7, 0.0)T 4.24e-01 D-MATH suchthat || F(x+h) — F(x) — DF(h)h| = o(||h|) Vh, |h| <J. D-MAT
1] (0.87850000000000, 1.064285714285714)T 1.37e-01
2| (1.01815943274188, 1.00914882463936)T 2.03e-02
3| (1.00023355916300, 1.00015913936075)T 2.83e-04

T
4| (1.00000000583852, 1.00000002726552) 2.79e-08 o For F: V > W linear, ie. F(x) = Ax, Amatrix 0 DF(x)= A.
5(0.999999999999998, 1.000000000000000)7 2.11e-15
6 1, nT e Chainrule: F': V — W, G : W U sufficiently smooth

D(Go F)(x)h = DG(F(x))(DF(x))h, heV xeD. (1.4.2)



e Productrule: F': D C V— W,G: D CV — U sufficiently smooth, b : W x U +— Z bilinear

T(x) =b(F(x),G(x)) = DIT(x)h=>bDF(x)h,G(x))+b(F(x), DG(x)h),

heV,xeD.

For F': D C R" — Rthe gradientgrad F' : D — R", and the Hessian matrix HF(x) : D — R™"

are defined as

grad F(x)"h .= DF(x)h, h! HF(x)hy := D(DF(x)(h1))(hy), h,h;,hy eV .

Remark 1.4.5 (Simplified Newton method).

Simplified Newton Method:  use the same D F(x¥)) for more steps

O (usually) merely linear convergence instead of quadratic convergence

Remark 1.4.6 (Numerical Differentiation for computation of Jacobian).

If DF'(x) is not available  (e.g. when F'(x) is given only as a procedure):

) . L OF;
Numerical Differentiation:  —(x) ~
Caution: impact of roundoff errors for small /!

Example 1.4.7 (Roundoff errors and difference quotients).

Approximate derivative by difference quotient:  f'(z)

Calculus: better approximation for smaller 4 > 0, isn'tit ?

_ Filx+ hej) — Fi(x) _

fa+h) = flz)

Num.
Meth.
Phys.
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MATLAB-CODE: Numerical differentiation of exp(x)

h =0.1;, x =0.

for i in xrange(16):
df = (exp(x+h)-exp(x))/h
print -i, df-1
h »=0.1

Recorded relative error, f(z) =e*, 2 =0 >

Note: An analysis based on expressions for remainder terms of Taylor expansions shows that the

logyo(h) relative error
-1 0.05170918075648
-2 0.00501670841679
-3 0.00050016670838
-4 0.00005000166714
-5 0.00000500000696
-6 0.00000049996218
-7 0.00000004943368
-8 -0.00000000607747
-9 0.00000008274037
-10 0.00000008274037
-11  0.00000008274037
-12  0.00008890058234
-13 -0.00079927783736
-14 -0.00079927783736
-15 0.11022302462516
-16 -1.00000000000000

approximation error cannot be blamed for the loss of accuracy as h — 0 (as expected).

Explanation relying on roundoff error analysis, see Sect. ??:

MATLAB-CoDE: Numerical differentiation of exp(x)

logyo(h) relative error

h =01, x =0.0

print -i, df-1
h *= 0.1

-1 0.05170918075648
-2 0.00501670841679

for i in xrange(16): -3 0.00050016670838
= Q P - oxol x /h -4 0.00005000166714
(exp(x+h) - exp(x)) -5 0.00000500000696

-6 0.00000049996218
-7 0.00000004943368
-8 -0.00000000607747

. 7 o
Obvious cancellation — error amplification

— 0

IR (ALE (G

Impact of roundoff — oo

Analysis for f(z) = exp(z):

forh — 0 .

-9 0.00000008274037
-10 0.00000008274037
-11  0.00000008274037
-12  0.00008890058234
-13 -0.00079927783736
-14 -0.00079927783736
-15  0.11022302462516
-16 -1.00000000000000

V 7
eth((1+0)) - e?((1+ 2]

df =

h
h h
_ € —1 Jie —52)
- ° ( h T h

1
correction factors take into account roundoff:
(— "™axiom of roundoff analysis”, Ass. ??)

|61, |02] < eps .

10 NI NL=1\ & o n
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http://en.wikipedia.org/wiki/Difference_quotient

et —df

2eps
P> relative error: ~ h+ }f — min forh = /2eps.

In double precision; /2eps = 2.107342425544702 - 10~°

What is this mysterious cancellation (ger.: Ausléschung) ?

‘Q\— errors

Cancellation

Subtraction of almost equal numbers
(O extreme amplification of relative errors)

Example 1.4.8 (cancellation in decimal floating point arithmetic).

x, y afflicted with relative errors ~ 10~

z = 0.123467% «— Tth digit perturbed
y = 0.123456x% «— 7th digit perturbed
z—y = 0.000011% = 0.11*090 -10~% — 3rd digit perturbed

padded zeroes

1.4.2 Convergence of Newton’s method

Newton iteration (1.4.1) = fixed point iteration (— Sect. [1.2) with

P(x) =x — DF(x)"'F(x) .
—~

[*product rule” :  D®(x) = I — D(DF(x)"Y)F(x) — DF(x)"'DF(x) ]

T
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Fx*) =0 = Dox")=0.
127

Local quadratic convergence of Newton's method, if D F'(x*) regular

Example 1.4.9 (Convergence of Newton’s method).

Ex. L4 cntd: record of iteration errors, see Code [L.4.1

L < (k) e = |x* — X(A¢)||2 log €41 —Tog e,
loge;. — log ey

0 0.7, 0.7)T 4.24e-01

1| (0.87850000000000, 1.064285714285714)T 1.37e-01 1.69

2| (1.01815943274188, 1.00914882463936)T 2.03e-02 2.23

3| (1.00023355916300, 1,00015913936075)T 2.83e-04 2.15

4| (1.00000000583852, 1.()()()()()002726552)T 2.79e-08 1.77

51(0.999999999999998, 1.0000()()()()0000000)T 2.11e-15

6 (1, n7
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There is a sophisticated theory about the convergence of Newton’s method. For example one can Yun.

find the following theorem in [14, Thm. 4.10], [12, Sect. 2.1]):

Theorem 1.4.1 (Local quadratic convergence of Newton's method). If:
(A) D C R" open and convex,
(B) F : D — R" continuously differentiable,
(C) DF(x) regularVx € D,

. =l _
©) 3L>0: |DFx)"YDFx+v) DF(X))H2 <Lvly v ep
(E) Ix*: F(x*)=0 (existence of solution in D)
(F) initial guess x\) € D satisfies p = ’ x* — xm)H2 < % A Byx*)CD.

then the Newton iteration (1.4.1) satisfies:
@) x®) e By(x*) = {y e R", ||y —x*|| < p}forallk € N,

(i) lim x®) =x*
k—o0

(iii) Hx("'ﬂ) —x* (local quadratic convergence) .

g =

VveR" v+x €D,

Phys.
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http://en.wikipedia.org/wiki/Loss_of_significance

O notation: ball By(z) .= {x € R": ||x — z||, < p} Num. |f we used the [residual based termination criterion Num.

Meth. Meth.
Phys. Phys.

Terminology: (D) = affine invariant Lipschitz condition
then the resulting algorithm would not be affine invariant, because for F'(x) = 0 and AF(x) = 0,

Problem:  Usually neither w nor 2* are known ! A € R™" regular, the Newton iteration might terminate with different iterates.

In general: a priori estimates as in Thm. [1.4.1 are of little practical relevance. i . e . )
- g P P Terminology: Axk) = pF(x(k=D)~1F(x(k)) = simplified Newton correction

Ax¥) available
with O(n”) operations

Gradinarn Gradina

B Summary: The Newton Method S

Reuse of LU-factorization of DF(x(F—1)) O

1.4.3 Termination of Newton iteration
@ converges asymptotically very fast: doubling of number of significant digits in each step

often a very small region of convergence, which requires an initial guess
rather close to the solution.

A first viable idea: ~

Asymptotically due to quadratic convergence:

HXUHU —x'|| < HXU") -x*| = Hx(k) — x| = Hx(kH) - x(]")H . (144 4 14
p. 93 p-9
- 1.4.4 Damped Newton method b
O quititerating as soon as HXU"H) = X<k)H = HDF(X(]"))*lF(x“’))H <T HX(]")H, Meth. Mt
with 7 =
— uneconomical: one needless update, because x(k) already accurate enough ! Example 1.4.11 (Local convergence of Newton’s 15 %
. . method). . . /]
Remark 1.4.10. New aspect for n > 1: computation of Newton correction may be expensive ! z—zet —1
A Flz)=2ze"—1 = F/(-1)=0 os /““
20 <1 = 2 5 o
Therefore we would like to use an a-posteriori termination criterion that dispenses with computing 20 s 1 = pk) o p* o5
(and “inverting”) another Jacobian DF(X(k>> just to tell us that x(*) is already accurate enough. /
O L /
——— —_—
,,,,,,, J

Gradinarn A% L ) Gradina

D-MATH D-MAT

Practical fa-posteriori termination criterion for Newton’s method:

Example 1.4.12 (Region of convergence of New-

DF(x"=1)y ~ DF(x®)): quit as soon as HDF(X%*U)*F(X("’))H <T Hx<k)H ton method).

affine invariant termination criterionl F(z) = arctan(az) , a >0,z €R

arctan(a)

with zero z*=0.

Justification: we expect DF(X(’“*U) R DF(x(k)), when Newton iteration has converged. Then
appeal to (L.4.4). o <&




Divergenz des Newtonverfahrens, f(x) = arctan x
15 T T T T T

0.5f
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-15

red zone = {z() € R, z(¥) — 0}

B> we observe “overshooting” of Newton correction
Idea: damping of Newton correction:
with AF) > 0 xb+D .= xK) _ \B) pp(xF)) =1 p(x(F)

Terminology: AE) = damping factor

Choice of damping factor: affine invariant natural monotonicity test

smaximal” A%) > 0. ”Ai</\(k>)“ <(1- %M) HAX(k)HQ

AxF) .= pP(xM) =1 p(xk) — current Newton correction ,

where

Gradinarn

D-MATH

(1.4.5)

14
p. 97
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(1.4.6)

Ax(AF)) = DF(XU"’))’lF(x(k) - )\("’)Ax<k')) — tentative [simplified Newton correction .

Heuristics: convergence < size of Newton correction decreases

Code 1.4.13: Damped Newton method

from scipy.linalg import lu_solve, lu_factor, norm
from scipy import array, arctan, exp

def dampnewton(x,F,DF,q=0.5,tol=1e—10):
cvg = []
lup = lu_factor (DF(x))
s = lu_solve (lup,F(x))
XN = X—s
lam = 1
st = lu_solve (lup,F(xn))
while norm(st) > tolsnorm(xn): #a posterori termination criteria
while norm(st) > (1—lam=0.5)*norm(s) :#natural monotonicity test
lam %= 0.5 # reduce damping factor
if lam < 1e—10:
cvg = —1
print 'DAMPED_NEWTON:  Failure_of_convergence’

Gradinaru

D-MATH

14

return x, cvg
xn = x—lamxs
st = lu_solve (lup,F(xn)) #simplified Newton cf. Sect.[1.4.3
cvg += [[lam, norm(xn), norm(F(xn))]]

X = Xn

lup = lu_factor (DF(x))

s = lu_solve (lup,F(x))

lam = min(lam/q, 1.)

xn = x—lamxs

st = lu_solve (lup ,F(xn)) #simplified Newton cf. Sect.[1.4.3

X = Xn
return x, array(cvg)

1 ’ .

if __name__=='__main__":
print 2D _F; ’

F = lambda x: array ([x[0]**x2 — x[1]*x*4, Xx[0]—x[1]*x%3])

DF = lambda x: array ([[2*Xx[0], — 4xx[1]*%*3], [1, —3xx[1]*x*2]])
x = array([0.7, 0.7])

x0 = array([1., 1.])

x, cvg = dampnewton(x,F,DF)

print x

print cvg

print arctan; ’

F = lambda x: array([arctan(x[0])])

DF = lambda x: array ([[1./(1.+x[0]*x*2)]])
x = array ([20.])

X, cvg = dampnewton(x,F,DF)

print Xx

print cvg

print enx — 1 '
F = lambda x: array ([x[0]xexp(x[0]) —1.])

DF = lambda x: array ([[exp(x[0])*(x[0]+1.)]1])

x = array([—1.5])

X, cvg = dampnewton(x,F,DF)

print Xx

print cvg

Policy: Reduce damping factor by a factor ¢ €0, 1] (usually ¢ = %) until the affine invariant natural

monotonicity test (1.4.6) passed.

Example 1.4.14 (Damped Newton method). (— Ex.[1.4.12)

Num.
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Phys.
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F(z) = arctan(z) , ko AW 2(F) F(,r(l‘)) xom.
0 1 0.03125 0.94199967624205 0.75554074974604 Pliys.
o 20 =20 2 0.06250 0.85287592931991 0.70616132170387
0eq=1 3 0.12500 0.70039827977515 0.61099321623952
2 4 0.25000 0.47271811131169 0.44158487422833
eLMN = 0.001 5 0.50000 0.20258686348037 0.19988168667351
Observation: asymptotic 6 1.00000 -0.00549825489514 -0.00549819949059
i 7 1.00000 0.00000011081045 0.00000011081045
quadratic convergence 8 1.00000

-0.00000000000001 -0.00000000000001 o

Example 1.4.15 (Failure of damped Newton method).

s AsinEx. 1411k

F(z) = ze® — 1,

s Initial guess for damped
Newton method z(0) =
—1.5

k /\(k) L(k) F(:L‘(k>) Gradinaru
D-MATH

1 0.25000 -4.4908445351690 -1.0503476286303

2 0.06250 -6.1682249558799 -1.0129221310944

3 0.01562 -7.6300006580712 -1.0037055902301

4 0.00390 -8.8476436930246 -1.0012715832278

5 0.00195 -10.5815494437311 -1.0002685596314

Bailed out because of | anbda < LM N!

Observation: Newton correction pointing in “wrong direction” so no convergence.

1.4.5 Quasi-Newton Method

14
p. 101
Num.

Meth.
Phys.

What to do when DF(x) is not available and numerical differentiation (see remark is too

expensive?

Idea: in one dimension (n = 1) apply the secant method of section[1.3.2.3

. F(z®) — p(gk=1)
F/<:L'(A)) = () = Flz ) "difference quotient” (1.4.7)
T(m — 1‘( =
already computed! — cheap
i Generalisation for n > 1 ?
Gradinaru
. . . . . . (o (k)y D-MATH
Idea: rewrite (1.4.7) as a secant condition for the approximation J, ~ DF(x'"/),
x*) = iterate:
J.(x®) — xb=1y = p(xR)) — pxE=1)y (1.4.8)
BUT: many matrices J . fulfill (1.4.8)
Hence: we need more conditions for J;. € R™"
14
p. 102

Idea: get J . by a modification of J;_;

Broyden conditions: J;z=J; 1z Vz:z L (x(k) — x(]“l)) .

(sclk)) (xc(B) _xc(k—D)\T
[t

i.e. Jp=Jp_ 1+ £

Num.
Meth.
Phys.

(1.4.9)

(1.4.10)

Broydens Quasi-Newton Method for solving F'(x) = 0:

xBD) .= «(R) 4 Ax(k), AxF) = —J;1F<X(k‘)) I =Jp +

F<X(A?+1)>(AX(1\:)>T
—_—

o]

Gradina

- (1_4.11) D-MAT

Initialize J e.g. with the exact Jacobi matrix DF(X(O)>.

Remark 1.4.16 (Minimal property of Broydens rank 1 modification).

Let J € R™"™ fulfill (1.4.8

. then (I —J; 'J)(x(FD) — x(k)y = 31 p(x(k+D) L4
and J,, x(*) from @4.11) en I x™) g PO b 10
and hence .
-1 k+1 k ;
[ 113 _ -J; F(x( >)Ax< ) N p— AX(M(AX(/»))T
E CktL|y 2 ( R
) Jax®]
2 2 2
—1
<[r-s4l,
In conlcusion,
(1.4.10) gives the ||-||,-minimal relative correction of J;_1, such that the secant condition (1.4.8)
holds.
AN
Gradina
D-MAT
14
p. 1(



Example 1.4.17 (Broydens Quasi-Newton Method: Convergence).

o In the non-linear system of the example L4.1, n = 2 take x(*) = (0.7.0.7)" and J; = DF(x"))

The numerical example shows that the
method is:

slower than Newton method (1.4.1), but

better than [simplified Newton method
(see remark. [1.4.5)

10

Fehlernorm

1 2 3 4 5 6 7 8 9
Iterationsschritt

Konvergenzmonitor

- Newton: [[F(x¥
—+— Newton: Fehlernorm
Newton (vereinfacht)

- Broyden: [[FM))|
—+— Broyden: Fehlernorm

i

5 6 8 9
Iterationsschritt

convergence monitor

quantity that displays difficulties in the
convergence of an iteration

Here:
-1
[t e
W=
a0
Heuristics: no convergence whenever 1 > 1

Remark 1.4.18. Option: damped Broyden method (as for the Newton method, section [1.4.4)

10

A

Num.
Meth.
Phys.
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1.4
p. 106

Implementation of (1.4.11):

et < s

with Sherman-Morrison-Woodbury Update-Formula

-1 TP (AxR)T » Axk+1)(Ax(ONT
k+1 7 n 2 , = _—
+ HAx(k>H2 + Ax®) . TR (kD) HAX(M ’

that makes sense in the case that

2
Code 1.4.19: Broyden method

-1
k

(1.4.12)

"simplified Quasi-Newton correction”

from scipy.linalg im
from scipy import

def fastbroyd(x0, F, J,

T norm, solve

dot, zeros

tol=1le—12, maxit=20):

x = x0.copy()

lup = lu_factor(J)

k = 0; s = lu_solve (lup,F(x))
x —=s; f = F(x); sn = dot(s,s)
dx = zeros ((maxit,len(x)))

dxn = zeros(maxit)

dx[k] = s; dxn[k] = sn

k += 1; tol %= tol

while sn > tol and k < maxit:
w = lu_solve(lup,f)

for r in xrange(1,k):
w += dx[r]*( dot(dx[r—1],w) )/dxn[r—1]
z = dot(s,w)
s = (1+z/(sn—z))*w
sn = dot(s,s)
dx[k] = s; dxn[k] = sn
x —=s; f = F(x); k+=1

return x, k

Computational cost :
N steps

Memory cost :
N steps

. O(N2 - n) operations with vectors, (Levell)
» 1 LU-decomposition of J, N x solutions of SLEs, see section ??

s N evalutations of F'!

» LU-factors of J + auxiliary vectors € R"

» N vectors x(¥) ¢ R

Example 1.4.20 (Broyden method for a large non-linear system).

Num.
Meth.
Phys.
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n = 1000, tol = 2.000000e-02

Num.

j})I]el‘lvl.
R" s RP hys.
F(x) = .
x — diag(x)Ax — b,
10° —
b=(1,2,...,n) eR", ~
A=T+aa’ eR", :
13
1 e i
a=—b-1). 1
v1-b—-1
The interpretation of the results resemble the ex- T Broyaon |
100 —+— Broyden: Fehlerr 4
ample [1.4.17) > 10 Bt e
—+— Newton: Fehlernorm
h =2/ n; x0 = (2 h: 4- h) T Newton (vereinfacht)
0 1 2 4 5 7 8 9
Iterationsschritt
Gradinaru
D-MATH
Efficiency comparison: Broyden method «— Newton method:
(in case of dimension n use tolerance tol =2n - 1072, h = 2/n; x0 = (2:h:4-h)’ ;)
1.4
p. 109
20 T T T T T T
o Broyden-Verfahren Num.
18 o Newton-Verfahren || 30 4 1\711?\2)
* b
16 1 :;‘»""
251 f»: 4
14 , G
F
#F
g1 1 5 20 A
é 10m § ::{‘ﬁ'
= 1 5 o |
e 1A i
3
f
6 pmm 4 10 & 1
4 4 "f
5F 4
2 El * Broyden-Verfahren
* Newton-Verfahren
% 500 1000 1500 % 500 " 1000 1500
n
Gradinaru
In conclusion, DT
the Broyden method is worthwile for dimensions n > 1 and low accuracy requirements. o
1.5 Essential Skills Learned in Chapter 1 []
1.5
You should know: p. 110

e what is a linear convergent iteration, its rate and dependence of the choice of the norm

Num.

Meth.
e what is the the order of convergence and how to recognize it from plots or from error data Phys.
e possible termination criteria and their risks
e how to use fixed-point iterations; convergence criteria
e bisection-method: pros and contras
o Newton-iteration: pros and contras
o the idea behind multi-point methods and an example
e how to use the Newton-method in several dimensions and how to reduce its computational effort
(simplified Newton, quasi-Newton, Broyden method)
Gradina
D-MAT
15
p. 11
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Phys.
Intermezzo on (Numerical)
2 Linear Algebra
Let A be an n X n-matrix.
Note that the result of the multiplication of the matrix A with a vector z is a linear combination of the
columns of A:
n
ATL’ = Z '771'14:.1' Gradina
=1 D-MAT
2.0
p. 11



Nonsingular

A'is invertible

The columns are independent

The rows are independent

det A #0

Az = 0 has one solution z = 0

Az = b has one solution z = A~1b
A has full rank Ahasrankr < n

A has n nonzero pivots A has r < n pivots

span{A.1,..., A} has dimensionn |span{A.1,..., A} has dimension r < n
span{Ai_’;7 ..., A} has dimension 7 | span{Ay ., ..., Ay} has dimension r < n
All eigenvalues of A are nonzero 0 is eigenvalue of A

0 & o(A) = Spectrum of A 0eo(A)

Num.

Singular

A'is not invertible Mo
The columns are dependent

The rows are dependent

det A=0

Az = 0 has infinitely many solutions

Ax = b has no solution or infinetly many

Gradinaru
A As symmetric positive definite AH Ais only semidefinite D-MATH
A has n (positive) singular values A has r < n (positive) singular values
Essential Decompositions
(1) Gaussian-elimination is nothing than LU-decomposition: A = LU with lower triangular matrix L
having ones on the main diagonal
Example 2.0.1 (Gaussian elimination and LU-factorization). 2.0
p. 113
consider (forward) Gaussian elimination: .
Meth.
11 0 1 4 r1 + T2 = Phys.
2 1 -1 To | = 1 — 2] + 19 — w3 = 1.
3 -1 -1 3 -3 3x] — xp — 23 = —
1 2 1 -1 1 = 21 0 -1 -1 -7
1 3 -1 -1 -3 01 3 -1 -1 -3
==
1 110 4 1 1 1 0 4
21 0 —1 —1 -7 = [21 o [ ~7
301 0 —4 -1 —15 341 0 0 3 13
—_——
=L =U _
- = pivot row, bold, negative red R ](3;.\1;1:;}1“,
Perspective: link Gaussian elimination to matrix factorization
(row transformation = multiplication with elimination matrix)
1 0 «vv vne 0 a a
-2 1, 0f [ as 0
a1 #0 > *Z—? az | =10
! " . 2.0
% 0 1 an 0 p. 114

[

Num.

n — 1 steps of Gaussian elimination: = matrix factorization Bt
(non-zero assumed)
) elimination matrices L;, i = 1,...,n — 1
A = L] ..... L?L*]U with 1 3 y s

upper triangular matrix U € R™" .

10 «ov «-- 0 10 - 0 10 -vv ov- 0
lo 1 0 01 0 lo 1 0
I3 0 hs 1, =|1l3 hy 1,
I, 0 1 0h, O 1 Iy hy O 1 ‘D’“'AT
[
Ly-----L,_1 are normalized lower triangular matrices
(entries = — ik
2.0
p. 11
Definition 2.0.1 (Types of matrices). gll'%}'ix
A matrix A = (a;;) € R™"is
— diagonal matrix, if a;; = 0 for i # j,
— upper triangular matrix if a;; = 0 for i > j,
— lower triangular matrix if a;; = 0 for ¢ < j.
A triangular matrix is normalized, if a;; = 1,4 = 1,..., min{m, n}.
0 0
Gradina
D-MAT
0 0
diagonal matrix upper triangular lower triangular
" The (forward) Gaussian elimination (without pivoting), for Ax = b, A € R™" if possible, is al-
gebraically equivalent to an LU-factorization/LU-decomposition A = LU of A into a normalized
| lower triangular matrix L and an upper triangular matrix U. 2.0
N\ 4 p. 11



Solving a[linear system of equations| by LU-factorization:
Algorithm 2.0.2 (Using LU-factorization to solve a linear system of equations).

Num.
Meth.

Phys.
O LU-decomposition A = LU, #elementary operations %n(n —1(n+1)
Ax=b O forward substitution, solve Lz = b, #elementary operations %n(n -1)
O backward substitution, solve Ux = z, #elementary operations %n(n, +1)
Stability needs pivoting:
Example 2.0.3.
1 2 2 2772D277 D2772 D2772
A=|2-7T2|=(1 2 2|=[055 1 =10275 -1 | =1 0275 —1
1240 1240 0275 —1 055 1 0 0 1.2
T Gradinaru
D-MATH
2 =7 2 1 00 010
U=|0275 -1 L=({0510], P=1001
0 0 12 05021 100
<&
Lemma 2.0.2 (Existence of LU-factorization with pivoting).
For any regular A € K" there is a permutation matrix P € K", a normalized lower triangu-
lar matrix L € K™, and a regular upper triangular matrix U € K™", such that PA = LU . 20
p. 117
Num.

. - ik
python-function: LU, piv = scipy.linalg.lu_factor(A)
LU = Matrix containing U in its upper triangle, and L in its lower triangle;
pi v = pivot indices representing the permutation matrix P: row i of matrix was interchanged with
row piv[i]

Round-off errors can be dangerous.
Definition 2.0.3 (Condition (number) of a matrix).
Condition (number) of a matrix A € R"™": cond(A) = HA‘1H |A|
Note: Gradinaru
cond(A) depends on ||| ! B
» If cond(A) > 1, small perturbations in A can lead to large relative errors in the solution of the
LSE.
s | Ifcond(A) > 1, an algorithm can produce solutions with large relative error ! ‘

(1) If A is symmetric, then A = LDLT = RH R with diagonal matrix D containing the pivots
(Choleski-decomposition) and R = /DL . No pivoting is necessary. 50
python-function: sci py. linal g.cho_factor(A) '118

p.

(2) Orthogonalisation: A = () R with the matrix () having orthonormal columns: QHQ = QQH =1

Num.
(see below) Phys:
(3) Singular value decomposition (SVD):
A =Uuxvl
where each of the matrices U and V' have orthonormal columns,
¥ = diag(o, ..., 0, 0,]ldots, 0), r = rank(A), o1 > o9 > o > 0. Actually, a% ..“,a? are the
eigenvalues of AT A (see below).
(4) Schur-decomposition:
VA € K™": 33U € C™" unitary: UPAU =T with T e C™" .
Gradina
D-MAT
Remark 2.0.4. All presented python-functions are in fact wrappers to LAPACK Fortran- or C-routines.
A
Remark 2.0.5. Not discussed in this lecture, but of essential importance in applications are the sparse
matrices (i.e. having the number of non-zero elements much smaller than n). Special storing
schemes and algorithms can sometimes keep the factors L and U sparse, but in general this is
difficult or impossible. For such cases, iterative methods for LSE (as e.g. preconditioned conjugate
gradient) are the methods of choice. 2
A p. 1
2.1 QR-Factorization/QR-decomposition lom.
Meth.
Phys.
Recall from linear algebra:
Definition 2.1.1 (Unitary and orthogonal matrices).
e Q e K™, n e N, is unitary, if Q! = Q.
e Q € R™™ n € N, is orthogonal, if Q1 = QL.
Gradina
Theorem 2.1.2 (Criteria for Unitarity). D-MAT
QeC"" unitary & [|Qx[y=[x[, YxeK".
(??)
[N {Q unitary = cond(Q) = 1} O unitary transformations enhance (numerical) stability
If Q € K™ unitary, then 2.1

p. 12


http://en.wikipedia.org/wiki/Unitary_matrix

» all rows/columns (regarded as vectors € K") have Euclidean norm = 1, [
Phys.

» all rows/columns are pairwise orthogonal (w.r.t. Euclidean inner product),

» |det Q| =1, and all eigenvalues € {z € Z: |z| = 1}.

» [|QA|l5 = ||A]|, for any matrix A € K™™

Drawbacks of LU -factorization:

;\'/ often pivoting required (I destroys structure, Ex. ??, leads to fill-in) CliTirn
D-MATH

i Possible (theoretical) instability of partial pivoting — Ex. ??

Stability problems of Gaussian elimination without pivoting are due to the fact that row transformations

can convert well-conditioned matrices to ill-conditioned matrices, cf. Ex. ??

Which bijective row transformations preserve the Euclidean condition number of a matrix ? 2.1
p. 121

0 transformations hat preserve the Euclidean norm of a vector ! Num.
Phys.

P Investigate algorithms that use orthogonal/unitary row transformations to convert a matrix to

upper triangular form.
Goal: find unitary row transformation rendering certain matrix elements zero.
Q =1 with Q7 =qQ ',

Gradinaru
D-MATH

This “annihilation of column entries” is the key operation in Gaussian forward elimination, where it

is achieved by means of non-unitary row transformations, see Sect. ??. Now we want to find a

counterpart of Gaussian elimination based on unitary row transformations on behalf of numerical

stability.

2.1
In 2D: two possible orthogonal transformations make 2nd component of a € RR? vanish: p. 122

. 2 .
= N
Phys.
_( cosp ding
a Q= <7singg,<)§>£> a
] y L P T
— = —z e
reflection at angle bisector, . . .
rotation turning a onto x-axis. Gradina
D-MAT
ad Note: two possible reflections/rotations
InnD: given a € R” find orthogonal matrix Q € R™" such that Qa = ||al|, e, €] = 1st unit
vector.
Choice 1: Householder reflections
‘ vl 1
Q=H(v)=1I- ZW with v =35(a=£|alyer) . (211) 21
p. 1
“Geometric derivation” of Householder reflection, see Figure Num.
Phys.
Given a,b € R™ with ||al| = ||b]|, the difference
vector v = b — a is orthogonal to the bisector.
Gradina
D-MAT
T T T
viv v \'A%
b=a—(a—b) :afvﬁ:anVm:anma:H(v)a7
because, due to orthogonality (a — b) L (a+b)
(a—b)f(a—b)=(a—b)(a=b+a+b)=2a—b)la.
2.1
Remark 2.1.1 (Details of Householder reflections). p. 1



e Practice: for the sake of numerical stability (in order to avoid so-called cancellation) choose

Jifap >0

Jifa; <0.

o [a@+lalyen)
Ya— llallyer)

However, this is not really needed [30, Sect. 19.1] !
o If K= C and a; = |a;|exp(iy), ¢ € [0, 2], then choose
v =i(at |ally el exp(—ip)) in @LI).

o efficient storage of Householder matrices — [3]

Choice 2: successive Givens rotations  (— 2D case)
~ - 0\ [a agl)
H . : H : . vy =
Gilap,ap) A= =0 =y - 0 |ap | =] 0 it
0 0---1 an an
———

Transformation to upper triangular form by successive unitary transformations:

*

1>

O

S
O
o
O

=3 = “target column a” (determines unitary transformation),
== = modified in course of transformations.

Qn—lQn—? """ QlA =R,

_ ay
ViayP+a?
— aj

la1[>+|ag?

(2.1.2)

R-factorization —QH..... H i ix ‘
i i L ofAeCh: A=QR, Qo Qg unarymati,
Phys. (QR-decomposition) R [upper triangular matrix, . Pliys:
Generalization to A € K™
| A QeKm™,
m > n: = Q A=QR, R € K
Gradinaru (213) Gradina
D-MATH H . . D-MAT
where Q"' Q = I (orthonormal columns), R upper triangular matrix.
Lemma 2.1.3 (Uniqueness of QR-factorization).
The “economical” QR-factorization of A € K"™", m > n, with rank(A) = n is unique,
if we demand r;; > 0.
2.1 2.1
p. 125 p. 1

i Proof. we observe that R. is regular, if A has full rank 7. Since the regular upper triangular matrices Yun
Phys. Phys.

" form a group under multiplication:
o o o q L =1
QR =QRy = Q ;[QQR V\gth u}gper trlangulz;' R :=RoR; " .
I= =R R=R"R.
[ Qr Q Qgﬁ IQz
The assertion follows by uniqueness of Cholesky decomposition, Lemma ??. O
Gradinaru Gradina
D-MATH m<n: A — Q R D-MAT
A — QR , Q c Kﬂl.m, , R c Km,ﬂ ,
where Q unitary, R upper triangular matrix.

Remark 2.1.2 (Choice of unitary/orthogonal transformation).
2.1 2.1
p. 126 When to use which unitary/orthogonal transformation for QR-factorization ? p. 1



P> [Householder reflections advantageous for fully populated target columns (dense matrices).

[ more efficient («— more selective), if target column sparsely populated.

functions:
Q R = qr ( A) Q 6 Km,ﬂl‘ R e Kﬂl.n for A E KTIL,TZ

QR = qgr(A econ=True) QeK™" ReK"forAecK"™", m>n

(economical QR-factorization)

Computational effort for Householder QR-factorization of A € K", m > n:

ar (A O Costs: O(m”n)
ar (A econ=True) O Costs: O(mn?)

QR
QR

Example 2.1.3 (Complexity of Householder QR-factorization).

Code 2.1.4: timing QR-factorizations

from numpy import r_, mat, vstack, eye, ones, zeros
from scipy.linalg import qr
import timeit

def qr_full():
global A
Q. R = qr(A)

© ©® N o O A~ W N P

def qgr_econ():
global A
Q, R = gr(A, econ=True)

S
w N P O

def gr_ovecon():
global A

[N
I

15 Q, R = qr(A, econ=True, overwrite_a=True)
16

17 |def qr_r():

18 global A

19 R = qgr(A, mode="r")

20

N
[y

def qr_recon():
global A
R = qr(A, mode='r’, econ=True)

NN
W N

Num.
Meth.
Phys.
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p. 129

Num.
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Phys.
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2.1
p. 130

24
25
26
27
28
29
30
31
32
33
34
35
36

nrEXP 4
sizes = 2xxr_[2:7]
qrtimes = zeros((5,sizes.shape[0]))

k=0
for n in sizes:
print 'n="', n

m = nxx2#4*n
A = mat(l.xr_[1:m+1]).T*mat(l.xr_[1:n+1])
A += vstack((eye(n), ones((m-n,n)) ))

+

t = timeit.Timer( ' qr_full () ', "from___main___import_qr_full ")
avqr = t.timeit(number=nrEXP) /nrEXP

print avqr

qrtimes[0,k] = avqr

t = timeit.Timer(’'qr_econ() ', 'from___main___import_qr_econ’)
avqr = t.timeit (number=nrEXP)/nrEXP

print avqr

qrtimes[1,k] = avqr

t = timeit.Timer('qr_ovecon() ', 'from___main___import_qgr_ovecon’)
avqr = t.timeit(number=nrEXP)/nrEXP
print avqgr

qrtimes[2,k] = avqr

t = timeit.Timer('qr_r() ', 'from___main___import_qr_r")
avqr = t.timeit (number=nrEXP) /nrEXP

print avqr

qrtimes[3,k] = avqr

t = timeit.Timer(’'qr_recon() ', 'from___main___import_qr_recon’)
avqr = t.timeit (number=nrEXP) /nrEXP

print avqr

qrtimes[4,k] = avqr

k += 1

#print grtimes[3]
import matplotlib.pyplot as plt
plt.loglog(sizes, qgrtimes[0],

s’, label="qr")

plt.loglog(sizes, grtimes[1], 'x', label="qgr(econ=True)")

plt.loglog(sizes, grtimes[2], '.', label="qgr(econ=True,
overwrite_a=True)")

plt.loglog(sizes, qgrtimes[3], 'o’, label="qr(mode="r")")

plt.loglog(sizes, qgrtimes[4], '+', label="qr(mode="r", _econ=True)")

v4 = qrtimes[1l,1]*x (sizes/sizes[1l])x*x4

v6 = qrtimes[0,1]x (sizes/sizes[1l])x*x*6

Num.
Meth.
Phys.

Gradina
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Gradina

D-MAT
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7|plt.loglog (sizes, v4, label="O(n%)") . i
72|plt.loglog (sizes, v6, '— label="O(n%)") Mo e Mo
73| plt.legend(loc=2) .
7a|plt.xlabel ('n") = R
75 |plt.ylabel ('time_[s]") e
76 | plt.savefig(’'qrtiming.eps’) R M
77| plt.show() =
e - T Casem <n
* = qr(econ=True) , ’
0. qrEecou'n:Tlry)e, overwrite_a=True . 1 = Householder vectors
e o gr(mode='r'
o || T arimodesTr, econ=True) Gradinarn c Gradina
o gi”,: D-MATH BBRm > = D-MAT
timing of different variants of QR-factorization 210 2
5 , H
10? O Convention for Givens rotations (K = R)
/. s
10° /'/ L 1 ,If’}/:() 5
N W # o . .
10t P G = ( A/G ’Y) = store pi= %mgn(y)(f Jif o] < |9,
10° 10* 102 — i -
' o 2sign(o)/y . iflo| = |y] .
p=1 = 4=0, o=1
Remark 2.1.5 (QR-orthogonalization). 2.1 > lpl<l = o0=2p, y=V1-02 2.1
p. 133 pl>1 = v=2/p, o=+1—-192. p. 18
123?']‘]‘ Store G j(a, b) as triple (4, j, p) 5’1“1’1‘]‘]‘
A = Q , A,Qe K™ RecK". Storing orthogonal transformation matrices is usually inefficient !

Algorithm 2.1.7 (Solving linear system of equations by means of QR-decomposition).
If m > n, rank(R) = rank(A) = n (full rank) 9 ( 9 Y a Y Q P )

0O {4, .-.,9.} isorthonormal basis of Im(A) with 0 QR-decomposition A = QR, computational costs 31 + O(n”) (about twice
Span {q.yl, R q._’k} = Span {a.jl, e ,a,_k} A<k<n. as expensive as LU-decomposition without pivoting)
Gradinaru - X .  AH . 12 N Gradina
A st Ax=b : O orthogonal transformation z = Q"' b, computational costs 4n= -+ O(n) (in the A
case of compact storage of reflections/rotations)
Remark 2.1.6 (Keeping track of unitary transformations). O Backward subsititution, solve Rx = z, computational costs %n(n +1)
G, . Bi)ooenn G b )
How to store Hzmgah l)H( ixgi (k> Or) » ?
) Vil Vi 0 Computing the generalized QR-decomposition A = QR by means of Householder reflections
0 For Householder reflections or Givens rotations is (numerically stable) for any A € C™",
H(vy) - H(vy): storevy,..., v} O For any regular[system matrix an LSE can be solved by means of
For in place QR-factorization of A € K""" :  store "“Householder vectors” v; (decreasing size | QR-decomposition + orthogonal transformation + backward substitution o
1) in lower triangle of A b, 134 in a stable manner. o1



Example 2.1.8 (Stable solution of LSE by means of QR-decomposition).

Num.
Meth.

Example 2.1.10 (QR-based solution of tridiagonal LSE).

Num.
Meth.

Code 2.1.9: R-fac. < Gaussian elimination Phys. o ) o ) Phys.
1|from numpy import tril , vstack, hstack, eye, zeros, ones, r Elimination of Sub-diagonals by n — 1 successive Givens rotations:
2/from numpy. linalg import norm, solve, qr L~ 000000 £ 500000 £ 500000
3|sizes =r_[10:1001:10] ~+x00000 0fFx00000 0% %0000
ajerrlu = zeros(sizes.shape) 0*x*+0000 0f**0000 00%%%000
sjerrqr = zeros(sizes.shape) 00%+%000| G |00 *%x000| G Gutn [000%%%00
= —_— —_— _—
G'f‘ o 000++%00 000%%%00 0000%#%0
7tor nin sizes: 0000 %% %0 0000 % %0 00000 % * *
8 A = —tril (ones((n,n—1))) + 2xvstack((eye(n—1),zeros(n—1))) 00000 % % % 00000 % % % 000000 * *
o] A= hstack((A, ones((n,1)))) 000000 #* 000000 * 0000000 *
10 X = (—1.)xxr_[1l:n+1]
11 b = dot(A,x) Gradinar Gradins
12 Q, R = gr(A) D-MATH D-MAT
13 errlu[k] = norm(solve (A,b)—x)/norm(x)
14 errqr[k] = norm(solve (R, dot(Q.T.conj(),b))—x)/norm(x)
15 k += 1
16
17 |import matplotlib.pyplot as plt
18|plt.semilogy(sizes, errlu, 'x’', label="LU")
19|plt.semilogy(sizes, errqr, 'ro’, label="QR’) 2.2 Singular Value Decomposition
20| plt.legend(loc="center_right’)
21| plt.savefig('wilksolerr.eps’) 2.1 2.2
22| plt.show() p- 137 Remark 2.2.1 (Principal component analysis (PCA)). p. L
- Given: n datapointsa; € R™, j =1,...,n, in m-dimensional (feature) space -
10° | Sletlg. ‘\Ietvli
- . Conjectured: “linear dependence™ a; € V, V' C R™ p-dimensional subspace, a
w7 7 p < min{m,n} unknown
Tt | 1 (O possibility of dimensional reduction)
o
= Task (PCA): determine (minimal) p and (orthonormal basis of) V'
élo I —
T +Gauss|anel|m\p§&|on
gl e Perspective of linear algebra:
S
g 10k q
Qo P
£ el | Conjecture < rank(A) =pfor A :=(aj,...,a,) € R™", Im(A)=V
[3]
107 B Gradinaru Gradina
p-MATH Extension: Data affected by measurement errors D-MAT
07 ] (but conjecture upheld for unperturbed data)
0 1(‘)0 2(‘)0 3(‘)0 4(‘)0 5(‘)0 5(;0 760 360 930 1000
" Application: pp=Chemometrics (multivariate calibration methods for the analysis of chemical mixtures)
<1 superior stability of QR-decomposition ! &> A
Fill-in for QR-decomposition ? bandwidth
A € C™" with QR-decomposition A = QR = m(R) < m(A) (— Def. ??) z 2

p. 138 p. 14



U " ) Num.
Theorem 2.2.1. For any A € K" there are unitary matrices U € K™, V € K" anda = M
(generalized) diagonal ) matrix ¥ = diag(ay, .. ., op) € R™™ p = min{m,n}, o1 > 09 >
op = 0 such that
A=Uuxv,
(*): X (generalized) diagonal matrix < (3);; =0,ifi #j,1<i<m,1<j<n.
Gradinaru
D-MATH
A
= U > vi
2.2
p. 141
Num.
Meth.
Phys.
A _ U by vHA
Proof. (of Thm. 2.2.1, by induction)
[52, Thm. 4.2.3]: Continuous functions attain extremal values on compact sets (here the unit ball
{x e R™ ||x]|, < 1}) Gradinaru
D-MATH
0 IxeK'yeK", [x[|=|yl;=1: Ax=0y, o=|Al;,
where we used the definiton of the matrix 2-norm, see Def. [L11.12. By

[Gram-Schmidt orthogonalization; IV e KWL U € K™™M~1 sych that
V=(xV)eK"™ U=(yU) e K™ are unitary.

_ (oW _
-f3) =

2.2

~ - H H A7
- UHAV_(yU)HA(xV)_<y Ax |y AV)

U7 Ax|UTAV

p. 142

Num.
Meth.

Phys.
2 9 H 2 b
A2 =T B ) =@+ whw)?+ Bw[3 > (0% + whw)?,
w /s Bw 9
2
Ax|)3 A (S o2 + wHw)? g
||A1||% _ ” i 2H2 > ” 10(W)2H2 > ( - - ) _ 0’2+WHW. (2.2.1)
omern fixlly T[T ot
2
2 2 H 2 @2 2 2 2
o? = A3 = |[UTAV| = Al S IAuE = A3+ w3 = w=0.
Gradina
o0 D-MAT
[N A= ( 0 B) .
Then apply induction argument to B 0.
Definition 2.2.2 (Singular value decomposition (SVD)).
The decomposition A = USVH of Thm. 22T is called singular value decomposition (SVD) of
A. The diagonal entries o; of X are the singular values of A. 22
p. 1
P Num.
Lemma 2.2.3. The squares af of the non-zero singular values of A are the non- Pt
zero of AHA, AAH with associated eigenvectors V)1, (V)
(U).1,...,(U).p, respectively.
Proof. AAH and A A are similar (— Lemma 4.1.4) to diagonal matrices with non-zero diagonal
entries 01-2 (o; #0), e.q.,
AAf —usHivsiuf —u g ufl. O
diagonal matrix
Remark 2.2.2 (SVD and additive rank-1 decomposition).
Gradina
Recall from linear algebra: rank-1 matrices are tensor products of vectors D-MAT
AcK™" and rank(A)=1 & JueK", veK" A= uvll (2.2.2)
because rank(A) = 1 means that ax = u(x)u for some u € K™ and linear form x +— j(x). By the
Riesz representation theorem the latter can be written as u(x) = vix.
P Singular value decomposition provides additive decomposition into rank-1 matrices:
»
H H
A=UzV" =% "0; (U),;V. @23 ,,
5=t p. 14



Num.
Meth.

