Numerical
Methods
401-0654

6 Polynomial Interpolation

Throughout this chapter n € N is an element from the set N if not otherwise specified.

6.1 Polynomials

- 7\ AR
Definition 6.1.1. We denote by

Py = {R9tHoznt”Jrozn_ltn_lJr...+oqt+ozoER: aO,ozl,...,ozneR}.

the R-vector space of polynomials with degree < n.

N _

Theorem 6.1.2 (Dimension of space of polynomials). It holds that dim P, = n + 1 and P,, C

C™(R). 6.1
p. 192



Remark 6.1.1 (Polynomials in Matlab). MATLAB: ant” + a1t L+ ...+ = Vector ...
Methods

(n, 1, - - -, ) (ordered!). A 401-0654

Remark 6.1.2 (Horner scheme). Evaluation of a polynomial in monomial representation: Horner
scheme

p(t) =t(t---t(t(ant + ap_1) +apn_2) +---+ay) + o .

Code 6.1: Horner scheme, polynomial in MATLAB format
function y = polyval(p,x)
y = p(1); for i=2:length(p), vy

xxy+p(i); end

D-ITET,
D-MATL
Asymptotic complexity: O(n)
Use: MATLAB “built-in’-function polyval(p,x); A
6.2

P-193



6.2 Polynomial Interpolation: Theory
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Goal: (re-)construction of a polynomial (function) from pairs of values (fit).
4 . . N
Lagrange polynomial interpolation problem
Given the nodes —oco0 < 1 < 11 < -+ < Ty < o0 and the values vy, ..., yn € R compute
p € P, such that
Vie{0,1,...,n}: p(t;) =y; .
\_ /
D-ITET,
D-MATL
6.2
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6.2.1

Lagrange polynomials

-

Then define the Lagrange polynomials L, L1, . . .

Definition 6.2.1. Consider nodes —oco < tg <ty < ---

<itp < o0 (—

, Ly, € Py, associated to (1, . .

(t—1)

I

~

\_—

Lagrange interpolation).

., tn) through

Li(t) - =)
J#
forallt € R andalli € {0,1,...,n}.
.
Note that Lz‘<tj> = 6i] = {1 : Z :], :
’ 0 :i#£
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D-ITET,
D-MATL

6.2
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Mothods.
Al 401-0654
Example 6.2.1. Consider n € N and Lagrange
polynomials for uniformly spaced nodes £ o
2 S
ti=—1+< 5€{0,1,...,n}. : o
Plotn =10, j =0,2,5 - 3 o~
o T
g ~ Bl
Definition 6.2.2 (Lagrange interpolation operator). Consider —oo <t <11 < ... < 1y < oQ.
By l..t,: R ‘P, we denote the linear mapping defined by
n
1
RTH_ > (y07 R 7yn) = Ilf(),...,lfn <y07 R >yn) = ZyZLZ S P?”L .
1=0
- J
6.2

p. 196



Numerical

Theorem 6.2.3 (Existence & uniqueness of Lagrange interpolation polynomial). Methods,
The general polynomial interpolation problem (6.2) admits a unique solutionp € P, and it holds
that

for allt € R.

6.2.2 Conditioning of polynomial interpolation —
D-MATL

Necessary for studying the conditioning: norms on vector space of continuous functions C'(/, R)
where I C R is a non-empty bounded and closed interval:

supremum norm || f{|o 1 == sup{|f(¢)|: t € I}, (6.2.4)

L2norm || llo,r = \/ JATORE 6.25)

6.2
Llnorm £l = [ 1£(0)]dt 628) o
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Lemma 6.2.6 (Absolute conditioning of polynomial interpolation). Consider interval I C R,

nodes —oo < tg < ... < t,, < oo and associated Lagrange polynomials Ly, ..., Ly,. Then
the Lagrange interpolation operator satisfy
Itg,...tn ()l oo, 1 n
gt L o o = SUp et ST LY 827)
Mo tnll e e = 8 T 2ol
[lt,....tn(¥) 3

2L (Y0 ILi3,)” . e28)

lto,...t Aol o) = 8
ol 21,0 L I

D-ITET,
D-MATL

Terminology:  Lebesgue constantof ), ..., tpand I C R: Ny ¢ (1) == H Z?_O | L;]

oo,]l

Example 6.2.4 (Estimation of the Lebesgue constant). Consider n € N, [ = [—1,1] and t;. =