Phys.
Remark 2.2.3 (Uniqueness of SVD).
SVD of Def.[2.2.2is not (necessarily) unique, but the singular values are.
Assume that A has two singular value decompositions
H H H H H H H
A=U 21V =035V, = U D) Ui =AA" =U 3 Uy .
21V 2442V 9 1 141 1 2 2442 2
:(liag(s%?m,s}”) zdiag(s%.“,s?”)
Two similar diagonal matrices are equal ! O adinacs
D-MATH
A
Python-function: sci py. | i nal g. svd
sci py. sparse. | inal g. svds in scipy 0.10
SVD on a large sparse matrix: package di vi si
2.2
python-functions  (for algorithms see [20, Sect. 8.3]): p. 145
s = svd(A) : computes singular values of matrix A
[U S V] = svd(A : computes singular value decomposition according to Thm. 2.2.1] Ploth
[U'S, V] = svd(A 0) :“economical” singular value decomposition for m > n: : U €
Kﬂl,ll Z c RTLTZ V c K?’L.n
s = svds(A k) . k largest singular values (important for sparse A — Def. ??)
[U S V] = svds(A, k): partial singular value decomposition: U € K" V € K",
Y e RkF diagonal with % largest singular values of A.
Explanation: “economical” singular value decomposition:
Gradinaru
D-MATH
A _ U 2 vH
2.2

p. 146

(python) algorithm for computing SVD is (numerically) stable N
Phys.
Complexity: 5
2mn? 4 2n3 + O(n?) + O(mn) fors = svd(A),
4m’n 42203 + O(mn) + O(n?) for[U, S, V] = svd(A),
O(mn?) +O(n3) for[ U, S, V] =svd(A, 0), m > n.
e Application of SVD: computation of rank , kernel and range of a matrix
Gradina
Lemma 2.2.4 (SVD and rank of a matrix). D-MAT
If the singular values of A satisfy oy > --- > 0 > 01 = ---0p = 0, then
o rank(A)=r
o Ker(A) =Span {(V),ri1.-...(V)n}
e Im(A)=Span{(U).4,...,(U).,}
2.2
p. 1
lllustration: columns = ONB of Im(A) rows = ONB of Ker(A) e
| E o
| H
A _ U AV (2.2.4)
! 0 0
Remark: python function r=rank(A) relies on svd(A)
Gradina
D-MAT
Lemma2.2.4 [PCA by [SVD|
O no perturbations:
svD: A =USV! satisfies o> 09> .. SOp > Opil = = Oyyin{mny = 0
V' = Span {(U)Z«l‘, s (U>:.p} .
N———
ONB of V'
2.2
p. 14



O with perturbations: —_—

Num. Num.
Meth. Meth.
H L Phys. 14l 1 Phys.
SVD: A =UXV" satisfies 01 >09>...0p>0, ~ = Tmin{mn}~ 0,
f— P 12 1 . . . . .
V =Span{(U).1,...,(U).p} - «— distribution of singular values of matrix
ONB of V/ wor 1

two dominant singular values !
—~

singular value

If there is a pronounced gap in distribution of the singular values, which separates p large from
min{m, n} — p relatively small singular values, this hints that Im(A ) has essentially dimension p. It o |
depends on the application what one accepts as a “pronounced gap”.

measurements display linear correlation with two
principal components

Example 2.2.4 (Principal component analysis| for data analysis). ORI s 10 e
No. of singular value
Gradinaru Gradina
A€ R™ m> n: D-MATH D-MAT
principal components = u.,u.9 (leftmost columns of U-matrix of SVD)
) ) ) ) their relative weights = v.1,v.o (leftmost columns of V-matrix of SVD)
Columns A — series of measurements at different times/locations etc.
Rows of A — measured values corresponding to one time/location etc.
Goal: detect linear correlations
Concrete: two quantities measured over one year at 10 different sites 2.2 2.2
p. 149 p. L
(Of course, measurements affected by errors/fluec- = Num. i T T T Num.
Meth. i © o © _2nd principal component Meth.
tuations) Phys. O parrr¥ose,, 05 . R Phys.
o
1+ +++t+$$+ 4 0 + + + 4 + + ot +
iy + + ] r B
n =10; m= 50 Lo g ° o
o . +.1 £ E ol J
r =1 i nsp_ace( 1,mm ol e T +++ | 3 2025
x = sin(pi*r/m Lo e e 5 § o ]
. | - Lot e T 3 £
y = cos(pi*r/m e i;:f{ AP g 5
[++, i o+ + S o L |
A = zeros((2+n,m) ° : : g g
. ¥ =1
for k in xrange(n): " 2ol |
Ty 5
Al 2xk] = x*rand(m ] R i s
’ 'nd model vector +*** 1 0051 + 7
Al 2xk+1] = y+0. 1+rand(m - measurement 1 Tigs ST et somponent T, i et g o .
+  measurement 2 ++ + © _ 2nd principal component| ) ) ) ) ++*rii‘* L0+ 2% 40 _— .
! Pt D T S S S e I B S T A T
o s ) 15 2 % 0 3 pry o) No. of measurement measurement
Gradinaru Gradina
D-MATH D-MAT
e Application of SVD: extrema of quadratic forms on the unit sphere
A minimization problem on the Euclidean unit sphere {x € K™: ||x||, = 1}:
gven A cK™" m>n, findxeK" |x|,=1, [Ax|;— min . (2.2.5)
Use that multiplication with unitary matrices preserves the 2-norm and the singular value decompo-
sion A = USVH (— Def. 2.2.2):
2 2
2.2 . 2 . . 2.2
min [|Ax||3 = min HUZVHXH = min HUE(VHX)H
p. 150 Ixllz=1 Ixllp=1 2 ||Vix||,=1 2 . 1



= min HEyHé = min (U%y% +oee a%y%) > 0721 .

Num.

llylla=1 llylla=1 ue
The minimum (7,2, is attained fory = e, = minimizer x = Ve,, = (V). .
By similar arguments:
o1 = max [|Ax|ly , (V).1 =argmax|Ax|, . (2.2.6)
[Ix[lp=1 T xlle=t
Recall: 2-norm of the matrix A is defined as the maximum in . Thus we have proved the
following theorem:
. . Gradinaru
Lemma 2.2.5 (SVD and Euclidean matrix norm). o)
o YA €K™ ||All,=0((A),
e VA € K"" regular: condy(A) =oy/oy .
Remark: functions nor n( A) and cond( A) rely on svd(A)
Remark: Enchanced PCAinnat pl ot | i b. M ab. PCAand in the package MDA (Modular Toolkit 95
for Data Processing) p. 153
2.3 Essential Skills Learned in Chapter 2 [ -
i
You should know:
e what is the QR-decomposition and possibilities to get it
e what is the singular value decomposition and how to use it
e applications of the svd: principal component analysis, extrema of quadratic forms on the unit
sphere
Gradinaru
D-MATH
2.3
p. 154

Num.

Meth.
Phys.
3 Least Squares
Example 3.0.1 (linear regression).
Given: measured data y;,x;, yi€R, x; eR"i=1,....,m,m>n+1
(y;, x; have measurement errors).
Known:  without measurement errors data would satisfy
affine linear relationship y = alx + c,aceR" ceR.
. Gradina
Goal: estimate parameters a, c. D MaT
y
least squares estimate
m
(a,¢) = argmin Z lyi — px; — q|2 (3.0.1)
PER™¢eR ;=7
linear regression for n = 2, m = 8 >.
B 3.0
p. L

Remark: In statistics we learn that the least squares estimate provides a maximum likelihood esti- Num.

mate, if the measurement errors are uniformly and independently normally distributed. e
Example 3.0.2 (Linear data fitting). (— Ex.[3.3.1] for a related problem)
Given: “nodes” (t;,5;) € K%, i=1,...,m,t; € I CK,
basis functions b; : I — K, 7 =1,...,n.

Find:  coefficients z; € K, j = 1,...,n, such that

m n

Z |f(t;) — y1-|2 —min , f(t):= Z z;b;(t) . (3.0.2) Gradina

=il j=1 D-MAT
Special case:  polynomial fit: b;(t) = =1

MATLAB-function: p = polyfit(t,y,n); n=polynomial degree.
&

Remark 3.0.3 (Overdetermined linear systems).


http://en.wikipedia.org/wiki/Linear_regression

In Ex. [8.0.1 we could try to find a, ¢ by solving the linear system of equations

T

5 1 1

L <a> ("

: H ¢ = : 5
XZL 1 Ym

but in case m > n + 1 we encounter more equations than unknowns.

In Ex. the same idea leads to the linear system

bl(t1> <. bn<t1)

bl(tm) bw(tm)
with the same problem in case m > n.

z]

In

Num.

(Linear) least squares problem:

given: A € K"™" m,neN,be K",
find: x € K" such that

(i) [|Ax = b[ly = inf{[|Ay — bll;: y € K"},

(3.0.3)
(ii) || x|, is minimal under the condition (i).

Recast as [inear least squares problem, cf. Rem. [3.0.3:

x{ 1 Y1
Ex.BOT A= : eR™™ b=|: | eR" | x= (a> e R
b b c -
X,];L 1 Ym
bi(t1) ... bn(t1) Y1 i)
Ex.3.02 A= : : ceR™ b= : ] eR"™ , i | eR™.
b1<tm) s bn(tm> Ym

In
In both cases the residual norm ||b — Ax||, allows to gauge the quality of the model.

Lemma 3.0.1 (Existence & uniqueness of solutions of the least squares problem).
The least squares problem for A € K" A = (0, has a unique solution for every b € K™

Proof. The proof is given by formula (3.2.4) and its derivation, see Sect. 3.2l

scipy.linalg.lstsqgr(A b) Reassuring:

stable (— Def.??) implementation (for dense
matrices).

Moth, Remark 3.0.4 (Pseudoinverse). N,
Phys. Phys.
By Lemma [3.0.1 the solution operator of the least squares problem (3.0.3) defines a linear mapping
b — x, which has a matrix representation.
Definition 3.0.2 (Pseudoinverse). The pseudoinverse A" € K of A € K" is the matrix
representation of the (linear) solution operator R”" — R", b — x of the least squares problem
@B.0.3) ||Ax — b|| — min, ||x|| — min.
Gradinaru Gradina
S\ D-MATH sci py. | i nal g. pi nv(A) computes the pseudoinverse. D-MAT
A
Remark 3.0.5 (Conditioning of the least squares problem).
Definition 3.0.3 (Generalized condition (number) of a matrix, — Def. [2.0.3).
Letoy > 09 > 0y > 0py] = ... = 0p = 0, p := min{m, n}, be the singular values (—
3.0 Def.2.2.2) of A € K", Then 3.0
p. 157 o p. L
Num. Num.
ik il
Theorem 3.0.4. For m > n, A € K™ rank(A) = n, let x € K" be the solution of the least
squares problem ||[Ax — b|| — min and X the solution of the perturbed least squares problem
(A 4+ AA)X — b|| — min. Then
x—X|y - r AA
lx— % (2 condy(A) + cond3( )l ) |24,
[l Al lIxllo/ (Al
holds, where r = Ax — b is the residual.
Gradinaru Gradina
D-MATH D-MAT
This means: if x|l < 1 O condition of the least squares problem = conds(A)
if x|l “large” O condition of the least squares problem ~ cond3(A) A
3.0 3.1
p. 158


http://de.wikipedia.org/wiki/Pseudoinverse

3.1 Normal Equations

Setting: A € R™", m > n, with full rank rank(A) = n.

Geometric interpretation of

Im(A) := Span {

{Ax,x € R" linear least squares problem| (3.0.3):
X = orthogonal prOJectlon of b on the subspace
.. ,(A);,,,,}.

Geometric interpretation: the least squares problem (3.0.3) amounts to searching the point p €

Im(A) nearest (w.r.t. Euclidean distance) to b € R".

Geometric intuition, see Fig. 33: p is the orthogonal projection of b onto Im(A), thatisb — p L

Im(A). Note the equivalence

b-plIm(A) & b-pLl(A);, j=1,...,

Representation p = Ax leads to normal equations .

Solve (3.0.3) for b € R™

xeR" ||Ax—Db|, - mn & f(x):=][Ax— bH% — min .

A quadratic functional, cf. (??)
(x) = |Ax — b3 = x#(A# A)x — 267 Ax + b¥b .
Minimization problem for f [  study gradient, cf. (??)
grad f(x) = 2(A7 A)x
—~———

grad f(x) L 0 AfAx = Aflp = normal equation of (3.1.1)

rank(A) =n = ATA e R"spd. (— Def. 2?)

—2AHp .

Notice:

Remark 3.1.1 (Conditioning of normal equations).

Caution: danger of instability, with SVD A = uxvi

,
conda(AFA) = condy(VEHUAULVH) = condy(2F%) =

Un

n < Afb-p) =0,

0— = condy(A)?

i O For fairly ill-conditioned A using the normal equations (8.1.2) to solve the linear least squares Nu
e problem numerically may run the risk of huge amplification of roundoff errors incurred ="
during the computation of the right hand side Aflp: potential instability (— Def. ??) of normal
equation approach.
Example 3.1.2 (Instability of normal equations).
Caution: loss of information in the compu- 1/from scipy import linalg
tation of AF A, e.g. as spla
11 2/import numpy as np
: 2 delta = 10%x—6 :
Gradinaru _ Hp _ (1+0 1 3|de Grading
D-MATH A= g 2 - ATA= ( 1 1462 4|A = np.array ([[1,1], D-MAT
[delta, 0], [O,
deltal])
5B = np.dot (A.T,A)
6 |SA = spla.svdvals (A)
7|print 'rank(A)="’
np.sum (sA > le—10)
8 |sB = spla.svdvals(B)
9|print
3.1 ‘rank(B)=",np.sum(sB > 3.1
p. 161 le—10) p. 16
SIEEE‘ fd < ,/eps = 1+06°>=1inM,ie A7A “numeric singular’, though rank(A) = 2. 121]‘{51'1
(3.1.1)
&
Another reason not to compute AH A, when both m,n large:
A pparsg #A AT A sparse
(3.1.2) Gradinaru T Gradina
D-MATH [ o Potential memory overflow, when computing A* A D-MAT

s Squanders possibility to use efficient sparse direct elimination techniques, see Sect. ??

A way to avoid the computation of A7 A:

Expand normal equations (3.1.2): introduce residual r := Ax — b as new unknown:

(3.1.3) 31

3.1 AfAx=Afb & B (r) = (’]I{ A) (r) = (b) . 1 :
X A" 0 X 0
p. 162 p. 1€



Num.

More general substitution r := ofl(Ax —b), @ > 0 to improve the condition: Meth.

Phys.
Hro  AH r\ [(—ol A\ (r\ (b
wiax-ais o m ()= (GE)(O)-(). e
For m,n > 1, A sparse, both and lead to large sparse linear systems of equations,
amenable to sparse direct elimination techniques, see Sect. ??
Example 3.1.3 (Condition of the extended system). .} : Es:gjﬁﬁ N
. X o condz(B)
X o __ cond,(B)
Consider (3.1.3), for wh | Gradinaru
N D-MATH
I1+el o ¢
A = 1—€¢1 5 10° b
€ € 10' |
Plot of different condition numbers “T
in dependence on e >
(=€ |Ally/V2)
& vk ‘ - = : .
10 10 10 R 10 10 10
3.2
p. 165
3.2 Orthogonal Transformation Methods -
b
Consider the [linear least squares problem| (3.0.3)
gven A €R"™" beR™ find x=argminl||Ay — bl .
y€ER™
Assumption: m >n and A has full (maximum) rank: rank(A) = n.
Recall Thm.21.2:  orthogonal (unitary) transformations (— Def. [2.1.1]) leave 2-norm invariant.
Idea: Transformation of Ax — b to simpler form by orthogonal row transformations; Gradinaru
D-MATH
argmin [|Ay — b||y = argmin Hgy — BH ,
yERn yeRn 2
where A = QA , b= Qb withorthogonal Q € R™" .
As in the case of LSE (— Sect. 2.1)): “simpler form” = triangular form.
Concrete realization of this idea by means of QR-decomposition (— Section 2.1).
3.2

p. 166

QR-decomposition: A = QR, Q € K™ unitary, R € K""" (regular) upper triangular matrix. L
Meth.
~ ~ Phys.
|Ax — b, = HQ(RX - QHIO)H2 - HRX - bH9 . b=Qfb. :
———
by
]
|[Ax — bl = min < R I I — min .
In
0
~ Gradins
bT’!l 2 D-MAT
—
0
-1 :
b 0
X = d residuum r=Q |~
7 bn+1
b"l H
Zm 3.2
p. 1
: resi i i B2 B2 VB
Note: residual norm readily available ||r[|y = /by | + - + b, Bliys:
Implementation: successive orthogonal row transformations (by means of [Householder reflections
(2.1.1)) for general matrices, and (2.1.2) for banded matrices, see
Sect. 2.1 for details) of augmented matrix (A, b) € R™-"F1 which is transformed
into (R, b)
Q need not be stored !
. o Gradina
Alternative: Solving linear least squares problem by SVD D-MAT
3.2
p. 1€



Most general setting: A € K™ rank(A) = r < min{m,n}):

u 3,1]'3-‘1'1‘1
_ B S 0 \Y
SVD: A = [U; Us | ( 0 0) (Vg{)
| R
| H
A = Ul : UQ "'YH," )
| Vs
: 0 0
(3.2.1) Gradinaru
D-MATH
U1 c Kﬂl.l" U2 — KHZ.?TL—Y” El‘ — di&g((fl? . 70—7‘) c R?‘J" Vl c K'ﬂ,.l" \]2 c K?LTL—Y”
the columns of Uy, Uy, V1, V5 are orthonormal.
5 0\ (VE b 2, VHx Uf’b
Ax — by = |[[U; Uyl [ 7 — (24 = YR ! 3.2.2
s o0 (5 5) (V)<= G), -1 750 - (), =2
3.2
p. 169
H H Num.
Logical strategy: choose x such that the first » components of (27\61 X) — (gh?) vanish: e
g 192
0 underdetermined linear system E,«V{{x = U{{bl . (3.2.3)

To fix a unique solution we appeal to the minimal norm condition in (3.0.3): solution x of (3.2.3)
is unique up to contributions from Ker(V{) = Im(V3). Since V is orthogonal, the minimal norm
solution is obtained by setting contributions from Im(V53) to zero, which amounts to choosing x €
Im(Vy).

Gradinaru

(324) D-MATH

B solution [x:wlz;luff)bl] , HrHQ:HUgbe

2

Code 3.2.1: Solving LSQ problem via SVD
def Isgsvd(A,b,eps=1le—6):
. 2 U,s,Vh = svd(A)
‘numerical rank” test: 3 r = l+where(s/s[0]>eps) [0].max() #
numerical rank

Practical implementation:

[N

‘ 4 y = dot(Vh[:,:r].T,
r = max{i: 0; /o1 > tol} dot(U[:,:r].T,b)/s[:r] )
5 return y 3.2

p. 170

Remark 3.2.2 and SVD). — Rem.3.0.4 N
Phys.
The solution formula directly yields a representation of the AT (— Def.3.0.2)
of any matrix A:
Theorem 3.2.1 (Pseudoinverse and SVD).
If A € K" has the SVD decomposition ,then AT = VlEflUfI holds.
sci py. linal g. pi nv2(A)
nunpy. | i nal g. pi nv(A) Gradins
A pMAT
Remark 3.2.3 (Normal equations vs. orthogonal transformations method).
Superior numerical stability (— Def. ??) of orthogonal transformations methods:
B> Use orthogonal transformations methods for least squares problems (3.0.3), whenever A €
R"" dense and n small.
3.2
SVD/QR-factorization cannot exploit sparsity: b 1
P> Use normal equations in the expanded form (3.1.3)/(3.1.4), when A € R""" sparse (— Nu.
Phys.
?2? i ;
Def. ??) and m, n big. A
3.3 Non-linear Least Squares
Example 3.3.1 (Non-linear data fitting (parametric statistics)).
Gradina
Given: data points (t;,y;), ¢ = 1, ..., m with measurements errors. —
Known: y = f(t,x) through a function f : R x R" — R depending non-linearly and smoothly on
parameters x € R".
Example: ft) =21 +xoexp(—z3t), n=3.
Determine parameters by non-linear least squares data fitting:
m
: 2 : 2
x* = argmin Z |f(ti,x) —ys|° = argmm% IFx)|5 , (3.31) 33
x€R™ T xER? b 1
Y . [



ftr,%) —m Ml
with  F(x) = : v
f(tnu X) —Ym
Non-linear least squares problem
Given: F:DCR'"—R"™, mneN, m>n.
Find:  x* € D: x* = argmingep ®(x), O(x) =3 IF(x)|f3 . (3.3.2)
Gradinaru
D-MATH
Terminology: D = parameter space, x1, .. ., T, = parameter.
As in the case of linear least squares problems (— Rem.[3.0.3): a non-linear least squares problem
is related to an overdetermined non-linear system of equations F(x) = 0.
As for non-linear systems of equations (— Chapter[I): existence and uniqueness of x* in has
to be established in each concrete case! 3.3
p. 173
* We require “independence for each parameter”: g{g{rﬁ-l
iys.
3 neighbourhood U(x*)suchthat DF(x) hasfullrankn V x € U(x") . (3.3.3)
(It means: the columns of the Jacobi matrix D F'(x) are linearly independent.)
If (8.3.3) is not satisfied, then the parameters are redundant in the sense that fewer parameters would
be enough to model the same dependence (locally at x*).
Gradinaru
3.3.1 (Damped) Newton method —
* i . ok Jol!
O(x*) =min = grad®(x) =0, grad®(x):= (d—;)l(x) N d%;(x))T € R™
Simple idea: use Newton’s method (— Sect. [L.4) to determine a zero of grad® : D C R" — R™.
3.3
p. 174
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Phys.

(3.3.4)

Newton iteration (L.4.1) for non-linear system of equations grad ®(x) = 0

xlbtD) — x(k) _ I—ﬂD(x(/’“))_1 grad <1>(x<k)) , (H®(x) = Hessian matrix) .
Expressed in terms of F' : R" — R from (3.3.2):

chainrule Z2) O grad®(x)= DF(x)! F(x),
m

product rule C43) O HA(x) = D(grad ®)(x) = DF(x)' DF(x) + Y F;(x)D*Fj(x) ,

Jj=1
T
", O°F; HF:
(HO(x)); = ]Z:; Su (F() + 872(}()

OF;
—J
s (x) .

Gradina

D-MAT

B> For Newton iterate x\¥);  Newfon correction s € R" from LSE

DF ") prx®) + Z Fj(x(k>)D2F]-(x<k)) s = —DF(x"T pxk)y .
i=1

(3.3.5)

Num.
Meth.
Phys.

Remark 3.3.2 (Newton method and minimization of quadratic functional).

Newton’s method for (3.3.2) can be read as successive minimization of a local quadratic
approximation of ®:

~
~

O(x) = Q(s) ==

gradQ(s) =0 & H(x")s+gradox®)=0 < .

<I>(X(k)) + grad <I>(x(k))Ts 4 %STHq)(X(k))S , (3.3.6)

O Another model function method (— Sect. [1.3.2) with quadratic model function for ().

Gradina

D-MAT

3.3.2 Gauss-Newton method

Idea: local linearization of F:  F(x) =~ F(y) + DF(y)(x —y)

0 sequence of linear least squares problems



Num.

O Line 4 iteration terminates if relative norm of correction is below threshold specified in t ol .

Num.

Meth.
Phys.
Summary:
Advantage of the Gauss-Newton method : second derivative of F' not needed.
Drawback of the Gauss-Newton method : no local quadratic convergence.
Example 3.3.5 (Non-linear data fitting (Il)). — Ex.[3.3.1
Non-linear data fitting problem for f(t) = x1 + z9exp(—x3t).
1+ zoexp(—xsty) — 1 1 e 3l gyt e 3l Gradina
F(x) = : R} R, DF(x) = : : D-MAT
z1 + x9 exp(—x3tm) — Ym 1 e~ m8lm —gpot,, e 3tm
Numerical experiment:
convergence of the Newton method, t = r[_E)]l: Z: O'[ ﬂ (x[2]+1)
. =X X *exp(-X *
damped Newton method (— Section y _ P
y = y+0.1x(rand(len(y))-0.5)
[1.4.4) and Gauss-Newton method for
different initial values
3.3
p. 1
18 A o 10° 18 10" Num,
. \ — . /\\\ w o Moth
14 ) — 107 — 14 \/\ / o —
oo \ R \/ =
—w \ WA b Y \ R
= = = -y
H \ oy Bl \ g
~ \ @ ~ \ o
— \ loB \ &
[} \ 03 o \ Jit =
% 6 \‘\\ —10""2 d:.) 6 \\ mg
2 ‘ E 2 \ Juo=E
2L \ |2 %Y \ |2
\ * \ \
2 L X ok ox ok o2 % ox x *\\* d10 2 N l\f“w Lo
(] : 4 ; 8 ;0 1L2 ;A 16 N o i ] * : ; 8 10 ;2 1L4 6 N
Damped Newton method Not-damped Newton method
Gradina
Convergence behaviour of the Newton method: D-MAT
initial value (1.8, 1.8, ()‘I)T (red curve) O Newton method caught in local minimum,
initial value (1.5, 1.5, 041)T (cyan curve) [ fast (locally quadratic) convergence.
3.3

Meth.
argmin || F(x)||, approximated by  argmin || F(xq) + DF(xq)(x — xq)||s , [
xERM xeR”"
(&)
where X is an approximation of the solution x* of (3.3.2).
(#) < argmin|[Ax —b|| with A :=DF(xg) € R™", b:=F(xg) — DF(xp)xg € R™.
x€ER?
This is aflinear least squares problem of the form (3.0.3).
Gradinaru
Note: (3.3.3) = A has full rank, if x( sufficiently close to x*. -
Note: Approach different from local quadratic approximation of ® underlying Newton's method for
B.3.2), see Sect.3.3.1, Rem.[3.3.2.
3.3
p. 177
P Gauss-Newton iteration .
Meth.
Initial guess x”) € D m"vs'
xFH) = x(F) _ g S := argmin ‘F(x(k)) — DF(x<k))su . (3.3.7)
xeR™ 2
linear least square’g problem
we solve a linear least squares problem in each Code 3.3.4: template for Gauss-Newton method
step: 1/def gn(x,F,J, tol):
for A € R 2 s = Istsq(J(x),F(x))[0] #
3 X = X—S
X = nunpy.linalg.lstsq(A b)[0]] ] 4 while norm(s) > tolxnorm(x): # ;\xlm{
x minimizer of || Ax — b, 5 s = Istsq(J(x),F(x))[0] # h
with minimal 2-norm 6 X = xS
7 return x
Comments on Code 3.3.2:
[0 Argument X passes initial guess x(0 e RR", argument F must be a handle to a function /' : R" —
R™, argument J provides the Jacobian of I/, namely DF : R" — R""" argumentt ol specifies 3.3
the tolerance for termination p. 178

p. 1§



Gauss-Newton method: ~ |

(k)

initial value (1.8, 1.8, ().1)T (red curve),

T %
initial value (1.5,1.5,0.1)* (cyan curve), =)
k]
convergence in both cases. %oa—
>
Notice: linear convergence. o2 .

*

* F * f x F % ¥ * § % f *

Sn

2 10 12 14

6
Gauss-Newton method

3.3.3 Trust region method (Levenberg-Marquardt method)

As in the case of Newton’s method for non-linear systems of equations, see Sect. [1.4.4: often over-

shooting of Gauss-Newton corrections occurs.

Remedy as in the case of Newton’s method: damping.

Idea: damping of the Gauss-Newton correction in using a penalty term

instead of HF(X(kU + DF(x(k))sH2 minimize HF(x<k)) + DF(X(k)>S"2 +A HSHE) :

A > (0 = penalty parameter (how to choose it ? —  heuristic)

0 if HF(fo))H2 >10,
L oy=d1 ifl< HF(fo))H <10,
0.01 ,if HF(X(k))HQ <1.

A= [P

‘ 2

P> Modified (regularized) equation for the corrector s:

<DF(x(k>)TDF(x(k>) n /\I> s = —DF(x®) (k) .

sci py.optim ze. | eastsq

we 3.4 Essential Skills Learned in Chapter 3 [] o
w5
.3 You should know:
w0 5
m‘g
w,,}é e several possibilities to solve linear least squares problems
£
w8 e how to solve non-linear least squares problems
Gradinaru Gradina
D-MATH D-MAT
3.3 3.4
p. 181 p. 1§
Num. Num.
Meth. Meth.
Phys. Phys.
4 Eigenvalues
Example 4.0.1 (Normal mode analysis).
Lecture Physik I, Section 11.2.2: equations of motion for an atom of reduced mass m in the field of
another atom, using an harmonic (i.e. quadratic) approximation for the potential:
. ) k .
i+ wiz =0, withwy = /—, and k = D*U(z") .
Gradinaru m Gradina
(3.3.8) DMATH D-MAT
In the computation of the IR spectra of a molecule one is interested into the vibrational frequencies
of a molecule which is described by n positional degrees of freedom x € R’ and corresponding
velocities x = ((11_); e R".
Suppose all masses are equal with an effective mass m P kinetic energy K (x, x) = 2 ||x|\§
3.4 4.0

p. 182



Model for total potential energy U (x)
1. find a local minimum x* of the potential energy:

Num.
Meth.
Phys.

DU(x*) =0, H= DU(x*) sym. pos. semi-def. ,
hence with Taylor we have near the local minimum: find a local minimum x* of the potential
energy:

1
Ux*+a)=U")+ §aTHa .

2. Newton’mechanics near the local minimum:

mX =ma = —DaU(x" +a) .
Gradinaru

As we are around the minimum: D-MATH

1
ma = —Dy(U(x*) + §aTHa) =—Ha.
We obtained the equation of motion for small displacements:

1
a+ —Ha =0, with
m

H = D’U(x*)

3. As H is real and symmetric, its eigenvectors w/, with j =1,...,n are orthogonal and hence .

Meth.

they form a conveninent basis for representing any vector: Phys.
a=c()w!+ ... +enlt)w" .
Inserting into the system of second-order ODEs, we get:
771((31w1 +.oo ot pw't) = —(clel +...+cpyHw") = —(cl)\lwl + .ot epAaw’)
where we denoted the associated eigenvalues by A;: Hw/ = /\7w7.
4. Taking the scalar product with the eigenvector w¥ we obtain an uncoupled set of equations for
each ¢(t), k=1,...,n:
Gradinaru
mep = —A\pcp - D-MATH
5. Looking for solutions of the form ¢;. = ay. sin(wyt) and substituting it into the differential equation
one get the angular vibrational frequency of the normal mode W =/ Ap/m
4.0

p. 186

6. In case of different masses we end with the system

Num.
Meth.

Mi = —Ha. ”"'S'
with the mass matrix IM which is symmetric, positiv-definite, but not necessarily diagonal. We
thus must perform normal mode analysis on the matrix M~IH:
M 'Hw/ = )\jwj ~— Hw’ = /\]'ij .
<&
Example 4.0.2. Physik |, Section 11.4: forced oscillation
EF
T+ 2pT + u)(QJT = YeosOt ,
m
Gradina
has resonance for {2 = wpy/1 — QpQ/w(Q). D-MAT
The system
Mx +2Bx+Cx =1,
with mass matrix IM, damping matrix B, stiffness matrix C and force vector f has analogously its
eigenfrequencies given by the solution of the generalized eigenvalue problem The system
Cx = w’Mx .
4.0
S s
Example 4.0.3 (Analytic solution of homogeneous linear ordinary differential equations). — [52, e
Remark 5.6.1] L
Autonomous homogeneous linear ordinary differential equation (ODE):
y=Ay , AeC"". (4.0.1)
Al 1 =Sy
A=S Sl Se T regular —> (y:Ay Pl Z:Dz).
An
N—_———
=D
O solution of initial value problem: (aradio:
D-MAT
y=Ay, y(0)=yo€C" = y(t)=Sz(t), 2=Dz, 2(0)=S"y.
The initial value problem for the decoupled homogeneous linear ODE z = Dz has a simple analytic
solution
—-\T
2i(t) = exp(Nit)(z0); = exp(A) (ST v0) -
In light of Rem. ?7?:
A1 .
A=S ST & A((S))=X((8),) i=1...,n. 402
An
p. 1§



In order to find the transformation matrix S all non-zero solution vectors (= eigenvectors) x € C" of [

. . Phys.
the linear eigenvalue problem .
Two simple facts:

Ax = Ax A€o(A) = dimEiga(A) >0,

have to be found. det(A) = det(AT) VA e K™ = o(A)=o(AT).
O notation: p(A):=max{|A|: X € 0(A)} = spectral radius of A € K™"
<

Example 4.0.4 (Vibrating String). Vibration of a string, fixed at both ends and under uniform tension:

0271(,77.t) T 82/“(1‘. 1) Theorem 4.1.2 (Bound for spectral radius).

22 m@) 02 i, | FOT@ny matrix norm ||-|| induced by a vector norm (— Def. L.1.12)
with 7" and m(z) being the tension and the mass per unit length. Separation of variables yields the P p(A) < ||A] .
problem
T d*y)
. 2 y(‘L> =0,
m(z) dx
with w to be determined from the boundary conditions. In case of the string (one dimensional prob- Lemma 4.1.3 (Gershgorin circle theorem). For any A € K" holds true
lem), we can obtain w analyticaly, but in several diemensions not anymore. -
A possibility is to use finite differences for the last differential equation (x; = =1 + ih, y; =~ y(x;)): o(A) C U {z€C: |z —aj < Z#j lajil} .
Tyio1—2yi+yir1 | 2 , 4.0 j=1
— 4+ WY =0,4=1,2,...,N — 1 bcom
m; 2h Yi ’ ’ p. 189
which boilds down to the eigenvalue problem .
Meth.
Ay = wgy , iy Lemma 4.1.4 (Similarity and spectrum).
with tridiagonal matrix A and y = (y1, .. ., YN 1)T- The spectrum of a matrix is invariant with respect to similarity transformations:
Yis- - YN— o
VA € K" o(S7!AS) = 0(A) VregularS € K™" .
4.1 Theory of eigenvalue problems
Lemma 4.1.5. Existence of a one-dimensional invariant subspace
VC e C""™": JueC™ C(Span{u}) C Span{u} .
Gradinaru
D-MATH
Definition 4.1.1 (Eigenvalues and eigenvectors).
e \ € C eigenvalue (ger.: Eigenwert) of A € K" & det(A\I— A) =0
P AT Theorem 4.1.6 (Schur normal form).
characteristic polynomial x ()
o spectrum of A € K™ o(A) := {\ € C: X eigenvalue of A’} VA € K™ 3U € C™" unitary: UTAU =T with T € C"" upper triangular .
e eigenspace (ger.: Eigenraum) associated with eigenvalue A € o(A):
Eiga (A) := Ker(AI — A)
ex € Eiga(A) \ {0} = xis eigenvector ol
P anmatria calbinlinihg fane - \liafanhhaif) Af an aicamialiona V —~ <0 A p- 190
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(4.1.1)
(4.1.2)

Gradina
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http://de.wikipedia.org/wiki/Schurzerlegung

Corollary 4.1.7 (Principal axis transformation).

A c K" AAH = AHA: 3U € C*" unitary: UTAU =diag(Ai,...,\n), M €C.

Amatrix A € K" with AAH = A A is called normal.

e Hermitian matrices: Al = A O oA)CR
Examples of normal matrices are e unitary matrices: Al — A1 O lo(A)=1

e skew-Hermitian matrices: A = —A 0 o(A) CiR

Normal matrices can be diagonalized by unitary similarity transformations

Symmetric real matrices can be diagonalized by orthogonal similarity transformations

In Thm.4.1.7: - Aq{,...,\, = eigenvalues of A
— Columns of U = orthonormal basis of eigenvectors of A

Eigenvalue

problegs:

2 Given A € K™ find all eigenvalues (= spectrum of A).

O
O Given A € K™" find o(A) plus all eigenvectors.
0 Given A € K™ find a few eigenvalues and associated eigenvectors

(Linear) generalized eigenvalue problem:
Given A € C™", regular B € C"", seekx # 0, A € C

Ax=)Bx & B lAx=)x.

X = generalized eigenvector, A\ = generalized eigenvalue

(4.1.3)

Obviously every generalized eigenvalue problem is equivalent to a standard eigenvalue problem

Ax=)Bx < B7'A=)x.
However, usually it is not advisable to use this equivalence for numerical purposes!

Remark 4.1.1 (Generalized eigenvalue problems and Cholesky factorization).

IfB = B (— Def. 22) with Cholesky factorization B = R7R
Ax=)Bx < Ay=)\y whereA =R 7AR ! y =Rx.

Num.
Meth.
Phys.
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0 This transformation can be used for efficient computations.

Num.
Meth.

Phys.
4.2 "Direct” Eigensolvers
Purpose: solution of eigenvalue problems [, [ for dense matrices “up to machine precision”
python-functions: nunpy. linalg.eig, scipy.linalg.eig Gradins
D-MAT
w = eigval s(A) . computes spectrum o(A) = {wy,...,wy} of A € C"
w, V = eig(A :computes spectrum w and corresponding normed eigenvectors
ei gval sh(A) andei gh(A) : specialized algorithms for Hermitial matrices
= wrappers to | apack-functions
Remark 4.2.1 (QR-Algorithm). — [20], Sect. 7.5]
Note: All “direct” eigensolvers are iterative methods 4.2
p. 1f
Idea: lteration based on suceessive unitary similarity transformations L
Meth,
agonal matrix JiFA =AH , a
A=A A 57 upper triangular matrix , else.
(— Thm.
(superior stability of unitary transformations, see Rem. ??)
Gradina
D-MAT
4.2
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Code 4.2.2: QR-algorithm with shift
e
2 |QrR-algorithm_with_shift
N
4/from numpy import mat, argmin, eye, tril
5|/from numpy.linalg import norm, eig, qr, eigvals
6
. ~7|def eigqr(A,tol):
B QR-algorithm (with ¢ n = A.shape[0]
shift) 9 while (norm(tril (A,—1), ord=2) > tol*xnorm(A,
) _ ord=2)):
» in general: quadratic,, # shift by ew of lower right 2x 2 block closest to (A), .,
convergence 11 sc, dummy = eig(A[n—2:n,n—2:n])
» cubic convergenceiz k = argmin(abs(sc — A[n—1,n—1]))
for normal matrices 13 shift = sc[k] _
(— [20, Sect. 7.5,8.2]) 4 Q, R = qgr( A— shift * eye(n))
15 A = mat(Q) .Hxmat(A)*mat(Q) ;
16 d = A.diagonal ()
17 return d
18
w|if __name__ == "__main__":
20 A = mat('1,2,3;.4,5,6;.7,8,9")
21 print ’'numpy.linalg.eigvals:’, eigvals(A)
22 print 'with_our_eigqr::’, eigqr(A,10%*x—6)
Computational cost: 0(77,3) operations per step of the QR-algorithm
Library implementations of the QR-algorithm provide numerically stable eigensolvers
A
Remark 4.2.3 (Unitary similarity transformation to tridiagonal form).
Successive [Householder similarity transformations of A = Al

("1 = affected rows/columns, e targeted vector)

\AAAREREE

[

|

ARAAAR

[o

0 0 0 0

0

—»|o]0 —w|ofofo

transformation to tridiagonal form !

(for general matrices a similar strategy can achieve a

similarity transformation to [upper Hessenberg form)

Gradinaru

D-MATH

42
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P this transformation is used as a preprocessing step for QR-algorithm O ei g.

Similar functionality for generalized EVP] Ax = ABx, A,B e C""

scipy.linalg.eig(a, b=None, |eft=False,

value problems

Note: (Generalized) eigenvectors can be recovered as columns of V:
AV=VD & A(V),;=(D);V.;,
if D = diag(dy, ..., dp).

Remark 4.2.4 (Computational effort for eigenvalue computations).

Computational effort (#elementary operations) for ei g( ) :

~ 25n3 + O(n?)

eigenvalues & eigenvectors of A € K" (
~10n3 + O(n?)

only eigenvalues of A € K'»"
eigenvalues and eigenvectors A = A ¢ K"~ 9p3 + O(n?
only eigenvalues of A = AT € K" ~ %713 +0(n?
only eigenvalues of tridiagonal A = AT € K"~ 30n2 + O(n
Sparse eigensolvers:
scipy 0.7.1: fro
ar pack. ei
scipy 0.10:

O(n?’)

ci py.sparse. linal g.eigen.arpack inport arpack
,and ar pack. ei gen_symmetric
ci py.sparse. linalg.eigs

Note:
Exception:

ei g not available in Matlab for sparse matrix arguments

d=ei g( A) for sparse Hermitian matrices |

Example 4.2.5 (Runtimes of ei g).

Code 4.2.6: measuring runtimes of ei g

ri ght =Tr ue) : also for generalized eiger

import numpy as np
from scipy.sparse import lil_diags, lil_matrix
import scipy.sparse.linalg as sparsela

Num.
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lfrofie  Ulrue N print 't3_=", t3 N
from scipy.sparse.linalg.eigen.arpack import arpack i iys:
ts = np.zeros(nexp)

N = 500 for k in xrange(nexp):
A = np.random.rand(N,N); A = np.mat(A) ti = time.time ()
B = A.HxA w, V = np.linalg.eigh(Bn)
z = np.ones(N) tf = time.time ()
ts[k] = tf—ti
t0 = time.time () t4 = ts.sum() /nexp
C = lil_diags([3*z,z,2],[0,1,—1],(N,N)) print 't4_=', t4
tl = time.time ()
print ’'C_constructed_in’', t1—t0, ’seconds’ ts = np.zeros(nexp)
D = C.tocsr () Gradinarn for k in xrange(nexp): Gradins
D-MATH ti = t|met|me() D-MAT
nexp = 4 w, V = arpack.eigen_symmetric(Dn, k=n—1)
ns = np.arange(5,N+1,5) tf = time.time ()
times = [] ts[k] = tf—ti
for n in ns: t6 = ts.sum() /nexp
print 'n=', n print 't6_=', t6

An = A[:n,:n]; Bn = B[:n,:n]; Dn = D[:n,:n]
times += [np.array ([tl1, t2, t3, t4, t6])]

ts = np.zeros(nexp) #
for k in xrange(nexp): 42 times = np.array(times) 4.2
p. 201 p. 2
ti = time.time () Mmoo Ifrom matplotlib import pyplot as plt N
w = np.linalg.eigvals (An) [ plt.loglog(ns, times[:,0], ’'r+’) e
tf = time.time () plt.loglog(ns, times[:,1], 'mx’")
ts[k] = tf—ti plt.loglog(ns, times[:,2], ’'cp’)
tl = ts.sum() /nexp plt.loglog(ns, times[:,3], 'b"")
print ’'tl1_=", tl plt.loglog(ns, times[:,4])
plt.xlabel (' matrix_size_n")
ts = np.zeros(nexp) plt.ylabel(’'time_[s]"’)
for k in xrange(nexp): plt.title (’eig_runtimes’)
ti = time.time () plt.legend (( 'w_=_eig(A) ', 'w,_V = _eig(A)’', 'w_=_eig(B)’', 'w,_V_=_eig(B)’,
w, V = np.linalg.eig(An) 'w_=_arpack.eigen_symmetric(C) '), loc="upper_left’)
tf = time.time () plt.savefig(’eigtimingall.eps’)
ts[k] = tf—ti Gradinaru | P 1t . Show () Gradina
t2 = ts.sum() /nexp D-MATH D-MAT
print 't2_=', t2 plt.clf ()
plt.loglog(ns, times[:,0], ’'r+")
ts = np.zeros(nexp) plt.loglog(ns, times[:,1], 'mx’)
for k in xrange(nexp): plt.loglog(ns, ns**3./(ns[0]*%*3.)*times[0,1], 'k—")
ti = time.time () plt.xlabel('matrix_size_n’)
w = np.linalg.eigvalsh(Bn) plt.ylabel(’'time_[s]")
tf = time.time () plt. title ('nXn_random_matrix ")
ts[k] = tf—ti plt.legend (('w_=_eig(A) ', 'w, V. = eig(A)’, 'O(n”3)’), loc="upper_left’)
t3 = ts.sum() /nexp 42 |plt.savefig(’eigtimingA .eps’) 4.2




plt.show()

plt.clf ()
plt.loglog(ns, times|[:,2], ’'cp’)
plt.loglog(ns, times[:,3], 'b"")

plt.loglog(ns, ns*x*3./(ns[0]**3.)x*times[0,2],

plt.xlabel (' matrix_size_n")
plt.ylabel('time_[s]")

plt. title ('nXn_random_Hermitian_matrix’)
plt.legend (( 'w_=_eig(B)’', 'w,_V = eig(B)’,

plt.savefig(’'eigtimingB.eps’)
plt.show()

plt.clf ()
plt.loglog(ns, times[:,4],

1

cp’)

plt.loglog(ns, ns*x%*2./(ns[0]*x%2.)=*times[0,4],

plt.xlabel (’matrix_size_n")
plt.ylabel(’'time_[s]")

plt. title ('nXn_random_Hermitian_matrix ")
plt.legend (( 'w_=_arpack.eigen_symmetric(C) ',

left”)
plt.savefig(’'eigtimingC.eps’)
plt.show()

loc="upper_left ")

loc="upper,_,

Num.
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. eig runtimes
10
+ 4 w=eig(A)
* = w,V=eig(A)
10° e o w = eig(B)
4 4 w,V=eig(B)
. [| — W = arpack.eigen_symmetric(C)
107
a ”
10°
A
* o at
R
o
,A b . o
10 i i o
B o ©
10°
10° 10" 10?

matrix size n
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107 nXn random Hermitian matrix 10 nXn random Hermitian matrix
e o w=eig(B) o o w = arpack.eigen_symmetric(C)
A ) — 0(n*~2)
— 0(n"3) 100
10°
10"
5 107 @
o o
E E
S 52 =
10 10?
107
10?
10"
0 ;o“ 10" 10° 202 0 4m" 10 10
matrix size n matrix size n

ues/eigenvectors of dense matrices

Potentially more efficient methods for will be introduced below in Sects. 4.3} 4.4.

4.3 Power Methods

4.3.1 Direct power method

Task: given A € K™" find largest (in modulus) eigenvalue of A
and (an) associated eigenvector.

Idea for A € K"" diagonalizable: S™'AS = diag(A1, ..., \p)

n n
2= G(8),; = Afz=>"¢pks);
j=1 j=1
If ‘/\1‘ < |/\2‘ << |)‘nfl|<|/\n|1 ||<S):.,jH2 =Lj=1...,n G 7é 0

Ak
[ m — £(S).» =eigenvector for A, for k — oo .

Num.
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B Suggests direct power method (ger.: Potenzmethode): iterative method (— Sect. [1.1)

Nieth.
L 0) . Phys.
initial guess: z! “arbitrary” ,
nextiterate: w = AzF~1) , PO A , k=1,2,.... (4.32)
[wll
Computational effort:  1x matrixxvector per step [ | inexpensive for [sparse matrices|
PALIRN eigenvector, but how do we get the associated eigenvalue \,, ?
() m ) 58 A=
O upon convergence from O Az% ~Nz% O [An| =~ ‘ (k)’
z Gradinaru
D-MATH
: i N (ENT A5 (F)
OforA=AT eR"™: )\, ~ argmin AzF) OZ“’)H, O A=~ u
feR 2 (k) ||”
z
Definition 4.3.1. For A € K", u € K" the Rayleigh quotient is defined by
H
u’Au
pau) == 1
utu p. 209
An immediate consequence of the definitions: Num.
Phys.
A€o(A) , zeEigy\(A) = pa(z)=2X. (4.3.3)
Example 4.3.1 (Direct power method).
n =len(d) # size of the matrix
) S = triu(diag(r_[n:0:-1])+ones((n,
“ A = dot (S, dot(diag(d), inv(S)) )
Gradinaru
” L D-MATH
Su o eror |\, — pa(zh)]
+ : errornorm ||z(F) —S.n
<
s =t
+: —
",
5 I > % 0) =
iteration step k Z( ) = random vector
4.3

p. 210

Test matrices:
Od

Od
0Od =

L.4r_[0:n] O |[A—1]: M =09
di-1] = 2. O A1l hal=05
1.-0.5%*r_[1:5.1:0.5] O |Ap_1]:|An] = 0.9866

ones(n);

a O a

. (k) (%) (k) (k) (%) (%)
k Py PEw| Prpv  Prw| PEpv  PRw
22]0.9102 0.9007|0.5000 0.5000|0.9900 0.9781

‘ZW — S 23/0.9092 0.9004|0.5000 0.5000 |0.9900 0.9791
m 24/0.9083 0.9001 | 0.5000 0.50000.9901 0.9800
25/0.9075 0.9000|0.5000 0.5000 |0.9901 0.9809

& lpa®) — A, 26|0.9068 0.8998 |0.5000 0.5000|0.9901 0.9817
PEW A:m- 27/0.9061 0.8997|0.5000 0.5000 |0.9901 0.9825
28/0.9055 0.8997|0.5000 0.5000 |0.9901 0.9832

29/0.9049 0.8996|0.5000 0.5000 |0.9901 0.9839
30/0.9045 0.8996|0.5000 0.5000 |0.9901 0.9844

(— Def.[1.1.4)

() .
PRV "=

Observation: linear convergence

Theorem 4.3.2 (Convergence of direct power method).

Let \,, > 0 be the largest (in modulus) eigenvalue of A € K"-"* and have (algebraic) multiplicity
1. Let v,y be the left and right eigenvectors of A for A, normalized according to ||yl =
[v||; = 1. Then there is convergence

|)‘n—1|
|Anl

are the iterates of the direct power iteration and sz(U) # 0 is assumed.

HAz(k)H2 — An AL R linearly with rate
where z(*)

Remark 4.3.2 (Initial guess for power iteration).

roundoff errors  [J yH z) # () always satisfied in practical computations

Usual (not the best!) choice for x(©) = random vector

Remark 4.3.3 (Termination criterion for direct power iteration).

(— Sect.1.1.2)

Adaptation of [a posteriori termination criterion| (1.2.7)
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“relative change” < tol:

Hz(k> - z<k’—1>H < (1/L - )tol,

st
o -

st
=

< (1/L;1)&olseed@).

Estimated
A

4.3.2 Inverse lteration
Task: given A € K", find smallest (in modulus) eigenvalue of regular A € K"
and (an) associated eigenvector.
If A € K™" regular:
-1
Smallest (in modulus) EV of A = (Largest (in modulus) EV of A_1>
[ Direct power method (— Sect. @.3.1) for A~! = iinverse iteration
Code 4.3.4: inverse iteration for computing A,,;;, (A) and associated eigenvector
1|import numpy as np
2|import scipy.linalg as splalg
3
4|def invit(A,tol):
5 LUP = splalg.lu_factor(A, overwrite_a=True)
6 n = A.shape[0]
7 X = np.random.rand(n)
8 x /= np.linalg.norm(x)
9 splalg.lu_solve (LUP, x, overwrite_b=True)

T T N T S
©® N o o A W N P O

lold 0

Imin = 1./np.linalg.norm(x)

X *= Imin

while (abs(Imin—lold) > tolxImin):
lold = Imin

splalg.lu_solve (LUP, x, overwrite_b=True)
Imin 1./np.linalg.norm(x)
X *= Imin

return Imin

Num. Note: reuse of LU-factorization Num.
Meth. Meth.
Phys. Phys.
Remark 4.3.5 (Shifted inverse iteration).
More general task:
For o € Cfind A € o(A) such that |ov — A| = min{|a — p|, p € 0(A)}
[ Shifted inverse iteration:
. w
z) arbitrary , w = (A — aI)*lz(l‘fl) , 2H = = , k=1,2,..., (4.3.4)
Gradinarn ‘ ‘ W ‘ ‘ 9 Gradina
D-MATH D-MAT
where: (A — aI)~!z(F~1) = solve (A — oI)w = z#1) based on Gaussian elimination (< a
single LU-factorization of A — ol as in Code 4.3.3).
What if “by accident” « € o(A) (< A — ol singular) ?
Stability of Gaussian elimination/LU-factorization will ensure that “w from points in the
A right direction” a3
p. 213 p. 21
. In other words, roundoff errors may badly affect the length of the solution w, but not its direction. e
Ml i
Practice: If, in the course of Gaussian elimination/LU-factorization a zero is really en-
countered, then we just replace it with eps, in order to avoid i nf values!
Thm. O Convergence of Shifted inverse iteration for A7 = A
Asymptotic linear convergence, Rayleigh quotient — /\j with
A — o ith A€ o(A), |a—A\i|<|a—A VAEa(A)
- — Wi €0 , Jla—=X| < |a— o .
min{|\; — al,i # j} J J
Gradinem B Extremely fast for o = )‘j ! Sl
D-MATH D-MAT
Idea: A posteriori adaptation of shift
Use a := pa (2" 1) in k-th step of nverse fteration
———
Algorithm 4.3.6 (Rayleigh quotient iteration).
4.3 4.3

p. 214 p.


http://de.wikipedia.org/wiki/Inverse_Iteration

Rayleigh
quotient
iteration

(for normal A € K™"™)

© ® N o O A W N B

10
11
12
13
14
15
16
17

18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37

Code 4.3.7: Rayleigh quotient iteration for computing \,,;,,(A) and associated eigenvector

import numpy as np
def rqi (A, maxit):
# For calculating the errors, the eigenvalues are calculated here with eig
w, V = np.linalg.eig(A)
t = np.where(w == abs(w).min())
k = t[0];
if len(k) > 1:
print ’'Error:_no_single_smallest_EV’
raise ValueError
ev = V[:,k[0]]; ev /= np.linalg.norm(ev)
ew = w[k[0]]
#
n = A.shape[0]
alpha = 0.
z = np.random.rand(n); z /= np.linalg.norm(z)
for k in xrange(maxit):
z = np.linalg.solve (A-alphaxnp.eye(n), z)
z /= np.linalg.norm(z)
alpha = np.dot(np.dot(A,z),z)
ea = abs(alpha—ew)
eb = np.min(np.linalg.norm(z—ev) ,np.linalg.norm(z+ev))
print ’'ea,_eb_=', ea, eb
def runit(d, tol, func):
n = len(d) # size of the matrix
Z = np.diag(np.sqrt(np.r_[n:0:—1])) + np.ones((n,n))
Q,R = np.linalg.qr(2)
A = np.dot(Q, np.dot(np.diag(d), np.linalg.inv(Q)) )
res = func(A,tol)
print res
#
if __name__=='__main__":

n = 10 # size of the matrix

d = 1.+np.r_[0:n] # eigenvalues
print 'd_=’, d, 'd[—2]/d[-1]_=", d[—2]/d[—-1]
runit(d, 10, rqi)
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. 218 g Options:

» Drawback compared with Code [4.3.3!

reuse of LU-factorization no longer possible.

s Even if LSE nearly singular, stability of Gaussian elimination guarantees correct direction of z, see

discussion in Rem. [4.3.5.

Example 4.3.8 (Rayleigh quotient iteration).

Monitored:

e,

= a2 = x|

A h WN P 3

0.09381702342056 0.20748822490698
0.00029035607981 0.01530829569530
0.00000000001783 0.00000411928759
0.00000000000000 0.00000000000000
0.00000000000000 0.00000000000000

The inverse iteration with shift depends very much on the initial value: shifting near one eigenvalue
forces the method to produce that value; in other words, the iteration is cached into the subspace

corresponding to the nearest eigenvalue.

10

iterates of Rayleigh quotient iteration (4.3.6) for s.p.d. A € R™"

0: |)‘min - pA<Z(k>)|
, >\min = >‘j' Xj € EigA()‘.j>’

*

alb) — x|

XJ'Hz =1

Theorem 4.33.If A = A%l then py (z*))
converges locally of order 3 (— Def.
to an eigenvalue, when z®) are generated by
the Rayleigh quotient iteration (4.3.6).

4.3.3 Preconditioned inverse iteration (PINVIT)

&

Task:

given A € K™" find smallest (in modulus) eigenvalue of regular A € K™

and (an) associated eigenvector.

(— Code and [Rayleigh quotient iterafion| (4.3.6).
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? What if direct solution of Ax = b not feasible ? Num.
" Meth.
Phys.

This can happen, in case

o for large sparse A the amount of ffill-inl exhausts memory, despite sparse elimination techniques

e A is available only through a routine eval A(X) providing A xvector.

We expect that an approximate solution of the linear systems of equations encountered during
inverse iteration should be sufficient, because we are dealing with approximate eigenvectors anyway.

Gradinarn

(k=1) may be considered. However, the required accuracy p-vartu

Thus, iterative solvers for solving Aw = z
is not clear a priori. Here we examine an approach that completely dispenses with an iterative solver

and uses a preconditioner instead.

Idea:  (for inverse iteration without shift, A = A s.p.d.)

Instead of solving Aw = zk=1) compute w = B~ 1z with

“inexpensive” s.p.d. approximate inverse B laAl
4.3

0 B = Preconditioner for A p. 221

Possible to replace A1 with B~} in inverse iteration ? Num.
Phys.
NO, because we are not interested in smallest eigenvalue of B !

Replacement Al B! possible only when applied to residual quantity

residual quantity = quantity that — 0 in the case of convergence to exact solution

Natural residual quantity for eigenvalue problem Ax = Ax:

r:=Az—pa(2z)z , pa(z) = Rayleigh quotient — Def.4.3.1 .

Gradinaru

Note: only direction of A~z matters in inverse iteration A —

(A7'2) || (z— A~Y(Az — pa(2z)z)) = defines same next iterate!

—
[Preconditioned inverse iteration (PINVIT) for s.p.d. A]

43
p. 222

Num.
Meth.

w =z —B7H(AzF) — p, (2R D)1y Plys.

70 arbitrary, k) _ W k=1,2,.... (4.35)

Wl ”

Code 4.3.9: preconditioned inverse iteration (4.3.5)

from numpy import dot, ones, tile, array, linspace
from numpy.linalg import norm
from scipy.sparse import spdiags
from scipy.sparse.linalg.eigen.arpack import arpack
from scipy.sparse.linalg import spsolve
def pinvit(evA, invB, tol, maxit): Gradina
n = A.shape[0] P-MAT
#z = ones(n)/n
z = linspace(1,n,n)
z = z/norm(z)
res = []; rho =0
for k in xrange(maxit):
v = evA(z)
rhon = dot(v,z) # Rayleigh quotient
r = v — rhonxz # rresidual 43
z = z — invB(r) #iteration (4.3.5) p. 2
z /= norm(z) # normalization -
res += [rhon] # tracking iteration Pt
if abs(rho—rhon) < tolxabs(rhon): break
else: rho = rhon
Imin = dot((evA(z)),z)
res += [Imin]
return Imin, z, res
def getdiag (A, k):
# A in diagonal matrix format
ind = abs(k+A.offsets).argmin()
return A.data[ind ,:]
Gradina
# D-MAT
if __name__=='__main__":
k = 1; tol = 1le—13; maxit = 50
errC = []; errB = []
import matplotlib.pyplot as plt
for n in [20, 50, 100, 200]:
a = tile([1./n, —1., 2%(1+1./n), —1., 1./n], (n,1))
A = spdiags(a.T,[—n/2,—1,0,1,n/2],n,n)
C = A.tocsr () # more efficient sparse format
lam = min(abs(arpack.eigen_symmetric(C,which="SM") [0])) 43
evC = lambda x: CxXx b 2%



13 # inverse iteration

14 invB = lambda x: spsolve(C,x)

15 Imin, z, rn = pinvit(evC, invB, tol, maxit)
16 err = abs(rn — lam)/lam

7 errC += [err]

18 txt = 'n="+str(n)

19 plt.semilogy(err, '+, label="A"1, "+ txt)
50 print Imin, lam, err

51 # preconditioned inverse iteration

52 b = array ([getdiag (A,—1), A.diagonal(), getdiag(A,1)])
33 B = spdiags(b, [—1,0,1], n,n)

34 B = B.tocsr ()

35 invB = lambda x: spsolve (B,x)

36 Imin, z, rn = pinvit(evC, invB, tol, maxit)
57 err = abs(rn — lam)/lam

38 errB += [err]

39 plt.semilogy(err,’o’, label="B~1, '+ txt)
50 print Imin, lam, err

31

32 plt.xlabel ('#_iteration_step’)

33 plt.ylabel(’error_in_approximation_for_Apy ')

34 plt.legend ()

35 plt.savefig(’'pinvitD.eps’)

36 plt.show()

Computational effort:

1 matrix X vector
1 evaluation of preconditioner

Afew
Example 4.3.10 (Convergence of PINVIT).

S.p.d. matrix A € R™", tridiagonal preconditioner

Monitored:

error decay during iteration of Code 4.3.8; |pA(z("'>) — Amin(A)|

-

-

ES
L

1 n=20 + + pinvit °

+ A7, n=50 25 °
e o 57!, n=50

+ A7, n=100 .
o o B, n=100
+ + A7, n=200
o o 5!, n=200

o o pinvit

#iteration steps

error in approximation for A,
S

n
10 . o:.ﬂ 6‘ 10
%00 P51 1:%000000000000000000e/ N
10" 0° 008990600 S N

oc00e388828636280888889888

1075

5
seconds

10 20 30 40 50 10 10? 10°
# iteration step

Num. Observation: linear convergence of eigenvectors also for PINVIT. Num.
Phys. Phys.
<&
Theory: s linear convergence of
» fast convergence, if spectral condition number K,(B’IA) small
The theory of PINVIT is based on the identity
Gradinaru o - - N Gradina
D-MATH W = pA(Z<k7]))A71Z<k7]) aF (I — BilA)(ZU‘ 1) — pA(Z(k U)A IZU‘ 1)) o (4.3.6) D-MAT
For small residual Az"~1) — pa(zF=D)z(h=D) PINVIT almost agrees with the regular
linverse iteration.
4.3 4.3
p. 225 p. 2
wm 434 Subspace iterations -
Meth. Meth.
Phys. Phys.
Task: Compute m, m < n, of the largest/smallest (in modulus) eigenvalues
of A = A € C"" and associated eigenvectors.
Recall that this task has to be tackled in step [J of the image segmentation algorithm Alg. ?7?.
Preliminary considerations:
According to Cor. 4.1.7: For A = AT € R™ there is a factorization A = UDU? with D =
Gradinars. HAB(AL, - An )y Aj € Ry Ap < Ag < -+ < Ay Uorthogonal. Thus, uj = (U).j, j = 1,.. .7 G,
pumatH - are (mutually orthogonal) eigenvectors of A. D-MAT
Assume 0 <)\ <--- <\, _9<\,_1<\, (largest eigenvalues are simple).
If we just carry out the [direct power iteration| for two vectors both sequencies will converge to
the largest (in modulus) eigenvector. However, we recall that all eigenvectors are mutually orthogonal.
This suggests that we orthogonalize the iterates of the second power iteration (that is to yield the
43 eigenvector for the second largest eigenvalue) with respect to those of the first. This idea spawns the 43

p. 226 following iteration, cf. Gram-Schmidt orthogonalization in (??): b, 2



Code 4.3.11: one step of subspace power iteration, m. = 2

Num.

Vv = Axv; w = Axw Meth.
¥e.
v = v/norm(v); w = w — dot(v,w)xv; w = w/norm(w) ‘
Analysis through eigenvector expansions (v, w € R", ||v|s = [|w|, = 1)
n n
V:Zajuj , W:Zﬁjuj,
=1 =1
n n
= Av= Z )xjaju]- , Aw = Z )\jﬁjuj s
=1 1=1
v n 1/2 n
._ _ 2 2\—1/2 (G
Vo ‘= W = (Z /\]‘O‘J‘) Z Ajoua; Gradinarn
2 i=1 =1 D-MATH
n

n
Aw — (ngw)V() = Z Z Aja?) ozj> A
=1 i=1
We notice that v is just mapped to the next iterate in the regular [direct power iteration| (4.3.2). After
many steps, it will be very close to uy,, and, therefore, we may now assume v = u, < a; = (5]-',1
(Kronecker symbol).

</fr (D= X5/

1=1

n—1

z = Aw — (ngw)V() =0 -up+ Z AiBjuy 43
=1 p. 229
7 n—1 19 n—1 %vfé-?l]i
. 9 — Phys.
W(H(,V&) o= _ (Z Ajﬁ;) Z )\]ﬁju] . Phy
Il & 2
The sequence wk) produced by repeated application of the mapping given by Code asymp-
totically (that is, when v(*) has already converged to uy) agrees with the sequence produced by
the for A := Udiag(Ay, ..., A\y—1,0). Its convergence will be governed by the
relative gap A\,—1/A\,—2, see Thm.4.3.2,
Remark 4.3.12 (Generalized normalization).
Gradinaru
The following two code snippets perform the same function, cf. Code [4.3.10: D-MATH
v = v/norm(v) 1/Q, R = gr(mat([v,w]))
w = w — dot(v,w)x*xv; w = w/norm(w) 2lv = Q[:,0]; w=0Q[:,1]
Explanation [0 Rem.
We revisit the above setting, Code 4.3.10. Is it possible to use the “w-sequence” to accelerate the 43
convergence of the “v-sequence”? p. 230

Recall that by the min-max theorem Thm. ?? Num.
Phys.
Uy, = argmaxyepn PA(X) , Uy | = argmaxycpe x [ u, PA(X) - (4.3.7)
Idea: maximize Rayleigh quotient over Span {v, w}, where v, w are output by Code 4.3.10. This
leads to the optimization problem
. o
(@, 3%) = argmax palav+pBw)=  argmax p(v‘w)TA(v.w)<( )) . (438)
a,B€R, a2+[42=1 a,B€R, a2+ %=1 ' : B
Then a better approximation for the eigenvector to the largest eigenvalue is
v i=a*v + Fw.
Note that ||v*||o = 1, if both v and w are normalized, which is guaranteed in Code 4.3.10.
Gradina
. . . % D-MAT.
Then, orthogonalizing w w.r.t v will produce a new iterate w™.
Again the min-max theorem Thm. ?? tells us that we can find (a*, d*)T as eigenvector to the largest
eigenvalue of
o 161
(v, w)TA(v,w) =) . (4.3.9)
15} I6]
Since eigenvectors of symmetric matrices are mutually orthogonal, we find w* = aov + Bow, where
(a0, ﬁg)T is the eigenvector of (4.3.9) belonging to the smallest eigenvalue. This assumes orthonor- 4 3
mal vectors v, w. p. 2
Summing up : N
Phys.
‘ Code 4.3.13: one step of subspace power iteration, m = 2, with Ritz projection
1lv = Axv; w = Axw; Q, R = gr(mat(v,w)); [U,D] = eig (Q.H*xA*Q)
2w = QxU(:,1); v = QxU(:,2)
General technique: Ritz projection
= “projection of a (symmetric) eigenvalue problem onto a subspace”
Example: Ritz projection of Ax = Ax onto Span {v, w}: -
D-MAT
« «
(v, w)TA(v, W)( ) = Av,w) (v, w)( ) .
5 B
More general: Ritz projection of Ax = Ax onto Im(V') (subspace spanned by columns of V)
VIAVW = \zVivVw . (4.3.10)
If V is unitary, then this [generalized eigenvalue problem| will become a standard linear eigenvalue
problem.
43
p. 2¢



Note that he orthogonalization step in Code 4.3.12lis actually redundant, if exact arithmetic could be Yum.

employed, because the Ritz projection could also be realized by solving the generalized eigenvalue [

problem

However, prior orthogonalization is essential for numerical stability (— Def. ??), cf. the discussion in
Sect. 2.1l

In implementations the vectors v, w can be collected in a matrix V € R™2:

Code 4.3.14: one step of subspace power iteration with Ritz projection, matrix version

1V = AxV; Q,R = gr(V); U,D = eig (Q.HxAxQ); V = Q«U Cifmrem
D-MATH
Algorithm 4.3.15 (Subspace variant of direct power method with Ritz projection).
Assumption: A=A cK" k< n
4.3
p. 233
Subspace variant of direct power method for s.p.d. A :’I'éltrll)
n = A shape[0]; V = mat(rand(n,m); d = mat(zeros()(k,1)) Phys.
for i in xrange(nmaxit):
V=A+V,
Q R=ar(M) | Q=mt(Q
T:Q T* A*Q
dn, S = eigh ;S = mat(S)
dn, S = sortE (4.3.12)
V=S
res = nogn(dn - d)
if(res<tal): break
d = dn
Gradinaru
return d[: Kk}, V[:,:k] D-MATH
projectio Generalized normalization to ||z|| = 1
Example 4.3.16 (Convergence of subspace variant of [direct power method).
4.3
p. 234

Num.
Meth.

S.p.d. test matrix:  a;; = min{%,%
S Phys.

n=200
“Initial eigenvector guesses”:
V = eye(n,m;

error in eigenvalue

e Observation:
linear convergence of eigenvalues

e choice m > k boosts convergence
of eigenvalues

5 6
iteration step

&> Gradina
D-MAT

Remark 4.3.17 (Subspace power methods).

Analoguous to Alg. 4.3.15 construction of subspace variants of (— Code 4.3.3),
PINVIT , and [Rayleigh quotient iteration| .

A

p. 2

4.4 Krylov Subspace Methods

Num.
Meth.
Phys.

All power methods (— Sect. for the eigenvalue problem (EVP) Ax = Ax only rely on the last
iterate to determine the next one (1-point methods, cf. (1.1.1))

0 NO MEMORY, “Memory for power iterations”: use information from previous iterates

0 adirect method is fine for a small sparse matrix
Gradina
D-MAT
Idea:

Better v(¥) from onto V := Span {v<0>, . v(k)}

(= space spanned by previous iterates)

Definition 4.4.1 (Krylov space).
For A € R™" z € R", z +# 0, the I-th Krylov space is defined as
K;(A,z) := Span {z., Az, ... ,,Alilz} .

p. 2¢




Algebraic view of the of Code [4.4.0, meaning of output H:

Equivalent definition: Ki(A,z) = {p(A)z: p polynomial of degree < [} s

Phys.
Idea: » Orthonormal basis of (A, z)?
» use explicit Gram-Schmidt orthogonalization
Details: inductive approach: given {vy,...,v;,} ONB of KC;,(A, z)
m V
= 1
[ Vel = Avy, — Z(V;{Avm) Vi V4l = ~m+ = Vil L Kn(A,z).
—1 (Vi1 H'_) Gradinaru
J D-MATH
(4.4.1)
(Gram-Schmidt ) orthogonal
4.4
p. 237
P Arnoldi process .
Code 4.4.1: Arnoldi process Yt
In step [: - - ’
1|/def arnoldi(A, vO, k):
1x  Axvector 2 V = mat(zeros ((v0.shape[0],k+1), dtype=complex))
m+ 1 dotproducts 4 V[:,0] = vO0.copy()/norm(v0)
m  AXPY-operations, H = mat(zeros ((k+1,k), dtype=complex))
n  divisions 5 for m in xrange(k):
0 Computational cost © vt = multMv(A, V[:, m])
for m steps, if at’ for j in xrange( m+1):
- 8 H[ j, m] = (V[:, j].H % vt)[0,0]

m.os . non-zero en- vt —= H[j, m] % V[, ]

tries in each row of H[m+1, m] = norm(vt);

A: O(nkm?) 1 V[:,m+1] = vt.copy()/H[m+1, m] ettt
Hmi,n =0 2 return V, H | D-MATH
STOP !

If it does not stop prematurely, the [Arnoldi process| of Code 4.4.0 will yield an orthonormal basis 1
(OBN) of ;.1 (A, v) for a general A € C™".
44

p. 238

Num.
Meth.

vlAv; iti<j, -
V= [VL...,V[} AV, =V, H , H GK1+1’Z mit hi‘j: HVZHQ Jfi=74+1,
0 else.
0 ﬁl =[non-square upper Hessenberg matrices|
A =T I B~
Gradina
D-MAT
Translate Code to matrix calculus:
4.4
p. 2
Lemma 4.4.2 (Theory of Arnoldi process). gxl'%}'i)
For the matrices V; € K™, H, e KA arising in the [-th step, [ < n, of the Arnoldi process
holds
(0] VFVZ =1 (unitary matrix),
@iy AV;= Vl+1ﬁl- ﬁ[ is non-square upper Hessenberg matrix,
H 1l ¥ .o
(iii) Vl AVZ:HZGK',hij:hijforlgz.,j </,
(iv) 1A = A then Hj is tridiagonal (O
Proof. Direct from [Gram-Schmidt orthogonalization and inspection of Code 4.4.0. o
Gradina
Remark 4.4.2 (Arnoldi process|and [Ritz projection). D-MAT
Interpretation of Lemma 4.4.2 (jii) & (i):
H;x = A\x is a (generalized) of EVP Ax = A\x
Ay
p. 24



B> Eigenvalue approximation for general EVP Ax = Ax by [Arnoldi process

N o R W NP O O ® N O ®N P

(0

[ l
In [-th step: A\, =~ uE ) s A1 Ry (0)

.7/\1%lli ’
l 1 l l l
o) = (s e <) <<l

Code 4.4.3: Arnoldi eigenvalue approximation

import scipy.linalg

import scipy.io

from scipy.linalg import norm

from scipy import mat, eye, zeros, array, arange, sqrt, real, imag
from arnoldi import multMv, arnoldi, randomvector

from scipy.sparse.linalg.eigen.arpack import speigs

from scipy.sparse.linalg.eigen.arpack import arpack

import time

def delta(i,j):
if i==j: return 1
else: return O

def ConstructMatrix (N, case="minij’):
H = mat(zeros ([N,N]))
for i in xrange(N):
for j in xrange(N):
if case==’'sqrts’:
H{i,j] = 1L % sqrt((i+1)*x2+(j+1)*x2)+(i+1)xdelta(i,])
else :
H[i, j] = float( 1+min(i, j) )
return H

def sortEwgV(d,v, focus=abs):
u = v.copy()
#| = abs(d).argsort()
| focus(d).argsort()
a =d[I]
u=uf:,I]
return a,u

if __name__ == "__main__

# construct/import matrix
#sparseformat = True
sparseformat = False
if sparseformat:

# look at http://math.nist.gov/MatrixMarket/

L = scipy.io.mmread(’'SomeMatrices/qc324.mtx.gz")
else :

#L = scipy.io.loadmat('Lmat.mat’)['L]

L = ConstructMatrix(1000)

Num.
Meth.
Phys.

Gradinarn

D-MATH

44
p. 241

Num.
Meth.
Phys.

Gradinaru

D-MATH

44
p. 242

#L = ConstructMatrix(400,case="sqrts’)

#print L

#

N = L.shape[0]

nev = 10 # compute the largest nev eigenvalues and vectors

print ' full_matrix_approach’
t0 = time.clock()
if sparseformat:
do,V0 = scipy.linalg.eig(L.todense())

else :

d0,V0 = scipy.linalg.eig(L)
print time.clock() — t0 , ’'sec’
VO = mat(V0)

# let us check if the eigenvectors are orthogonal

print abs(V0.HxVO — eye(V0.shape[1])).max()
# consider only the largest in abs.value

a0,U0 = sortEwEV (d0,V0)

na = UO.shape[0]

a0 = a0[na—nev:]

U0 = UO[:,na—nev:]

print 'a0’, a0

.

print 'my_arnoldi_procedure’
# compute the largest na eigenvalues and vectors

# but only the first eigenvectors are relevant
v = randomvector(N)
na = 3xnev+1l # take 3 times more steps
if sparseformat:

Lt = L.todense()

t0 = time.clock ()

A,H = arnoldi(Lt, v, na)
else:

t0 = time.clock()

A,H = arnoldi(L, v, na)
print time.clock() — t0, ’'sec’
dl,Vl = scipy.linalg.eig(H[: —1,:])
Z = A[:,: —1]xV1
al,Ul = sortEwkEV(dl, Z)
al = al[na—nev:]
Ul = Ul[:,na—nev:]
print 'al’, al
#

print ’'same_with_ARPACK’
if sparseformat:

L = L.tocsr()

t0 = time.clock ()

d2,V2 = speigs.ARPACK_eigs(L.matvec,N,nev, which="LM")
else:

Num.
Meth.
Phys.

Gradina
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Phys.

Gradina
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t0 = time.clock()

d2,V2 = arpack.eigen(L, k=nev, ncv=na, which="LM")

print time.clock() — t0O , ’'sec’
a2,U2 = sortEwEV(d2,V2)

U2 = mat(U2)

print ’'a2’, a2

#.

el = abs(a0—al)#/abs(a0)

e2 = abs(a0—a2)#/abs(a0)

print ‘error_in_eigenvalues:\n’' , el,
print ’residuals_in_eigenvectors:’
z0 = [norm(L*UO[: ,k] — aO[k]*UO[:,k])
print ’'eig(L)’, z0

z1 = [norm(L*U1l[:,k] — al[k]*ULl[:,k])
print 'arnoldi(L)’, z1

z2 = [norm(LxU2[: k] — a2[k]xU2[:,k])
print ‘arpack(L)’, z2

.

#

# plot residuals in eigenvectors

"\n’, e2
for k in xrange(nev) ]
for k in xrange(nev) ]

for k in xrange(nev) ]

from pylab import loglog, semilogy, plot, show, legend, xlabel,

ylabel, savefig, rcParams#, xlim,
ylim

plotf = loglog

#plotf = semilogy

params = {’'backend’: ’'png’,
‘axes. labelsize’: 20,
"text.fontsize ': 20,
"legend. fontsize ’': 20,
"xtick .labelsize’: 16,
"lines . markersize’ : 12,
"ytick . labelsize ': 16#,
#'text.usetex’: True
}

rcParams. update (params)

#.

plotf(abs(a0), z0, 'g—+")

plotf(abs(a0), z1,’'r—0")

plotf(abs(a0), z2,'b—v")

legend (('eig’, ’'arnoldi’, 'arpack’),2)

xlabel (| Eigenvalue| ")

ylabel ('Residual_of_Eigenvector’)

savefig('resEVarpack.eps’)

show ()

.

plotf(abs(a0),el, 'ro’)
plotf(abs(a0),e2, 'bv")
legend (( "arnoldi’, 'arpack’),2)

# or 'ps’

%Ilunf.
Meth.
Phys. 37

xlabel (| Eigenvalue| ")

Num.

ylabel (' Error’) Mot
savefig('errEWarpack.eps’)
show ()

Arnoldi process for computing the & largest (in modulus) eigenvalues of A € C"™"

1 A xvector per step
(O attractive for sparse matrices)

Gradinaru Gradina
D-MATH D-MAT
However: required storage increases with number of steps
it Al = A, then VI AV, is a firidiagonal matrix.
4.4 4.4
p. 245 p. 2
%Ilmtrll ;IIHH;'
Plys. a1 B Plhys.
B ag B2
By az .
H _ _. kg :
VAV, = =T, eK [tridiagonal matrix]
. Br—1
Bp-1 ag
Gradinaru Gradina
D-MATH D-MAT
44 44
p. 246 p. 24



Code 4.4.4: Lanczos process
1|def lanczos (A, vO, k):
2 V = mat(zeros ((v0.shape[0],k+1)))
3 alpha = zeros(k)
Algorithm for computing V; and T;, bet = zeros(k+1)

Lanczos process 5 for m in xrange(Kk):
) 6 vt = multMv(A , V[ :, m])
Computational effort/step: 7 if m> 0: vt —= bet[m] * V[:, m—1]
8 alpha[m] = (V[:, m].H % vt)[0, O]

9

vt —= alpha[m] * V[:, m]

1x A xvector
2 dot products

2 10 bet[m+1] = norm(vt)
1 division 1 V[:,m+1l] =  vt.copy()/bet[m+1]
12 rbet = bet[1l:—1]
13 T = diag(alpha) + diag(rbet, 1) +
diag(rbet, —1)
14 return V, T

Num. Observation: linear convergence of Ritz values to eigenvalues. Num.
Meth. Meth.

Phys. Phys.

However for A € R0, q;; = min{i, j} good initial convergence, but sudden ‘ump” of Ritz values
off eigenvalues!

Conjecture: Impact of roundoff errors

Total computational effort for [ steps of Lanczos process, if A has at most & non-zero entries per row:
O(nkl)

Note: Code assumes that no residual vanishes. This could happen, if z, exactly belonged
to the span of a few eigenvectors. However, in practical computations inevitable round-off errors will
always ensure that the iterates do not stay in an invariant subspace of A, cf. Rem. 4.3.2.

Convergence (what we expect from the above considerations) — [14, Sect. 8.5])

l l
ug,)l ~,A1%u§)7

In l-th step: A, ~ u]@ s An—1 )
o) =y, W <) <<

)
Example 4.4.5 (Lanczos process for eigenvalue computation).

A with eigenvalues 1,2, ..., 100 A=[mn(i,j)], n=100

10°
10 F
10°
T -
S 10 o 10
3 @
3
[l > 10"
=2 N
® 10 g
s £ w0°
g 5 ‘
N 5 100 |
Pt 10
= |
107 X \ |
—t"n \ \ |
10 PN \ |
41 1 \ \ |
100 o A, et —~—"
——og
10 . 10 L L
0 5 25 wu o 10

10 15 20 s
step of Lanzcos process step of Lanzcos process

&
Gradinars. Example 4.4.6 (Impact of roundoffl on [Lanczos process). Gradina
D-MATH D-MAT
10,10 T L
AcR™Y , aij:nnn{l,]}. A=[mn(i,j)], n=10

4.4 4.4
p. 249 p. 2¢
B Computed by V, al pha, beta = lanczos(A n,ones(n)), see Code4.4.3 b
Mletk. etk
Phys. 38500000 14.813845 Phys.

14.813845 9.642857 2.062955
2062055 2.720779 0.776284
0.776284 1.336364 0.385013
T_ 0.385013 0.826316 0.215431
0.215431 0.582380 0.126781
0.126781 0.446860 0.074650
0.074650 0.363803 0.043121
0.043121 3.820888 11.991094
11.991094 41.254286
Gradinaru (A) = {0.255650,0.273787,0.307979,0.366209,0.465235,0.64310: e = (11RO Lt Gradin:
— o = {0.255680,0.273787,0.307979,0.366209,0.465233,0.643104,1.000000,1.873023,5.048917,44. 766069} N
o(T) = {0.263867,0.303001,0.365376,0.465199,0.643104,1.000000,1.873023,5.048917,44.765076,44. 766069}
44 44
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= Uncanny cluster of computed eigenvalues of T  (“ghost eigenvalues”, [20, Sect. 9.2.5])

1000000 0.000000  0.000000  0.000000  0.000000  0.000000  0.000000  0.000251  0.258801
0.000000 1.000000 —0.000000 0.000000  0.000000  0.000000  0.000000  0.000106  0.109470
0.000000 —0.000000 1.000000  0.000000  0.000000  0.000000  0.000000  0.000005  0.005373
0.000000  0.000000  0.000000  1.000000 —0.000000 0.000000  0.000000  0.000000  0.000096

VHy = | 0000000 0.000000 0.000000 —0.000000 1.000000 0.000000 0.000000 0000000  0.000001
0.000000  0.000000  0.000000  0.000000  0.000000  1.000000 —0.000000 0.000000  0.000000
0.000000  0.000000  0.000000  0.000000  0.000000 —0.000000 1.000000 —0.000000 0.000000
0.000251  0.000106  0.000005  0.000000  0.000000  0.000000 —0.000000 1.000000 —0.000000
0.258801 0.109470  0.005373  0.000096  0.000001  0.000000  0.000000 —0.000000 1.000000
0.883711 0.018347  0.000328  0.000003  0.000000  0.000000  0.000000  0.000000

P> Loss of orthogonality of residual vectors due to roundoff

(compare: impact of roundoff on CG iteration

! o(Ty)

1 38.500000

2 3.392123  44.750734

3 1117692 4.979881 44.766064

4 0.597664 1.788008 5.048259 44.766069

5 0.415715 0.925441 1.870175 5.048916 44.766069

6 0.336507 0.588906 0.995299 1.872997 5.048917 44.766069

7 0.297303 0.431779 0.638542 0.999922 1.873023 5.048917 44.766069

8 0.276160 0.349724 0.462449 0.643016 1.000000 1.873023 5.048917 44.766069

9 0.276035 0.349451 0.462320 0.643006 1.000000 1.873023 3.821426 5.048917 44.766069

10| 0.263867 0.303001 0.365376 0.465199 0.643104 1.000000 1.873023 5.048917 44.765976 44.766069

Example 4.4.7 (Stabilty of [Arnoldi process).

A€ RI()OJO()

a;j = min{s, j} .

A=[min(i,j)], n=100

0.883711
0.373799
0.018347
0.000328
0.000003
0.000000
0.000000
0.000000
0.000000
1.000000
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Lanczos process: Ritz values [Arnoldi process|: Ritz values

[Ritz values during Arnoldi processfor A = [min(i,j)], n =10); <« Ex.445

38.500000

3.392123  44.750734

1.117692 4.979881 44.766064

0.597664 1.788008 5.048259 44.766069

0.415715 0.925441 1.870175 5.048916 44.766069

0.336507 0.588906 0.995299 1.872997 5.048917 44.766069

0.297303 0.431779 0.638542 0.999922 1.873023 5.048917 44.766069

0.276159 0.349722 0.462449 0.643016 1.000000 1.873023 5.048917 44.766069

0.263872  0.303009 0.365379 0.465199 0.643104 1.000000 1.873023 5.048917 44.766069
0.255680 0.273787 0.307979 0.366209 0.465233 0.643104 1.000000 1.873023 5.048917 44.766069

= W N | e~

© 0o -1 & Ut

[
(e}

Observation: (almost perfect approximation of spectrum of A)

For the above examples both the Arnoldi process and the Lanczos process are algebraically equiv-
alent, because they are applied to a symmetric matrix A = AT, However, they behave strikingly

differently, which indicates that they are [not numerically equivalent].

The Arnoldi process is much less affected by roundoff than the Lanczos process, because it does not
take for granted orthogonality of the “residual vector sequence”. Hence, the Arnoldi process enjoys

superior numerical stability compared to the Lanczos process.
<&
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Example 4.4.8 (Eigenvalue computation with Arnoldi process).

Eigenvalue approximation from Arnoldi process for non-symmetric A, initial vector ones( 100) ;

n=100
M = 2.xeye(n) + —0.5%xeye(n,k=—1) + 1.5xeye(n, k=1); M = mat(M)
A = Mx(diag (r_[1:n+1]))*M. |
pp! ion of largest , Approximation of largest eigenvalues
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Step of Arnoldi process Step of Arnoldi process
Observation: “vaguely linear” convergence of largest and smallest eigenvalues

Krylov subspace iteration methods (= Arnoldi process, Lanczos process) attractive for
computing a few of the largest/smallest eigenvalues and associated eigenvectors of large
sparse matrices.
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Remark 4.4.9 (Krylov subspace methods for [generalized EVP).

Adaptation of Krylov subspace iterative eigensolvers to [generalized EVP; Ax = ABx, B s.p.d.:

replace Euclidean inner product with “B-inner product” (x,y) — xHBy. A

Python-functions:

sci py. sparse. | inal g. ei gen. | obpcg: solve sparse symmetric generalized eigenproblems
with Locally Optimal Block Preconditioned Conjugate Gradient Method
sci py. | i nal g. ei g: solve generalized eigenvalue problem of a square full matrix

Gradina
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MATLAB-functions:

o
|

= eigs(A k, sigm)
ei gs(A B, k,sigm):

. k largest/smallest eigenvalues of A

k largest/smallest eigenvalues for Ax =
ABx,B s.p.d.
:Afun = handle to function providing matrixxvector for

A/ATYA — oli(A —aB) ™. (Use flags to tell ei gs about spe-
cial properties of matrix behind Af un.)

o
1

o
1

ei gs(Afun, n, k)

Num.
Meth,
. . . . . Phys.
ei gs just calls routines of the open source ARPACK numerical library. i

4.5 Essential Skills Learned in Chapter 4 []

You should know:

Gradina

o complexity of the direct eigensolver eig of Matlab D-MAT

o how the direct power method works and its convergence
o the idea behind the inverse power iteration, Rayleight quotient iteration and preconditioning

e what are Krylov methods, when and how to use them


http://www.caam.rice.edu/software/ARPACK/
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Interpolation and Approximation

Introduction

Distinguish two fundamental concepts:

(I) [datainterpolation | (point interpolation, also includes CAD applications):

Given:

data points

(x5,yi),i=1,....,m,x; € D CR"y; e R?

Goal:

reconstruction of a (continuous) function f : D +— R? satisfying interpolation conditions

[,f(xj> =Yy i:L...,mJ

» smoothnessof f, e.g. f € 1, etc.
» shape of f (positivity, monotonicity, convexity)

Additional requirements:

Example 4.0.1 (Constitutive relations (ger. Kennlinien) from measurements).

In this context: ¢, y = two state variables of a physical system, a functional dependence y = y(t) is
assumed.
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Known:  several accurate measurements y ®  Num
— P
(tiyyi), i=1,....m £
Examples:
t ‘ Y P
voltage U current / e
pressure p density p ‘/,,,/// .
magnetic field H | magnetic flux B ; | | | |
. ‘ o 31 ty 13 Ly )

Meaning of attribute “accurate”: justification for interpolation. If measured values y; were affected by
considerable errors, one would not impose the [interpolation conditions| but opt for data fitting.

Gradina
D-MAT
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(1) [function approximation [:
Given: function f : D C R" — RY  (often in procedural form y=Ff eval (X))
Goal: Find a “simple”*) function f : D — RY such that the difference f — f is “small(%) 40
p. 2
(*); “simple” ~ described by small amount of information, easy to evaluate (e.g, polynomial or piece- xum.
~ Meth,
wise polynomial f) Phys.
(%) ssmall” ~ Hf —?H small for some norm ||-|| on space C'( D) of continous functions, e.g. L-norm
2 ; :
lgl5 = [ |g(x)’dz, maximum norm ||g|| o, := max |g(z)|
D reD
Example 4.0.2 (Taylor approximation).
(F) (4
feckr), Iinterval, keN, Tyt):= fk—fo) (t—to)¥, toel.
The Taylor polynomial 7}, of degree k approximates f in a neighbourhood J C [ of t; (J can be ;‘\‘;“;‘T‘
smalll). The Taylor approximation is easy and direct but inefficient: a polynomial of lower degree
gives the same accuracy. o
Another technique: Approximation by interpolation
sampling . interpolation ~
f— xpyi =)t ——— £ f(xi) =y
. 4.0
free choice of nodes x;
p. 2¢



Remark 4.0.3 (Interpolation and approximation: enabling technologies). Nzm. N
Phys. Phys.

Approximation and interpolation are useful for several numerical tasks, like integration, differentiation 5
and computation of the solutions of differential equations.

Polynomial Interpolation

this i “fi i " t of th .
S is is a “foundations” part of the course N 51 Polynomlals

Remark 4.0.4 (Function representation). Notation:  Vector space of the polynomials of degree < k, k € N:

. . . . s . ) sradinaru o k k—1 radin
| General function f : D C R — K, D interval, contains an “infinite amount of information”. ;\I'ATH Pr={t > apt" +ap_qt" +-Fat+ag, a; €K} (5.1.1) EM'%T
7) How to represent f on a computer? .

. P / P Terminology: the functions ¢ — tF, k € Ny, are called monomials
|:| Idea: parametrization, a finite number of parameters «, ..., ay, n € N, characterizes f. t— ozk.tk + ak,ltk’l + -+ - + ap = monomial representation of a polynomial.

Obvious: Py is a vector space. What is its dimension?

4.0 5.1

p. 265 p. 2
Special case:  Representation with finite linear combination of basis functions o -
bji:DCR—K,j=1,...,m e Theorem 5.1.1 (Dimension of space of polynomials). it

' " dmP,=k+1 and P, C C®(R).
f= Zj:l Ojbj y Qj € K.
0 f € finite dimensional function space  Vj, := Span {by, ..., by }. Proof. Dimension formula by linear independence of monomials.
bi(t) = 7= leads to polynomial interpolation
bj(t) = cos((j — 1) arccos t) leads to Chebychev interpolation

P . o ) Why are polynomials important in computational mathematics ?
bj(t) = 2™t leads to trigonometrical interpolation v oY P P

A

[0 Easy to compute, integrate and differentiate
0 Vector space & algebra

Gradinaru . . . . Gradina

— 0 Analysis: Taylor polynomials & power series N
Remark 5.1.1 (Polynomials in python).
python: (}:ktk + a:k_ltk_l +--+ay O Vector (g, ap_q,...,qp) (ordered!). A
Remark 5.1.2 (Horner scheme).

40 Evaluation of a polynomial in monomial representation: Horner scheme 51

p. 266 pt)=(t-tt(ant + ap_1) + ap_9)+ -+ ai)+ag . (5.1.2) p. 2



Code 5.1.3: Horner scheme, polynomial in python format

etk _yn—a_un-—% N

def horner(p, x):

y = p[0]

for i in xrange(l,len(p)):
y =x xy+plil]

return y

i a; = = )

Phys. 1 t—to t—to Phy
O Gt 1

p—ag—(ta—to)ay =% —(—t)F= H-ty H—t

(to—to)ta—t1)  (ta—to)(ta—t1) to —t] ’

ay =

Asymptotic complexity:  O(n)

Use: numpy “built-in"-function pol yval (p,x);.

5.2 Newton basis and divided differences [10, Sect. 8.2.4]

Want: adding another data point should not affect all basis polynomials!

Tool: “update friendly” representation: Newton basis for P,

n—1

o) =1, Ni(t)=(t—to), ... , Na(t):=][t—t).

i=0

Note: N, € P, with leading coefficient 1.

a LSE for polynomial interpolation problem in Newton basis:

aj € R agNo(tj) +arNi(ty) + -+ +anNn(tj) =y;, 7=0,...,

& triangular linear system

1 0 s 0

1 (ty—to) - : “0 40

: : 0 ar | _ | Wn
n—1 : :

1 (tn - tO) e Ho(tn - ti) n Yn
i=

Solution of the system with forward substitution:

ay = Yo,

n.

Observation: same quantities computed again and again !

In order to find a better algorithm, we turn to a new interpretation of the coefficients a; of the interpo-
lating polynomials in Newton basis.

Gradinaru Gradina
/\ D-MATH D-MAT
Newton basis polynomial N]—(t): degree j and leading coefficient 1

= aj is the leading coefficient of the interpolating polynomial py . ;

0  Recursion for leading coefficients ay _,, of interpolating polynomials py _,,, 0 < ¢ <m < n:

A1 m T W m—1

a =
L,...,m tm — 1t
5.2 5.2
p. 269 p. 2
. Simpler and more efficient algorithm using divided differences: e
;,xl%ﬁ‘)‘. ;1]%1‘1‘{.
VS, 1ys.
' yltil = i ”
(5.2.1) ult: ta] — ylts . .
Ylti, . tig] = Yltivs oo tivn] = ylti otk (recursion) (5.2.2)
tivk — ti
Recursive calculation by divided differences scheme
to|y[to]
> ylto, t]
t1|y[t] > ylto, t1, Lo
> ylt1, ta] > ylto, 1, t2, t3], (5.2.3)
t2 | y[t] > ylty, ta, t3]

_ > y[t27 tlji] .
Gradinaru fj y[td] Gradina
D-MATH D-MAT

the elements are computed from left to right, every “>" means recursion (5.2.2).
If a new datum (,,+1, y,+1) is added, it is enough to compute n + 2 new terms
y[tn+1]7 y[tlh t7l+1]7 coog y[tUr coog tn+1]'
5.2 5.2

p. 270 p. 27



Code 5.2.1: Divided differences, recursive implementation, in situ computation

1|def divdiff(t, y):
2 n = y.shape[0] — 1
3 if n>0:
4 y[0:n] = divdiff(t[0:n], y[0:n])
5 for j in xrange(0,n):
6 yn]l = (yIn] —y[iD / (tIn] — t[j])
7 return y
Code 5.2.2: Divided differences, non-recursive implementation, in situ computation
1|def divdiff(t, y):
2 n = y.shape[0] — 1
3 for | in xrange(0,n):
4 for j in xrange(l+1,n+1):
5 ylil = (ylil = y[ID 7/ (t[j] = t[1])
6 return 'y

By derivation: computed finite differences are the coefficients of interpolating polynomials in New-
ton basis:
n—1
p(t) = ap + ay(t — to) + ap(t — to)(t —t1) +- -~ +an [[ (t — 1)
=0

ag = yltol, a1 = ylto, t1], ag = ylto, t1,t2), .. ..

(5.2.4)

“Backward evaluation” of p(t) in the spirit of Horner's scheme  (— Rem.[5.1.2, [10, Alg. 8.20]):

pe—ap, p—{t—th_)ptan_1, p— (t—th2)p+ap_s,

Computational effort: » O(n?) for computation of divided differences,
» O(n) for every single evaluation of p(t).

Remark 5.2.3 (Divided differences and derivatives).

If 0, - . . , yn, are the values of a smooth function f in the points #, . . ., t,, that s, yj = f(tj), then
P
U[tu e 7ti+k} = k!

for a certain & € [t;, ¢, 1], see [10, Thm. 8.21].
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5.3 Error estimates for polynomial interpolation

Num.
Meth.
Phys.

Focus: approximation of a function by global polynomial interpolation (— Sect. ??)

Remark 5.3.1 (Approximation by polynomials).

? Is it always possible to approximate a continuous function by polynomials?

v’ Yes! Recall the Weierstrass theorem:
A continuous function f on the interval [a,b] C R can be uniformly approximated by

polynomials.

Gradina
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! But not by the interpolation on a fixed mesh [42, pag. 331]: ,
Given a sequence of meshes of increasing size {7;}7%,, 7; = {x(1‘7>, oo g
G) o ) (7) '

agxl <zg < ee <X

the sequence interpolating polynomials of f on ’T/ does not converge uniformly to f as

Y ¢ fa, ),

< b, there exists a continuous function f such that

j — 0.

We consider Lagrangian polynomial interpolation on node set

T = {t()7 ..

Num.
Phys.

. tn} C I, I C R, interval of length |I]|.

For a continuous function f : I — K we define the polynomial interpolation operator

I7(f) =7(y) € P

Notation:

with

‘ Gradina
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(for some norm on C'(1)).

Goal: estimate of the interpolation error norm || f — Iz f||

Focus: asymptotic behavior of interpolation error for n — oo

Example 5.3.2 (Asymptotic behavior of polynomial interpolation error).

Interpolation of f(¢) = sint on equispaced nodesin I = [0, 7]: 7 = {jw/wz}}lzn.
Interpolating polynomial p := I7f € Pp.


http://en.wikipedia.org/wiki/Stone-Weierstrass_theorem

= Nzm. O Conjectured: [algebraic convergence} €~ Cn~P N,
TN | Mt o

—__lit-p,I, computer-experiment: computation of the norms.

log(€;) ~ log(C) — plogn;  (affine linear in log-log scale).

e L>%-norm: sampling on a grid of meshsize Apply linear regression (nunpy. pol yfi t) to points (log n;, log ¢;) O estimate for rate p.

£ 7 /1000.
o e L2-norm: numerical guadrature (— Chapter [7) )
) TR (el Ul (e o & 1) @ s O Conjectured: [exponential convergence: € ~ Cexp(—PFn;)
. size 7/1000. loge; ~ log(C') — Bn; (affine linear in lin-log scale). .
o — Apply linear regression (Ex. 3.0.1, nunpy. pol yfi t) to points (n;,loge;) O estimate for ¢ =
" < exp(—p).
Gradinaru Gradina
D-MATH D-MAT
In the previous experiment we observed a clearly visible qualitative behavior of || f — I f|| as we O Fig.49: we suspect|exponential convergence|in Ex.[5.3.2.
increased the polynomial degree n. The prediction of the decay law for || f — |7 f|| is one goal in the A
study of interpolation errors.
Often this goal can be achieved, even if a rigorous quantitative bound for a norm of the interpolation ) )
AT e E AERE Beware: same concept <« different meanings:
e convergence of a sequence (e.g. of iterates zF) = Sect. 11)
5.3 e convergence of an approximation (dependent on an approximation parameter, e.g. 1) 5.3
p. 277 Example 5.3.4 (Runge’s example). — Ex. ?? p. 2
- . 1 . . .
Important terminology for the qualitative description of || f — |7 f|| as a function of the polynomial 1211';{'1‘) Polynomial interpolation of f(t) = 72 With equispaced nodes: 12111‘1’151]‘
degree n: s n 1 ys.
T::{t:::—SJr&‘} oy =——=.9=0,....,m.
J nJ j=0" Yj 14+ f% J )
Code 5.3.5: Computing the interpolation error for Runge’s example
3C #£CMm) >0 ||f =I7f<CT(n) forn—oo. (63.1) 1 |# Interpolation error plot for Runge’s example
( o N 2
Classification (best bound for 7'(n)): 3/from numpy import linspace, array, polyfit, polyval, max, abs, hstack,
dp>0: T(n) <n~P : algebraic convergence, with rate p > 0, VneN vstack i )
Y J0<g<1: T(n)<q" : exponential convergence , . 4/from matplotlib.pyplot import x
Gradinaru ? Gradina
Convergence behavior of interpolation error is often expressed by means of the Landau-O-notation: ~D-MATH ° i Exagt VIS D-MAT
7/x = linspace(—5, 5, 1001)
3/f = lambda x: 1.0 / (1.0 + x%xx%2)
Algebraic convergence: If = 17fll = O(n~P) i 9
. for “asymptotic!”
Exponential convergence: If =I7fll = O(q") 1 = oo ("asymp ) o[fv = f(x)
1
2 |# Compute approximation of increasing degree
Remark 5.3.3 (Exploring convergence). sjerr = ]
4
53 5|for d in xrange(l, 21): 5.3
Given: pairs (n;, €;),7=1,2,3,..., n; = polynomial degrees, ¢; = norms of interpolation error = B t = linspace(—5, 5, d+1) ’

p. 278 p. 2§



W OW N ® U A W N R U W W N

polyfit(t, f(t), d)
polyval(p, x)

p
y

err.append( hstack ([d, max(abs(y—fv))]) )
err = array(err)

# Plot

figure ()

semilogy(err[:,0], err[:,1], "r—+")

xlabel (r"Degree_d")
ylabel(r"Interpolation_error_(maximum_norm)")

savefig(" ../PICTURES/rungeerrmax.eps")

Num. Num.

Meth. Theorem 5.3.1 (Representation of interpolation error).  [10, Thm. 8.22], [29, Thm. 37.4] Meth.
fecmt(): viel: 37 €| min{t, to, ..., tn}, max{t, to, ..., tn}:

f(n+l) 7t n
s -0 =L I 632)
Proof.  Write ¢(t) := ﬁ (t —t;) € Ppypandfixt € I.
J=0

4t = a0 = F) R F(D)— (7)) = calt)
Grdinan () = f(x) — I7(f)(w) — cq(x) has n + 2 distinct zeros t, . . . , t,, t. By iterated application of the
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1(16d)
- - = Interpolating polynomial
]

10

'
'
'
'
1
'
'
'
'
1
'
'
! 10
l .
I

]
]
]
1
]
]
1
'
1
1
1
]
]
1

Interpolation error (maximum norm)

Degree
Interpolating polynomial, n = 10
Note: approximation of || f — Z7 f|| o, by sampling in 1000 equidistant points.

Observation: Strong oscillations of |7 f near the endpoints of the interval:

n—00
e

If =17l zoo(g—s5,5)

20

Approximate || f — Z7 f|| s, on [=5,5]

D-MATH
mean value theorem [52, Thm .5.2.1], we conclude

<,9(m> has n + 2 — m distinct zeros in I.

= 3Inel ()= D) —cn+1)=0.
(n,+l)<7_t> - 53

53 This fixes the value of ¢ = fﬁ
p. 281 (nt1)! p. 2
125‘3!']1]1 The theorem can also be proved using the following lemma. 3&3"’1'*
Lemma 5.3.2 (Error of the polynomial interpolation). For f € C"T1(I): V¢ eI
1‘ 71 Tnjl Tn
- 1
s -wne= [ [ [ [14n -t)+-
0 0 0 0
n
+ Tn(tn — th—1) + 7(t — tp)) drdmy - - - d7y - H(t =)«
=0
Proof. By induction on n, use (??) and the fundamental theorem of calculus [44, Sect. 3.1]:
_— Remark 5.3.6. Lemma[5.3.2 holds also for general polynomial interpolation with multiple nodes, see _—
D-MATH (??)- D-MAT
In the equation we can
o first bound the right hand side via f(n+1><7't) < Hf("“)HLOO([),
- e then increase the right hand side further by switching to the maximum (in modulus) w.r.t. ¢ (the o
J. J.
i |
O b, 282 resulting bound does no longer depend on t!), b %


http://en.wikipedia.org/wiki/Mean_value_theorem

e and, finally, take the maximum w.r.t. ¢ on the left of <.

This yields the following interpolation error estimate:

[ P

TmM.531 = | f —I7fllpeoin) < T e

Num.
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(5.3.3)

Interpolation error estimate requires smoothness!

Gradinarn

Example 5.3.7 (Error of polynomial interpolation).  Ex. cntd

D-MATH

Theoretical explanation for fexponential convergencel observed for polynomial interpolation of f(t) =

sin(t) on equidistant nodes: by Thm. and

1
k — <7max‘tf()tfﬂ t— =l
] I T L U R e I el
n+1
vk € N <! (f)“ ,
“n+1l\n
g Uniform asymptotic exponential convergence] of the interpolation polyno

(independently of the set of nodes 7. In fact, || f — pHLoo decays even faster than expo-

nential!)

Example 5.3.8 (Runge’s example). Ex. cntd

mials

Num.
Phys.

How can the blow-up of the interpolation error observed in Ex. [5.3.4 be reconciled with Thm. ?

Here f(t) = li—tQ

O Possible blow-up of error bound from Thm. — o0 for n — oo.

Remark 5.3.9 (LQ—error estimates for polynomial interpolation).
Thm. gives error estimates for the L°°-Norm. And the other norms?

From Lemma. using Cauchy-Schwarz inequality:

1 =17y = /

1 7 Tn—1 Tn @

Ilt—t-1<ITI

allows only to conclude |f("’)(t)\ = 2")- O(Jt| 27" for n — oo.

< Gradinaru
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/ / / /f (D) Ydrdry - dr - H(t —t;)| dt i
J=0 )

p. 286

< [P ol (Susn) [ 1P drae
1 N———— /5,

=1/(n+1)! 2
|I|2n’+2 (n+1) D)
= /] m/ vol(n)(ct ) | f (7)|7 drdt
<2 (n— l/z/n!

Spi1={xeR"™0<a, <z, <---<x; <1} (unitsimplex),
Cir={x€ Spy1:to+z1(t1 —to) + -+ zpltn —th—1) + Tp+1(t —tn) =7} .

This gives the bound for the L2-norm of the error:
2 n—1)/4 I n+1
= Il < S ([ e

deflnes a seminorm on C™ (1)

Notice: Hf
(Sobolev semlnorm measure of the smoothness of a function).

Estimates like play a key role in the analysis of numerical methods for solving partial differential
equations (— course “Numerical methods for partial differential equations”).

5.4 Chebychev Interpolation

Perspective: function approximation by polynomial interpolation

O Freedom to choose interpolation nodes judiciously

5.4.1 Motivation and definition

Mesh ofnodes: 7 :={tg <t <---<tp_1 <tpt né€N,

function f : I — R continuous; without loss of generality I = [—1, 1].
Thm. 5.3.1 17 = #llor) < g PO gy 2ot
w(t) == (t—tp)----- (t —tn)
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Idea: choose nodes , .. ., t, such that [|w|| o0 (7) is minimal! - A N
Meth. B ox ox % Kk w R A A R R R w kA
Equivalent to finding ¢ € P,, 1, with leading coefficient = 1, such that ||qHLoo(1> js P B S A e |
minimal. o
Choice of ?, ..., Iy = zeros of ¢ (caution: ¢; must belong to ). P T S R R
Heuristic: e ¢* extremal pointofq O |q(t")] = [lqll 1< (1), B O R S
e ghasn+1zerosin I, 4 R ) L N
o la(=1)1 = la(0)| = gl oo(z) I : :

Gradinarn Remark 5.4.1 (3-term recursion for Chebychev polynomial).

Definition 5.4.1 (Chebychev polynomial). D-MATH

The n'M Chebychev polynomialis T},(t) := cos(n arccost),

3-term recursion by cos(n + 1)z = 2 cos nx cosx — cos(n — 1)z with cosz = ¢:

Tog1(t) =2t Tp(t) — Tpa(t) , To=1, Ti(t)=t, neN.

This implies: o T}, € Py,
e |eading coefficients equal to pr=1
e 7}, linearly independent,
A e T}, basis of P, = Span {Ty,..., Ty}, n € Ny.
5
p. 289
M, \ j “7 sl;%it"g Theorem 5.4.2 (Minimax property of the Chebychev polynomials).
\ ¥,
y \ f y Tl pooq-1,17) = Pl oc(1,17) s P € Prop®) = 2" 71" -}, ¥neN.
o2 \\ "" 02
/] )
& o \) /] ) Proof. See [14], Section 7.1.4.] (indirect) Assume
.

Hq e Py , leading coefficient = 2’”712 ||qHLoo<[7l71]) < HTn“LOC([fl,l]) 5

(T, — q)(x) > 0 in local maxima of T,
(T, — ¢)(x) < 0 in local minima of 77,

[

n=4 -08f

\
L ol \
/ n=0 / l
04l ,‘" \\ o / /‘ 04| ‘\ \ ‘
P w2 / ool
oor [ s / T

. From knowledge of local extrema of 7},, see (??):

Chebychev polynomials 7Ty, . . .

D-MATH
T — q changes sign at least n + 1 times
2k — 1
Zerosof Ty,:  1j, = cos ( o = T, — qhas at least n zeros
Extrema (alternating signs) of 7}, Ty, — q = 0, because T}, — q € P,,—1 (same leading coefficient!)
_ _ km
[Th(t) =1 3k=0,...,n: &= COS? , HTTL”LC’C([fl.l]) =1.
5.4

Chebychev nodes ¢, from :
p. 290 Application to approximation by polynomial interpolation:

(5.4.2)
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5.4.2 Chebychev interpolation error estimates

For I =[—1,1] e ‘“optimal”interpolation nodes 7 = {cos (Z%fzﬂ) 7r> ,k=0,..., n} SIELE) sxl‘é“fil
) = — coc (it = = g ® =9
o wt)=(t—to) -t —tnr1) =2"Tnni(t) , Hw”LOO(f) 2 Example 5.4.3 (Polynomial interpolation: Chebychev nodes versus equidistant nodes).
with leading coefficient 1.
Runge’s function f(t) = # see Ex. 5.3.4, polynomial interpolation based on uniformly spaced
Then, by Thm. 5.3.1. nodes and Chebychev nodes:
2" |
—1 e H (n“)H . 543 . "
If = 1zl poo(—1,17) < i) f Lo(1.1]) (5.4.3) . o Foior
" = = = Interpolating polynomial| . = = = Chebychev interpolation polynomial
Remark 5.4.2 (Chebychev polynomials on arbitrary interval). ;'\tl;";: 1: ‘. :' ': o ‘ ([;,\111.:;
: D §
How to use Chebychev polynomial interpolation on an arbitrary interval? - P \
Scaling argument: interval transformation requires the transport of the functions T v/ v AR S
%\H ti=a+ %(i\Jr 1><b - (l) AN 0%, 4 3 2 A [ 1 2 3 4 5 L s 2 1 0 1 2 3 4 5
[_11 1] [(17 b] A (t> = f(t> t &
PEPn A pt;)=ftj) & PEPn N Blt)=f(t)). 54 54
p- 293 p. 2
anf T anf sll';ﬁg Remark 5.4.4 (Lebesgue Constant for Chebychev nodes). 121]‘;{‘1‘1
= ® = Gl )
. N 9—n dn+lfA
-1l = |11 gy < a
1=l = [ =120 o1y = G | o L(f-L,1) -
Con—1 ' Theory [7, 56, 55]: 2t /// l
< 2 |[|7L+1 Hf(nJrl)H ) (5.4.4) 9 s
(n+1)! L (I) A~ =log(14+n)+o(1) , - 1
—~— ™ ~<
24 4
2
- - ; A7 < Zlog(1+n) 41 (5.4.6) B |
| The Chebychev nodes in the interval [ = |
a. bl are Gradinaru r 1 Gradina
[ ’ } D-MATH / D-MAT
2k + 1 18 s 10 G 20 2
t —a + 1 b a COS 1 Polynomial degree n
g 76 =a) ( (2<n +1) ) ) ’ A
. (5.4.5)
] k=0 N ) )
& & & g | ) Example 5.4.5 (Chebychev interpolation error).
a b \ /
For I = [a,b] let z;:=a+ b_T“l [=0,...,N, N =1000 we approximate the norms of the error
2 If = Plloo = max |f(z;) — p(z;) 54
p. 294 il p. 2



b

2
IIf = pllz ~
0<I<N

0O ft)=Q1+t)"L, I=[-575(see Ex.5.34)
Interpolation with n = 10 Chebychev nodes (plot on the left).

10 T T

= > (If(@) = p@)l + £ @i4) = plora) )

—lp,l

Function f
- = = Chebychev interpolation polynomia|

! 7N

e lit-p,l,

AR
u/ \

1/

Error norm

-02,

Notice: exponential convergence of the Chebychev interpolation:

Pn — f7 Hf - Inf‘|L2([_575]) ~ 0.8”

0 1
Polynomial degree n

16

T

bl

Now: the same function f(t) = (1 +2)~* ol
on asmallerinterval [ =[—1,1]. gﬂ
(Faster) exponential convergence: g ol

If- IanLZ([—l,l]) ~ 0.42". 07k

O f(t) = max{1 —|t|,0}, I=[-272],
fec®Iout f ¢ CHI).

n = 10 nodes

10 14
Polynomial degree n

(plot on the left).

16

Num.
Meth. Function f
Phys. Chebychev interpolation polynomial
-0.2,
-2 -15 -1 -05 o 05 1 15
t
Gradinaru
D-MATH
From the double logarithmic plot, notice
® no exponential convergence
e algebraic convergence (?)
5.4
p. 297
1
Num. . 5(1+cosmt) |t| <1
Wm oo = ) I
Phys. 0 1 S |t‘ S 2
12
1
08
06
0.4
0.2
Gradinaru Py > 4
D-MATH
02 ‘ ‘ ‘ ‘ ‘ ‘ ‘
-2 -15 -1 -05 o 05 1 15

Notice: only algebraic convergence.

54 Summary of observations, cf. Rem.5.3.3;
p. 298

Error norm

Error norm

[=]-2,

Error norm

5

I,
—a IRyl

ORI
Polynomial degree n

5

2],

10"
Polynomial degree n

n =10 (plot on the left).

.
—— 2

10"
Polynomial degree n

14 16 18 20
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. [Essential role of smoothness of f}i slow convergence of approximation error of the Cheychev xuw.  For sufficiently large n (n > 15) itis convenient to compute the ¢, with the FFT; the direct computation Y.

interpolant if f enjoys little smoothness, cf. also ; " of the coefficients needs (1 + 1)? multiplications, while FFT needs only O(n log n). 2
» for smooth f € (C°° approximation error of the Cheychev interpolant seems to decay to zero
in the polynomial degree n.
0 Evaluation of polynomials in Chebychev form:
Theorem 5.4.6 (Clenshaw algorithm).
Let p € Py, be an arbitrary polynomial,
5.4.3 Chebychev interpolation: computational aspects 1
plx) = 560+ aTi(x) + ...+ cpTh(z) .
Gradinaru Set Gradina
Theorem 5.4.3 (Orthogonality of Chebychev polynomials). D-MATH D-MAT
. . d71,+2 = d”+1 =0
The Chebychev polynomials are orthogonal with respect to the scalar product
dp =cp+ (22) - dyy —dpo for k=n,n—1,...,0. (5.4.11)
1
1
(f.9) = / f(@)g(z)——=—=5dx . (5.4.7) Then  p(x) = 3(dy — dy).
-1 V1—a? ) 2
5.4 5.4
p. 301 p. 3(
Th 544 (Di h lity of Chebvch | ial Y. Code 5.4.6: Clenshaw algorithm N
eorem 5.4.4 (Discrete orthogonality of Chebychev polynomials). me 1[def clenshaw(a, x) : L
The Chebychev polynomials Ty, ..., T}, are orthogonal in the space P, with respect to the 2 # Degree of polynomial
scalar product: 3 n = a.shape[0] — 1
n 4 d = tile( reshape(a,n+1,1), (x.shape[0], 1) )
(f.9)=>_ flap)glzy) (5.4.8) s d=4d.T
k=0 6 for j in xrange(n, 1, —1):
where x, . . .,z are the zeros of T}, ;. 7 d[l:_lv:] = d[J:_l’:] + Z-Q*X*d[j o]
8 dlj—2,:;] = d[j—2,:] —d[j,:]
9 y = d[0,:] + xxd[1,:]
10 return vy
0 Computation of the coefficients of the interpolation polynomial in Chebychev form:
. Gradinaru Gradina
Theorem 5.4.5 (Representation formula). paate - While using recursion it is important how the error (e.g. rounding error) propagates. D-MAT
The interpolation polynomial p of f in the Chebychev nodes x, . . ., zj, (the zeros of T}, 1) is
given by:
1 ; .
ple) = 5e0+ eTi(x) + -+ eaTfa) (5.4.9) Simple example:
with Tpnyl = 102y — 9,
2 & A+1 = A+1 = r0=1=x,=1 Vn
o= 1 ZZ[; f ((,os (m . 5)) - Co8 (km 5) - (5.4.10) ro=1+e=Tp,=1+10"
g This is not a problem here: Clenshaw algorithm is stable. o
p. 302 p. 3(



Theorem 5.4.7 (Stability of Clenshaw algorithm).
Consider the perturbed Clenshaw algorithm recursion:

gk:Ck+2m'Jk+l_Jk+2+glm k=n,n—1,...,0

~ ~ —~ —~ n
with dy 15 = dy1 = 0. Set ) = 4(dy — o). Then [plx) — p()| < 3 |ej| for 2] < 1.
=0

Remark 5.4.7 (Chebychev representation of built-in functions).

Computers use approximation by sums of Chebychev polynomials in the computation of functions

like log, exp, sin, cos, . ... The evaluation through Clenshaw algorithm is much more efficient than

with Taylor approximation.

5.5 Essential Skills Learned in Chapter 5 [

You should know:
e what are the divided differences and thier use for polynomial interpolation

e what algebraic/exponential convergence means

e error behavior for polynomial interpolation on equally spaced points
e reasons for uing rather Chebychev interpolation

o definition and properties of the Chebychev polynomials

e error behavior for Chebychev interpolation

e how to compute with Chebychev polynomials

Num.
Meth.
Phys.

Num.
Meth.
Phys.

6

Is there something else than polynomials and Taylor approximation in the world?

Trigonometric Interpolation

Idea (J. Fourier 1822): Approximation of a function not by usual polynomials but by
trigonometrical polynomials = partial sum of a Fourier series

Gradina

D-MAT

Gradinarn

D-MATH

We call trigonometrical polynomial of degree < 2m the function

Tom(t) =t +— Z

m 2mijt
vie , v, €CiteR.
j=—m V5 ) Vg ;

Remark 6.0.1. T, : R — C is periodic of period 1. Moreover,
=7jforallj=0,...,2m,then T, (t) takes only real values and may be written as

Num.
Meth.
Phys.

Num.

My ify_j
2m

% + Z]‘:Il (a/ cos(2mjt) + b; Sill(?ﬂjt))

with ag = 27p and aj = 2Re;, bj = —2Im~; forall j = 1,...,2m.

T277L(t) =

Remark 6.0.2.
The functions w;(t) = 2™t are orthogonal with respect to the L2(]0, 1[) scalar product.

Let us take as granted (or known from lectures in Analysis, Mathematcial Methods of Physics, etc.):

Gradina

D-MAT

Gradinaru

baatn | Theorem 6.0.1 (LQ-convergence of the Fourier series). Every squared integrable function f €

L2(0,1) := {f 10, 1~ C: HfHL?(](u[) < oo} is the L2(]0, 1])-limit of its Fourier series

fH=>""

with Fourier coefficients defined by

= Flhy ™ in Z2(0, 1)

oo

flk) = /Ol fye g ke,

6.0
3(

5.5 Remark 6.0.3. In view of this theorem, we may think of one function in two ways: once in the time (or

p. 306 space) domain ¢t — f(t) and once in the frequency domain k — f(k). p-



Num. n=10 n=70

Num.

Meth. 2. 1 Meth.
X oo -~ A2 o 12 Phys. Phys.
Isometry property (Parseval): Zszjo [f(R)"=f HLZ(]UJ[) (6.0.1) . /\ /\ f
Remark 6.0.4. A real function f may be equally represented as N \M/V )
% + Zil (aj cos(2mjt) + bjsin(2mjt)) in L2()0,1]), 0‘5 M ! WW Ww
with \/ \/ .
1 =0.5] i
aj - 2/(] f<t> COS(ZT(}t) dt ’ 7 Z 0 ’ “180 0.2 0.4 0.6 0.8 1.0 8o 0.2 0.4 0.6 0.8 1.0
1
bj = 2/ f(t) sin2mjt)dt, j>1. Gradinaru ~ Gradina
0 pyatn  Remark 6.0.7. Usually one cannot compute analytically f(k) or one has to rely only on discrete par
values at nodes xy = % for ¢ =0,1,..., N; the trapezoidal rule gives
Lemma 6.0.2 (Derivative and Fourier coefficients).
. . N R N—1
ferlqoi)&f e LY0,1)) = f'(k)=2mikf(k), k€ Z. ) 1 o
fky = 5 D flage 20 = fy(k) (6.03)
Remark 6.0.5. =0
2 —~
(n) — (2 2n o0 k?n k 2 6.0.2 6.0 6.1
[0 ooy = 20" SRR 602 & .
p. 309 p. 31
w ! ~ 6.1 Discrete Fourier Transform (DFT :
If £ (k)| < / FM)dt < 0o = F(k) =0k ™) for k| — oo . et ( ) e
Jo L. iys.
The smoothness of a function directly reflects in the quick decay of its Fourier coefficients. Letn € N fixed and denote the nth root of unity  wy, := exp(—2mi/n) = cos(2r/n) — i sin(27/n)
o o o _ hence wh=witvkez | wi=1 , W= _1, (6.1.1)
Example 6.0.6. The Fourier series associated with the characteristic function of an interval [a,b] C i )
]0.1[ may be computed analytically as waJ’ _)n 'fJ =0, 6.1.2)
0 ,ifj#0.
Lo~ ke Sinkd o =0
b—a+ - Z e ¢ . telo,1], A change of basis in C":
k=1 )
) I standard basis of K" Trigonometrical Basis
with ¢ = m(a +b) and d = (b — a). Gradinaru 1 0 0 0 B 0 W) wd Grading
Note the slow decay of the Fourier coefficients, and hence expect slow convergence of the series. p-vaTu 0 1 . . :” w’f w'?rz:,—z wﬁ_l D-MAT
Moreover, observe in the pictures below the Gibbs phenomenon: the ripples move closer to the : 0 ' ' " 2(n—2) 2(n—1)
i * : n n
discontinuities and increase with larger n. Explanation: we have Lz—convergence but no uniforme o : — :
convergence of the series! : ; 1 0 ; H
- “1(n— 12
0 0 0 1 wg wh 1 (n—1)(n—2) wl(ln,fl)
6.0 6.1
p. 310 p. 31



Matrix of change of basis  trigonometrical basis — standard basis: Fourier-matrix

0 0 0
UJG u)yf uJ”l
( ) yn—
s 2 7\
Fom el o b | () o 619
_ —1)2
wg wj! Lo wr(ln )
18F— T T T T T T - 14

T
ealteil
16 | HIl Imaginaerteil ]

0 2 4

8 10 12 14 o 2

6 6 8 10
Koeffizientenindex Koeffizientenindex

Vector in standardbasis Vector in trigonometrical basis

Definition 6.1.1 (Diskrete Fourier transform). We call linear map 7, : C" — C", F,(y) =
F,y,y € C", discrete Fourier transform (DFT), i.e. for ¢ := Fp(y)

n—1
ck:Zijfij , k=0,....n—1. (6.1.4)
j=0
Convention: in the discussion of the DFT: vektor indexes run from 0 to n — 1.
Lemma 6.1.2.
The scaled ﬁFn is unitary:  F;; ! = LF = 1F,
Remark 6.1.1. ,%F(;)Z = —Iand H%F;ll = I, hence the eigenvalues of F',, are in the set {1, —1,i, —i}.

numpy-functions: c=fft(y) «y=ifft(c);

Example 6.1.2 (Frequency analysis with DFT).

Some vectors of the Fourier basis (n = 16):

Fourier-basis vector, n=16, j=1 Fourier-basis vector, n=16, =7

0 o o8

o Y 08

04 | I o4 | | 04 |
g

02 -0 <

o4 -0

Vector component k

Fourier-basis vector, n=16, =15

Vector component k

Num.
Meth.
Phys.

Value

—
—
—
Value

Vector component k

"low frequence” "high frequence” “low frequence”

Extraction of characteristical frequencies from a distorted discrete periodical signal:

Gradinarn

D-MATH
from nunpy inport sin, pi, linspace, random fft
frompylab inport plot, bar, show
t = linspace(0, 63,64); x = sin(2xpix*t/64)+sin(7*2xpi=*t/64)
y = x + randomrandn(len(t)) %listortion
c =fft.fft(y); p = abs(c)*+x2/64
plot(t,y,’-+); show()
bar (t[:32],p[:32]); show()
6.1
p. 313
Num. ol ‘ ‘ ‘ ‘ ‘ ‘
b
5] ° ° * Coemclel;( index k ® * :
Gradinaru
D-MATH
6.2 Fast Fourier Transform (FFT)

At first glance (at (6.1.4)): in C" seems to require [asymptotic computational efforf of O(nQ)
(matrix X vector multiplication with dense matrix).

6.1
p. 314
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Example 6.2.1 (Efficiency of f f t).

tic-toc-timing:

© ® N o O B~ W N B

compare f f t, loop based implementation, and direct matrix multiplication

Code 6.2.2: timing of different implementations of DFT

from numpy import
import

def

def

def

zeros, random,

timeit

naiveFT () :
global y, n

c = 0.x1jxy

# naive

omega = exp(—2xpixlj/n)

c[0] = y.sum(); s = omega

for jj in xrange(1,n):
clijil = y[n—-1]
for kk in xrange(n—2,—1,—1)
S *= omega

#return c

matrixFT () :

global y, n
# matrix based

I, J = meshgrid(r_[:n],
F = exp(—2xpi*1ljx1%J/n)
tm = 10%%3

c = dot(F,y)

#return c

r_[:n])

fItFT () :
global y,n

c = fft.fft(y)
#return c

nrexp = 5

N =
res
for

2x*x11 # how large the vector will be
= zeros((N,4))

n in xrange(1,N+1):

y = random.rand(n)

=
tn =
t =

timeit. Timer( 'naiveFT() ',
t.timeit (number=nrexp)
timeit. Timer (' matrixFT () ’,

exp,

seliil =

pi, meshgrid, r_, dot, fft

c[jjlxs+y[kk]

‘from___main___import_naiveFT ")

‘from___main___import_matrixFT ")

Num.
Meth, M
Phys.

Gradinaru >3

D-MATH

6.2
p. 317
Num.

Meth.
Phys.

tm = t.timeit(number=nrexp)
t = timeit.Timer('fftFT () ',
tf = t.timeit (number=nrexp)
#print n, tn, tm, tf

res[n—1] = [n, tn, tm, tf]
print res[:,3]
from pylab import
semilogy(res[:,0],
semilogy(res[:,0],
semilogy(res[:,0],
sevefig (' ffttime .eps’)
show ()

res[:,1],
res[:,2],

res[:,3], 'r—

"from___main___import_fftFT ")

")

semilogy, show, plot,
")
K—")

savefig

nai ve DFT-inpl enentation
c = 0.%x1j*y
omega = exp(-2*pi*1j/n)
c[0] = y.sum(); s = omega
for jj in xrange(1,n):
c[jjl = yln-1]

for kk in xrange(n-2,-1,-

s *= onega

Gradinaru

run time [s]

fft runtimes

— naive way
— matrix way
— numpy way

| —

1000 15
vector length n

2000

2500
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Gradina

D-MATH |ncredible! The f f t () -function clearly beats the O(ng) asymptotic complexity of the other imple- D-MAT
mentations. Note the logarithmic scale!

6.2
p. 318

p. 32



The secretof fft () :

one of the “top

the [Fast Fourier Transform algorithm

(discovered by C.F. Gauss in 1805, rediscovered by Cooley & Tuckey in 1965,

ten algorithms of the century”).

An elementary manipulation of forn =2m, m € N:

n—1 2
. 'Tl
k= Zy]

ml

:Z’ije
Zyv <

7=0
‘l:iven
Note m-periodicity: ~ ¢7"*" = 777,

m—1

2migjk 2m(9541)k
/ +Zy2+16 w3

_2 _2
AT S

k
=W ] J=0 7Wm
_.zodd
=
~odd _ ~odd
% = Cktme

Note: V2, 244 from DFTS of length 1!

With  Yeven == (Y0, Y2, - - -

With  Yodd = (Y1,93, - - -

6.2.1): \

1
,yn_z)T eC™ (Ezven)zl 0 = = FmYeven ,
m—1
7yn71)T eC™ (Ezdd) k=0 =FmnYodd -

(6.2.1)

DFT of length 2m = 2x DFT of length m + 2m additions & multiplications

Code 6.2.3: Recursive FFT

Num. Num.
Py 1|{from numpy import linspace , random, Phys:
hstack , pi, exp
2|def fftrec(y):
Idea: 3 n = len(y)
divide & conquer recursion ¢ i -
5 c=y
6 return c
(for DFT of length n = 2L) 7 else :
8 cO0 = fftrec(y[::2])
) 9 cl = fftrec(y[1::2])
FFT-algorithm 10 = (=2.j%pi/n) *
Gradinaru linspace (0,n—1,n) Gradina
D-MATH 11 ¢ = hstack((c0,c0)) + D-MAT
exp(r) * hstack ((cl,cl))
12 return c
Computational cost of f ft r ec:
6.2 6.2
p. 321 p. 3

1x DFT of length 2%~

Num. Num.

Digs: 2x DFT of length 211 Hetl

Phys. Phys.
4x DFT of length oL—2
°
°
° L
— s —— e e e e e e e e e e 2~ X DFT 0Of length 1
Code6.2.2 each level of the recursion requires 0(2[‘) elementary operations.
Asymptotic complexity of FFT algorithm, n = 2% o(L2ky = O(nlogyn)
(f f t -function: cost ~ 5nlogy n).
Gradinaru Gradina
D-MATH D-MAT
Remark 6.2.4 (FFT algorithm by matrix factorization).
Forn =2m, m € N,
. OE _ /
permutation P, (1,....,n)= (1,3 n—1,24,...,n)
6.2 6.2

p. 322 ‘ ‘ p. 3



http://en.wikipedia.org/wiki/Fast_Fourier_transform
http://doi.ieeecomputersociety.org/10.1109/MCISE.2000.814652

Num.

95 .
As Wn:/ = W‘rln: Meth.

Phys.
18 100
permutation of rows PYER, — 0 /2
m n W, . W,
0 n/2+1
F,, " 18 Wn
n/2—1
Wn/ wﬁ_l
I I Seadinar
F‘Nl rad
D-MATH
0 0
wn 1 w’ll 1
w —w
Fm n n .
n/2—1 n/2—1
Ww,/ 7(‘]”/
6.2
: izati [Fourier matrix =
Example: factorization of forn = 10 p. 325
%’qulxl].
Meth.
wO wO wU W0 wU WO wU w() u}0 WO Phys.
o i ot o B Pt P P
w(J w4 WS wz w(’ W0 ufl w8 w2 W0
WO Wb w? W Wt Wb W? W Wt
POEp WO w8 Wb wt W2l W8 Wb Wt Ww? -
5 L10 NS 2B AP ST SL | v
L()(] w3 wG wg w2 ws u)8 wl wl w7
wO WP wO wf) ujO WP WO WP WO WS
0 7wt wl o8lwd w2 w? Wb B
W W W W Wl W Wt W Ww? Wl
Gradinaru
D-MATH
What if n # 2Lo Quoted from MATLAB manual:
To compute an n-point DFT when n is composite (that is, when n = pq), the FFTW library decom-
poses the problem using the Cooley-Tukey algorithm, which first computes p transforms of size ¢,
and then computes ¢ transforms of size p. The decomposition is applied recursively to both the p- 6.9

and g-point DFTs until the problem can be solved using one of several machine-generated fixed-size p. 326

"codelets." The codelets in turn use several algorithms in combination, including a variation of Cooley- Num.
Tukey, a prime factor algorithm, and a split-radix algorithm. The particular factorization of n is chosen s
heuristically.

P

" The execution time for fft depends on the length of the transform. It is fastest for powers of two.
It is almost as fast for lengths that have only small prime factors. It is typically several times
slower for lengths that are prime or which have large prime factors — Ex. 6.2.1.

Remark 6.2.5 (FFT based on general factorization).

Fast Fourier transform algorithm for DFT of length n = pg, p, ¢ € N (Cooley-Tuckey-Algorithm)

n—1

p—1 g1 o p—1 g1 +cading
ik [i=ilp+m] —2m () k k i el 6 Gradina
Ck = Z ij% = Z Zylp+m€ pa (PHmE Z wr' Z Yip+m wq( ) (D
=0 m=0 [=0 m=0 =0
(6.2.2)
q—1
Step |: perform p DFTs of length ¢ Zmk = D0 Yiptm wék, 0<m<p0<k<gq.
(=0
Stepll: fork=:rqg+s, 0<r<p0<s<gq
p—1 omi p—1
_ 2 . . 6.2
g = Z o 774 s)mzmS _ Z (ngbzm,s) wg” :
m=0 m=0 B
and hence ¢ DFTs of length p give all ¢j,. 3&3"’1'*
Step | Step Il
p p
q q
Gradina
D-MAT
Remark 6.2.6 (FFT for prime n).
When n # 2L even the Cooley-Tuckey algorithm of Rem. will eventually lead to a DFT for a
vector with prime length.
6.2
Quoted from the MATLAB manual: p. 3



When n is a prime number, the FFTW library first decomposes an n-point problem into three (n — 1)- Yum.

Meth.
hys.

point problems using Rader’s algorithm [43]. It then uses the Cooley-Tukey decomposition described

above to compute the (n — 1)-point DFTSs.

Details of Rader’s algorithm: a theorem from number theory:

Vp € Nprime Jge{l,...,p—1}: {gk’ modp:k=1,....,p—1}={1,...,p—1},

Gradinarn
D-MATH
B  permutaton P,,:{l,....,p—1}—{1,...,p—1}, vag(k?):gk mod p ,
reversing permutation Py, : {1,....k} — {1,...,k}, P(i)=k—di+1.
Fourier matrix F = (f;;)! _;: Pp— PPl isci
For F (f”)w:l. 2y 1Pp_,g(f”)z_’]:2Ppﬁg is circulant.
6.2
Example for p = 13: p. 320
g=2 , permutation: (248361211951071). Num.
Phys.
D) W0 w0 W0 W0 W0 W0 W0 WO W WO WO
R L I - R (s A
Dol w2 ot W8 WP W W2 Wl 9 WP W0 LT
O Wl w? Wt W Wl Wb W12 Wl W9 WP W0
1wl o7 ol 0?2 ot W B Wb w2 Wl W0 P
D w? 010 W7 ol w? Wt WS w3 W wl2 Wl W9
Fi3 D) WP Wl W ol w2 Wt W WP Wb wl2 Wl
Ol 9 w5 w0 W7 Wl w2 ot W WP Wb wl2
WOll2 w11 09 WP w0 W7 Wl w2 Wt W WP W
WO Wb w12 Wl W9 WP W10 T Wl w2 Wt WS W3
O wd Wb w2 Wl 9 WP W0 T ol W2 Wt WS -
WOl w8 w3 Wb w2 Wl W9 WP W10 W7 Wl W2 Wt i
Ot W8 w3 Wb w2 Wl W9 W Wl T Ll 2
Then apply fast (FFT based!) algorithms for multiplication with circulant matrices to right lower (n —
1) x (n — 1) block of permuted Fourier matrix .
A
Asymptotic complexity of c=f ft (y) fory € C""= O(nlogn). 6.3
p. 330

6.3 Trigonometric Interpolation: Computational Aspects

Theorem 6.3.1 (Trigonometric interpolant). Let N evenand z = Fy € CN. The trigonometric
interpolant

NJ2
' il 1 9 i N/ o N/ P
py(x) = Z ZkCka.v — 5 (Z,N/QC_ZH ixN/2 + ZN/QGZMIN/Z) + chka:c
k=—N/2 - [k|<N/2

has the property that py(zy) = yy, where zy = (/N.

B  Fastintepolation by means of FFT:  O(n logn) asymptotic complexity, see Sect.[6.2, provide
k
uniformly distributed nodes t, = —, k=0,..., 2n
/ T on e
B  (2n+1) x (2n + 1) linear system of equations:

2n

(2 IR ‘ PR : ,
,Z(:) v oxp(Qmm) =z = cxp(Qan mn 1)yk , k=0,....2n.
J=
)
= T Lemmal[6.1.2] 1
Fopric=2z, c=(,...,7%n) = c= ot 1F2nz .

(2n + 1) x (2n + 1) (conjugate) Fourier matrix, see (6.1.3)

Code 6.3.2: Efficient computation of coefficient of trigonometric interpolation polynomial (equidistant

(6.3.1)

nodes)
from numpy import transpose, hstack, arange
from scipy import pi, exp, fft

def trigipequid(y):
""" Efficient_computation_of_coefficients_in_expansion_
\eqref{eq:trigpreal}_for_a_trigonometric
uuuuinterpo|ationupolynomialuinuequidistantupointsu\Blue{(ﬁ.,yj)},
\Blue{j =0,...,2n}
\texttt{y} has to be a row vector of odd length,
column vectors

return values are

N = y.shape[0]
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if N2 1= 1:
raise ValueError ("Odd_number_of_points_required!")

n = (N-1.0)/2.0

z = arange(N)

# See

c = fft(exp(2.0j*pi*(n/N)*xz)*y) / (1.0%«N)

# From (??): a; = %('yn,j + Yn4j) and
# 53]' = Qli(”/n—j - ’Vn+j)| J=1....n,a0="m

a = hstack ([ c[n], c[n—=1:—1]+c[n+1:N] ])

b = hstack ([ —21.0j*(c[n—1:—1]—c[n+1:N]) 1)
return (a,b)
if _name__ == "_main__":

from numpy import linspace

y = linspace(0,1,9)

# Expected Result:

#a=

#

# 0.50000 - 0.00000i
# -0.12500 + 0.00000i
#-0.12500 + 0.00000i
# -0.12500 - 0.00000i
# -0.12500 + 0.00000i

H B H
o
1

# -0.343435 + 0.000000i
# -0.148969 + 0.000000i
#-0.072169 - 0.000000i
#-0.022041 + 0.000000i

w = trigipequid(y)

print (w)

Code 6.3.3: Computation of coefficients of trigopnometric interpolation polynomial, general nodes

from numpy import hstack, arange, sin, cos, pi, outer
from numpy.linalg import solve

def trigpolycoeff(t, y):
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"""Computes_expansion_coefficients_of_trigonometric_polyonomials_,
\eqref{eq:trigpreal}

\texttt{t}:_row_vector _of_nodes_\Blue{ty,...,t, € [0,1[}

\texttt{y}: row vector of data \Blue{yy,...,yn}

return values are column vectors of expansion coefficients \Blue{a;},

\Blue {3;}

[T

N = y.shape[0]

if Nw2 1= 1:
raise ValueError("Odd_number_of_points_required!")

5
1

(N—1.0)/2.0

<
It

hstack ([ cos(2xpixouter(t,arange(0,n+1))),
in(2xpixouter(t,arange(1,n+1))) 1)
solve (M, vy)

I w

)
1

c[0:n+1]
= c[n+1:]

(=
|

return (a, b)

__main__":
import linspace

if __name__ ==
from numpy

t
y

linspace (0,
linspace (0,

1, 5)
5, 5)

# Expected values:
#a=

#

# 2.5000e+00
#-1.1150e-16

# -2.5000e+00

#b=

#

# -2.5000e+00
#-1.0207e+16

z = trigpolycoeff(t, y)

print (z)

Example 6.3.4 (Runtime comparison for computation of coefficient of trigonometric interpolation poly-

nomials).
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+ + trigpolycoeff
+ + trigipequid
10"
- 10?
. A ]
tic-toc-timings > £
g +
©10° !
+
.
10 * e T
s
TS 10

Code 6.3.5: Runtime comparison

from numpy import linspace, pi, exp, cos, array
from matplotlib.pyplot import =
import time

from trigpolycoeff import
from trigipequid import

trigpolycoeff
trigipequid

def trigipequidtiming():
"""Runtime_comparison_between_efficient_(— Code~\ref{trigipequid}) and direct
computation
(— Code~\ref{trigpolycoeff} of coefficients of trigonoetric
polynomial in
equidistant points.

interpolation

Nruns
times

3
[

for n in xrange(10, 501, 10):

print (n)
N = 2%n+1
t linspace(0,1—1.0/N,N)

y exp(cos(2xpixt))

# Infinity for all practical purposes
tl = 10.0%x10

t2 = 10.0%x10

for k in xrange(Nruns):
tic = time.time ()
a, b = trigpolycoeff(t, y)
toc = time.time () — tic
t1 = min(tl, toc)

tic = time.time ()

a, b = trigipequid (y)
toc = time.time() — tic
t2 = min(t2, toc)

times.append( (n, t1, t2) )

Num. Num.
Meth. . . Meth.
Phys. times = array(times) Phys.

fig = figure ()
ax = fig.gca()

ax.loglog (times[:,0],
ax.loglog (times[:,0],

times[:,1],
times|[:,2],

b,
"rx

label="trigpolycoeff")
label="trigipequid")

ax.set_xlabel (r"n"
ax.set_ylabel (r"runtime[s]")
ax.legend ()

fig .savefig (" ../PICTURES/ trigipequidtiming .eps")

Gradinara | 1T __Name__ == "__main__": Gradins
D-MATH trigipequidtiming () D-MAT
show ()
Same observation as in Ex. [6.2.1: massive gain in efficiency through relying on FFT.
&
6.3 6.3
p. 337 Remark 6.3.6 (Efficient evaluation of trigonometric interpolation polynomials). p. 3
1\711'3‘1‘1 Task: evaluation of trigonometric polynomial (??) at equidistant points % N > 2n. k = Qx}‘é‘fﬁ
' 0,...,N—1. ‘
) 2n ]{‘]
22 k/N) = e 2NN o exp(2miet) , k=0,...,N—1.
??) B q(k/N) ZVJ p(2misy)
7=0
Ar\ — o —2mikn/N ; .
= g(k/N)=¢ vj with _v=Fyc, (6.3.2)
) [Fourier matrix, see (6.1.3).
where € € C is obtained by zero padding of ¢ := (05 - - - y(_),,)T:
~ v; Jfork=0,...,2n,
(©) = J -
Gradinaru 0 ,fork=2n+1,...,N—1. Gradins
D-MATH D-MAT
Code 6.3.7: Fast evaluation of trigopnometric polynomial at equidistant points
from numpy import transpose, vstack, hstack, zeros, conj, exp, pi
from scipy import fft
def trigipequidcomp (a, b, N):
"""Efficient_evaluation_of_trigonometric_polynomial_at_equidistant,
6.3 points 6.3
b, 338 cooucolumn_vectors \texttt{a}_and_\texttt{b} pass_coefficients_\Blue{a;}, D, %



\Blue{g;} in
representation \eqref{eq:trigpreal}
n = a.shape[0] — 1

if N< 2xn—1:
raise ValueError("N_too_small")

gamma = 0.5xhstack ([ a[—21:0:—1] + 1.0j*b[—1::—1], 2xa[0], a[l:] —
1.0j*%b[0:] 1)

# Zero padding
ch = hstack ([ gamma, zeros ((N—(2xn+1),)) 1)

# Multiplication with conjugate Fourier matrix
v = conj(fft(conj(ch)))

# Undo rescaling
q = exp(—2.0jxpixnxarange(N)/(1.0«N)) * v

return g

if _name_ == "__main__":
from numpy import arange

a = arange(1,6)
b = arange(6,10)
N = 10

# Expected values:

#

# 15.00000 - 0.00000i 21.34656 + 0.00000i -5.94095 - 0.00000i
# 8.18514 + 0.00000i -3.31230 - 0.00000i 3.00000 + 0.00000i
# -1.68770 - 0.00000i -2.71300 - 0.00000i 0.94095 + 0.00000i
# -24.81869 - 0.00000i

print (a)
print (b)
print (N)
w = trigipequidcomp (a, b, N)

print (w)

Code 6.3.8: Equidistant points: fast on the fly evaluation of trigonometric interpolation polynomial
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from numpy import zeros, fft, sqrt,

def evaliptrig (y,N):

n = len(y)

if (n%2) == 0:
c = fft.ifft(y)
a = zeros(N, dtype=complex)
a[:n/2] = ¢c[:n/2]
a[N-n/2:] = c[n/2:]
v = fft.fft(a);
return v

pi,

else: raise TypeError, 'odd_length’

real ,

f = lambda t: 1./sqrt(1.+0.5x%sin(2xpixt))

vliinf = []; vI2 = []; vn = []
N = 4096; n = 2
while n < 1+2%x%7:

t = linspace(0,1,n+1)

y = f(t[: —-1])

v = real(evaliptrig(y,N))

t = linspace(0,1,N+1)

fv = f(t)

d = abs(v—fv[:—=1]); linf = d.max()

12 = linalg.norm(d)/sqrt(N)

vlinf += [linf]; vI2 += [12]; vn += [n]
n x= 2

from pylab import semilogy, show
semilogy (vn,viI2,'—+"); show()

linalg ,

linspace ,

sin

compare with

Code 6.3.9: Equidistant points: fast on the fly evaluation of trigonometric interpolation polynomial

from numpy import zeros, fft, sqrt,

def evaliptrig (y,N):

n = len(y)

if (n%2) == 0:
c = fft.fft(y)*1./n
a = zeros(N, dtype=complex)
al[:n/2] = c[:n/2]
a[N-n/2:] = c[n/2:]
v = fft.ifft(a)*N;
return v

else: raise TypeError, ’'odd_length’

pi,

real,

f = lambda t: 1./sqrt(1.+0.5%xsin(2%pixt))

linalg ,

linspace ,

sin
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vliinf = []; vl2 = []; vnh = []
N = 4096; n = 2
while n < 1+2%x7:

t = linspace(0,1,n+1)

y = f(t[: =1])

v = real(evaliptrig(y,N))

t = linspace (0,1,N+1)

fv = f(t)

d = abs(v—fv[: —1]); linf = d.max()

12 = linalg.norm(d)/sqrt(N)

vliinf += [linf]; vI2 += [I12]; vn += [n]
n %= 2

from pylab import semilogy, show
semilogy (vn,viI2,'—+"); show()

6.4 Trigonometric Interpolation: Error Estimates

Linear trigonometric interpolation operator: for 1-periodic f : R — C

Talf)=pe Pl with p(L)=y;, j=0,...

Example 6.4.1 (Trigonometric interpolation).

—%|>%l,f()—1f0r|t %
1

1
<1

#1 step function: f(t) = 0 for |

#2 smooth periodic function:  f(t) = —————.
1+ %sin(me)

#3 hat function:  f(t) = [t — 5]

Note: computation of the norms of the interpolation error:

linspace(0,1,n+1); y = f(t[:-1])
real(evaliptrig(y,N))

l'i nspace(0, 1, N+1); = f(t)
abs(v-fv[:-1]); Iinf d max()

2 = IinaIg.norn(d)/sqrt(N)

-0 <
1

10° 10
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107 b 107
_s =
5 g .
& w0 s 0T
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S S
g g
L L
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“ 10™
10
.
8 16 32 64 128
n+1
Gradinaru

D-MATH  Note: Cases #1, #3: algebraic convergence
Case #2: exponential convergence
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a Gibbs’phenomenon: ripples near discontinuities
Example 6.4.2 (Trigonometric interpolation of analytic functions).
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1

—— aufI=10,1].
1 — asin(2mt)

ft) =

Interpolationsfehlernorm

approximation of the norms: “oversampling” in

4096 points

5

i1 %3
o <
&

-0.95, L o
1074 a=0.99, L \ 1
0=0.99, L2 \7777/777\/7777//\7/\/\
e T
Polynomgrad n
a Note: exponential convergence in degree n, quicker for smaller «

Analysis uses: trigonometric polynomials = partial sums of Fourier series

Theorem 6.4.1 (Error of DFT; aliasing formula). If > f(k) absolut converges, then
keZ

=> flk+iN)
JEL

J#0

Intk) = f

Corollary 6.4.2. Let f € CP with p > 2 and 1-periodic. Then it holds:

Fulh) = FB) = OV) for 1K<
N-1 )
for: 1= %’ h gX::O fla;) _/0 f(x)dx = O(hP)

Remark 6.4.3. f (k) is N-periodic, while f(k) — 0 quickly
—————

fn(k) is a bad approximation of f(k) for k large (k ~ N), but for |k| < % it is good enough.

Theorem 6.4.3 (Error of trigonometric interpolantion). If f is 1-periodic and ) f ) absolut
keZ

converges, then

px(e) — f@) <2 S )] VoeR

K[> N/2

Corollary 6.4.4 (Sampling-Theorem). Let f 1-periodic with maximum frequency M: f(ls:) =0
forall |[k| > M. Then py(z) = f(z) forall z, if N > 2M

——

Num.

Num.
Meth.

Poth. data compression Heth
Remark 6.4.4 (Aliasing).
n—1 2miNt _ 2mi(N—n)t omiN- 27i(N mod n)-
T={3, me eff N =7 T e TN = T (2N o))
hence:  The trigonometric interpolation of t — 2™ Nt and ¢ — 2™V modn)t of qegree n give the
same trigonometric interpolation polynomial! —  Aliasing
Example for f(¢) =sin(2r-19¢) O N =38
Gradinaru Gradina
D-MATH N N D-MAT
6.4 ' ' ' 6.4
p. 349 n=4 n=3y n =16 A b3
. [Linearity of trigonometric interpolation] e
Meth. —_— et
Phys. Phys.
For f € C([0,1]) 1-periodic, n = 2m:
o m oo
T L2 2mig
fO =3 FGer™t = TuHm) = D et Z (j+1n)
j=—00 j=—m+1 I=—
B>  Fourier coefficients of the error function e = f — T, (f):
SN
. fG+In) Jif —m+1<j5<m,
ely) = =1
Gradinaru 1) Jff<—mVi>m. Gradina
D-MATH D-MAT
60D - 2
a2
20 =Ty \Z fG+m)| + > 1f0) (640
l]=1 lj|=m
[ may be estimated, if we know the decay of the Fourier coefficients f(]) < smoothness
of f, see
6.4 6.4

p. 350 p. 3¢



Theorem 6.4.5 (Error estimate for trigonometric interpolation). For k € N:

920010 = I = Tufllagoay < VTFe 0y o

with ¢, = 2 3°79, (20 — 1)~ 2%,

6.5 DFT and Chebychev Interpolation

Let p € P, be the Chebychev interpolation polynom on [—1, 1] of f : [—1,1] + C (— section

2k +1

p(ty) = f(t;) for[Chebychev nodes, see (5.4.5), tk::cos<m7r>,k‘:(),..‘,n.
n

Define now the corresponding functions g, q:

f:-L]]—C <
p:[-L,]]—C <

Hence:

g(s) := f(cos2ms) , - . 1
g(s) == p(cos 2rs) | 1-periodic, symmetric wrt. 0 and 3

Pt = flty) & q(%):q(%)

and with a translation s = s + ﬁ we have:

1
gls) =gls+——=) .
4(n+1) N ~( k o k k=0 )
I 1 ¢ 2<n+1))*g(2n+2)’ T
q(s) =qls+ m)

' We show: ¢(s) is frigonometric polynomial:

tion polynomial of . Indeed, since p is the Chebychev interpolation polynomial:

(6.5.1)

qe PQT,L , namely the trigonometric interpola-
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q(s) = p(cos2ms) = Z“/]‘TJ'(COS 21s) = Z vjcos2ms = g + Z %7“\(3_27”]5 _
- =0 j=—nj#0
- il 797”-;(5,+#) n e
Yo + Z %’yme Antl) Lo 1]\ ¢ 4n+1)) — Z ’7]'6_27”]5
Jj=—n,j#0 =,
with  5; = 2 &Xp (27”4<n+ )> Y oG #0,
70 forj=0.
Hence
n B
(j(b) = ,?je—Zﬂ‘l‘]S
Jj=—n

k k
il— V=5 —— forallk=0,...,2n .
andq(2<n+1>) g<2<n+1)> , forallk=0,...,2n

that means that q is the trigopnometric interpolation polynomial of g.

Hence ||/ — pll zoo((—1.1)) = 19 — @l oo(jo,1))

and the error estimates from the trigonometric interpolation directly transfers here.

Code 6.5.1: Efficient Chebyshev interpolation

from numpy import exp, pi, real, hstack, arange

1
2 |from scipy import ifft
3
4|def chebexp(y):
5 """ Efficiently_compute_coefficients_\Blue{a;} in the Chebychev
expansion
n
s\ \Blue{p = Za]-Tj} of \Blue{p € P,} based on values \Blue{y;},
j=0 "
7 \Blue{k =0,...,n}, in Chebychev nodes \Blue{t;}, \Blue{k=0,...,n}.
These values are
8 passed in the row vector \texttt{y}.
o
)
1 # degree of polynomial
12 n = y.shape[0] —1
3
14 # create vector z by wrapping and componentwise scaling
5
16 # r.h.s. vector
17 t = arange(0, 2%n+2)
18 z = exp(—pi*x1.0j*n/(n+1.0)*t) * hstack ([y,y[:: —1]])
L9
# Solve linear system (??) with effort O(n logn)
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51 c = ifft(z)

2

3 # recover 3}, see (??)

% t = arange(—n, n+2)

5 b = real(exp(0.5j*pi/(n+1.0)xt) * c)
26

7 # recover o, see (??)

8 a = hstack ([ b[n], 2xb[n+1:2%n+1] ])
29

30 return a

31

2|if _name__ == "__main__":

33 from numpy import array

34

35 # Test with arbitrary values

36 y = array([1, 2, 3, 3.5, 4, 6.5, 6.7, 8, 9])
37

38 # Expected values:

39 # 4.85556 -3.66200 0.23380 -0.25019 -0.15958 -0.36335 0.18889 0.16546 -0.27329
10

1 w = chebexp(y)

12

13 print (w)

6.6 Essential Skills Learned in Chapter 6 [

You should know:

o the idea behind the trigonometric approximation;

e what is the Gibbs phenomenon;

o the dicrete Fourier transform and its use for the trigonometric interpolation;

e the idea and the importance of the fast Fourier transform;

e how to use the fast Fourier transform for the efficient trigonometrical interpolation;
o the error behavior for the trionomteric interpolation;

o the aliasing formula and the Sampling-Theorem;

e how to use the fast Fourier transform for the efficient Chebychev interpolation.
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7 Numerical Quadrature

Numerical quadrature

= Approximate evaluation of / f(x)dx, integration domain Q2 C RY
Q

Continuous function f : Q C R? — R only available as function y = f(x)
evaluation)

(point

Specialcase d=1: Q= [a,b] (interval)

[0 Numerical quadrature methods are key building blocks for methods for the numerical treat-
ment of differential equations.

Remark 7.0.1 (Importance of numerical quadrature).

[0 Numerical quadrature methods are key building blocks for methods for the numerical treatment
of partial differential equations (0 Course “Numerical treatment of partial differential equationsz

. Numerical quadrature methods
approximate
w13l ]
b
) ? | / f@t)de
a

05 <

0 ‘ ‘

0 0.5 1 15 2 25 3 35 4

Example 7.0.2 (Heating production in electrical circuits).
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Time-harmonic excitation:

u(t)

Num. Num.
Meth. Meth.
Phys. Phys.

\
\ /
X
/\\
/
4

Ma—-Ta+r+1p

o
B> quadrature formula for general interval [a, b], a,b € R:

Integrating power P = U I over period [0, 7] yields heat production per period:

T
Winerm :/ Ut)I(t)dt, where I=1(U).
0

b n . n Cs 2
/ fO)dt~ 30— a) 3 @ f(E) =D wif(e) with Y5 I
; = = W ( — a)wj .

Grdinar e A 1D quadrature formula on arbitrary intervals can be specified by providing its weights @; ~Grin
D-MATH N . . . . . D-MAT
[nodes| ¢; for integration domain [—1, 1]. Then the above transformation is assumed.

function | = current (U) involves solving non-linear system of equations! Other common choice of reference interval: [0, 1]
<&
A

7.1 7.1
p- 361 |nevitable for generic integrand: p. 3

7.1 Quadrature Formulas - b ‘ -

th quadrature error  E(n) = f(t)dt — Qn(f) Mo

a

b
n-point quadrature formula on [a, b]: / f@)dt =~ Qu(f
(n-point quadrature rule) a

)= Z wj f(c]) .
i=1

w;-l . quadrature weights € R (ger.: Quadraturgewichte)
c? : quadrature nodes € [a,b]  (ger.: Quadraturknoten)

Remark 7.1.1 (Transformation of quadrature rules).

Given: [quadrature formula (¢;, @)7:1 on reference interval [—1, 1]

Idea: transformation formula for integrals

b 1 —~
/ f(t)dt = Y(b—a) [ Finyar, Fo =1

(1-7)a+3(r+1)b).

Given families of quadrature rules {Q,,},,, with [quadrature weightg {u:’ 7=1..., n} N and
E ne

7.1.1 .
0 quadrature nodes| {7, j=1,...,n} _ we

should be aware of the asymptotic behavior of quadrature error  E(n) forn — oo
> [algebraic convergencg  FE(n) = O(n~?),p >0

Qualitative distinction:

> [exponential convergencel E(n) = O(¢"),0< ¢ <1
Gradinaru Gradina

puarn  Note that the number n of nodes agrees with the number of f-evaluations required for evaluation of par
the quadrature formula. This is usually used as a measure for the cost of computing @Qp,(f).

Therefore we consider the quadrature error as a function of n.

(7.1.2)

Idea: Equidistant quadrature nodes ¢; :=a+ hj, h = [’7—,” 7 =20,...,n: choose

71 the n weights such that the error E(n) = 0 for all polynomials f of degree 71
p. 362 n—L p. 3¢



Example 7.1.2 (Newton-Cotes formulas).

Num.
Meth.

Phys.
en = 1. Trapezoidal rule
~ 1
Qup(f) := 5 (f(0) + f(1)) (7.1.3)
Gradinaru
250 D-MATH
7.1
[ 0‘5 1 15 2[ 25 3 3‘: p 365
en =2 Simpson rule
Nieth.
b Phys.
h b—a a+b
o+ r) ([roastT (f(a) Yy ( ! ) n f(b)) ) (s
a
<&
Remark 7.1.3 (Error estimates for polynomial quadrature).
Quadrature error estimates directly from L°°-interpolation error estimates for Lagrangian interpolation
with polynomial of degree n — 1: e
D-MATH
b
1
€ C"([a,b) = t)dt — < —(b-a)"t? H <”>H . 7.15
reciat) = | [ fa-aun| < po-art ] L aas)
A
Idea: Gaussian quadrature: Choose the n weights and the n points such that the
error E(n) = 0 for all polynomials f of degree 2n — 1. 7.1

p. 366

Example 7.1.4 (2-point quadrature rule of order 4).

Num.
Meth.

Phys.
Necessary & sufficient conditions for order 4 (first wrong integral is f: x4da¢):
b 1
Qnlp) = / p(t)dtVp € Py & Qn(td) = ?(b’f“ —a®™), ¢=0,1,2,3.
a q
—~
4 equations for weights w; and nodes ¢, j = 1,2 (a = —1, b =1), cf. Rem. ??
1 1
/ 1dt =2 = 1wy + lwy / tdt =0 = cjwy + cowy
O ! (7.1.6) Grains
/ #dt = 3= (:fwl + cgwg , / Bdt=0= (:;furl + (:gwg . P-MAT
—1 —1
Solve using MAPLE:
> eqns := seq(int(x"k, x=-1..1) = w 1] *xi[1] " k+wf 2] *xi [ 2] "k, k=0..3);
> sols : = solve(eqns, indets(egns, nane)):
> convert(sols, radical);
7.1
p. 3¢
etk
0 weights & nodes: {wg =Lw =1¢=1/3V3,c0=—1/3 \fd} Phys-
B Guada e () s r (-2 (7.1.7)
Quadrature formulal r)de~f|—= —— 1
-1 V3 V3
<
Remark 7.1.5 (Computing Gauss nodes and weights).
Code 7.1.6: Golub-Welsch algorithm -
_ 1 /from numpy import zeros, diag, sqrt, size .
Compute nodes/weights of ; |from numpy.linalg import eigh
Gaussian quadrature by solv- 3
ing an eigenvalue problem! 4 |def gaussquad(n):
(Golub-Welsch algorithm [18, ° b = zeros(n—1);
Sect. 3.5.4]) 6 for i in xrange(size(b)):
B b[i]=(i+1)/sqrt(4*(i+1)=*(i+1)—1)
In codes: ¢;, w; from tables! 7 J=diag (b,—1)+diag(b,1)
’ 8 x,ev=eigh(J); w=2xev[0]xev[0]
9 return (x,w) 71
p. 3¢
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Idea: Clenshaw-Curtis quadrature:

1 s
/4 flx)de = /0 f(cos®) sinOdh = Z 12:122 (7.1.8)
even k

Num.
Meth.
Phys.

with aj, the Fourier coefficients of F'(0) = f(cos8) = Y72 ay cos(kD).
Advantage for the Clenshaw-Curtis is the speed and stability of the fast Fourier

transform.
def cc2(func,a,b,N):
weooClenshaw—Curtis _quadrature _rule
couuby FFT_with _the_function_values b rading
L_u_n_u_‘" " D-MATH
bma = 0.5x%(b—a)
X = np.cos(np.pi * np.linspace (0,N,N+1)/N) # Chebyshev points
X *= bma
X += 0.5x(a+h)
fx = func(x)*0.5/N
vx = np.hstack ((fx, fx[—2:0:—1]))
g = np.real(np. fft.fft(vx))
A = np.zeros(N+1)
A[0] = g[0]; AIN] = g[N] 1
A[1:N] = g[1:N] + np.flipud (g[N+1:]) p. 369
w = 0.%x et
w[::2] = 2./(1.—np.r_[:N+1:2]%%2) [
return np.dot(w,A)xbma

Code 7.1.8: Clensahw-Curtis: weights and points

def ccl(func, a, b, N):

oo Clenshaw—Curtis _quadrature_rule

Loooby constructing _the_points_and_the_weights
bma = b-a S
c = np.zeros([2,2xN—2]) A —

c[0][0] = 2.0

c[1][1] 1

c[1][—1]= 1

for i in np.arange(2.,N,2):

val = 2.0/(1—pow(i,2))

c[O][i] = val

c[0][2xN—2—i] = val
f = np.real(np. fft.ifft(c)) 71
w = f[0][:N]; w[0] %= 0.5; w[—1] %= 0.5 # weights '

p. 370

18 X = 0.5%((b+a)+(N—1)xbmaxf[1][:N]) # points
19 return np.dot(w, func(x))sxbma

Example 7.1.9 (Error of (hon-composite) quadratures).

Code 7.1.10: important polynomial quadrature rules

1 |from gaussquad import gaussquad

2 |from numpy import

3

4|def numquad(f,a,b,N,mode="equidistant’):

5 """Numerical_quadrature_on_[a,b]_by_polynomial_quadrature
formula

6 | L f_—>_function_to_be_integrated_(handle)

7 | s a,b_—>_integration_interval_[a,b]_(endpoints_included)

8 | L N_—>_Maximal_degree_of_polynomial

9 | e mode_ (equidistant,_Chebychev_=_Clenshaw—Curtis ,_Gauss)_selects_

quadrature_rule

0| s ne

11 # use a dictionary as "switch" statement:

12 guadrule = {’'gauss’:quad_gauss, 'equidistant’:quad_equidistant,
‘chebychev '’ :quad_chebychev}

13 nvals = range(1,N+1); res = []

14 try :

5 for n in nvals:

16 res.append(quadrule [mode. lower () ](f,a,b,n))

17 except KeyError:

18 print "invalid_quadrature_type!"

19 else :

20 return (nvals, res)

2 |def quad_gauss(f,a,b,deg):

3 # get Gauss points for [-1,1]

% [gx,w] = gaussquad(deg);
5 # transform to [a,b]

6 X = 0.5x(b—a)*gx+0.5x%(a+b)
7 y = f(x)

8 return 0.5x%(b—a)xdot(w,y)

0 |def quad_equidistant(f,a,b,deg):
31 p = arange(deg+1.0,0.0,—1.0)

32 w = (power(b,p) — power(a,p))/p

33 X = linspace(a,b,deg+1)

34 y = f(x)

35 # “Quick and dirty” implementation through polynomial interpolation
36 poly = polyfit(x,y,deg)

37 return dot(w, poly)

Num.
Meth.
Phys.
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Num.
Meth.
Phys.
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19 |def quad_chebychev(f,a,b,deg):

10 p = arange(deg+1.0,0.0,—1.0)

1 w = (power(b,p) — power(a,p))/p

12 x = 0.5x(b—a)x*cos((arange(0,deg+1)+0.5)/(deg+1)*xpi)+0.5%(a+b);
13 y = f(x)

14 # “Quick and dirty” implementation through polynomial interpolation

15 poly = polyfit(x,y,deg)

16 return dot(w, poly)

Numerical quadrature of function sart(t)

Numerical quadrature of function 1/(1+(5t)?)

—+— Equidistant Newton-Cotes quadrature]]
—+— Chebyshev quadrature
—+— Gauss quadrature

/
|
1
|
+
4
|quadrature error|
I
5

|quadrature error|

10 ~ e
\ h S \
A\ 10 N
10 10 4 Sk K
*
~ * :\:\\ -

107" A\ 10° M

—+— Equidistant Newton—Cotes quadraturs N oy

—+— Chebyshev quadrature

—+— Gauss quadrature
0™ - - - - ,

0 2 4 8 10 12 14 16 18 20 105 n

6
Number of quadrature nodes 10
a Number of quadrature nodes

quadrature error, f1(1) = quadrature error, fo(t) :== v/t on [0, 1]

H(lw on [0 ]]

Asymptotic behavior of quadrature error ¢, := ‘fol f@t)dt — Qu(f)] for "n — oo™

~
~

O  [exponential convergencel e, ~ O(¢"), 0 < ¢ < 1, for C*°-integrand f; ~+ : Newton-Cotes
quadrature : ¢ ~ (.61, Clenshaw-Curtis quadrature : ¢ ~ 0.40, Gauss-Legendre quadrature :

q~ 027

Num.
Meth.
Phys.

Gradinarn

D-MATH

7.1
p. 373
Num.

Meth.
Phys.

Gradinaru 2,

D-MATH

7.1
p. 374

L7

36

~ Num.

[algebraic convergencel ¢, =~ O(n~%), a > 0, for integrand f5 with singularity at ¢t = 0 ~»

~ Meth.
Newton-Cotes quadrature : o =~ 1.8, Clenshaw-Curtis quadrature : o ~ 2.5, Gauss-Legendre "
quadrature : o == 2.7
Code 7.1.11: tracking errors on quadrature rules
from numquad import numgquad
import matplotlib.pyplot as plt
from numpy import x*
def numquaderrs() :
"""Numerical_quadrature_on_[O0,1]"""
N = 20;

Gradina
plt.figure () P MAT
exact = arctan(5)/5;

f = lambda x: 1./(1+power(5.0x%x,2))

nvals ,eqdres = numquad(f,0,1,N, 'equidistant’)

nvals ,chbres = numquad(f,0,1,N, 'Chebychev’)

nvals ,gaures = numquad(f,0,1,N, 'Gauss’)

plt.semilogy(nvals ,abs(egdres—exact), 'b+—',label="Equidistant_,
Newton—Cotes_quadrature ’)

plt.semilogy(nvals ,abs(chbres—exact), 'm+—", label="Clenshaw—Curtis
_Qquadrature’) el

p. 3

plt.semilogy(nvals,abs(gaures—exact), 'r+—',label="Gauss_, N
quadrature’) e
plt.title ("Numerical_quadrature_of_function__1/(1+(5t)"2)")
plt.xlabel (' f_Number_of_quadrature_nodes’)
plt.ylabel('f_|quadrature_error| ")
plt.legend(loc="lower_left")
plt.show()
# eqdpl = polyfit(nvals,log(abs(eqdres-exact)),1)
# chbpl = polyfit(nvals,log(abs(chbres-exact)),1)
# gaupl = polyfit(nvals,log(abs(gaures-exact)),1)
# plt.savefig("../PICTURES/numquaderrl.eps")
plt.figure () Gradina
exact = array(2./3.); (DR
f = lambda x: sqrt(x)
nvals ,eqdres = numquad(f,0,1,N, 'equidistant’)
nvals ,chbres = numquad(f,0,1,N, 'Chebychev’)
nvals ,gaures = numquad(f,0,1,N, 'Gauss’)
plt.loglog (nvals ,abs(eqdres—exact), 'b+—',label="Equidistant_
Newton—Cotes_quadrature ')
plt.loglog(nvals ,abs(chbres—exact), 'm+—',label="Clenshaw—Curtis_,
quadrature ')
plt.loglog(nvals ,abs(gaures—exact), 'r+—',label="Gauss_ 71
p. 37



Num.
Meth.

quadrature ’)
Phys.

plt.axis([1, 25, 0.000001, 1]);
plt.title ('Numerical_quadrature_of_function_sqrt(t) ")
plt.xlabel (’f_Number_of_quadrature_nodes’)
plt.ylabel(’'f_|quadrature_error|")
plt.legend(loc="lower_left")
plt.show()

# eqdpl = polyfit(nvals,log(abs(eqdres-exact)),1)

# chbpl = polyfit(nvals,log(abs(chbres-exact)),1)

# gaupl = polyfit(nvals,log(abs(gaures-exact)),1)

# plt.savefig("../PICTURES/numquaderr2.eps")

", SIS
Gradinarn

D-MATH

if "_ name__ __main__
numquaderrs ()

\ Equal spacing is a disaster for high-order interpolation and integration !

»=Divide the integration domain in small pieces and use low-order rule on each piece (composite

quadrature) 7.2
=-Take into account the eventual non-smoothness of f when dividing the integration domain p. 377
7.2 Composite Quadrature -
i
With a=zp<z1 < - <ZTpy_1<xTm=2>=
b m ;)
fydt=>" / F(t)dt . (7.2.1)
Ja j=1° Tj-1
Recall (7.1.5): for polynomial quadrature rule and f € C"([a, b]) quadrature error shrinks with n +
1st power of length of integration interval.
P> Reduction of[quadrature error can be achieved by
Gradinaru
» splitting of the integration interval according to (7.2.1)), .
» using the intended quadrature formula on each sub-interval [z ;_1, 2.
Note: Increasse in total no. of f-evaluations incurred, which has to be balanced with the gain in
accuracy to achieve optimal efficiency,
7.2
p. 378

Idea: » Partition integration domain [a, b] by mesh (grid) M = {a = zp < 21 <

Num.

C < T = b} =
» Apply quadrature formulas on sub-intervals I/ = [:L’j,l, l/]j =1,...,m,
and sum up.
[ composite quadrature rule
Note: Here we only consider one and the same quadrature formula (local quadrature formula) applied
on all sub-intervals.
Example 7.2.1 (Simple composite polynomial quadrature rules).
Gradina
Composite trapezoidal rule, cf. (8.6.2) T D-MAT
b 25
. 1/, .
[ #iexie = o~ o f(a)+ 1
a m—1
(.. =
> 3@jer — w1 flag)+
J=1 T
1/,
Q(lm — 1) f(0) . osp
(7.2.2)
o 0 T 2 B . s . 7.2
p. 3
Composite Simpson rule, cf. (7.1.4) e
) i
/f(t)dt =
1 2
sz — o) fla)+ (7.2.3)
m—1 ol
1
5@y — wj1) fzy)+ i
j=1
m o.
2(,. (L. .
s(xj —2j_)f(5lxj +xj-1))+
= ; v T z 5 T g d
1
G('Tm - xmfl>f<b) . Gradina
D-MAT
Formulas (7.2.2), directly suggest efficient implementation with minimal number of f-
evaluations.
<&
Focus: asymptotic behavior of quadrature error for
7.2
h:= max |z;—xj_1|—0
J=1,...m J J p. 38



For fixed local n-point quadrature rule: O(mn) f-evaluations for composite quadrature (“total cost”)

0 Ifmesh equidistant(|xj —xj_1| = h for all j), then total cost for composite numerical quadrature

=0o(hh.

Theorem 7.2.1 (Convergence of composite quadrature formulas).
For a composite quadrature formula () based on a local quadrature formula of lorder p € N
holds

30 > 0: ‘/If(t) dt — Q(f)) <R Vf e CP(I), VM.

(p)
f [

Proof. Apply interpolation error estimate . O

Example 7.2.2 (Quadrature errors for composite quadrature rules).

Composite quadrature rules based on

e trapezoidal rule O local order 2 (exact for linear functions),

e Simpson rule (Z1.4) [ local order 3 (exact for quadratic polynomials)
on equidistant mesh M := {jh ;-”:U, h=1/n,n€N.

Code 7.2.3: composite trapezoidal rule (7.2.2)

def trapezoidal(func,a,b,N):

-

Numerical_quadrature_based_on_trapezoidal_rule
func:_handle_to_y _=_f(X)

w

IS

[T TR TR

5| eeoeond, b _bounds_of_integration_interval

6 | L N+1: number_of_equidistant_quadrature_points
7| wu

8

9 from numpy import linspace, sum

0 # quadrature nodes

1 x = linspace(a,b,N+1); h = x[1]—x[0]

12 # quadrature weights: internal nodes: w=1, boundary nodes: w=0.5
13 I = sum(func(x[1: —=1])) + 0.5%(func(x[0])+func(x[—1]))
14 return |xh

15

6|if _name__ == "__main__":

7 import matplotlib.pyplot as plt

Num.
Meth, '8
Phys.

Gradinaru 30

D-MATH 31

7.2
p. 381
Num.

Meth.
Phys.
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Gradinaru 2
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72 1
p. 382 %2

from scipy import integrate
from numpy import array, linspace, size, log, polyfit

# define a function and an interval:
f = lambda x: Xx%x2
left = 0.0; right = 1.0

# exact integration with scipy.integrate.quad:
exact,e = integrate.quad(f,left,right)
# trapezoid rule for different number of quadrature points
N = linspace(2,101,100)
res = array(N) # preallocate same amount of space as N uses
for i in xrange(size(N)):
res[i] = trapezoidal(f,left ,right ,N[i])
err = abs(res — exact)
#plt.loglog(N,err,0")
#plt.show()

# linear fit to determine convergence order
p = polyfit(log(N),log(err),1)
# output the convergence order

print "convergence_order:",—p[0]

Code 7.2.4: composite Simpson rule (7.2.3)

from numpy import linspace, sum, size

def simpson(func,a,b,N):
Numerical_qguadrature_based_on_Simpson_rule
func:_handle_to_y =_f(x)

a,b: _bounds_of_integration_interval
N+1:_number_of_equidistant_quadrature_points

[T PR TR
[T PR TR
[T TR T
[T PR T TR

AT TR

# ensure that we have an even number of subintervals

if N2 == 1: N = N+1

# quadrature nodes

x = linspace(a,b,N+1); h = x[1]—x[0]

# quadrature weights:

# internal nodes: even: w=2/3, odd: w=4/3

# boundary nodes: w=1/6

I = hksum(func(x[0: —2:2]) + 4xfunc(x[1:—1:2]) +
func(x[2::2]))/3.0

return |

if _name__ == "__main__
import matplotlib.pyplot as plt

Num.
Meth.
Phys.
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3 from scipy import integrate

% from numpy import array, linspace, size, log, polyfit
15]

%6 # define a function and an interval:

7 f = lambda x: 1./(1+(5%X)*%2)

8 left = 0.0; right = 1.0

29

30 # exact integration with scipy.integrate.quad:

31 exact,e = integrate.quad(f,left ,right)

32 # trapezoid rule for different number of quadrature points
33 N = linspace(2,101,100)

34 res = array(N) # preallocate same ammount of space as N uses
35 for i in xrange(size(N)):

36 res[i] = simpson(f,left,right ,N[i])
37 err = abs(res — exact)

38 #plt.loglog(N,err,0’)

39 #plt.show()

10

1 # linear fit to determine convergence order

12 p = polyfit(log(N[—20:]),log(err[—20:]),1)
13 # output the convergence order

14 print "convergence_order:",—p[0]

Num.
Meth.
Phys.

Gradinarn

D-MATH

Note: f nct is supposed to accept vector arguments and return the function value for each vector Num.

component!
0 numerical quadrature of function 1/(1+(5)°) . numerical quadrature of function sqrt(t)
T T 10 T T
—+— trapezoidal rule| —+— trapezoidal rule| -
—+— Simpson rule g —+— Simpson rule -7
-~ o) I - 107 - - - o9 T
---o(Y - g

|quadrature error|
|quadrature error|

10" o o o 10
meshwidth

quadrature error, f1(t) := m on [0, 1] quadrature error, fo(t) :== v/t on [0, 1]

0 107 107 10°
meshwidth

Asymptotic behavior of[quadrature error E(n) := ‘fol f(t)dt — Qn(f)| for meshwidth "h — 0”

0 algebraic convergence E(n) = O(h®) of order a > 0, n = h~!

Phys.

Gradinarn

D-MATH

7.2
p. 386

O  Sufficiently smooth integrand fi: trapezoidal rule — o = 2, Simpson rule — « = 4 1?

g singular integrand fo: « = 3/2 for trapezoidal rule & Simpson rule !

(lack of) smoothness of integrand limits convergence !

Simpson rule: order=47? investigate with MAPLE

> rule := 1/ 3xhx(f(2xh) +4«f (h) +f (0))

> err :=taylor(rule - int(f(x),x=0..2+h), h=0,6);
1 ( 5 3
err .= <% (D(~ D) (O’ +0 (lz(’) L h, 6)
O Simpson rule is of order 4, indeed !

Code 7.2.5: errors of composite trapezoidal and Simpson rule

#!/usr/bin/env python

import
import

numpy as np
matplotlib.pyplot as plt

2w NP

5 |from scipy import integrate
6 [# own integrators:
7|from trapezoidal import trapezoidal
8

9

from simpson import simpson

10 |# integration functions:
ulintegrators = [trapezoidal, simpson]
2 |intNames = ('trapezoidal’, 'simpson’)

14 |# define a few different Ns
5|N = np.linspace(2,201,200)

17 |# define a function...

8|f = lambda x: 1./(1+(5%Xx)*%x2)
19 |#f = lambda x: x**2

0 |# ...and an interval

1|left=0.0; right=1.0

3 |# "exact" integration with scipy function:
4 |exact,e = integrate.quad(f,left ,right ,epsabs=1e—12)

%6 |# our versions
7lerr = []; res = []

Num.
Meth.
Phys.
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g |(for int in integrators: [ b Vb — : N,
) for i in xrange(np.size(N)): [ substitution s = v/#: / VEf(t)dt = / 252 f(s%) |ds . (7.2.4) ™
30 res.append(int(f,left ,right ,N[i])) 0 0 \ '
1 err.append(np.abs(np.array (res)—exact)) Then: Apply quadrature rule to smooth integrand
32 res = [] A
33
u|plt.figure () Example 7.2.7 (Convergence of equidistant trapezoidal rule).
35 |# evaluation
6 |logN=np.log (N) Sometimes there are surprises: convergence of a composite quadrature rule is much better than
7 (for i in xrange(np.size(integrators)): predicted by the order of the local quadrature formula:
38 # linear fit to determine convergence orders
39 p = np.polyfit(logN[—20:],np.log(err[i][—20:]),1) # onlylook at last
B & ;gteenrtrré?: asympiotic! ;‘;‘1';“;: Equidistant trapezoidal rule (order 2), see (7.2.2) E‘;‘;";‘T“
" plt.loglog(N,err[i],’o’, label=intNames[i]) b m—1 b—a
2 # plot linear fitting Ot = T(f) = h (3f(@) + D fkh) +570)) , = (7.2.5)
13 x = np.linspace (min(logN) ,max(logN) ,10) a P m
14 y = np.polyval(p,x)
B plt '.I.Oglto? (n;[)(.)c]a)x;[)(:])),np.exp(y) label="linear,_fit:, Code 7.2.8: equidistant trapezoidal quadrature formula
=" S (= i 1|def trapezoidal(func,a,b,N):
16 # output the convergence order ) e ( 1a.b.N)
7 Pl PeRurE e, reles, o lnlemEs LR =Rl 3| n...Numerical_quadrature_based_on_trapezoidal_rule
B 2y func:_handle_to_y_=_f(x) 7.2
i|plt.xlabel("log(N)"); plt.ylabel("log(err)") p-389 5| . . o a,b:_bounds_of_integration_interval p. 3¢
e e . coooooooN+1: number_of_equidistant_quadrature_points -
I iyt - M 7 " it
: 8
9 from numpy import linspace, sum
10 # quadrature nodes
11 x = linspace(a,b,N+1); h = x[1]—x[0]
O 12 # quadrature weights: internal nodes: w=1, boundary nodes: w=0.5
13 I = sum(func(x[1:—1])) + 0.5%(func(x[0])+func(x[—1]))
Remark 7.2.6 (Removing a singularity by transformation). 14 return Ixh
5
if == " i "
Ex. O lack of smoothness of integrand limits rate of algebraic convergence of composite e _namg_ __maln_._
) 17 import matplotlib.pyplot as plt
quadrature rule for meshwidth & — 0. . A from scipy import integrate .
i from numpy import array, linspace, size, log, polyfit .
20
Idea: recover integral with smooth integrand by “analytic preprocessing” " # define a function and an interval:
2 f = lambda x: x**2
3 left = 0.0; right = 1.0
Here is an example: s
5 # exact integration with scipy.integrate.quad:
b %6 exact,e = integrate.quad(f,left ,right)
For f € C°([0,b]) compute / \/if(t) dt via quadrature rule (— Ex. 7.2.2) 7 # trapezoid rule for different number of quadrature points
JO 79 B N = linspace(2,101,100) 79
. '390 9 res = array (N) # preallocate same amount of space as N uses > '3(




30 for i in xrange(size(N)): -
i res[i] = trapezoidal(f,left,right ,N[i]) Poth. 6
32 err = abs(res — exact) !
13 #plt.loglog(N,err,0") 8
34 #plt.show() Lz
35
36 # linear fit to determine convergence order .
37 p = polyfit(log(N),log(err), 1) 2
18 # output the convergence order B2
39 print "convergence_order:",—p[0] Z
6

1-periodic smooth (analytic) integrand

ft) =

Gradinaru |8
1 D-MATH 19
0<a<l.

V1—asn@2at—1)’ 0

(“exact value of integral”: use T%) 8

Trapezoidal rule quadrature for 1./sqrt(1-a*sin(2*pi*x+1))

72 g
p. 393

Trapezoidal rule quadrature for non-periodic function .
T Num.

Y ——
—

|quadrature error|

-12|| —+—a=0.5

——a=0.9
2=0.95

—+—a=0.99

Meth.
— Phys.

|quadrature error|

0 2 4 6 8 10 12
no. of. quadrature nodes

quadrature error for T}, (f) on [0, 1]

——

14 16 1 ) 10° 10"
no. of. quadrature nodes Gradinaru [0

D-MATH 3

DOl —

quadrature error for T5,(f) on [0,
—_——— 12

lexponential convergence] !!

[merely algebraic convergence]

Code 7.2.9: tracking error of equidistant trapezoidal quadrature formula

1|

2 [import
3|from scipy import
4|from trapezoidal import
s|from numpy import

matplotlib.pyplot as plt
integrate 18

i 19
trapezoidal 79

p. 394

# define the function: (0 <a<1)

f = lambda x: 1./sqgrt(l—ax*xsin(2xpixx+1))
avals = [0.5, 0.9, 0.95, 0.99];

left = 0

# first interval: [0, 0.5]

err = []; right = 0.5

# loop over different values of a:
for a in avals:
# exact integration with scipy.integrate.quad:
exact,e = integrate.quad(f,left,right)
# trapezoid rule for different number of quadrature points
N = linspace(2,50,49)
res = array(N) # preallocate same amount of space as N uses
for i in xrange(size(N)):
res[i] = trapezoidal(f,left ,right ,N[i])
err.append( abs(res — exact) )
plt.figure ()
plt.xlabel('N")
plt.ylabel(’error’)

plt.title (u’'Trapezoidal_rule_quadrature_for_non—periodic _function’)

for i in xrange(size(avals)): plt.loglog(N,err[i], -0’ 6 label="a=_

'+str(avals[i]))

o |(plt.legend(loc="lower_left")

plt.show()
#plt.savefig("../PICTURES/traperr2.eps")

# second interval: [0, 1]
err = []; right =1
# loop over different values of a:
for a in avals:
# exact integration with scipy.integrate.quad:
exact,e = integrate.quad(f,left ,right)
# trapezoid rule for different number of quadrature points
N = linspace(2,50,49)
res = array (N) # preallocate same amount of space as N uses
for i in xrange(size(N)):
res[i] = trapezoidal(f,left ,right ,N[i])
err.append( abs(res — exact) )
plt.figure ()
plt.xlabel ('N")
plt.ylabel('error’)

il

plt.title (r"Trapezoidal_rule_quadrature_for_(1 —a-sin(2rz+1))2 ")

for i in xrange(size(avals)): plt.loglog(N,err[i], '—0o’, label="a=
‘+str(avals[i]))
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o |plt.legend(loc="lower_left")
1| plt.show ()
52 |#plt.savefig("../PICTURES/traperrl.eps")

Explanation:
] if & X
Liyae= {0 TRAD,
: omikt ’ 1 ,ifk=0.
j(t>:6 o - m—1 .
Tn(f) =L 3 Sz 612 )0 ifk g mZ
" iz 1 ,ifkemZ.
=,

Equidistant trapezoidal rule 7}, is exact for trigonometric polynomials of
degree < 2m !

It takes sophisticated tools from complex analysis to conclude exponential convergence for analytic
integrands from the above observation.

<

7.3 Adaptive Quadrature

Example 7.3.1 (Rationale for adaptive quadrature).

Consider composite trapezoidal rule (7.2.2) on mesh M = {a =z < z1 < -+ < Ty, = b}:

Local quadrature error (for f € C’Q([(L b))):

9000

10000 T
80001 n

f(f/):ﬁ*

/ f(t) dt — %(f(flsfl) + j(Tk)> 6000]-

L1 € s000- ‘

70001 H

<z, — l’k'fl)?) f”HLC’C([zk.,l,zk]) : 4000} M

Do not use equidistant mesh ! 3000 M

2000 ‘ ‘
Refine M, where | f”| large ! 1000l I

Makes sense, e.qg., for “spike function” 05

Num.

Num.
Meth.

Meth.

Goal: Equilibrate error contributions of all mesh intervals

Phys. Phys.
Tool: Local a posteriori error estimation
(Estimate contributions of mesh intervals from intermediate results)
Policy: Local mesh refinement
[ Adaptive multigrid quadrature — [14), Sect. 9.7]
Idea: local error estimation by comparing local results of two quadrature formulas
Q1, Q- of different order — local error estimates
heuristics: error(Q2) < error(Q1) = error(Q1) = Q2(f) — Q1(f) -
Gradinaru Gradina
D-MATH Now: Q1= (order2) « Qo= (order 4) D-MAT
Given: mesh M :={a=xp<z) < - <y =0}
O (error estimation)
For I =[x 1,2, k=1,...,m (midpoints p; := %(«Tk—l + 1))
hy, , hy, K
73 ESTy, := |5 (flak—1) +4f(or) + fl2p)) = - (flog—1) + 2f (pr) + fla))] - (7.31) 73
p. 397 Simpson rule trapezoidal rule on split mesh interval p. 3¢
Num. Num.
Meth. Meth.
Phys. Phys.
0 (Termination)
Simpson rule on M = preliminary result /
m
If > EST, <RTOL-I (RTOL := prescribed tolerance) = STOP (7.3.2)
k=1
O (local mesh refinement)

Gradinaru m Gradina
D-MATH . - . 1 1 ~ C D-MAT
A S:={ke{l,...,m}:EST; > - ;ZEST]} . n~09. (7.3.3) DA

st
B newmesh: M"=MU{p;:keS}.
Then continue with step 0 and mesh M «— M*,
Non-optimal recursive implementation:
7.3 Code 7.3.2: h-adaptive numerical quadrature 7.3
p- 398 1 from numpy import x p. A
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=

from scipy import integrate
def adaptquad(f,M, rtol ,abstol):
uuuuuuuu adaptive_quadrature_using_trapezoid_and_simpson_rules
ool Arguments
f handle_to_function _f
M initial_mesh
oo Ttol . relative jtolerance_for_termination

uuuuuuuu abstol__absolute _tolerance_for_termination,_necessary_in_case,
the_exact_integral_value_=_0,_which_renders_a_relative _tolerance,
meaningless.

h = diff (M)
# compute lengths of mesh
intervals
mp = 0.5%( M[: —1]+M[1:] ) # compute
midpoint positions
fx = f(M); fm = f(mp) # evaluate

function at positions and midpoints
trp_loc hx( fx[:—1]+2xfm+fx [1:] )/4
simp_loc= hx( fx[:—1]+4xfm+fx[1:] )/6
I = sum(simp_loc)

# use simpson rule value as intermediate approximation for integral

value
est_loc

# local trapezoid rule
# local simpson rule

abs(simp_loc — trp_loc)
obtained from local composite trapezoidal rule and local simpson rule is used as an
estimate for the local quadrature error.
err_tot = sum(est_loc)
for global error (sum moduli of local error contributions)
# if estimated total error not below relative or absolute threshold, refine mesh
if err_tot > rtolxabs(l) and err_tot > abstol:
refcells = nonzero( est_loc >
0.9xsum(est_loc)/size(est_loc) )[0]
| =
adaptquad (f, sort (append(M,mp[refcells])),rtol ,abstol)

# add midpoints of intervalls with large error contributions,
recurse.

# estimate

return |

’ .

if _name__ == '_ _main__
f = lambda x: exp(6x*sin(2*xpi*x))
#f = lambda x: 1.0/(1e-4+x*x)
M = arange(11.)/10 #0,0.1,..09,1
rtol le—6; abstol le—10
| = adaptquad(f,M, rtol ,abstol)
exact,e = integrate.quad(f,M[0],M[—1])
print ’'adaptquad:’,l, ’'"exact":’',6exact
print ’'error:’,abs(l—exact)
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7.3

# difference of values | p. 401
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7.3
p. 402
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Comments on Code [7.3.11:

e Arguments: f = handle to function f, M= initial mesh, r t ol = relative tolerance for termination,
abst ol = absolute tolerance for termination, necessary in case the exact integral value = 0,
which renders a relative tolerance meaningless.

o line [I3: compute lengths of mesh-intervals [z 1, 7],
e line[14: store positions of midpoints Dy

e line[15: evaluate function (vector arguments!),

e line [16: local composite trapezoidal rule (7.2.2),

o line [17: local simpson rule (7.1.4),

Gradina

g H . . . . . . . D-MAT
o line [18: value obtained from composite simpson rule is used as intermediate approximation for

integral value,

e line[19: difference of values obtained from local composite trapezoidal rule (~ 1) and ocal
simpson rule (~ ()9) is used as an estimate for the local quadrature error.

e line[20: estimate for global error by summing up moduli of local error contributions,
e line 21 terminate, once the estimated total error is below the relative or absolute error threshold,

e line otherwise, add midpoints of mesh intervals with large error contributions according to
to the mesh and continue.

Example 7.3.3 (h-adaptive numerical quadrature).

1
0

adaptive quadrature, Code [7.3.1]

Num.
Meth.
Phys.

» approximate exp(6sin(27t)) dt, initial mesh M = {j/l()}]l-ozo

Algorithm:

Tolerances: rt ol = 1079 abst ol =10=1°
We monitor the distribution of quadrature points during the adaptive quadrature and the true and
estimated quadrature errors. The “exact” value for the integral is computed by composite Simpson
rule on an equidistant mesh with 107 intervals.

Gradina

D-MAT



R i © Nk
107 ¢ 3 Phys. Phys.
’°r’;** i Remark 7.3.4 (Adaptive quadrature in Python).
. 107 ; . A 3
gy v, i sci py.integrate. quad: adaptive multigrid quadrature
ERRE : . = wrapper to the Fortran library G
RN i see help and sci py. i nt egr at e. expl ai n_quad() for details
Wil - i sci py.integrate. quadrature: adaptive Gaussian quadrature
07 ! N E A
T I
quadrature level x no. of quadrature points
Gradinaru Gradina
1 D-MATH Lo A D-MAT
7.4 Multidimensional Quadrature
» approximate /min{exp(G sin(27t)), 100} d¢, initial mesh as above
0
The cases of dimension d = 2 or d = 3 are easely treated by the iteration of the previous quadrature
rules, e.g:
7.3 ; b pd i b Pl 7.4
= T, y)aray = Y )ar
b. 405 L (,y)dzdy ; (y)dy, b, 4
1 . . . . . where
e * estimated eror ] ?’If\tb d 1\71]?:2
| P = [ s e 3wl
* C
ST Jl 1
0°F 4 * 3 . . . . .
g . with the corresponding quadrature rule in the z-direction.
§ o -, ] The integration of F'(y) requires then the quadrature rule in the y-direction:
® 10* +F % ]
E .+ * . ni n9
L ] ~ L2 flel 2
i ] I'~ Z Z w,ilu.lzf((’.n’cm)’
J1=1j2=1
107 . + - *
« B e we w0 w0 o
quadrature level no. of quadrature points We obtain hence the tensor product quadrature:
Gradinaru . - N Gradina
Observation: by iven the 1-dimensional quadrature rules | MaT

k k)
w? ,ck k=1,...,d,
< eIk ) 1< <ny, ’

» Adaptive quadrature locally decreases meshwidth where integrand features variations or kinks. . . . . .
the d-dimensional integral is approximated by

s Trend for estimated error mirrors behavior of true error.

ni ng
» Overestimation may be due to taking the modulus in I'~ Z Z Wy, Jd @ . 7(led)~
a=l jg=1

However, the important information we want to glean from EST}. is about the distribution of the

7.3 . _di i i i i i 74
quadrature error. 106 @ Drawback: the number of d-dimensional quadrature points /N increases exponentially with
p

dimension d: with n quadrature points in each direction, we have N = nd quadrature points! P 40
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O Note: the convergence speed depends essentially on the dimension and smoothness of the func-
tion to integrate: O(N~"/%) for a function f € C".

7.4.1 Quadrature on Classical Sparse Grids

Consider first a quadrature formula in 1-dimension:

b Gradinaru
I'= / f(z)dz =~ erz(f) D-MATH
Ja
Increasing the number of points used by the quadrature is expected to improve the result:
Qi#l(f) — QL (f) is expected to decrease. Here a simple example using the trapezoidal rule:
fla) + f(b)
Ti(f,a.b) = ==5—=(b —a),
and let us denote the error by
b
Sifa.b) = [ fa)ds = Tifa) 4
a p. 409

which describe in Figure [7.4.1] the area uncovered by the first trapez 7. Here we used only the .
values f(a) and f(b). Clearly, the approximation is quite bad. We may improve it by using two e
shorter trapezes, i.e. using f((a -+ b)/2) as supplementary information:
fla)+ fla+b)/2)  flla+b)/2)+f(b)

2 2 '

TZ(.f7 a, b) =

Clearly, both terms in the last sum are large.

However, we may improve the quadrature just by adding the information we gain by using the new
function value f(a + b)/2. We only add to 77 the value of the area of the triangle D; sitting on the
top of the trapez 77:

Gradinaru
TQ(.f7 a, b) = Tl(.fﬁ a, b) + Dl(fa a, b)v - A
with
b i ‘(0)\ b— b—
Dilfat) = (1050 - L TO) 2ty a3

We call here g;(f,a,b) = f(“T*b) *w the hierarchical surplus of the function f on the interval
[a,D]. The error is then the sum of the area of the triangle D and the two smaller parts S{ and Si’:
a+ b> .a+b

Sl(f,(l,b) = D] (.f7 a, b) + Sl(fvavT + Sl(.fv

,b). 7.4
p. 410

AW

/a1

a+b
; b

a

We expect to have smaller errors Si and S! and hence smaller hierarchical surpluses when we
repeat the procedure.

Let us focus on the interval [0, 1], which we divide in 2! sub-intervals 47 kz—f fork=0,1,...,20 — L.
We call ¢ level and consider Q} a simple quadrature formula on eact; interval. Typical examples are
the tapezoidal rule and the midpoint rule. The Clenshaw-Curtis rule and Gaussian rules are of the
same flavour, but they spread the quadrature points non-uniformly.

The procedure described previously may be formulated as a simple telescopic sum of the details at
each level:

Qbf = QU +(QLf — Q4N +(Q3f = Q1IN +... +(Q)f — Ql_yS)
= QU+ AL +03f+ ...+ A

As long as we remain in 1-dimension, there is no gain in this reformulation. Things change funda-
mentally when going to d dimensions.

The tensor-product quadrature for the levels £ = ({1,...,{;) is

Qf = Qp®...9Q,
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A‘rl AN(Z 1 d 1 d Num.

_ ol @ flaL / Metl.

= Z...Zuﬂ‘..wjd (CJ17.H,CJ{I) Phys.
n=lL  Jjg=1
d

_ 1 1

- Z Z (Akl@”'@Akd) f
]:l lng§€J

In the case of an isotropic grid £ = (¢, ..., () we denote
d
d_ 1 1 _ 1 1
Ql=>"> (AM@...@Akd)ff > (AM@---@A@) f.
J=11<k;<t [k|so<t
Gradinaru

Idea: In the case that f is a smooth function, many of the details >M™

(A}ﬁ Q... Ai() f are so small that they may be neglected.
The classical sparse grid quadrature (Smolyak) rule is defined by

str= % (ahe..eal)r

k| <l+d—1
One can prove the combinations formula:
dy_ _ylrd—kp-1f d=1 < 1 1 > i
(<[k|y<l+d—1 p. 413
which is used in the practical parallel implementations. .
Meth.
Phys.

The sparse grid is then the grid formed by the reunion of the anisotropic full grids used in the com-
binations formula. Its cardinality is N = O(2(¢7~1) which is much less than O(2%) of the full grid.

The error of the classical sparse grid quadrature is O <N‘r log(dfl)(”l)(]\‘ )) for f of a certain
smoothness 7.

Figure 7.1: Sparse Grids based on midpoint rule and on open Clenshaw-Curtis rule

Gradinaru
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The Clenshaw-Curtis rule on a full grid in d = 3 dimensions at level n = 6 needs 274625 function ~ 74
evaluations and executes in about 6.6 seconds on my laptop to run. The same quadrature rule on P- 414

the sparse grid of the same level n = 6 needs only 3120 function evaluations and executes in about
ANum.
Meth.

0.1 seconds. The error in the full grid case is 1.5 - 10~° and in the sparse grid case 1.5 - 1070 for the Phys.
function f(x) = (1+1/d)%(z1 - ... zg)Y/2

The same example in d = 4 dimensions requires in the full grid case about 17.8 millions function
evaluations with error 3.3 - 107° and runs in 426 seconds, while the sparse gird algorithms needs
9065 function evaluations and runs in 0.3 seconds with error 8 - 1070,

The parallel code needs for d = 10 dimensions at level n = 6 only 33 seconds and produce an error
about 3 - 107°. The combinations formula contains a sum with 3003 terms in this case.

Gradina
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7.5 Monte-Carlo Quadrature
Monte-Carlo integration: instead of step-functions as quadrature,
1 N
1= t)ydt ~ h t;
Jy S0 =R 3 g .
- p. 41

where t; = (i — $)h, h = % the {f(t;)} may be reordered in any way. In particular, we can order ..
them randomly: ettt

1

L
= dt ~ — ;
LR DL

where t; € (0, 1) are uniformly distributed and sampled from a random number generator . A little
more generally,

’ LN
1= A f@)dt =|b—al|(f) ~|b— a‘f;ﬂh)

wheret; = a+ (b—a)- RNG (rand e.g.).

Gradina
D-MAT
Each Monte-Carlo Method needs:

« a domain for the “experiment”: here [0, 1]

e generated random numbers : here t;

e a deterministic computation: here |b — a\% z\il f(t)

e a representation of the result: here P(I € [Iy — oy, Iy + oy]]) = 0.683

7.5

p. 41



Random variables and statistics are not subject of this lecture.

Essential: good RNG: fullfill statistical tests and is deterministic (reproductible).

Uniform RNG: Mersene-Twister (actual in python and Matlab), better is Marsaglia (C-MWC), best is
WELL (2006); SPRNG (Masagni) is especially suited to large-scale parallel Monte Carlo applications.

Normal RNG: Box-Muller improved by Marsaglia, better is Ziggurat-method of Marsaglia (1998)

Note: methods based on the inversion of the distribution function resides offen on badly-conditioned

zero solvers and hence have to be avoided.

What is really important is the statistical error, in d-dimensions,

error = —4_.

VN
The constant k; = +/variance.

Note the different meaning of this error: it is now of a probabilistic nature: 68.3% of the time, the

estimate is within one standard deviation of the correct answer.

The method is very general. For example, A C R,

(/;f<x>dx1dx2~-~dXdﬂz\fu<f>

where |A| is the volume of region A.

‘ The error is always o< N2 independetly on the ‘

dimension d !

But k; can be reduced significantly. Two such methods: antithetic variates & control variates. An

example,

1 B —xcost
Ip(x) = — A e dt .

™

Iy(x) is a modified Bessel function of order zero.

Code 7.5.1: Plain Monte-Carlo
_Computes_integral
L10(1) =_(1/pi)_ int(z=0..pi)__exp(—cos(z)) _dz_by_raw _MC.
_Abramowitz_and_Stegun_give _10(1)_=.1.266066

N o g A~ W N R

import numpy as np

Num. 8 Import time
Meth.
Phys.

o|tl = time.time ()

2|M = 100 # number of times we run our MC inetgration
3lasval = 1.266065878

4lex = np.zeros (M)

5|print 'A_and_S_tables: __10(1)_=_’,asval

6 |print ’'sample_ . ...._variance__ . . ... MC_I10_val’
7 print —— L

8|k = 5 # how many experiments

9|N = 10**np.arange(1,k+1)

olv =[] e =[]

’

g'::";: 1 (for noin N:
2 for m in xrange (M) :
3 X = np.random.rand(n) # sample
2 X = np.exp(np.cos(—np.pi*xx))
5 ex[m] = sum(x)/n # quadrature
%6 ev = sum(ex) /M
7 vex = np.dot(ex,ex)/M
8 Vex —= ev**2
9 v += [vex]; e += [ev]

75 ¥ print n, vex, ev
p. 417t

n 212 = time.time ()
um.
Pl gt = t2—tl

5 | print " Serial_calculation_completed, time_=_%s_s" % t

0 General Principle of Monte Carlo: If, at any point of a Monte Carlo calculation, we can replace
an estimate by an exact value, we shall replace an estimate by an exact value, we shall reduce

the sampling error in the final result.

O Mark Kac: “You use Monte Carlo until you understand the problem."

Gradinaru - Antithetic variates : usually only 1-D. Estimator for

D-MATH
I=1,+1
where
N LN
Io=~04,= N Z f[a](-L/) and [ =0, = NZf[b](l/)
i=1 i=1
so the variance is
75 Varg, = (6 + 0, — 1)%)

p. 418 = {(0a — 10)*) + (0 — I,)*) +2((0a — 1) (B, — 1))

+
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= Varg + Vary, + 2Cov,,

If Covyy, = (0 — 1a)(0, — Iy)) < 0 (negatively correlated), Var,, is reduced.

Our example: break the integral into two pieces 0 < z < 7/2 and x + /2. The new integrand is

Sin(@) 4 e=cos() for ) < 2 < /2, and strictly monotone .
I(l) ~ I+ 1

N
1 sin g /2 sin (1 2
= S /2 s m(l—u;)/
v
=1
+e*oos¢ru7-/2+ef(tos7r(17u7-)/2'

Code 7.5.2: Antitetic Variates Monte-Carlo

_Computes_integral

L10(1) =.(1/pi)_ int(z=0..pi)__exp(—cos(z)) dz
_by__antithetic_variates.
_The_resulting_integrand_is
Lexp(sin(x))_+_exp(—cos(x)),_which_is_monotone

_can_be_used.

[} [e¢] ~ [} (4,1 Sy w N =
s
D
L
w
o
=
C
-
0
[0}
C
i
Q
>
«
(]
L
>
5
o
o
N
>
N
©
2.
N
L
Q
>
o
L
o
c
N
N
x
N
©

0 |_Abramowitz_and_Stegun_give_10(1)_=_1.266066

3|/import numpy as np

5|M = 100 # number of times we run our MC inetgration
6|asval = 1.266065878

7|ex = np.zeros(M)

8|print 'A_and_S_tables:__10(1)_=_',asval

o |print ’'sample_ . . ... variance_ ... _MC_I0_val’
0| print LG s
1 |k = 5 # how many experiments

2 |N = 10%xnp.arange(1l,k+1)

BV =[] e=[]

4 |pi2 = 0.5%np. pi

s [ for n in N:

6 for m in xrange (M) :

7 up = pi2*np.random.rand(n) # sample

8 dn = pi2—up

9 X = np.exp(np.sin(up)) + np.exp(np.sin(dn))

30 X += np.exp(np.cos(—up)) + np.exp(—np.cos(dn))
31 ex[m] = 0.25%sum(x)/n # quadrature

32 ev = sum(ex) /M

33 vex = np.dot(ex,ex)/M

34

Num.
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Vex —= evxx2
v += [vex]; e += [ev]
print n, vex, ev

Control variates Integral

can be re-written

Gradinaru

D-MATH

Pick ¢:

o ¢(u) ~ g(u) is nearby, and

oly= /gb(u)du is known.

75 Variance is reduced if

p. 421

var(f — ¢) < var(f)

To see how it works, our problem
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ft) = efcos(ﬂ't)

1 — cos(mt) + %(cos(mﬁ))Q + ...

¢(t) = first three terms

Code 7.5.3: Control Variates Monte-Carlo

_Computes_integral

L10(1) =_(1/pi)_ int(z=0..pi)__exp(—cos(z))_dz
_by_.control_variate._The_splitting_is

_<.exp(—cos)_>_. =_<.exp(—cos)_—._phi_>_+_int(0..pi)_phi_dz
_where_phi_=_1 + cos_—_(1/2)xcosxcos_is_the_control.

_The_exact_integral_of_the_control
.int(z=0..pi)_(1_+_cos_—_(1/2)*cosxcos) _dz_=,1.25.
_Abramowitz_and_Stegun_give _10(1)_=1.266066

import numpy as np

M = 100 # number of times we run our MC inetgration
asval = 1.266065878
ex = np.zeros(M)

Num.
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7 |print 'A_and_S_tables:__10(1)_=_',asval

8 |print ’'sample variance_ . . ... MC_10_val’
o|print —_—
0 |k = 5 #how many experiments

1[N = 10%xnp.arange(1l,k+1)

2\v = []; e =[]

3 (for n in N:

[ATET T

[T [T

2 for m in xrange (M) :

5 X = np.pikxnp.random.rand(n) # sample

6 ctv = np.exp(—np.cos(x)) — 1. + np.cos(x) —
0.5%xnp.cos(x)*np.cos(x)

7 ex[m] = 1.25 + sum(ctv)/n # quadrature

8 ev = sum(ex) /M

9 vex = np.dot(ex,ex)/M

30 vex —= ev#x2

31 v += [vex]; e += [ev]

32 print n, vex, ev

Importance Sampling

Idea: Concentrate the distribution of the sample points in the parts of the interval that are of most
importance instead of spreading them out evenly.

Importance Sampling:

— ! x)dr = 1& r)dr = lm T
9_/0 f(,,)d,,_/o g(x)g(.,)d,,—/o 096 @),

where g and G satisfy

T 1
6= [ owan. G = [ gway-1.
and G/(z) is a distribution function. Variance

1 ¢
730~ [ ()/alo) = 070G La)

How to select a good sampling function?

How about ¢ = ¢f? g must be simple enough for us to know its integral theoretically.

Example 7.5.4. fol flz)dx with f(z) = 1/y/x(1 — ) has singularities at x = 0, 1. General trick:
isolate them!

1 1 'L
g(z) = N + Wi = | h(x)dG(z)

with
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and dG(zx) will be sampled as

u = rand(N)

v = rand(N)

X = uxu

w = wher e(v>0.5)

x[wl =1 - x[wi

Code 7.5.5: Importance Sampling Monte-Carlo

1|from scipy import where, sqrt, arange, array
2 |from numpy.random import rand
3|from time import time
4
5 |from scipy.integrate import quad
6|f = lambda x: 1/sqrt(xx(1—x))
7|print 'quad(f,0,1)_=_', quad(f,0,1)
8
o|/func = lambda x: 4./(sqrt(x)+sqrt(l—x))

D-MATH ~

7.5
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def exotic(N):

u = rand(N)

v = rand(N)

X = Uxu

w = where(v>0.5)

x[w] =1 — x[w]
return x

def ismcquad():

k = 5 # how many experiments
N = 10xxarange(1,k+1)
ex = []
for n in N:
X = exotic(n) # sample
x = func(x)
ex += [x.sum()/n] # quadrature
return ex
def mcquad() :

k = 5 # how many experiments
N = 10xxarange(1,k+1)
ex = []
for n in N:
x = rand(n) # sample
x = f(x)
ex += [x.sum()/n] # quadrature
return ex
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39M = 100 # number of times we run our MC inetgration

nitl = time ()

2|results = []
13|for m in xrange(M):
14 results += [ismcquad() ]

6(t2 = time ()
it = t2—t1

o |print "ISMC_Serial_calculation_completed, _time_=%s_s" % t

s1]ex = array(results)

2|ev = ex.sum(axis=0)/M

3|vex = (exx*2).sum(axis=0)/M
4 |VexX = vex — evkx2

5 | print ev[—1]

6 | print  vex

8 [tl = time ()

9 |results = []

0 for m in xrange (M) :

51 results += [mcquad() ]

312 = time ()
it = t2—t1

6 |print "MC_Serial_calculation_completed, time_= %s_s" % t

8 |ex = array(results)

9 |ev = ex.sum(axis=0)/M

0|vex = (exxx2).sum(axis=0)/M
njvex = vex — evxx2

2 |print ev[—1]

3print vex

. Compare with the analytical computed value.

7.6 Essential Skills Learned in Chapter 7 [

You should know:

e several (compozite) polynomial quadrature formulas with their convergence order

B e what is special about the trapezoidal rule
um.
Meth.

Phys. e Gaussian quadrature rules
e how to compute a high-dimensional integral
e particularities of Monte-Carlo integration

e how to reduce the variance in Monte-Carlo integration
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8 Single Step Methods

8.1 Initial value problems (IVP) for ODEs

Some grasp of the meaning and theory of ordinary differential equations (ODES) is indispensable for

understanding the construction and properties of numerical methods. Relevant information can be

found in [52, Sect. 5.6, 5.7, 6.5]. Gradinaru

D-MATH

Example 8.1.1 (Growth with limited resources). [1} Sect. 1.1]

y:[0,T] — R: bacterial population density as a function of time

Model: [autonomousg/logistic differential equations

y=[fly):=(a=Pyy (811) 381
p. 433
0 Notation (Newton): dot = (total) derivative with respect to time ¢ e
Phys.
» y = population density, [y] = #
2

» growth rate oz — [y with growth coefficients o, 6 > 0, [a] = % [3] = - decreases due to

more fierce competition as population density increases.
Note: we can only compute a solution of (8.1.3), when provided with an initial value y(0).
The logisitc differential equation arises in autocatalytic reactions (as in haloform reaction, tin pest,

. . . . A . . . Gradinaru
binding of oxygen by hemoglobin or the spontaneous degradation of aspirin into salicylic acid and —
acetic acid, causing very old aspirin in sealed containers to smell mildly of vinegar):

A+ B — 2B withrater = kcacp (8.1.2)
As ¢y = —randcég = —r+2r = rwe have that c4 + cg = c4(0) + ¢g(0) = D is constant and
we get two decoupled equations 8.1
éa=—k(D —ca)ca (8.13) b 434

¢g= k(D —cp)cp (8.14)
Meth.
which are of the form of with 3 = k, a = kD for the element Band 3 = —k, « = —kD for '
the element A.
151
\ By separation of variables
O solution of
for y(0) = yo > 0
Yo
= y(t) = - - , 8.1.5
(e Byo + (a = Byp) exp(—at) 819
05l forallt € R
Gradina
D-MAT
- f'(y*) = 0 for y* € {0,/8}, which are the sta-
- ‘ tionary points for the ODE Ify(0) = y* the
O0 0.5 1 S . c g a
t solution will be constant in time.
Solution for different y(0) («, 3 = 5) o
Example 8.1.2 (Predator-prey model). [1, Sect. 1.1] & [27, Sect. 1.1.1] initially proposed by Alfred
J. Lotka in “The theory of autocatalytic chemical reactions” in 1910
8.1
p. 4

Predators and prey coexist in an ecosystem. Without predators the population of prey would be Yum.
governed by a simple exponential growth law. However, the growth rate of prey will decrease with =
increasing numbers of predators and, eventually, become negative. Similar considerations apply to

the predator population and lead to an ODE model.

Model: [autonomous Lotka-Volterra ODE:
= (a—fo)u o ) _(u [ (a—po)u
v = (0u—7)v y=fly) with y= v)’ fly) = (ou—~y)v )~ (8.1.6)
population sizes: — Gradina
. - - D-MAT!
u(t) — no. of prey at time ¢, -
v(t) — no. of predators at time ¢ 4
vector field f for Lotka-Volterra ODE S Y \x \]
‘ / /
Solution curves are trajectories of particles carried ] . i
along by velocity field f. | ) - 8.1

p. 4:


http://mathworld.wolfram.com/LogisticEquation.html

Parameter values for Fig. 70 a« =2,/ =1,0 =1,y =1

Solution (zg;) foryg = (ZES;) = (%)

Parameter values for Figs. 72,71t o = 1,6 =1, =1,y =2

<

Example 8.1.3 (Bimolecular Reaction).

‘ ko
'\ Reacton: A+B_ ,C+D.
k1

) with reaction constants k| (“forwards”), ko (“back-
(lllls
wards”), [k] = ko] =

mols”

(8.1.7)

/\‘

Rule of thumb:

Speed of a bimolecular reaction is proportional to the product of the concentrations
of each component:

= for BL7): ¢4 =c¢p=—¢cc=—cp=—kicacp+ kaccep . (8.1.8)
€A, CB, COs cp = (time dependent) concentrations of components, [cx]| = % O cx(t) >0;vt
.18 = ordinary differential equation (??) with

ca(t) 1
_ | eB®) —( - 1
y(t) = oty | f(t,y) = (ke + kayzys) |
CD(t> —1
) d
[ Conservation of mass: pr (ca(t) +cp(t) + co(t) +cp(t) =0 o

Example 8.1.4 (Oregonator-Reaction).

gxl'é‘fi.'
Special case of a time-dependent oscillation Zhabotinski-Belousov-Reaction [21]:
BrO3 +Br~ + HBrO9
HBrOs + Br~ — Org
Br03_ + HBrOg — 2HBrOy + Ce(IV) (8.1.9)
2HBrOy +— Org
Ce(IlV) — Br™
—_—
=c(Br03): 91 = kv — ksyys
g y2 = c(Br ) Yo = —kiyiya — kayoys + ksys
- y3 := c(HBrO9): 93 = kiy1yo — k9y2y3 + kgy1ys — 2kay3
ya = c(Org): i1 = koyoys + kg3 |

Y5 = c(Ce(IV)): g5 =
with (dimensionless) reaction constants:

ksy1ys — /fsyo ;

k=134, ko=16-10", k3 =8.0-10°, ky=4.0-10", k;y=1.0.

[

Periodical chemical reaction [ Video 1|, Video 2

8.1  simulation with initial values y1(0) = 0.06, y2(0) = 0.33- 1076, y3
P- 437 ys(0) = 0.24- 1077

(0) = 0.501 - 10710

Concentration of Br~ Concentration of HBrO2

Mo - - - - T : . . - 10

10

107

c(t)

10
g 10
Gradinaru 10° : ; J J
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0 0 Zb 4‘0 6‘0 8‘0 1(‘)0 1%0 11‘30 1(;0 l‘ﬁﬂ 200 107“0 2‘0 4‘0 6‘0 8‘0 160 1‘20 14‘;0 1250 1s‘m 200
t t o
Abstract mathematical description:
8.1
p. 438

y4(0) = 0.03,
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http://www.scholarpedia.org/article/Oregonator
http://www.scholarpedia.org/article/Belousov-Zhabotinsky_reaction
http://www.rose-hulman.edu/mathjournal/archives/2002/vol3-n1/paper1/v3n1-1pd.pdf
http://www.youtube.com/watch?v=g3JbDybzYqk
http://www.youtube.com/watch?v=istdeH_ceRU

Initial value problem (IVP) for first-order ordinary differential equation (ODE): (— [52,

Sect. 5.6])

y=1ty) , ylto)=yo0- (8.1.11)

s f:IxD—RIZ right hand side (r.h.s.) (d € N), given in procedural form
function v = f(t,y).

s [ C R=(time)interval < “time variable” t

s DC RY = state space/phase space <« “state variable”y (ger.: Zustandsraum)

s :=1 x D = extended state space (of tupels (¢,y))

s to=initial time, y( = initial state [ initial conditions

Terminology: f = f(y), r.h.s. does not dependontime O y = f(y) is autonomous ODE

For autonomous ODEs: s [ = Randrh.s. y — f(y) can be regarded as stationary vector

field (velocity field)
s ift+ y(t)issolution = foranyr € R¢— y(t+ 7)is solution,

too.
= initial time irrelevant:  cannnical chnice 10 = ()

Note: autonomous ODEs naturally arise when modeling time-invariant systems/phenomena. All un. 0

examples above led to autonomous ODEs.
Remark 8.1.5 (Conversion into autonomous ODE).
Idea:

include time as an extra d + 1-st component of an extended state vector.

This solution component has to grow linearly < temporal derivative = 1

at) = (W) = (7)) vty o a-s). s = (7).

A
Remark 8.1.6 (From higher order ODEs to first order systems).
Ordinary differential equation of order n € N:
y" =f(t,y.y.....y"Y) (8.1.12)
0 Notation: superscript (") = -th temporal derivative ¢

- O Conversion into 1st-order ODE (system of size nd)

Num.
Meth.

Meth.

Phys. . Phys.
Y<t> Z] %2
y(l)<t) Z) dn . %
z(t) = : =17 eR™ — z=g(z), gz = :
(n—1) z “n
y () " f(t,z1,..., Zp,)
(8.1.13)
Note: n initial values y (tg), y(tp), - - - ,y("*w(to) required!
A
Gradinaru Gradina
D-MATH | Basic assumption: right handside f : I x D +— RY locally Lipschitz continuous in y D-MAT
Definition 8.1.1 (Lipschitz continuous function). (— [52, Def. 4.1.4])
£f:Q—Rls Lipschitz continuous (in the second argument), if
L >0: [f(t,w) —£(t,2)] < Llw—z| V(t,w),(y2) Q.
8.1 8.1
p. 441 | Definition 8.1.2 (Local Lipschitz continuity). (— [52, Def. 4.1.5]) p. 44
o Notation: Dyf = derivative of f w.r.t. state variable (= Jacobian € R4 1) %‘éﬁ’f{.
ys. iy
A simple criterion for local Lipschitz continuity:
Lemma 8.1.3 (Criterion for [[ocal Liptschitz continuity).
If £ and Dyf are continuous on the extended state space (), then f is locally Lipschitz
continuous(— Def. [8.1.2).
Gradinaru Gradina
D-MATH D-MAT
Theorem 8.1.4 (Theorem of Peano & Picard-Lindeldf). [1, Satz 11(7.6)], [52, Satz 6.5.1]
ff: Q0 — Rlis locally Lipschitz continuous (— Def. then for all initial conditions
(to,yo) € € the IVP has a solution y € Cl(J(tU,y[))JRd) with maximal (temporal)
domain of definition J (¢, yo) C R.
Remark 8.1.7 (Domain of definition of solutions of IVPS).
8.1 8.1

> Solutions of an IVP have an intrinsic maximal domain of definition n
p. p.




! domain of definition/domain of existence J (%, y() usually depends on (g, yg) !

Terminology: if J(tp,yo) =1 0O solutiony :[+— R< is global.

Notation: for ODE we always have ¢ = 0, therefore write .J(yg) := J(0,y().

In light of Rem. and Thm.[8.1.4: we consider only

{y =fly) , y(0)= YU} :
with locally Lipschitz continuous (— Def. [8.1.2) right hand side f .

AUfonomous IVP: (8.1.14)

Assumption 8.1.5 (Global solutions).
All solutions of (8.1.14) are[global: J(y() =R forally, € D.

Change of perspective: fix “time of interest” ¢ € R\ {0}

D — D
O mapping &' : , t+ y(t) solution of IVP ,
pping {yo — () y(t) ®.114)

is well-defined mapping of the state space into itself, by Thm. and Ass.

Now, we may also let ¢ vary, which spawns a family of mappings {@t} of the state space into itself.
However, it can also be viewed as a mapping with two arguments, a time ¢ and an initial state value

yo!

Definition 8.1.6 (Evolution operator).
Under Assumption [8.1.5 the mapping
P - { RxD — D
" (tyo) = @y =y()
where t — y(t) € C1(R, RY) is the unique (global) solution of the IVP y = f(y), y(0) = yo, is
the evolution operator for the ODE y = f(y).

H
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Note: t+— By describes the solution of y = f(y) for y(0) = yy (a trajectory) gll‘;‘.?ﬁ_
Remark 8.1.8 (Group property of autonomous evolutions).
Under Assumption the gives rise to a group of mappings D — D:
Do =@t | dlod® =Id VieR. (8.1.15)
This is a consequence of the uniqueness theorem Thm.[8.1.4. Itis also intuitive: following an evolution
up to time ¢ and then for some more time s leads us to the same final state as observing it for the
whole time s + ¢.
A
Gradina
D-MAT
8.2 Euler methods
Targeted: initial value problem (8.1.11]
. 8.2
y=~£(ty) , ylo)=yo- CERE
p. 44
Sought: approximate solution of (8.1.11) on [ty, 7] up to final time T # ¢, e
Phys.
However, the solution of an initial value problem is a function J(tg, yq) — R% and requires a suitable
approximate representation. We postpone this issue here and first study a geometric approach to
numerical integration.
numerical integration = approximate solution of initial value problems for ODEs
(Please distinguish from “numerical quadrature”, see Ch.[7.)
Gradina
D-MAT
Idea: O timestepping: successive approximation of evolution on small intervals
1, til, k=1,... Nty =T,
O approximation of solution on [¢;,_1, ¢;] by tangent curve to current initial
condition.
8.2
p. 44



Y1
y —~——
y(t) explicit Euler method (Euler 1768)
Yo . -
<1 First step of explicit Euler method (d = 1):
Slope of tangent = f (o, yo)
t
Ti } y1 serves as initial value for next step!
20l '1
Example 8.2.1 (Visualization of explicit Euler method).
Gradinaru
D-MATH
8.2
p. 449
o
Iys.
IVP for Riccati differential equation], see Ex. ?? Z/’ / / / / /
g=yf+ 12 en s S ST /
Here: y)= %, tg=0,T=1, > 12/ / / / / /
— = “Euler polygon” for uniform timestep h = 0.2
POl P I N Ny 4
— = tangent field of Riccati ODEl i o yd
040-//0‘:/ 0‘4 06 D( / 1‘2
‘ <> Gradinaru
D-MATH
Formula:  explicit Euler method generates a sequence (yk)?;(, by the recursion
Yit1 =Yk + hpf(tpyg), k=0,....N-1 | (821)
with local (size of) timestep (stepsize) hy = tj1 — t -
Remark 8.2.2 (Explicit Euler method as difference scheme). 8.2

p. 450

by approximating derivative (% by forward difference quotient on a (temporal) mesh M = .
. Meth.

{to.t1, -tk P

. . Yik+1 — Yk

y = f(t,y) S =

U

(8.2.2)

Jsyp(te), k=0,...

>

Difference schemes follow a simple policy for the discretization of differential equations: replace all
derivatives by difference quotients connecting solution values on a set of discrete points (the mesh).

A

Why forward difference quotient and not backward difference quotient? Let's try!

Gradina

D-MAT

On (temporal) mesh M := {¢(, t1,...,tx} we obtain

y=flty) «— y"%{y’f = f( LN —1. (8.2.3)

b1, Yh(tgy1)) , B=0,...

\ . .
Backward difference quotient

This leads to another simple timestepping scheme analoguous to (8.2.1)):

Vi1 =Yk + il yee), k=0, ,N—1 (8.24) | 4

with local fimestep (stepsize)] hy, ==ty 1 — t -
= implicit Euler method

Num.
Meth.
Phys.

Note: requires solving of a (possibly non-linear) system of equations to obtain y;, | !

(O Terminology “implicit”)

Remark 8.2.3 (Feasibility of implicit Euler timestepping).

Consider and assume continuously differentiable right hand side: f €

Cl(D,RY).
Gradina
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8.2.4) < h-dependent non-linear system of equations:

Yit1 = Yk + hef (i1, Yir)) & Gl ygr) =0 with G(h,z) =z — hf(z) -y .
Partial derivative:
dG
dz.
Implicit function theorem: for sufficiently small |k| the equation G(h,z) = 0 defines a continuous
function z = z(h).

(0,z) =1

8.2
p. 4



How to interpret the sequence (yk,);f:o from (8.2.1)?

By “geometric insight” we expect: Vi~ y(tr)

(Throughout, we use the notation y () for the exact solution of an IVP.)

If we are merely interested in the final state y(7’), then the explicit Euler method will give us the

answer yy.

If we are interested in an approximate solution y;,(¢) A~ y(t) as a function [ty, ] — R, we have to

do
post-processing = reconstruction of a function from y, £ =0, ..., N
Technique: interpolation, see Ch.

Simplest option: piecewise linear interpolation (— Sect. ??)

Abstract single step methods

Recall Euler methods for aufonomous ODE  y = f(y):

explicit Euler:  yi..1 =y + hif(yr) ,
implicit Euler:  yii1: Y1 =Yk + pf (Vi) -
Both formulas provide a mapping
(Y& bie) = ¥ (R, yE) = Yg1 -
Recall the interpretation of the y;. as approximations of y (¢ ):
@(h,y)~ o'y
where ® is the [evolution operator (— Def. fory = f(y).

The Euler methods provide approximations for evolution operator for ODEs

[0 Euler polygon, see Fig. [77l

A Num.

Num. U In a sense, a single step method defined through its associated discrete evolution does not Num.

Meth.

This is what every single step method does: it tries to approximate the evolution operator ® for an A

ODE by a mapping of the type (8.2.5).
O mapping ¥ from is called discrete evolution.

Vice versa: a mapping ¥ as in defines a single step method.

[ approximate and initial value problem, but tries to approximate an ODE. e
Definition 8.2.1 (Single step method (for ODE)).
Given a discrete evolution ¥ : QO C R x D — RY, an initial state Y0, and a temporal mesh
M = {ty <t] <--- <ty =T} the recursion
Yiv1 = ‘I’(t]hq - tk‘?Yk) s k= 0, ey N -1 5 (8.2.7)
defines a single step method (SSM, ger.: Einschrittverfahren) for the autonomousVPly = f(y),
Gradinaru y(()) =y Gradina
D-MATH D-MAT
Procedural view of discrete evolutions:
‘llhy «—— function yl = esvstep(h,y0) .
(function yl = esvstep( rhs, h,y0) )
8.2 8.2
p. 453 p. 4
121}'2-‘1'1'1 O Notation: W'y := W(h,y) sxl‘é‘fﬁ
Concept of single step method according to Def. can be generalized to non-autonomous ODEs,
which leads to recursions of the form:
Yk+1 = \I’(tkfk-Flvy/x) ’ k:O7N_1 )
(8.2.5) for discrete evolution definedon I x [ x D.
(8.2.6) Remark 8.2.4 (Notation for single step methods).
Gradinaru Gradina
P Many authors specify a single step method by writing down the first step: prAs
y1 = expression in yg and f .
Also this course will sometimes adopt this practice.
8.2 8.3

p. 454 p. 4



8.3 Convergence of single step methods

Important issue: accuracy of approximation y;. ~ y(t;.) ?

As in the case of composite numerical quadrature, see Sect. [7.2: in general impossible to predict
error ||y y — y(7')|| for particular choice of timesteps.

Tractable:

asymptotic behavior of error for timestep A := maxy, hi — 0

Will tell us asymptotic gain in accuracy for extra computational effort.
(computational effort = no. of f-evaluations)

[

Example 8.3.1 (Speed of convergence of Euler methods).

» IVP for Riccati ODE (??) on [0, 1] .

» explicit Euler method with
uniform timestep h = 1/N,
N € {5, 10,20, 40, 80, 160, 320, 640}.

. Error erry, == |y(1) — yn/|

error (Euclidean norm)
5

Observation:

[algebraic convergence erry, = O(h)

timestep h

s [VPIfor[logistic ODE, see Ex.

Num.
Meth.

Num.
Meth.

Phys. . Phys.
y=My(l-y) , y(0)=001.
s Explicit and implicit Euler methods / with uniform timestep h = 1/N,
N e {5, 10,20, 40,80, 160, 320, 640}.
» Monitored: Error atfinaltime E(h) := |y(1) — yy]|
10° I :AO(;MQ 000000 10° H :g(ih)g 000000
':E: 107 ’g 107"
Gradinaru g 10 g 10 Gradina
D-MATH a o} D-MAT
o o timestep h ’ o o timestep h o
explicit Euler method implicit Euler method
83 O(h) [algebraic convergence in both cases 8.3
p. 457 p. 4
sllm Convergence analysis for explicit Euler method for l@autonomous IVP (8.1.11) with sufficiently 3&3"‘3
**  smooth and (globally) Lipschitz continuous f, that is, e
3L > 0: |[f(t,y) —f(t,z)| < Ll|y —z| Vy,zeD. (8.3.1)
Recall: recursion for explicit Euler method
Yer1 = Ve +hiflyr), k=1...,N—1. B8.2.1
D
Gradinaru Error sequence: e, =y — y(fk> . Gradina
D-MATH y D-MAT
2 q 2t y(t)
— = Euler polygon,
o =y(ty),
Yi—1 S
t ® = y}{’
| | | | ~ tr1—tg
‘ ‘ ' ‘ = [discrete evolution W'k+17""
A . T e — =[discrete evolution ¥
s [0 Abstract splitting of error: s

p. 458 p.



Here and in what follows we rely on the abstract concepts of the P associated with  Num.
the ODE y = f(y) (— Def.8.1.6) and discrete evolution operatorl ¥ defining the explicit Euler single
step method, see Def. [8.2.1:

@21 = U'y=y+hnf(y). (8.3.2)

We argue that in this context the abstraction pays off, because it helps elucidate a general technique
for the convergence analysis of single step methods.

Fundamental error splitting
ho ha er. Gradinaru
e =Vky) — ®hy(ty) A D-MATH
hy. hy.
= Wlhy, — Wlky(ty) -
—_— A
propagated error L
hp. hp. o
+ Uy (ty) — @Ry (ty) - e y(ter)
_
©33) |y
1 1
k-1 i1
8.3
p. 461
Num.
y Vil one-step error: Mo
~ 7(hy) =¥y — d"y . (8:3.4)
7(h, y)
Yk y(t) <1 geometric visualisation of one-step error for
] ‘ ‘ t explicit Euler method (8.2.7), cf. Fig. [76.
t‘k il\?“rl

O notation: ¢+ y(¢) = (unique) solution of IVP, cf. Thm. [8.1.4. et
D-MATH
0 Estimate for one-step error
Geomtric considerations: distance of a smooth curve and its tangent shrinks as the square of the
distance to the intersection point (curve locally looks like a parabola in the & — 7 coordinate system,
see Fig. [84).
8.3

p. 462

n Num.

| Meth.
F Phys.
Ula y]\)
‘ | :
\\‘ | ‘
U thar ‘
Analytic considerations: recall Taylor’s formula for function y € cK+l
K . tt+h . Gradina
PN % t+h—1)K D-MAT
y(t+h) -yt =Y yDo—+ / e ERh =D 4 (8.3.5)
: 7! K!
=0 t
7 f([”l)(f)hf(ﬂ
B K! )
for some € € [t,t + h]
= ify € C([0,T]), then
. .. 92 8.3
B V() = ¥(t) = ¥(tR)hy + 55(Ex)hy, for some b < &, < tgp b, 4
= £(y (tp) ok + 35 (€07 et
since ¢ — y(t) solves the ODE, which implies y(t;.) = f(y(t;)). This leads to an expression for
the [one-step error from (8.3.4)
7 (hy, y(t)) =0y (tg) — y(tg + hy)
632 - 2
=7y () + ik (y (i) — y(tr) — £y () Ry, + 55 (E)hE (EE313)
1. 2
= 2V (&), -
Sloppily speaking, we observe {‘r(hk.., y(tr) = O(hi)} uniformly for ;. — 0.
O Estimate for the propageted error ~ from ;‘\‘;“;‘T‘
| @hyi = @y )| = e+ ekl = y(0) — et )
== (8.3.7)
< (1 + Lhk‘) HYk‘ - Y<tk‘>H :
T
O Recursion for error norms ¢ := ||e|| by A-inequality:
€k+1 < (1 + hk‘L)Ek‘ + Pk, Pk = %hi max ”}I(T)H 0 (8.3.8) 8.3
tpST<tpt1 p. e



Taking into account ¢ = 0 this leads to

ko1-1
e <> [[a+Lhj)p, k=1,...,N. (8.3.9)
=1 j=1
Use the elementary estimate (1 + Lh;) < exp(Lh;) (by convexity of exponential function):
-1 k -1
@39 = <) [[ew@h) pn=3 e}
=1 j=1 =1
-1
Note: >~ hj < T for final time T
J=1
e < exp(LT) <exp(LT mcxx— h
B < exp( sz p(LT) my ; !
<Tex LT max hy - max
< Texp( %:1.4..,;6 -, 50
. —y(E)|| < Texp(LT) max hy- max 7| -
v =yl < Tep(LT) max, by togﬁklly( )l
Total error arises from accumulation of one-step errors!

» errorbound = O(h), h = m;xx h; (O  1st-order [algebraic convergence))
» Error bound grows exponentially with the length 7" of the integration interval.

Most commonly used single step methods display algebraic convergence of integer order with respect

to the meshwidth h := max;, hj.. This offers a criterion for gauging their quality.

The sequence (y},);. generated by a
single step method (— Def. [8.2.1) of order (of consistency) p € N

fory =f(t,y) onamesh M := {{y < t; < --- < ty =T} satisfies

m]?xHyk -yt < CHP for h:= i nllax [t —tr_1] — 0,

with C' > 0 independent of M, provided that f is sufficiently smooth.

Num.
Meth.
Phys.

Gradinarn

D-MATH

8.3
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Num.
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Phys.
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8.4
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8.4 Structure Preservation

Example 8.4.1 (Euler method for pendulum equation).

Hamiltonian form of equations of motion for pendulum

. . d(a« D
angular velocity p =a = ﬂ(p>_(—%sina>’ g=981l=1.

s numerical solution with explicit/implicit Euler method (8.2.1)/(8.2.4),
» constant time-step i = T/N, end time T = 5 fixed, N € {50, 100, 200},

» initial value: «(0) = 7/4, p(0) = 0.

(8.4.1)

\\

!fﬁéj

-

Behavior of the computed energy: kinetic energy : Ej;, () = %p(t)2
potential energy : Eioi(t) = — cosaft)

Energies for explicit Euler discrete evolution Enevg\es for \mnhml Euler discrete evolution
T T T T

kinetic energy
potential energy
8 total energy

250
2+

>

=

@ 15F

c

@

energy
>\
A\
\
\
>\
\
\
i

Kinetic energy
potential energy
fotal energy

2r N
05
i
0 05 1 15 2‘ 25 3 35
I|mel time t
g explicit Euler: increase of total energy
ad implicit Euler: decrease of total energy ("‘numerical friction”)

Example 8.4.2 (Euler method for long-time evolution).

Num.
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Phys.

Gradina

D-MAT

Num.
Meth.
Phys.

Gradina

D-MAT



[nitial value problem for , D = R*:

cost

o _ [ Y2 _ [ cost sint
y= (71/1) , YO0 =yo O y()= (ﬂmt Cost) Yo -

B>  Notethat /(y) = ||y| is constant.
(movement with constant velocity on the circle)
40 Umesleps on [0,10.000000] 160 timesteps on [0,10.000000]
= = = exact suluunn —t j j : = = = exact solution j j
15 I;‘El}ii: er g ik el I
. | W *K 1T
; [ oo\ )
| “3 L oo
“\ + j ‘X
> -0s ‘\ \ 7 “‘ b B %
\ 7 /Jr /
i [ / 1 7
st i
“25¢ —— 1
-4 3 7‘2 -1 o 1 2 -15 *J‘ -05 0 05 1
A Y1
a explicit Euler: numerical solution flyes away
g implicit Euler: numerical solution falls off into the center
8.4.1 Implicit Midpoint Rule

Can we avoid the energy drift ?

y

Idea:
[to, 1] via

o with slope f(t*,y™),
t* =5ty + 1), y*

= solution through (¢, yg),

Apply on small time intervals

Iz ' — = solution through (¢*, y*),
= tangent at — in (¥, y*).
{t)\“vflv tf\z‘v] 0

lto, 1], [t1, o). -

B> via implicit midpoint rule generated approximation y., | for y(t.) fulfils

Vi1 = Yaltpp1) =

Vi + G+t ), (Ve + Y1), k=0,...,N—1 |,

with local [Time)step hy, ==t 1 — ty, .

e linear polynomial through (¢, yo)

=1(yo+y1)

Num.
Meth.
Phys.

Gradinarn

D-MATH

8.4
O p. 469

Num.
Meth.
Phys.

Approximate solution through (¢y, yg) on

Gradinaru

D-MATH

(8.4.2)

8.4
p. 470

Note: requires soltion of a (evtl. non-linear) equation for yj., | ! .
ANum.
@  ™implicit”) et
Remark 8.4.3 (Implicit midpoint rule as difference method).
from the approximation of time-derivative % via centred difference quotients on time-grid G :=
{to,t1, .-t )
A Yaltes) —yalte) ~ o1 1
y="£ty) «— " = £(5(t + tg1)s 3(Yalty) + y(tg41))s k=0, ,N = 1.
A
Example 8.4.4 (Implicit midpoint rule for logistic equation). Gradina
D-MAT
8.4
p. 41
10° 10°
Num.
. Meth.
107} o ] Phys.
107
10 |
E 107 = /
2 5w |
§ 107 5 7
= Z 10° T b
a g | —
5 e 5% ]
E 10 %
- 107 B
w0 = 1000000 —— = 10.000000
o000 |1 I — o]
=10.000000 + TR —+— A =90.000000
. o(h?) » ~ o(h?)
10 S ” T N 10 = ‘VZ L
10 10 10 au 10 10
timestep h timestep h
. Gradina
A small: O(hz)-convergence (asymptotical) A large: stable for all time steps h ! & DMAT
Example 8.4.5 (Implicit midpoint rule for circular motion).
8.4
p. 47



40 timesteps on [0,10.000000] 160 timesteps on [0,10.000000]

= = = exact solution A = =~ exact solution
—+— explict Euler —+— explicit Euler
15| —— implicit Euler 1 —+— implcit Evler e
—+— implicit midpoint —+— implicit midpoint
2L
1t | A—L\\ 4

N

j 1[/5 ™ | o/ */MHN\
<\ - iﬂ

.
1sf /
Ll
osh

X
3

| | k
I MMJ/ |
I

[ e
‘ ‘ s ‘ ‘
-4 3 -2 -1 ] 1 2 = -15 -1 -05 [ 05 1
1 Y1
ad Implicit midpoint rule:  perfect conservation of length !

Example 8.4.6 (Implicit midpoint rule for pendulum).

Initial values and problem as in Bsp.

50 tmesteps on [05.000000] 100 mesteps on 05000000

<1 Behavior of the energy of the numerical solu-
tion computed with the midpoint rule (8.4.2),
N = 50.

No energy drift although large

Kinetic energy
potential energy

total energy

Num.
Meth.
Phys.
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Num.
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8.4.2 Stormer-Verlet Method [?]

Num.
Meth.
Phys.
use the idea of Euler method for an equation of 2nd order
? y=1fty). (8.4.3)
Giveny;_1 ~ y(tx_1), Yr = y(t}) approximate y(t) on [t _1, 11| via
e parabola p(t) through ()1, y—1). (tk, yi) (*),
ewith  p(ty,) = Flyy) (+).
(%) O Parabola is uniquely determined. St
D-MAT
B Yi+1 = Pltg+1) =y (1)
B  Stormer-Verlet method for (8.4.3) (time-grid G := {to,t1,...,tN}):
hy, hy, .
Vit = g Yk + (1 + m) i + 303 + hyhp—)E (b yi) , k=1, ,N—1.
(8.4.4)
In case of a fixed time step h: A
Yiel = —Yk-1+2yk + Wt yie) . k=1, ,N—1. (84.5) P-4
Note: (8.4.4) does not require the solution of an equation (O method) e
We say: Yit1 = Y1 (Ve Yr—1) O (844)is atwo-step method
(explicit/implicit Euler method, midpoint rule = one-step method)
Remark 8.4.7 (Stoérmer-Verlet method as difference method).
B.4.5) from the approximation of the second time-derivative by a
second centered difference quotients on time-grid G = {¢g,t1,...,ty}: for cosntant time-step
h>0 \)\
Yaltes)=yn(te)  yalte)—ya(ti—1
. R 7 _ Yalte1) = 2ya(te) + ya(te1)
y=»£fy) — 7 = 72 Gradins
D-MAT
= f(yn(ty)) -
A
Remark 8.4.8 (Initialisation of the Stérmer-Verlet method).
Initial values for yv(0) = yo, y(0) = vg
8.4

p. 47



s usevirtual moment t_q:=ty— hy

Pendulum g = 9.800000, | = 1.000000,a(0)=1.570796,p(0)=0.000000 Pendulum g = 9.800000, | = 1.000000,(0)=1.570796,p(0)=0.000000 ~
%Ilunf. 2 . T T . T ' - . 5 T T T T T T T T ;,‘Iunl]_
s apply B45)to[t_1,t]: Pligs: A < Plys:
2 , \ A
y1==y-1+2yo+ hif(to, yo) - (8.4.6) : \ \
2f \ 1 Al q
» centered difference quotienton [t_y, ¢;]: . \ / \
Y 1]
s > / \
Y1 —Y-1 ) g o \ / Vo
e T (R (8.4.7) g H { \
2hg ° > 4f / \ i
/ \
/ |
[ SN compute y; from & B / / |
A b\ / 1
205 1 15 2 25 5 35 4 a5 -5 y . y . y : y : .
Example 8.4.9 (Stérmer-Verlet method for pendulum). Gradinaru fimet time t Gradins
D-MATH D-MAT
8.4 8.4
p. 477 p. 41
Pendulum g = 9.800000, | = 1.000000,a(0)=1.570796,p(0)=0.000000 Energies for Stoermer-Verlet discrete evolution
: ‘ ‘ ‘ ‘ ‘ ‘ Nieth —~— 7 etk
8.4.9 A Phys. ol A \ \ ] Phys.
initialisation via. s 1 T 1
2F - 7+
constant h = T/N, N € N time | il |
steps z =) .
P g or 1 g 1 O No energy drift thought large fime steps|
reference solution via very precise integration % | i A |
ode45() A | A perfect periodical orbits !
apg =7/2,pg = 0,T =5, vgl. Bsp. <r 1 il On the contrary:  EX.
—al 4 1+ Kinetic energy
Number of time steps: N = 40 . VU petre ey
* Gradinaru ’ ° ' ]5 : ";158 t : Gradina
D-MATH < D-MAT
Remark 8.4.10 (One-step formulation of the Stérmer-Verlet method).
In case of constant[time step| see (8.4.5), analogously to the refromulation of a 2nd order equation to
8.4 8.4
p. 478



a fisrt order equation, see (8.1.13): with v, | = ”*}—7” Num.
k+5 (0 et
hys.
. y = V
—f — y ’
y (v) v =1f(y).
h
V]H_% = Vk + éf(y'k> ki
Vil = 2V T YVeo1 = hpf(yr) = | Yt = YEHhV L
h
Vi+l = Vil +5f(YE1) -
two-steps method one-step method
Gradinaru
Initialisation (— Rem. [8.4.8) is built in already in the formulation.
A
Remark 8.4.11 (Stérmer-Verlet method as polygonal line method).
8.4
p. 481
Num.
Meth.
Phys.
Perspective: Stdrmer-Verlet method as
polygonal line method
(see Ren.B8.4.10)
Vied = Vil + hf(yy) ,
1 =Yrt+hv, 1.
Yk+1 = Yk k+d
Gradinaru
D-MATH
s ti1 t it t
A
"Why so many different numerical methods for ODEs?”
Answer: each numerical integrator has its specific properties ad

O best (not) suited for certain classes of initial value problems

p. 482

8.4.3 Examples N
Meth.

Phys.
Example 8.4.12 (Energy conservation). <« Bsp.
Pendulum IVP on [0, 1000], p(0) = 0, ¢(0) = /6.
Compare classical Runge-Kutta method (order 4) with implicit midpoint rule , constant
time-step h = %:
0.95
0.9
Gradina
0851 D-MAT
% 0.81
é 0.75
g 0.7r
< . s 0.65F
|[-- 60 i 08/ [ RKa-Wethode
. m(;:‘l,'\lcl?tt:::jnktsregel 0.55 L L
32 _1‘5 —i _0‘5 (‘) 0‘5 ‘1 4‘: - o 200 400 600 800 000
’ : p : T g t 8.4
Trajectories of “exact” /discrete evolutions Energy conservation of discrete evolutions p. 48
O No drift in enrgy in case of midpoint rule e
<&
Fascinating observation
" Some () numerical time-integrators: k
> approximative long-time energy conservation (no energy drift)
: \ J
() [mplicit midpoint rule] (8.4.2) — Ex.[8.4.12, [8.4.6,
Stormer-Verlet mehtod (??) — EX.
Gradina
Example 8.4.13 (Spring-pendulum). RCY
Friction-free spring-pendulum: (energy) H(p,q) = % Ipl” + %(HqH 1)+
(q = position, p = momentum)
. q 0 .
B p=—(ldl-Yyr-1{,) » a=p. (8:4.8)
llall
8.4
p. 48



Spring pendulum trajectory

xum  # Space of states for n € N atoms in d € N dimensions: D = R2"

Num.
H e (positions q = [q':...:q"]T € R, Momentap = [p!,... p"]" € R™) Py
T j [ Lenard-Jones potential
. \ + coutrm s
N Energy (Hamilton-function): Sl
. 1 2
H(p,q) = 3llplla+V(a) . ot |
s Lenard-Jones-potential: > 15f \
7
Trajectories for long-time evolution > T Z qJ H il
(chaotical mechanical system) B T T T — Jj=li#j o5
“ Gradinarn V) =¢12-¢ b, 849 | Gradin
D-MATH D-MAT
ESV: s Stormer-Verlet method (8.4.5) (order 2), . ‘ ‘ ‘
» |explicit trapezoidal rule (8.6.3) (order 2). ’ * ' fa ! * j
0 Hamiltonian ODE
- SViw -, -
P Stdrmer-Verlet method B8.4.9):
8.4 1 h 8.4
poags Gt 3h) =an(t) +3pp(t) b, 4
. ‘ ‘ Smevmev-\/erla?n h'=0.200000 ‘ . E):phell-uapewfdal‘ ru.\s‘ h=o. 2wu?u i i ] 1 i 1 Num.
o ] Meth, t+sh) — t+5h Meth,
- [ S | pl(t+h) = th’ f(t+ 5h) — ¢+ 30| %G+ 3h) ~ 4t + 3h) e
., | ] S 7 2t + m) - gt + m)
ap(t+h) = ap(t+ gh) + gph(t h)
& s simulation with d = 2, n = 3, q}(0) = $v2(71), a2(0) = $v2(}), &¥(0) = 3v2(7). p(0) = 0,
e B end-time 7" = 100
* . | I . L ' Trajektorien der Atome, Verlet, 10000 timesteps Energieanteile, Verlet, 10000 timesteps
3 J -3t 4 0. —
S | e e
35 Y o5 [ 05 1 i 35 ) 05 ] 05 1 5 100~ B o b 0.4F Gesamtenergie | |
b " Gradinem R 7 — | 4 I Hl Gradina
Stérmer-Verlet Explicit trapezoidal rule D-MATH 801 e : ) “M J‘U U“} J H M ’ ‘(h 'f ‘\WMMU D-MAT
Stérmer-Verlet: positions in “allowed domain” even for long times 60 T T ' 0 U

Explicit trapezoidal rule: trajectories leave the “allowed domain” at long times (energy drift !) 409 — : EE o ]
' | R . | : i 0AWWU W
g : : E : -0.6f H

Example 8.4.14 (Molecular dynamics). — [13, Sect. 1.2] S i




Trajektorien der Atome, Verlet, 2000 timesteps

Energieanteile, Verlet, 2000 timesteps

0.1 T T v T Num.
B
" \
02 !W‘l‘ M (\HNW \ | ‘\ le |
80— .
" H‘ J”\'\‘\ ‘ (- 'M “ (\/ ‘Mx’ ‘.' "\ ’l‘\
60— ojl U UUUU\‘M»\\‘JUUUUU W‘L‘W.M\,w”blmU‘L‘M vVIT WINHMV’V"\‘NPNM
40— -0.2 , . 4
204 -0.4
2
o e - o8l
? A 08T o g5 15 2
“ ! Gradinaru
D-MATH
Observations:
» very different trajektories for long-times with different tim=steps h.
s Qualitatively correct trajektories in any case.
8.4
p. 489
Verlet auf [0,10]: Schwankung der Gesamtenergie Num
§ | T =10,d =2 n =3 q0) = HV2(7h), P
2 : —— Abstand ] « 1 —1
10 | o?(0) = 5v2(1). ¢*(0) = 3v2(7"). p(0) = 0
10" 3 1
2 10° : ] N—-1
g Variation = Z |Etot((2 4+ 1)h) — Eyoi(ih)| ,
10" ! E )
1072 : ] Drift = |Et0t(T) - ET0T<0)‘ ;
100 ] Abstand = max{HqﬁT)’ , .7 =123}
10" . . T .

Example 8.4.15 (Many particles molecular dynamics).

60 80 100
Anzahl(Zeitschritte)

120

145

Gradinaru

<& D-MATH

— [?, Sect. 4.5.1]

8.4
p. 490

2D conservative system of many particles with
[Lennard-Jones-potential — Bsp. [8.4.14

initial positions >
(initial momenta = 0 < 0K)

Initial position of atoms, 0K

&
Obseravtions for [explicite trapezoiudal rule| (8.6.3),  *
Stérmer-Verlet :
2
» Approximation of energy H(p, q)
1
» middle kinetic energy (“temperature”) L . . . s . . . .
ql
Animation >
Stoermer-Vere 1010 Lonard-dones atoms Trapezoca e, 10 10 Lenre-Jonesstoms
o8l -500
—or -600 4
912
> 014 ™ ]
=y =4
g 2
= S a0 )
g g
-900 7
~1000 4

926 L L L L L L . . L
o 10 20 30 40 50 60 70 80 o Y
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Stoermer-Verlet: 10 x 10 Lenard-Jones atoms. ‘Trapezoidal rule, 10 x 10 Lenard-Jones atoms

ww« Y
I W
Symplectic time-integrator (Verlet): qualitatively correct behaviour of the temperature
<&
8.5 Splitting methods [27, Sect. 2.5]
[Autonomous/[VP] with right hand side of the form:
y=1fy)+sly) ., ¥0)=yo, (8.5.1)

with f : D c RY — RY g : D c R? — RY “suff. smooth”, locally Lipschitz continuous (—
Def.

@ — eq y=f(y),
(Continuous) [Evolution: { ¥)
®, — eq y=gy)
Assume: <I>§f, <I>§ (analytically) known
Idea: Construct[Single-step method with [discrete evolution|
Lie-Trotter-Splitting: ' =P, 0P, (8.5.2)
Strang-Splitting: W' = q>:‘/ o dlo <I>’}/ 2 (85.3)

Num.
Meth.
Phys.
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8.5
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Num.
Meth,
Phys.
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8.5
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@
S Y1

Num.
Meth.
Phys.
h,
85.2) <« 853) q)lgz
Yo
f
Example 8.5.1 (Convergence of simple splitting methods).
j= y(l—y)++1/1—9y2 , y(0)=0.
y=(1-y) y y(0)
=1 =9(y) Gradina
D-MAT
1
[ <I>’}y =g >0y €]0,1] (logistic differential equation (8.1.3))
L4 (T = De N
sin(t + arcsin (1 Lift +aresin(y) < &
B dy-— ( ®) W<3 s oyep.
: 1 , else,
8.5
p. 4
107 Num.
Meth.
Phys.
10°F
_ Numerical experiment:
E
£ T =1, A = 1, compare splitting method (constant
B time-step) with very precise numerical solution
107} <1 Error atend-time 7' =1
—+— Lie-Trotter-Splitting|
—+— Strang-Splitting
---0(h)
0L s ---or?)
10° 10"
Zeitschrittweite h <>
Gradina
Example 8.5.2 (Splitting methods for mechanical systems). D-MAT

Newton eq. of motion i = a(r) S y = (‘r/) = (a‘;>) = F(y)
-~ 0 v
Spliting: ~ F(y) = (a(r)) + (0)
N—— =~
=fly) =gy

rg\ [ro+ivy 8.5
vo) \ vo )~ P &

t(ro) _ r) ¢
B P (Vo) B (Vo+m(ro)) + P



[ Lie-Trotter-Splitting : O Symplectic Euler method .
Meth.
Rt _ (ah B\ [t _ (r+h(v+ha(r)) Phys.
v (v) N ((I)Q Oq)f) <v) - ( v + ha(r) : (8.5.4)
[ Strang-Splitting| (8.5.3):
172 1
l h ) s5h* 5t
wh (T (‘I);/QO (I)? o<I>g/2) ry _(r+ hv + 5h a(11+ 5hv) . (85.5)
v / A v + ha(r 4 5hv)
= single-step formulation of [Stérmer-Verlet methods , see Rem.8.4.10/!
1
Tl =T +5hvy,
855 «— Vi1 =Vietha(r 1), (8.5.6)
1 T
Tp =r, 1+5hvi . Gradinaru
k+1 k+3 2"V k1 D-MATH
<&
Idea:  Replace
exact levolution —
h h h h
@, @ ¥ — vy, W ¥
Example 8.5.3 (Inexact splitting method). Cont. Ex.[8.5.1
8.5
IVP of Eq.[8.5.1], inexact splitting method when we rely on (several) inexact underlying methods: p. 497
LTS-Eul  explicit Euler method (??) — \IJZ g Num.
o 7/ Meth,
10 \IIZ f * Lie-Trotter-Splitting Phys.
Ss-Eul  explicit Euler method (??) — W7 y
a \IJ;; f *+ Strang-Splitting
g SS-EUEl Strang—SpIitting . explicit Euler
€ w0 method (??) o exact evolution @3 o im-
plicite Euler method (??)
107 LTS-EMP explicit midpoint rule (8.6.4) — lIIZ(}
\Il;; Pt Lie-Trotter-Splitting
107 SS-EMP  explicit midpoint rule (8.6.4) — \112 .
Zeitschrittweite h \I;Z f + Strang-Splitting (8.5.3) Gradinaru
D-MATH
a Order of splitting methods is determined by the quality of <I>;é, <I>’g".
<&
Remark 8.5.4. Note that the converegence order of a reversible method (i.e., if we exchange h < —h
and y;, < Y1 we get the same method) is always even.
8.6
p. 498

8.6 Runge-Kutta methods

Num.
Meth.
Phys.
So far we only know first order methods, the explicit and implicit Euler method and ,
respectively.
Now we will buld a class of methods that achieve orders > 1. The starting point is a simple integral
equation satisfied by solutions of initial value problems:
( ) f< ( >> ¢ Gradina
y(t) =£(,y( "t D-MAT
= yt)=yo+ [ flnylto+7))dr
y(to) = yo Jtg
Idea: approximate integral by means of|[s-point quadrature formula (— Sect. (7.1}, de-
fined on reference interval [0, 1]) with Cly- -y Coy bi,...,bs.
S
y(t) myr=yo+h Y bf(to+ch[ylto+eh) ), h=ti—ty. (86.1)
i=1
8.6
Obtain these values by bootstrapping p. A
bootstrapping = use the same idea in a simpler version to get y(ty + ¢;h), noting that these values Num:
can be replaced by other approximations obtained by methods already constructed (This approach i
will be elucidated in the next example).
What error can we afford in the approximation of y(¢(+ ¢;h) (under the assumption that f is Lipschitz
continuous)?
Goal: one-step error  y(t1) — y1 = O(hP*1)
This goal can already be achieved, if only ;'\‘?:‘T'
y(to + ¢;h) is approximated up to an error O(h?),
because in a factor of size h multiplies f(¢y + ¢;, y(to + ¢;h)).
This is accmomplished by a less accurate discrete evolution than the one we are bidding for. Thus,
8.6

we can construct discrete evolutions of higher and higher order, successively.
p. 5(



Num.

Example 8.6.1 (Construction of simple Runge-Kutta methods). .
xamp ( uet Imple Runge-Ku ) Num. The formulas that we have obtained follow a general pattern: Num.
Phys. Phys.
Quadrature formulal = ftrapezoidal rule :
_ 1 _ 9. _ _ _ _
QU =3(f0)+f(1) < s=2 ca=0c=1, b=b= 3 (8.6.2) Definition 8.6.1 (Explicit Runge-Kutta method).
) i—1 .. ) - .
and y(T') approximated by explicit Euler step Forb;,a;; €R, ¢; .= Z}:l a;j, 1,5 =1,...,s s €N, an s-stage explicit Runge-Kutta single
; step method (RK-SSM) for the IVP is defined by
ky =f(to,yo), ko =f(to+h,yo+hk)), yi=yo+35k +ko). (8.6.3) - .
= explicit trapezoidal rule (for numerical integration of ODEs) k; == f(tg+ cih,yo+ h Z ajikj), i=1...,8 , y1:=yo+ hz bik; .
j=1 i=1
i = midboi 1 The k; € R? are called increments
— simplest [Gauss quadrature formula = midpoint rule & y(5(t1 + o)) @~ i i : ading
proximated by explicit Euler step D-MATH D-MAT
ki = f(tg,yo), ko =f(tg+ ]—217}’0 + (_Zlkl) . Y1 =y0+hks . (8.6.4) The implementation of an s-stage explicit Runge-Kutta single step method according to Def.
T o ) is straightforward: The increments k; € RY are computed successively, starting from k; = f(ty +
8.6.4) = explicit midpoint rule (for numerical integration of ODESs)
o c1h, yo)-
Example 8.6.2 (Convergence of simple Runge-Kutta methods). = Only s f-evaluations and AXPY operations are required.
s IVP: = 10y(1 — y) (logistic ODE ), y(0) =0.01, T =1, 8.6 8.6
» Explicit single step methods, uniform timestep h. p. 501 p- 5
1 T 10 ;
- -y =73 + s=1, Explicit Euler N'ém)' > 0 0 N‘éml'
Ol L baazoidal i 2 L Sk it vapezoidal i i Py Shorthand notation for (explicit) Runge-Kutta gl o : Phys:
0.8H_~ Explicit midpoint rule ,'é( 107 — o) . methods cl A _ ‘2 21 .
0.7t /. * b ' i
K s . Butcher scheme > Cs|Gs] ass—1 0
0.6f ’ X 10°F . . . .
s S (Note: 2l is strictly lower triangular s X s-matrix) ‘ by bs
>0.5r ’ =
g . = (8.6.5)
04f J aé-, 107
03 RO
il A 107 Note that in Def. [8.6.1]the coefficients b; can be regarded as weights|of a quadrature formula on [0, 1]:
.l __*,—”f’ N ‘ ‘ apply explicit Runge-Kutta single step method to “ODE” y = f(¢).
0 02 04 06 08 % 107 10"
t stepsize h
. i . § X Gradinaru Gradina
yp(3/10), 5 =1,...,10 for explicit RK-methods Errors at final time y;,(1) — y(1) D-MATH s D-MAT
i i ) e [ Necessarily Z bj=1
Observation: obvious algebraic convergence with integer rates/orders P
[explicit trapezoidal rule] (8.6.3) order 2 o
order 2 Example 8.6.3 (Butcher scheme for some explicit RK-SSM).
. 010
e Explicit Euler method (8.2.1): ad order=1
O 86 1 8.6
p. 5(

p. 502



Num.

0[0 0 Mt
o [explicit trapezoidal rulg] (8.6.3): 1110 order =2 -
J
22
o [explicit midpoint rule| (8.6.4): order = 2
00000
Hlooo
o Classical 4th-order RK-SSM: % 0500 order = 4 .
10010 B
e Kutta's 3/8-rule: order =4
8.6
o p. 505
Example 8.6.4 (explicit Runge-Kutta method for [Ricatti equation). .
Initial value problem: ¢ = 2 + 42, y(0) = 0.2. Mo
Geometrical interpretation of explicit RK-methods as polygonal lines
s i
lexplicit midpoint rule:
0.8F i
0100
1)1
2[2 0 0.6- ,
01 :
> Gradinaru
green solution 04 / | P
magenta local slops k; g /
* points f-evaluation T TR L / |
| —
red: polygonal line 0 — -
0 02 04 06 08 1
8.6

p. 506

explicit trapezoidal rule

green: solution
magenta: local slops k;
*: points f-evaluation

red: polygonal line

classical Runge-Kutta method (RK4)

green solution
magenta local slopes k;
* point f-evaluation

red: polygonal line

0.8

0.6

0.4

0.2

0.8

0.6

0.4

0.2

[
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‘ ‘ ) 7 . Example 8.6.7 (Numerical integration of [ogistic ODE|). .
1t 4 Meth et
- Phys. Phys.
Kuttas 3/8-rule )  odeds integrator: ode45():
O 0 0 0 0 usage of ode: _
1 g 0.8 - from oded5 inport ode45 Handl ina th
303, 000 — y fn = lanbda t, y: B5.xyx(1.-y) > acdi€passingrn.s.
-3 100 (8.6.7) o5l - > p t,y = oded5(fn, (0, 1.5); initial and final time
111 =110 ) » initial state y(
88 0.4f ©
green solution
magenta local slopes k; 0.2
* point f-evaluation .
red:  polygonal line ° animm 8.7 Stepsize control Grcin
0 02 04 06 08 1 [P D-MAT
t o
Example 8.7.1 (Oregonator reaction).
Remark 8.6.5 (“Butcher barriers” for explicit RK-SSM).
Special case of oscillating Zhabotinski-Belousov reaction [21]:
orderp/1 2345678 >9 B B
minimal no.s of stages‘l 23467911 >p+3 BrOg +Br™ — HBrOy
HBrOg + Br~ +— Org
No general formula available so far BrO3 + HBrOy — 2HBrOg + Ce(IV) (8.7.1)
Known: ord ber s of stages of RK-SSM > 2HBrO; — O !
nown: orderp < number s of stages of RK- p. 509 Ce(IV) — Br- p. 51
—~—
AR e
Phys. Phys.
Remark 8.6.6 (Explicit ODE integrator a la MATLAB). y1 = ¢(BrO3): n = —kiyiys — k3yys ,
Yo = c(Br): Yo = —ky1ye — kayoys + ksys )
Syntax: y3 == c(HBrOg): g3 = kyyrya — k‘:)y%ys + k3yiys — 2kays (8.7.2)
Z ya = ¢(Org): U1 = koyoys + kays
t,y = ode45(odefun,tspan, yo0); yg = c(Org): Y J2: 93
| | ys = c(Ce(IV)): g5 = kayrys — ksys
with (non-dimensionalized) reaction constants:
odef un Handle to a function of type (t, y) < rh.s. f(t,y) 9 3 7
t span vector (to, )T, initial and final time for numerical integration ki=134, ky=16-10", k3=80-10", ky=40-10", k5=10.
y0 : (vector) passing initial state y( € R?
Gradinaru Gradina
Return values: O-NnE [ periodic chemical reaction [ Video 1, Video 2 (DR
t : temporalmesh {fg <t <ty <---<iy =iy =T} simulation with inital state y1(0) = 0.06, y2(0) = 0.33 - 1075, y3(0) = 0.501 - 1071, y4(0) = 0.03,
N N _ =Ts
y @ sequence (3%)73:0 (column vectors) y5(0) =0.24-107":
A

8.6 8.7
p. 510 p. 51


http://www.scholarpedia.org/article/Oregonator
http://www.scholarpedia.org/article/Belousov-Zhabotinsky_reaction
http://www.rose-hulman.edu/mathjournal/archives/2002/vol3-n1/paper1/v3n1-1pd.pdf
http://www.youtube.com/watch?v=g3JbDybzYqk
http://www.youtube.com/watch?v=istdeH_ceRU

Concentration of Br~ Concentration of HBrO2

10
_ 10
10° : : 4 J

10 -1

A

0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200
t t

We observe a strongly non-uniform behavior of the solution in time.

This is very common with evolutions arising from practical models (circuit models, chemical reaction
models, mechanical systems)

Example 8.7.2 (Blow-up).

Scalar lautonomous] IVP:

g=y>, y(0)=y >0.

Yo
y(t) = , <1y
y( = /w0

[

y(®

Solution exists only for finite time and then suffers

a Blow-up, thatis, lim y(¢) = co: J(yg) =
t=1/yo

| = o0, /y]!

How to choose temporal mesh {t) < t] < --- < tjy_1 < v} for single step method in case .J(y)
is not known, even worse, if it is not clear a priori that a blow up will happen?

Just imagine: what will result from equidistant explicit Euler integration applied to the above
IVP?

Num.
Meth.
Phys.
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D-MATH

8.7

Num.
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Gradinaru

D-MATH

8.7
p. 514

solution by ode4s
T T

Y,
g

warning messages:

y0 = 0.5
error: QOdePkg: I nvali dArgunent
Sol vi ng has not been successful.

Nunber of successful steps: 151
Nunmber of failed attenpts: 74
Nurmber of function calls: 1344

yo =1
error: QOdePkg: I nvali dArgunent
Sol vi ng has not been successful.

Nunmber of successful steps: 146
Nurmber of failed attenpts: 74

Nunmber of function calls: 1314
yo = 2
error: OdePkg: | nval i dAr gunment

Sol vi ng has not been successful.

Nunber of successful steps: 144
Nunmber of failed attenpts: 72
Nurmber of function calls: 1290

w N e

4

~N o

odefun = lambda t,y: y*%x2.0

print 'y0_=',0.5

t2, y2 = ode45(odefun,
stats=True)

print '\n’,’y0_=",1

tl, yl = ode45(odefun,
stats=True)

print '\n’,’y0_=",2

t3, y3 = ode45(odefun,
stats=True)

(0,2), 0.5,
(0,2), 1,
(0,2), 2,

The iterative integration loop exited at time t

The iterative integration loop exited at tine t

The iterative integration loop exited at tinme t

We observe: ode45 manages to reduce stepsize more and more as it approaches the singularity of

the solution!

Key issue

(discussed for ODEs below):

Choice of good temporal mesh {0 =ty < t; < --- < tny_1 < tN}
for a given single step method applied to an IVP

What does “good” mean ?

<
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be efficient be accurate

max t) — <TOL
e [ly(t) — i

Policy:  Try to curb/balance by

» predicting suitable next timestep /| |

Tool:  Local-in-time one-step error estimator (a posteriori, based on y;., hj._1)

Why local-in-time timestep control (based on estimating the one-step error)?

Consideration: If a small time-local error in a single timestep leads to large error ||y;. — y(¢)| at
later times, then local-in-time timestep control is powerless about it and will not even notice!!

Nevertheless, local-in-time timestep control is used almost exclusively,

0 because we do not want to discard past timesteps, which could amount to tremendous waste of

computational resources,

0 because it is inexpensive and it works for many practical problems,

0 because there is not reliable method that can deliver guaranteed accuracy for general IVP.

“Recycle” heuristics already employed for adaptive quadrature, see Sect. [7.3;

Idea: Estimation of one-step error, cf. Sect.[7.3

~h
Compare two Wl " of different order
for current timestep A:

If Order(¥) > Order(¥)

~h
= @y() - ¥y(t) ~EsT) = ¥y (1) - ¥y ()
—_——
Heuristics for concrete h

absolute ftolerance

EST;, < ATOL

B Compare EST}, < RTOL |[yy]

0 Reject/accept current step

relative tolerance

Objective: NN as small as possible & =11 , TOL = tolerance

local-in-time
» adjusting current stepsize hy,, stepsize control

P> Simple algorithm:

EST;, < max{ATOL, ||y%||RTOL}: Carry out next timestep (stepsize h)
Use larger stepsize (e.g., ah with some a > 1) for following step
(%)
EST}, > max{ATOL, ||y;| RTOL}: Repeat current step with smaller stepsize < h, e.g., %h
Rationale for (x): if the current stepsize guarantees sufficiently small one-step error, then it might
be possible to obtain a still acceptable one-step error with a larger timestep, which would enhance
efficiency (fewer timesteps for total numerical integration). This should be tried, since timestep control
will usually provide a safeguard against undue loss of accuracy.

Code 8.7.3: simple local stepsize control for single step methods

1|def odeintadapt(Psilow, Psihigh, T, yO, hO, reltol, abstol, hmin):

2 t=[0]; y=[y0]; h=h0 #

3 while t[—1] < T and h > hmin:

4 yh = Psihigh(h,y0)

5 yH = Psilow (h,y0)

6 est = norm(yH—yh)

7 if est < max(reltolxnorm(y0), abstol):

8 y0 = yh; y.append(y0);
t.append(t[—1]+min(T—t[—1],h))

9 h = 1.1xh

10 else :

11 h = h/2.0

12 return (array(t),array(y))

13
14 |def odeintadapt_ext(Psilow, Psihigh, T, y0, hO, reltol, abstol, hmin):

15 """extended_version_of_odeintadapt._also_returns_vector_of_
rejected_points_and_vector_of_estimated_errors"""

16 t=[0]; y=[y0]; h=h0; rej = []; ee = [O]

17 while t[—1] < T and h > hmin:

18 yh = Psihigh(h,y0)

19 yH = Psilow (h,y0)

20 est = norm(yH-yh)

21 if est < max(reltolxnorm(y0), abstol):

22 |# print "accept step, h = y0 = yh; y.append(y0); t.append(t[-1]+min(T-t[-1],h))

23 h = 1.1xh; ee.append(est)

24 else:

25 |# print reject step, h = rej = hstack([rej,t]); h = h/2.0

26 return (array(t),array(y),rej,ee)

Comments on Code 9.2.2:

e Input arguments:
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—Psi | ow, Psi hi gh: function handles to [discrete evolution operators| for autonomous ODE of ~ Yum.
different order, type @y, h) , expecting a state (column) vector as first argument, and a e
stepsize as second,

—T: final time T" > 0,

—yO0: initial state y),

—hO0: stepsize hy for the first timestep

—rel tol, abst ol : relative and absolute tolerances, see (8.7.4),

— hm n: minimal stepsize, timestepping terminates when stepsize control by, < hy,i,, which is
relevant for detecting blow-ups or collapse of the solution.

e line ??: check whether final time is reached or timestepping has ground to a halt (7. < hypiy)- Gradinaru
D-MATH
e line ??, ??: advance state by low and high order integrator.
e line ??: compute norm of estimated error, see (??).
e line ??: make comparison to decide whether to accept or reject local step.
e line ??, ??: step accepted, update state and current time and suggest 1.1 times the current
stepsize for next step.

e line ?? step rejected, try again with half the stepsize. .
e Return values: p. 521
—t:temporalmesh{y <t <ty < ... <ty <T,wherety < T indicated premature e

termination (collapse, blow-up), e

—y: sequence (y);.—q-

I By the heuristic considerations, see (8.7.3) it seems that £.ST}. measures the one-step error for
the low-order method ¥ and that we should use y; | = lIlhkyk, if the timestep is accepted.
~ hy
However, it would be foolish not to use the better value y;. | = ¥ zkyk, since it is available for free.
This is what is done in every implementation of adaptive methods, also in Code [9.2.2] and this choice
can be justified by control theoretic arguments [13, Sect. 5.2]. Gradinarn
D-MATH
Example 8.7.4 (Simple adaptive stepsize control).
s IVPfor ODE ¢ = cos(ay)?, o > 0, solution y(t) = arctan(cu(t — ¢)) /e for y(0) €] — /2, 7/2|
s Simple adaptive timestepping based on explicit Euler (8.2.1) and explicit trapezoidal rule (8.6.3)
Code 8.7.5: function for Ex. 8.7.4 8.7
1 \def odeintadaptdriver(T,a, reltol=1le—2,abstol=1e—4): ‘ b, 522

I

© ® N o a

11
12
13
14
15
16
17
18
19
20
Zil

23
24
25
26

28
29
30

31
32
33
34
3!
36
37

a

38
39
40
41
22

Simple_adaptive _timestepping_strategy, of_
Code~\ref{mc: odeintadapt}
Ceeoooobased _on_explicit_Euler_\eqref{eq:eeul}_and_explicit,
trapezoidal
rule_\eqref{eq:exTrap}

# autonomous ODE ¢ = cos(ay) and its general solution
f = lambda y: (cos(axy)**2)

sol = lambda t: arctan(ax(t—1))/a
# Initial state y
y0 = sol(0)

# Discrete evolution operators, see Def.

# Explicit Euler (8.2.1)

Psilow = lambda h,y: y + hxf(y)

# Explicit trapzoidal rule (8.6.3)

Psihigh = lambda h,y: y + 0.5xhx( f(y) + f(y+hxf(y)) )

# Heuristic choice of initial timestep and A,

hO = T/(100.0%(norm(f(y0))+0.1)); hmin = h0/10000.0;
# Main adaptive timestepping loop, see Code

t,y,rej,ee =

odeintadapt_ext(Psilow, Psihigh,T,y0,h0, reltol ,abstol ,hmin)

# Plotting the exact the approximate solutions and rejected timesteps
fig = plt.figure ()
tp = r_[0:T:T/1000.0]
plt.plot(tp,sol(tp),’'g—",linewidth=2, label=r y(t)")
plt.plot(t,y,’'r.’,label=r’y;")
plt.plot(rej,zeros(len(rej)),’'m+’',label="rejection’)
plt.title ('Adaptive_timestepping,_rtol_=_%1.2f, atol_=_%1.4f
=91’ % (reltol ,abstol ,a))

plt.xlabel(r’'t’,fontsize=14)
plt.ylabel(r'y’,fontsize=14)
plt.legend(loc="upper_left")
plt.show()

# plt.savefig('../PICTURES/odeintadaptsol.eps’)

print '%d_timesteps, %d_rejected_timesteps’ %
(size(t)—1,len(rej))

# Plotting estimated and true errors

fig = plt.figure ()

plt.plot(t,abs(sol(t) —y),’'r+’, label=r’true_error_|y(t;) — yi
plt.plot(t,ee, 'm«’,label="estimated_error_EST k')

,.a

")
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Example 8.7.6 (Gain through adaptivity). — Ex.[8.7.4

43 plt.xlabel(r't’,fontsize=14) D N
4 plt.ylabel (r’error’,fontsize=14) i . o . . . Fhys.
i P ST e A Y Simple adaptive timestepping from previous experiment Ex. [8.7.4.
46 plt.title ('Adaptive_timestepping,_rtol_= %1.2f, atol_=_%1.4f, a
=%’ % (reltol ,abstol ,a)) New: initial state y(0) = 0!
47 plt.show()
43 |# plt.savefig("./PICTURES/odeintadapterr.eps’) Now we study the dependence of the maximal point error on the computational effort, which is pro-
Zz it name == ' main portional to the number of timesteps.
51 odeintadaptdriver(T=2,a=20,reltol=1e—2,abstol=1e—4)
Code 8.7.7: function for Ex.
i - from numpy import x* -
a2 |import matplotlib. pyplot as plt —
3|from odeintadapt import odeintadapt_ext
4
5 |def adaptgain(T=2.0, a=40.0, reltol=1e—1, abstol=1e—3):
6 """Experimental_study_of_gasin_through_simple_adaptive
timestepping
7 oo Strategy  of _Code~\ref{mc: odeintadapt} _based _on_explicit_Euler
8| oo \eqref{eq:eeul}_and_explicit_trapezoidal
9| oo rule_\eqref{eq:exTrap}
87 10 |eiicn 8.7
p. 525 M p. 52
’ 70 e B T vueenovnw(xk)—yku = o i # autonomous ODE ¢ = cos(ay) and its general solution N
sk +  estimated error EST, Phys. _ ) Phys.
00sf|__+_refecton g 7 13 f = lambda y: (cos(axy)**2.0)
il ] | 002 14 sol = lambda t: arctan(ax(t))/a # the constantcis O: arctan(a*(t-c))/a
" ; 7 15 # Initial state y
ooz : 1 oo} ol 16 y0 = sol(0)
N T s 17
: ° oo L 18 # Discrete evolution operators, see Def.
° 1 cor 19 # Explicit Euler (8.2.1)
008 — . i 20 Psilow = lambda h,y: y + hxf(y)
ol | or MY 21 # Explicit trapzoidal rule (8.6.3)
22 Psihigh = lambda h,y: y + 0.5xhx(f(y)+f(y+thxf(y)))
-o0nt Oiz o . R — | e tﬂl*m-: — **t:x“j* 4 o
' ' Gradinarn 24 # Loop over uniform timesteps of varying length and integrate ODE by explicit Gradina
o . . . D-MATH trapezoidal D-MAT
Statistics: 66 tinmesteps, 131 rejected tinesteps » #rulep(m
Observations: 26 nvals = r_[10:210:10]
27 err_unif = []
28 for N in nvals:
0 Adaptive timestepping well resolves local features of solution y(t) at ¢t = 1 29 h = T/N; t=20;y=y0; err =0
1)
[0 Estimated error (an estimate for the [one-step error) and true error are not related! 2(1) for kin ya;ar:jgse”g::.és(;)}.l) © t = t+h
32 err = max(err,abs(sol(t) —vy));
87 33 err_unif.append(err) 8.7
o p.o52w # Run adaptive timestepping with various tolerances, which is the only way p. 5




35
36
37
38
39
40
a1
42
43
a4
45
46
47
48

49
50
51
52
53

54

55

56
57
58
59

60
61
62
63
64
65
66
67
68

69
70
71
72
73
74

if

# to make it use a different total number of timesteps.

# Plot the solution sequences for different values of the relative tolerance.
plt.figure ()

# axis([0 2 0 0.05]); hold on; col = colormap;

ntimes = []

err_ad = []

tols = []

rejs = []

I =1

for rtol in reltol*2.0xx*r_[2:—5:—1]:

# Crude choice of initial timestep and i,

hO = T/10.0; hmin = h0/10000.0

# Main adaptive timestepping loop, see Code
t,y,rej,ee =

odeintadapt_ext(Psilow, Psihigh ,T,y0,h0, rtol ,0.01xrtol ,

ntimes .append(len(t)—1)

err_ad .append(max(abs(sol(t) — y)))

tols .append(rtol)

rejs.append(len(rej))

print ’'rtol_=_%1.3f: %d_timesteps, %d_rejected
timesteps’ % (rtol ,len(t)—1,len(rej))

plt.plot(t,y, .

",label="rtol_=_%f %rtol )#’color,col(10*(I-

1)+1,));
I = 1+1
plt.xlabel(r’'t’, fontsize=14)
plt.ylabel(r’'y’, fontsize=14)
plt.legend(loc="lower_right")
plt.title (r’Solving_dsy = a- cos(y)? with a =" +str(a)+’ by simple

adaptive timestepping’)
# plt.savefig('../PICTURES/adaptgainsol.eps’)

# Plotting the errors vs. the number of timesteps

plt.figure ()

plt.loglog(nvals, err_unif,’'r+’ label="uniform_timestep
plt.loglog (ntimes, err_ad, 'm«’',label="adaptive_timestep
plt.xlabel('no._N_of_timesteps’, 6 fontsize=14)
plt.ylabel (r 'maxy |y(tp) — yi| ', fontsize=14)

plt.title (r'Error_vs._no._of_timesteps _for_dwy = a- cos(y)

a="+str(a)+"")
plt.legend(loc="upper_right’)
plt.show()
# plt.savefig(’../PICTURES/adaptgain.eps’)
__name__ == ’'__main__":
adaptgain ()

")
")

2 with

Solving d, y = a cos(y)? with a = 40.000000 by simple adapiive timestepping Error vs. no. of timesteps for d y = a cos(y)” with a = 40.000000

Num. - : Num.
Meth. oo © ‘ Tl Meth,
0.04 o’
oossl 7 . ’
! 10"
0031 ! ;x
N
> 0025 £ 0°
0.02[ é N ++ Ty
0.015. 10° * . *++++++
: er=ad0000 N
oo " Tai=0100000 -«
ol 20050000 © .
0.005 ftol = 0.025000 *
- ol Z0012500 N
. . +_rtol = 0.006250 "
[ 0.2 04 06 0.8 1 12 14 16 o JU10 10°
Gradinaru t no. N of timesteps Gradina
D=L Solutions (y}.);, for different values of r t ol Error vs. computational effort DR
h i
Observations:
[0 Adaptive timestepping achieves much better accuracy for a fixed computational effort.
8.7 8.7
‘ p. 529 p- 5¢
. Example 8.7.8 (“Failure” of adaptive timestepping). — Ex. L
Meth. et
Phys. Phys.
Same ODE and simple adaptive timestepping as in previous experiment Ex.[8.7.6. Same evaluations.
Now: initial state y(0) = —0.0386 as in Ex.
Solving d, y = a cos(y)” with a = 40.000000 by simple adaptive timestepping Ertor vs. no. of timesteps for q y = a cos(y)” with a = 40.000000
0.05F 10°
T o wnesiep
0031
0021 .
10
Gradinaru oot IS . Gradin:
D-MATH > of s N o D-MAT
107 o,
-0.02| +
3 + ol = 0.400000 M +
-ooar " elzo00000
L tto = 0.050000 oy
-0.04} : ° tol = 0.025000 N
+ ftol =0.012500 *
- nolZ00062%
D R S ‘ " ‘2
T T T Y e 0
t no. N of timesteps
Solutions (y,);. for different values of r t ol Error vs. computational effort
8.7 8.7
p. 530 p. 5¢



Observations: 3;1]‘2.{?{)'_ Heuristics: the timestep & is small O *higher order terms” O(hP*2) can be ignored. g%‘;‘.j;
‘ hy, hy, : p+1 P2 ‘
o _ _ _ Whky(ty) — @y (ty) = chy +O(h" "), = ot
0 Adaptive timestepping leads to larger errors at the same computational cost as uniform ~ b ) P2 = |ESTp=chy ~|. (8.7.6)
. . By (ty) — Bhry(ty) = O .
timestepping.
O notation: = equality up to higher order terms in h;.
L aptl . ESTy
Explanation: the position of the steep step of the solution has a sensitive dependence on an initial 2SI Chk‘ = o hp+1 : ELe.)
value y(0) ~ —/2. Hence, small local errors in the initial timesteps will lead to large errors at around F
time ¢ =~ 1. The stepsize control is mistaken in condoning these small one-step errors in the first few Available in algorithm, see
steps and, therefore, incurs huge errors later.
Gradinr - Eor the sake of accuracy (stipulates “EST;, < TOL”) & efficiency (favors “>") we aim for St
D-MATH D-MAT
|
o EST;, = TOL := max{ATOL, |ly||RTOL} . (8.7.8)
What timestep hs can actually achieve (8.7.8), if we “believe” in (8.7.6) (and, therefore, in (8.7.7))?
EST), , pt1
Remark 8.7.9 (Refined local stepsize control). & = TOL= h]H»l ha
k
. . . . L ) . adjusted stepsize (A)
The above algorithm (Code is simple, but the rule for increasing/shrinking of timestep arbitrary . @
and “wastes” informatiom contained in EST}, : TOL: ; > "“Optimal timestep™ hi = h p+\1/ EST), suggested stepsize .
8. (stepsize prediction) 8.
p. 533 (B) p. 5:
More ambitious goal ! When EST), > TOL: stepsize adjustment better b, = ? Nem. (A): IncaseEST;, > TOL 0 repeat step with stepsize .. N
Phys. Phys.

c i icti =7
Bt [ <5 WOIh & Sk il el = (B): IfEST, < TOL [ use hy as stepsize for next step.

Code 8.7.10: refined local stepsize contral for single step methods

Assumption: At our disposal are two [discrete evolufions: 1 |from numpy import *
2|from numpy.linalg import norm
s W with order(¥) = p (O “low order” single step method) 3/import matplotlib. pyplot as plt
. . 4
» W with order(¥)>p (O “higher order” single step method) s|def odeintssctrl(Psilow,p,Psihigh,T,y0,h0, reltol ,abstol ,hmin):
6 t = [0]; y = [y0]; h = hO #
These are the same building blocks as for the simple adaptive strategy employed in Code @22 (, 7 while t[—1] < T and h > hmin:  #
passed as arguments Psi | ow, Psi hi gh there). g yh = Psihigh (h,y0) #
Gradinaru o yH = Psilow (h,y0) i Gradina
s @ est = norm(yH—yh) # ——
A - . ¢ : for b — 0 11 tol = max(reltolxnorm(y[—1]),abstol) #
: - :
SHAEE TSNS (o7 SESTEPETE| 2 i = 12 h = h«max(0.5, min(2,(tol/est)*(1.0/(p+1)))) #
. g " 2 if est < tol: #
Wiy (t).) — ®ky(ty) = ch?™ + OB | =
~ Ry, A o2 k (8.7.5) 14 y0 = yh; y.append(y0);
Uty (ty) — @y (ty) = O(WPT2), t.append(t[—1]+min(T—t[—1],h)) #
with some ¢ > 0. 15
16 return (array(t),array(y)) # converttonumpy array
17
Why h/"l? Remember estimate (??) from the error analysis if the explicit Euler method: we also g7 18|if _name_ == '__main__': o
found O(hi:) there for the one-step error of a single step method of order 1. b, 534 19 """this_example_demonstrates _that_a_slight_reduction_in_the p. 5



20| .....o.tolerance_can_have_a_large_effect_on_the_quality_of_the
solution

21 |

22 # use two different tolerances

23 reltoll=1e—2; abstoll=1e—4

24 reltol2=1e—3; abstol2=1e-5

25 T=2; a=20

26

27 # autonomous ODE ¢ = cos(ay) and its general solution

28 f = lambda y: (cos(axy)*%2)

29 sol = lambda t: arctan(ax(t—1))/a

30 # Initial state y

31 y0 = sol(0)

32

33 # Discrete evolution operators, see Def.

34 Psilow = lambda h,y: y + hxf(y) # Explicit Euler (8.2.1)

35 o = 1 # global order of lower-order evolution

36 Psihigh = lambda h,y: y + 0.5xhx( f(y) + f(y+hxf(y)) ) # Explicit

trapzoidal rule (8.6.3)

37

38 # Heuristic choice of initial timestep and Ay,

39 hO = T/(100.0*(norm(f(y0))+0.1)); hmin = h0/10000.0;

40 # Main adaptive timestepping loop, see Code

41 t1,yl =

odeintssctrl (Psilow,o0, Psihigh ,T,y0,h0, reltoll ,abstoll ,hmin)
42 t2 ,y2 =

odeintssctrl (Psilow,o0, Psihigh,T,y0,h0, reltol2 ,abstol2 ,hmin)
43

44 # Plotting the exact the approximate solutions and rejected timesteps

45 fig = plt.figure ()

46 tp = r_[0:T:T/1000.0]

47 plt.plot(tp,sol(tp),’'g—",linewidth=2, label=r"y(t)’)

48 plt.plot(tl,yl,’'r.",label="reltol: %1.3f, abstol:_
%1.5f '%(reltoll , abstoll))

49 plt.plot(t2,y2,'b. ", label="reltol:_%1.3f,_abstol:
%1.5f '%(reltol2 , abstol2))

50 plt.title ('Adaptive_timestepping,_a = %d’' % a)

51 plt.xlabel(r’'t’,fontsize=14)

52 plt.ylabel(r'y’,fontsize=14)

53 plt.legend(loc="upper_left ")

54 plt.show()

5!

a

# plt.savefig('../PICTURES/odeintssctrl.eps’)

Comments on Code (see comments on Code [9.2.2] for more explanations):

e Input arguments as for Code [9.2.2], except for p = order of lower order discrete evolution.
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e line [12: compute presumably better local stepsize according to (8.7.9), o
Phys.
e line[13: decide whether to repeat the step or advance,
e line[14: extend output arrays if current step has not been rejected.
Remark 8.7.11 (Stepsize control in ode45).
W = RK-method of order 4 W = RK-method of 5 _—
Todeas

Specifying tolerances for integrators: opt i ons = "abstol’:1.0e-1

"stats’:’on’'}

{"reltol’:1.0e-10,

[t,y] = ode45(f,tspan,y0, **options)
(f =function handle, t span = [t), 7], y0 = yo, t =15, Y =y)
8.7
A\ b 5
Example 8.7.12 (Adaptive timestepping for mechanical problem). e
Movement of a point mass in a conservative force field: ¢ +— y(t) € R2 = trajectory
. 2y
Newton’s law: y=F(y) =— 5 - (8.7.10)
Iyll2
acceleration force
Equivalent 1st-order ODE, see Rem.[8.1.6;  with velocity v :=y
: v
(‘Y) - < 2y ) ‘ (8.7.11)
v 2
llyll3
Gradina
D-MAT
Initial values used in the experiment:
=1 0.1
o= ()« vo=(%)
8.7

p. 54



abstol = 0.000010, reltol = 0.001000

abstol = 0.000010, reltol = 0.001000

4 5 0
v, (exaky) () (Naeherung)

al v, (1) (exaky) | . Y,(t) (Naeherung)
v, () (exakt) . v,(t) (Naeherung)
(1) (exakt) | . v,(t) (Naeherung)

o

S
o
Zeitschrittweite

0.2

_4 . . . . . .
0 05 1 15 2 25 35 4
t t
abstol = 0.001000, reltol = 0.010000 abstol = 0.001000, reltol = 0.010000
4 5
——,(® (exaky) ¥, (Naeherung)
3tk ——Y,(t) (exakt) || . Y,(t) (Naeherung)
——V, (O (exakt) . v,(t) (Naeherung)
s v, (1) (exakt) || . V,(t,) (Naeherung)

=)
=
Zeitschrittweite
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8.7

0.8 T T T 0.8 T T T
0.6 0.6 . )
tr /f
i 6
0.4 04 +, b
P e . P et
02t //;/ 0.2 kS 7
o 4 o
P L
~ ~
> F > e
-0.2F f -0.2 Vi
f* /i i
-0.47 -0.4 T
/ / 1
-0.6f by -0.6 /A
f [ ¥
-0.8 ! -0.8 [/
- Exakte Bahn|  { / - Exakte Bahn [/
+ Naeherung ;L/ + Naeherung [/
i . . a1 . )
-1 -05 0 05 -1 -0.5 0 05
y1 yl
reltol=0.001, abstol=1e-5 reltol=0.01, abstol=1e-3
Observations:
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[0 Fast changes in solution components captured by adaptive approach through very small

timesteps.

[0 Completely wrong solution, if tolerance reduced slightly.

An inevitable consequence of time-local error estimation:

Absolute/relative tolerances do not allow to predict accuracy of solution!

8.8 Essential Skills Learned in Chapter 8 []

You should know:

e what is an autonomous ODE

e how to reduce an ODE to an autonomous first order system of ODEs

e the meaning of evolution operator

o the Euler methods with pros and contras

e the derivation and advantages of the implicit midpoint rule

<& Num.

Meth.
Phys.

Gradina

D-MAT



e the derivation and advantages of the Stérmer-Verlet method
o the idea behind splitting methods and the Strang-splitting

o the idea behind Runge-Kutta methods

® how to use ode45 method

e the importance and the idea behind adaptivity

9

Explicit Runge-Kutta methods with stepsize control (— Sect. 8.7) seem to be able to provide approx-
imate solutions for any [VP] with good accuracy provided that tolerances are set appropriately.

Stiff Integrators

Everything settled about numerical integration?

Example 9.0.1 (ode45 for stiff problem).

L

VP =X (l—y), A:=500 , 100 -

y(0)

Code 9.0.2: ode45 for stiff problem

import matplotlib.pyplot as plt
from numpy import diff , finfo, double
from ode45 import ode45

o or W N R

def ode45stiff():

Num.
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43
44
45
46
47
48
49
50

TR R TR

AR TR TR

TR TR TR

tries_to_solve_the_logistic_differential_equation_using,_
ode45_with

adaptive_stepsize_control_and_draws_the_results:

resulting_data_points_—>_logode451.eps

timestep_Size . . —>_logode452.eps

both_plots_also_contain_the_’'exact’ solution

# define the differential equation

fun = lambda t,x: 500xx**2%(1—X)
# define the time span

tspan = (0.0,1.0)

# get total time span

L = diff(tspan)

# starting value

y0o = 0.01

# make the figure
fig = plt.figure ()

# exact solution

# set options

eps = finfo (double).eps

options = {’'reltol ":10xeps, 'abstol ':eps, 'stats':'on’}

tex ,yex = ode45(fun,(0,1),y0,x*xoptions)
# plot 'exact’ results
plt.plot(tex,yex,
plt.hold(True)

'—',color=[0,0.75,0], linewidth=2,label="y(t)")

# ODE45

# set options

options = {’'reltol ':0.01, 'abstol ':0.001, 'stats ':'on’}
# get the solution using ode45

[t,y] = ode45(fun,(0,1),y0,x*xoptions)

# plot the solution

plt.plot(t,y, 'r+',label="0de45")

# set label, legend, ....
plt.xlabel('t’,fontsize=14)
plt.ylabel('y")

plt.title ('ode45 for_d_ty = 500_y"2(1—y)"’)
plt.show()

# write to file

# plt.savefig("../PICTURES/logode451.eps’)

# now plot stepsizes
fig = plt.figure()
plt.title ('ode45_for_d_ty_=_500_y"2(1—y)")
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53 axl = fig.add_subplot(111)
54 axl.plot(tex,yex[:,2], 'r—', linewidth=2)
55 axl.set_xlabel('t")
56 axl.set_ylabel('y(t)")
57
58 ax2 = axl.twinx()
59 ax2.plot(0.5%(t[:—1]+t[1:]),diff(t), 'r=")
60 ax2.set_ylabel(’'stepsize’)
61
62 plt.show()
63
64 # write to file
65 #plt.savefig('../PICTURES/logode452.eps’)
66
67 |if __name__ == '_ _main__":
68 print ’'warning: _this_function_takes_a_long_time_to_complete!
(not_really_worth_it)\n’
69 ode45stiff ()
Nurmber of successful steps:
The option * stat s’ ' on’ makes the pro- 2119
gram print statistics about the run of the integra- Nunmber of failed attenpts: 3
tors. Number of function calls:
12726
g odeds for dy = 500.000000 y*(1-y) ‘ odeds for dy = 500000000 ¥1-3)
15 T 0.03
+ ode45
1.2
+
#—** + t iyt
i ,g&% f—e MW A
osf ' ! "
> ¥ E | 2
06 \ ' 3
i 05 .: 0.01
04f y E
N
2 A - Vil \’“Wdr” Wﬁﬂf”nﬂrm” 1
% ‘“_ho.‘z 04 06 08 % 02 ot 0 s

Stepsize control of ode45 running amok!
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The solution is virtually constant from ¢ > 0.2 and, nevertheless, the integrator uses tiny
timesteps until the end of the integration interval.

<

9.1
p. 55

9.1 Model problem analysis b
il
Example 9.1.1 (Blow-up of explicit Euler method).
As in part Il of Ex. [8.3.1:
» [Pl for[logistic ODE, see Ex.8.1.1]
y=fly)= 1~y , y0)=00L.
Gradina
s Explicit Euler method (8.2.1) with uniform timestep 5 = 1/N, N € DMAT
{5, 10, 20, 40, 80, 160, 320, 640}.
9.1
p. 5¢
o —+— A = 10.000000 ' ' 14 ' ;’H ' Num.
—+— A =30.000000 / Meth,
100} —+— A= 60.000000 1 1 | Phys.
—— A =90.000000 + 2 \\/ “j \\/ \\/
10 ”r“‘\\ 4 1 f”
g 10" / \\ DSf\ T“j’ 7\ T
3 [ oaf 7» 0 0
g © ““‘“ “‘\ 1 0.2 ///4’
10° ’,” \ B o —
. B! v v v ]
10 10 “mestep h 10 au o 01 02 03 04 015 06 0.7 08 v 1
Gradina
A large: blow-up of y;. for large timestep h A = 90: — = y(t), — = Euler polygon D-MAT

Explanation: y;. way miss the stationary point y = 1 (overshooting).

This leads to a sequence (yk)k with exponentially increasing oscillations.

Deeper analysis:

Fory ~ 1: f(y) = A(1—vy) O |Ify(tg) ~ 1, then the solution of the IVP will behave like the
solution of y = A(1 —y), which is a linear ODE. Similary, z(t) := 1 —y(t) will bahave like the solution g,
o Of the “decay equation” 2 = —Az. p. 5t



Motivated by the considerations in Ex. we study the explicit Euler method for the

linear model problem: ¢y = Ay, y(0)=1yp, with A0, (9.1.1)
and exponentially decaying exact solution
y(t) = yoexp(At) — 0 fort — oo .
Recursion of explicit Euler method for (9.1.1)):
for f(y) = Ay:  yrr1 =yr(l+ ). (9.12)
Gradinaru
0 ,if \h > —2 (qualitativly correct) , D-MATH

B u=w(l+A)F = yk;l—>{

oo L, if A< —2  (qualitativly wrong) .

Timestep constraint: only if || < 2 we obtain decaying solution by explicit Euler method!

Could it be that the timestep control is desperately trying to enforce the qualitatively correct behavior
of the numerical solution in Ex.[9.1.1? Let us examine how the simple stepsize control of Code

fares for model problem : 91
p. 553
Example 9.1.2 (Simple adaptive timestepping for fast decay). .
Meth.
Phys.
» “Linear model problem IVP":  y = Ay, y(0) = 1, A = —100
» Simple adaptive timestepping method as in Ex. 8.7.4, see Code
Decay equation, rtol = 0.010000, atol = 0.000100, A = 100.000000 X107 Decay equation, rtol = 0.010000, atol = 0.000100, A = 100.000000
Y T T T T T T T T = T T T T i j T+ weeror )y,
{ - % 4 estimated error EST,
09F +  rejection 4
I 25 i
08
07
2 i
06
s
me 5 °F Gradinaru
041 b D-MATH
I e g
03
0.2 i
0.5 4
01«; 4
t t
Observation: in fact, stepsize control enforces small timesteps even if y(¢) ~ 0 and persistently
triggers rejections of timesteps. This is hecessary to prevent overshooting in the Euler method, which
contributes to the estimate of the one-step error. 9.1
p. 554

<& Num.

Meth.
Phys.

Is this a particular “flaw” of the explicit Euler method? Let us study the behavior of another simple
explicit Runge-Kutta method applied to the linear model problem.

Example 9.1.3 (Explicit trapzoidal rule for decay equation).

Recall recursion for explicit trapezoidal rule:

ki =f(to,y0) ., ko =f(to+h,yo+hki), y1=yo+ 5k +ko). 8.6.3
Apply this to the model problem @.1.1), thatis f(y) = f(y) = Ay, A < 0: -
B k=, k=Ago+hk) = yi=(1+M+300)D) . 913
—_—
—S(h\)
P sequence generated by explicit trapezoidal rule:
yp = S(hNFyy, k=0,...,N. (9.1.4)
9.1
p. 5¢
Stability polynomial for explicit trapezoidal rule
2 r T T Num.
Meth.
Phys.
2 z 1 — 2+ fracl2z?
[S(RA)| <1 & —2<hA<0.
nls \ | Qualitatively correct decay behavior of (},);; only
& \ under timestep constraint
h < |2/A] . (9.1.5)
B 725 h 7125 ' * <> Gradina
D-MAT
Mode problem analysis for general explicit [Runge-Kutta method (— Def. B.6.1): apply
A
[Runge-Kutta method| ¢ b7 to (9.1.7)
i—1
ki =Ayo+h Y agk))
j=1 . IT—220 [5 _ 1 (9 1 6)
B s —ZbT 1 n =% 1] L.
yi=w+hy bk 91
i=1 p. 5



where k € R® = denotes the vector (k1, ..., ks)’ /) of increments, and > = \h.

= y=3S(z)yy with S(z):=1+ zb! (Ir— z91)71 1 =det(I — 22+ zle) . 9.1.7)

The first formula for S(z) immediately follows from (9.1.6), the second is a consequence of
Cramer's rule.

Thus we have proved the following theorem.

Theorem 9.1.1 (Stability function of explicit Runge-Kutta methods).
The \Il}j\ of an explicit s-stage Runge-Kutta single step method (— Def.

cl A . . o
with T (see ) for the ODE y = Ay is a multiplication operator ac-

cording to

z:=Ah,

U =14 2bT (1 — 22) 711 = det(I — 22 + 21b7)
[Stabilty funcior (=)

Thm.B11 = SePs

Remember from Ex.9.1.3 for sequence (|y;|);— produced by explicit Runge-Kutta method applied
to IVP holds y; = S(Ah)Fyq.

yie|)72, non-increasing < |S(\R)| <1 |,
. g o ISan<1 ], o018
(lyr)72 exponentially increasing < [S(Ah)| > 1.
On the other hand: VS € P | }im |S(z)| = o0
Z|—00
B=-timestep constraint: In order to avoid exponentially increasing (qualitatively wrong for A < 0)
sequences (ykr)l?-czo we must have |\h| sufficiently small.
Small timesteps may have to be used for stability reasons, though accuracy may not require
them!
[ Inefficient numerical integration
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Remark 9.1.4 (Stepsize control detects instability).
Always look at the bright side of life:

Ex.[0.0.1,0.1.2: Stepsize control guarantees acceptable solutions, with a hefty price tag however.A

9.2 Stiff problems

Objection: The IVP (@.1.1) may be an oddity rather than a model problem: the weakness of explicit
Runge-Kutta methods discussed in the previous section may be just a peculiar response to an unusual
situation.

This section will reveal that the behavior observed in Ex. and Ex. is typical of a large class
of problems and that the model problem (9.1.1) really represents a “generic case”.

We examine linear homogeneous IVP of the form

. 0 1 ‘
y= (75 7&) y . y(0) =y eR. (9.2.1)
—_—
=M
INEx.?2: 3> 1a” > 1.
[52, Sect. 5.6]: general solution of y = My, M € R%2, by diagonalization of M (if possible):
MV =M (v, vo) = (v, Vo) (Al )xg) . (9.2.2)
B vi, vy € R?\ {0} = eigenvectors of M, A\, Ay = eigenvalues of M, see Def. @.1.1.
Idea: transform y = My into decoupled scalar linear ODESs!
1=V ly(t
y=My & Viy=vIMV(Vvly) w=Y 0, (’\1 AQ) z. (9.2.3)
This yields the general solution of the ODE y = My
y(t) = Avyexp(Ait) + Bvoexp(Aot), A,BeR. (9.2.4)

Note: ¢ — exp(A;t) is general solution of the ODE 2; = \;z;.
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Consider [discrete evolution of explicit Euler method (8.2.1) for ODE y = My -
Meth.
Phys.

h
Py =y +hMy <y =y +hMy;.
Perform the same transformation as above on the discrete evolution:

_ _ _ _ z.::V’ly
Vil =Vily +aVIMV(VT ) 6 T (m), = (2); + i (7)), - (9:25)

= explicit Euler step for z; = \;z;

Crucial insight:

The explicit Euler method generates uniformly bounded solution sequencies (yk)zozo fory =

My with diagonalizable matrix M € R4 with eigenvalues \q, ..., Ay, if and only if it generates

uniformly bounded sequencies for all the scalar ODEs 2 = A\;2,i =1,...,d. et
D-MATH

‘ An analoguous statement is true for all Runge-Kutta methods!

N\ J

(This is revealed by simple algebraic manipulations of the increment equations.)
So far we conducted the model problem analysis under the premises \ < 0.

However: in Ex. ?? we have )\1/2 = %a +i\/p— %aQ (complex eigenvalues!). How will explicit 9.2

Euler/explicity RK-methods respond to them. p. 561
Example 9.2.1 (Explicit Euler method for damped oscillations). .
Meth,
Phys.

Consider linear model IVP for A € C:

ReA <0 = exponentially decaying solution y(t) = ypexp(At) ,

because | exp(At)| = exp(Re At).

Model problem analysis (— Ex.[0.1.1), Ex.0.1.3) for explicit Euler method and A € C:

Sequence generated by explicit Euler method (8.2.1]) for model problem (9.1.1):

Gradinaru

D-MATH
Yhtl = yk(l + h)\) . 9.1.2

B lmy,=0 & [I+h\<1.
k—o00
timestep constraint to get decaying (discrete) solution !
9.2
p. 562
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1< {zeC: 1+2<1}

Gradina

D-MAT
Now we can conjecture what happens in Ex. ??: the eigenvalue \g = %a —i\/ B — %102 of M has a
very large (in modulus) negative real part. Since ode45 can be expected to behave as if it integrates
Z = A9z, it faces a severe timestep constraint, if exponential blow-up is to be avoided, see Ex.[9.1.1l.

Thus stepsize control must resort to tiny timesteps. o

Can we predict this kind of difficulty ?

Example 9.2.2 (Chemical reaction kinetics).

J2
A+B—C
Ky

fast reaction

e
A+C_D
k3

slow reaction
Ky, ko > ks, ky

[0  2nd reaction determines overall long-term reaction dynamics

reaction:
' (9.2.6)

Vastly different reaction constants:

B lfcy(0) > cp(0)

Mathematical model: ODE involving concentrations y(t) = (c4(t), cp(t), co(t), cp(t)

Gradina

—kicacp + koco — kscace + kacp DALAT
—kicqcp + koco
kicacp — kaoco — kscace + kycp

kscaco — kycp

CA
B
cc
D

) d
y = pr =f(y) =

MATLAB computation: tg = 0, T = 1, ky = 10%, ky = 103, kg = 10, ky = 1

Code 9.2.3: Explicit Integration of Stiff Equations of Chemical reactions
1|from numpy import array, linspace, double, diff
2 |from ode45 import ode45

p. 5¢



15
16
17
18
19
20
21
22

23

24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
4
42
43
a4
45
26
47

=

import matplotlib.pyplot as plt
from odewrapper import odewrapper

def chemstiff():

# plt.savefi

"""Simulation_of_kinetics_of_coupled_chemical_reactions_with_
vastly _different_reaction

rates ,_see_\eqref{eq: chemstiff}_for_the_ODE_model.

reaction_rates_\Blue{ky, ko, k3, ks}, \Magenta{ky, ko > k3, ky}.

kl = led4; k2 = 1e3; k3 = 10; k4 =1

# definition of right hand side function for ODE solver

fun = lambda t,y: array([—klxy[O]*xy[1l] + k2xy[2] — k3xy[0]xy[2]

+ ké4xy[3],

—k1xy[0]*xy[1] + k2xy[2],
k1xy[0]*y[1] — k2xy[2] — k3xy[0]xy[2] + kdxy[3],
k3xy[0]*y[2] — ka4xy[3]])

tspan = [0, 1] # Integration time interval

L = tspan[l]—tspan[0] # Duration of simulation

y0 = array([1,1,10,0]) # Initial value yg

# compute “exact” solution, using fortran routines (using wrapper for
scipy.integrate.ode class)
tex = linspace(0,1,201)

yex = odewrapper(fun,y0,0,tex)

# Compute solution with ode45 and moderate tolerances

options = {'RelTol’:0.01, 'AbsTol’':0.001, 'Stats’':’on’}
t,y = ode45(fun,[0, 1],y0,x*options)

# plot the solution

plt.figure ()

plt.plot(t,y[:,0], 'b.", label=r'cyj, low tolerance’)
plt.plot(t,y[:,2],'r.", label=r’cgy, low tolerance’)
# plot 'exact’ results

plt.plot(tex,yex[:,0], 'c—",linewidth=3, label=r"cy(t)’

)
plt.plot(tex,yex[:,2], 'm—’,linewidth=3, label=r"ca(t)")
plt.axis([0,1,0,12])
plt.xlabel('t")
plt.ylabel(’'concentrations )
plt.title ('Chemical_reaction:_concentrations’)
plt.legend()
g(’.../PICTURES/chemstiff.eps’)

# Plot stepsizes together with “exact” solution

fig = plt.figure()

plt.title ('Chemical_reaction: _stepsize’)
axl = fig.add_subplot(111)
axl.plot(tex,yex[:,2], 'r—', linewidth=2)

Num.
Meth.
Phys.

Gradinarn

D-MATH

9.2
p. 565

Num.
Meth.
Phys.

Gradinaru

D-MATH

9.2
p. 566

48
49
50
51
52
53
54
55
56
57
58
59

if

axl.set_xlabel('t")
axl.set_ylabel('c_C(t)")

ax2 = axl.twinx()

ax2.plot(0.5«(t[: —1]+t[1:]),diff(t), 'r=")

ax2.set_ylabel('timestep’)

plt.show()

#plt.savefig('chemstiffss.eps’)
__hame__ == '__main__":
chemstiff ()

concentrations

12

-2

Chemical reaction: concentrations

0
]
Cae ode45
Cex ode45

0.2 0.4 0.6 0.8 L

Example 9.2.4 (Strongly attractive limit cycle).

Chemical reaction: stepsize

o

=

)

~

=

timestep

310'5
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[Autonomous ODE y = f(y)
)= (7 )y =iy

on state space D = R”\ {0}.

N o o A~ w N R

10

11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34

Solution trajectories (A = 10) >

2 -15 -1 -05 0 05

Code 9.2.5: Integration of 1VP with limit cycle

from ode45 import

ode45

from numpy import

import

def

if

matplotlib.pyplot as plt

limitcycle (lam,y0=array ((1,0))):

# PYTHON script for solving limit cycle ODE (??)

# define right hand side vectorfield

fun = lambda t,y: array([—y[1],y[O0]]) +
lam(1—y[0]*%2 —y[1]**2)*xy

# standard invocation of MATLAB integrator, see Ex.

tspan = (0,2x%pi)

opts = {’stats’':False, 'reltol ':1e—4, abstol’':1e—4}

t45 ,y45 = ode45(fun,tspan,y0,x*opts)

return (t45,y45)
__name__ == '__main__":
for lam in [0,1000]:
t,y = limitcycle (lam)

fig = plt.figure()

plt.title (r’A="+str(lam)+'")

axl = fig.add_subplot(111)
axl.plot(t,y)
axl.set_ylabel(r'y_i(t)")
axl.set_xlabel('t")

ax2 = axl.twinx()

ax2.plot(0.5«(t[: —1]+t[1:]),diff(t),
ax2.set_ylabel('timestep’)
plt.show()

=)

# now make some nice solution trajectories
lam = 10
plt.figure ()
plt.title (r’Solution_Trajectories_(A=10)")
for rad in r_[0.25:2.25:0.25]:
for phi in r_[0:2%pi:31j][: —1]:
X,y = radxcos(phi),radxsin(phi)
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35 t,y = limitcycle (lam,array ([x,y]))

36 plt.plot(y[:,0],y[:,1],'r")
37 plt.grid(True)
38 plt.show()

odeds for attractive fimit cycle x10 odeds for rigid motion

18 1 2
1 7
08 s ~
|
. \ w .
2 / | 2
S btk it i ittt 7 5 g 2 ofy T 018
T 'Y I Frf ! £ | I/ g
=1 ‘ )/ =
4 ‘ /=
1a il
Yik Y1k
Y2k Yok
15 . , . . , ) N . ,
o T 2 3 4 5 6 7 0 1 2 3 4 5 6 7
t

many (3794) steps (A = 1000) accurate solution with few steps (A = 0)

Confusing observation: we have ||yg| = 1, which implies ||y (¢)|| =1 V!

Thus, the term of the right hand side, which is multiplied by A will always vanish on the exact solution
trajectory, which stays on the unit circle.

Nevertheless, ode45 is forced to use tiny timesteps by the mere presence of this term.

Notion 9.2.1 (Stiff IVP).
An initial value problem is called stiff, if stability imposes much tighter timestep constraints on
explicit single step methods than the accuracy requirements.

Typical features of stiff IVPs:
» Presence of fast transients in the solution, see Ex.[9.1.1], ??,

» Occurrence of stronly attractive fixed points/limit cycles, see Ex.[9.2.4

Code 9.2.6: An ODE wrapper

1|/import scipy.integrate
2|from numpy import size, zeros
3
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4 |def odewrapper(f '¥0,10, t, integ rgtor: dqpr|§ ) . Num. Observe: transformation idea, see (9.2.3), (9.2.5), applies to explicit and imlicit Euler method alike. ~ Nun.
5 """integrates_the_function_f_with_initial_values_yO,_tO Pliys: Pliys:
6 Loeoooooreturns_the_value_of_the_integral_at_times_specified_in_t
7 cosnnnen dopris u!sutheusc!py ' !nteg rate_analog_of_matlab s _ode45 Conijecture: implicit Euler method will not face timestep constraint for stiff problems (— Notion .
8 | 'odel5s’ is_the_scipy.integrate_analog_of_matlab’'s_odel5s
N
10 # initialize ode class:
11 # constructor takes function to integrate Example 9.3.2 (Euler methods for stiff logistic IVP).
12 # second function sets initial values (for y and for t)
13 # thll"d function sets mtegrat.or (default:'dopri5’ is equivalent to ode45 in MATLAB) 0 Redo Ex. for implicit Euler method:
14 if integrator=="dopri5’:
15 r =
scipy.integrate.ode(f).set_initial_value (y0,t0). set_intG_ ; .
16 if |ntegra_tor == ‘odel5s’: e D MAT
17 print integrator+’'\n’
18 r =
scipy.integrate.ode(f).set_initial_value (y0,t0).set_int
method="bdf’, order=15)
19 # do the integration, read values at points in array t.
20 i=1; n=size(t)
21 y = zeros([n,size(y0)])
22 y[0]=y0
23 while r.successful() and i < n: 9.9 0.3
24 r.integrate (t[i]) b 573 b5
25 y[i] = r.y . Explicit Euler method Implicit Euler method (8.2.4) L
26 ] Aotk 0 e : : - : : otk
Phys. R -geeeees T So oo Phys.
27 return y w0 - moomeo ) R ]
) r‘* 107 —70‘;‘) 1
10 ”r\
E “‘ \ E 10° B
gm"“ ”r’ \ é i
Ly .. g, / \ a” 1
9.3 (Semi-)implicit Runge-Kutta methods F ]
o r”’ \ 10 — i
Example 9.3.1 (Implicit Euler timestepping for decay equation). W e - ‘ | e |
Gradinem o w0 imestep h ! o o o timestep h w ] Gradios
Again, model problem analysis:  study implicit Euler method for IVP @.1.1 [P X large: blow-up of . for large timestep & ) large: stable for all timesteps / ! et
k Well, we see what we expected!
P> sequence Y = Yo - (9.3.1)
1—Ah
= |ReA<0 = lim y,=0! (9.3.2)
k—o0
. . - . %
No timestep constraint: qualitatively correct behavior of (y;.);. for Re A < 0 and any h > 0!
9.3 9.3
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Unfortunately the implicit Euler method is of first order only, see Ex. 8.3.1. Can the Runge-Kutta )

design principle for integrators also yield higher order methods, which can cope with stiff problems.

YES'!

Definition 9.3.1 (General Runge-Kutta method). (cf. Def.
For bj,a;; € R, ¢; := Zj‘:l a;j, 1,5 = 1,...,s, s € N, an s-stage Runge-Kutta single step
method (RK-SSM) for the IVP is defined by

s
ki = f(to+cihyo+h Y agkj), i=1,....s , yi:=yo+h» bk.
= '

As before, the k; € R? are called [ncrements.

Note: computation of increments k; may now require the solution of (non-linear) systems of equations
of size s - d (— “implicit” method)

Shorthand notation for Runge-Kutta methods

Butcher scheme

Note: now 2l can be a general s X s-matrix.

O explicit Runge-Kutta method, Def.
0 diagonally-implicit Runge-Kutta method (DIRK)

2 strict lower triangular matrix
2 lower triangular matrix

Model problem analysis for general Runge-Kutta single step methods (— Def. 0.3.1): exactly the
same as for explicit RK-methods, see (9.1.6), (9.1.7))!

Theorem 9.3.2 (Stability function of [Runge-Kutta methods).
The \I/i( of an s-stage Runge-Kutta single step method (— Def. with

ifgr (see (9.3.3)) for the ODE y = Ay is a multiplication operator according

to

det(I — 22 + 21b7)
det(I — 22A) ’

L L L S = z=Ah,

stability function S(z)

(9.3.3)

Note: from the determinant represenation of S(z) we infer that the stability function of an s-stage un:

P Phys.
(2) with P € Ps, Q € Ps.
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Runge-Kutta method is a rational function of the form S(z) =

Of course, such rational functions can satisfy |S(z)| < 1 for all z < 0. For example, the stability
function of the implicit Euler method is

1(1 m.
% Thm. 9.32 S(z) =

1

— (9.3.4)

Gradinaru |0 light of the previous detailed analysis we can now state what we expect from the stability function Gradin:
DARTH ¢ o Runge-Kutta method that is suitable for stiff IVP (— Notion9.2.1): pHas

9.3 9.3
p. 577 p. o
gﬁ‘%ﬁ‘ Definition 9.3.3 (L-stable Runge-Kutta method). g‘;{tli*
A Runge-Kutta method (— Def. is L-stable/asymptotically stable, if its
(— Def. satisfies
(7) Rez<0 = |S(z)|<1, (9.3.5)
(21) lim  S(2)=0. (9.3.6)
Rez——o0
Remark 9.3.3 (Necessary condition for L-stability of Runge-Kutta methods).
. ) c| A
Consider: Runge-Kutta method (— Def. 9.3.1) with b
Gradinaru Gradina
D-MATH D-MAT
Assume: 2 € R%? is regular
For a rational function S(z) = P(? the limit for |z| — oo exists and can easily be expressed by the
leading coefficients of the polynomials P and Q):
Thm.832 = S(—o0)=1-blA"11. (9.3.7)
9.3 > [If bl = (Ql)fj (rowof2) = S(—oc0)= 0} . (9.38) o3
p. 578 p. 5¢



C1 ajy s
(9:3:3) for [-Stablel RK- c| 2 5 5 5
> = Cs—1|Gs—1,1 Gs—1,s
methods, see Def. b 1 b b
1 s
‘ bl bs

Example 9.3.4 implicit Runge-Kutta methods).

4—6] 88-Tv6 296—169v6 —2+36
10 360 800 225

11 446 | 296+169v6  83+7v6  —2-36
10 1800 360 225
1 1 16—/6 16+/6 1
36 36 3
16—/6 16+6 1
36 36 9

Implicit Euler method Radau RK-SSM, order 3 Radau RK-SSM, order 5

Equations fixing increments k; € RY, i = 1,...,s, for s-stage implicit RK-method

(Non-)linear system of equations with s - d unknowns

Example 9.3.5 (Linearization of increment equations).

» [Initial value problem| for [logistic ODE], see Ex.
y=Xy(l-y) , y0)=01 , A=5.

Logistic ODE, y , = 0100000, A = 5.000000

» Implicit Euler method (8.2.4) with uniform
timestep h = 1/n,
n € {5,8,11,17,25,38,57,85,128, 192, 288, 10
, 432,649,973, 1460, 2189, 3284, 4926, 7389}.

& approximate computation of y;. 1 by

107k

s
1 Newton step with initial guess yy, 5
107
= semi-implicit Euler method w0l
—+— implicit Euler
—+— semi-implicit Eulel
s Measurederror err = max |y; — y(t;)| 10° ‘ ‘ ——on
j=1l,...n 10" 10° 107 10"

From (8.2.4) with timestep h > 0

Yi+1 =Ykt h(ypt1) € FYri1) = Yes1 — h(yg1) —yx=0.
One Newton step applied to F'(y) = 0 with initial guess y, yields

Yis1 =Yk — DE(yr) " F(yg) = yi + (I— hDE(yy)) 'nf(yy,) -

e fly)= Ay A eR% N

Phys. Phys.

Yk+1

&
Idea: Use linearized increment equations for implicit RK-SSM
S
Gradinaru ki = f(y()) + th(yo) Z aijkj v i=L...,s. (9:3.9) Gradina
D-MATH - J=1 D-MAT
" Linearization does nothing for linear ODEs [J [stability function| (— Thm. not affected! ‘
P Class of semi-implicit (linearly implicit) Runge-Kutta methods (Rosenbrock-Wanner (ROW)
methods):
i—1 i—1
9.3 (T — haiid)k; =f(yo+h Y (ag; +dij)k;) = hI > dijk; (9.3.10) 93
p. 581 j=1 j=1 p. 5¢
" i—1 g
M J:=DE(yo+h)_(aij +dij)k;) . (9.3.11) gl
J=1
S
yi=yo+ Y bk;. (9.3.12)
j=1
Remark 9.3.6 (Adaptive integrator for stiff problems in MATLAB).
Handle of type @t ,y) J(t,y) toJacobian Df : [ x D +— R4
opts = odeset (' abstol’,atol,’ reltol’,rtol,’ Jacobi an™J)
. [t.y] = ode23s(odefun,tspan,y0,opts); i
D-MATH D-MAT
Stepsize control according to policy of Sect. [8.7:
WU = RK-method of order 2 U = RK-method o 3
“ode23
~N
integrator for stiff IVP
9.3 9.4
p. 582 A p. 5



9.4 Essential Skills Learned in Chapter 9 [

You should know:

e what is a stiff problem with concrete examples

o the typical situations when stiff problems occur

e the meaning of the stability function associated with a Runge-Kutta method
e the importance of the implicit Runge-Kutta methods

e example of semi-implicit methods

e an adaptive integrator for stiff-problems
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Im(A) = range/column space of matrix A, 147
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K;(A,z) = Krylov subspace,
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\Ilhy = discretei evolution for autonomous ODE,
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AT,
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List of Definitions

Chebychev polynomial,
Condition (number) of a matrix,
Consistency of fixed point iterations,
Consistency of iterative methods,
Contractive mapping, 47|
Convergence,

global, 24

local, 24!

diskrete
Fourier transform, 314

eigenvalues and eigenvectors, 190
equivalence of norms, 27
Evolution operator,

Explicit Runge-Kutta method,

cond(A), 118

p(A) = spectral radius of A € K™", [191]
pA(u) = Rayleigh quotient,

f = right hand side of an ODE, 441

ylt;, ..., t;p] = divided difference, 272

Il 1y,

[ x [lo, 27

[ % [l 27

"= Derivative w.r.t. time t, 434

TOL tolerance,

Fourier transform,
Hessian matrix,
Krylov space,

L-stable Runge-Kutta method,
Linear convergence,
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Order of convergence,
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polynomial
Chebychev,
pseudoinverse,

Rayleigh quotient,
Runge-Kutta method, 577

Single step method, 455
singular value decomposition (SVD), 143

transform
Fourier, 314
Types of matrices,

unitary matrix,

Examples and Remarks
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h-adaptive numerical quadrature,

[From higher order ODEs to first order systems,
442

[Many particles molecular dynamics,
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