6.2
p. 198



—1+ % k € {0,1,...,n} (uniformly spaced nodes). Then

. 1.1, 5, n=3 ntl  2n-l
)\t()v"'vtn(]) > |Ln/2(1 — ﬁ)’ —_n.n n2 ’ n n : n
2,04 .., n—-2 1)
n n n
135 =3)-(n+1)-(n+2)-...-(2n—1)
2:4-6-...-(n—2)-n]
. o (2n—1 2"
2(n+1) (n +3) (n2 >Z V2 >0
2-4-...-n—4)-n—=2)"-n2 " (n—2)n
for all n € {6,8, 10, ... } and some constant C' € (0, c0).
Theory [1]: for uniformly spaced nodes | \¢, .. ¢,(]) > Ce"? |for all n € N and some constant per
C € (0,00).
&
Example 6.2.5 (Oscillating interpolation polynomial: Runge’s counterexample). Between the nodes
the interpolation polynomial can oscillate excessively and overestimate the changes in the values:
bad approximation of functions!
6.2

P-199



// \ Interpol. polynomi/al ‘\ |
o] | | |
Let n € N. Interpolation polynomial with uniformly 5 | | |
spaced nodes: : || | ||
s T -
10; 1 s || |

l; =—0+4+—, y,= z | |
J n yj 1 + <t]>2 2 05 \\ / “

o \

. 3 k | \
forall j € {0,1,...,n}. Plotn — 10> = | .

\ y
See Example 6.4.11. o 1 P
-5 4 3 2 1 (i 1 2 3 4 5

Attention:

strong oscillations of the interpolation polynomials of high degree on uniformly spaced nodes!

Numerical
Methods
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D-ITET,
D-MATL
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6.3 Polynomial Interpolation: Algorithms
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6.3.1 Newton basis polynomials and divided differences
Drawback of the Lagrange basis: adding another data point affects all basis polynomials!
Alternative, “update friendly” method: Newton basis of P,.
4 N
Definition 6.3.1. Consider t,...,t, € R with |{to,...,tn}| = n + 1. Then define Newton
basis polynomials Ny, Ny, ..., N, € P, associated to (tg, ... ,ty,) through DTET,
n—1
No(t):==1, Ni(t):=(t—to), ... , Na(t)=]]Ct—-1t) (6.3.1)
1=0
for allt € R.
\ /
> LSE for polynomial interpolation problem in Newton basis:
Given (yj)jE{O,l,...,TL} C R, find (aj>j€{0,1,...,n} C R such that 63

Vje{0,1,....n}: aoNo(t;) + a1 Ni(tj)+ -+ anNp(t;) =y, . p. 201



& triangular linear system

No(t2) Ni(tz) Na(t2)

[ No(to) Ni(ty) Natg) -
No(t1) Ni(ty) No(ty) ---

\NO&tn) N1&tn) NQ&tn)

Ny (T
Nngtgg\ o
Nt /| %!
l.e.,

0
n—1 L )
ZI;IO( ! ' )

\ [ w0

Yn—1

/ \yn)

o

[ w )

Y1

Yn—1

\yn)

401 0654

D-ITET,
D-MATL
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Solution of the system with forward substitution:

ap = Yo '
Lo Y10 _y1— W
! t1 — to t1—ty
Yi—Y  Y2=Y0 _ Y1—Y
g, = 200~ (ta —to)ay _ Y2~ %0 — (t2 — o)1= _ =ty — 1=ty
(t2 —to)(t2 — t1) (t2 — to)(t2 — 11) to—t1
Y3=Y0 _ Y1I=YO _ (4, _
BT Bt (s —t)(ts—t)e _ mn — hn s —t)a
(t3 — o) (t3 — 1) (t3 — t2) (T3 —11) (I3 — 12)
Y3=Y0_Y1—Y0  ¥2-¥0_ Y1—Y0
i3—tyg t1—1p lo—ty t1—1p
e S
(t3 = t2) R
Simpler and more efficient algorithm using divided differences:
ylt;] = v
bivtsee o ten] —ylts, oot |
Yltisticts o tivk] = yllin i+ — Yl i-+h—1] (recursion) (6.3.2)
bivk — i 6.3

p. 203



Recursive calculation by divided differences scheme:

to | ylto

t1 | ylt1]

>y

10, 1]

11,10

to, 13

> ylto, 11, Lo
> ylto, t1, t2, t3),
> ylt1,to, t3)

Then

n

Vi eR: Zyl ’ LZ@) — <It0,...,tn<y07 IO 7yn))<t) — Zy[t(b s 7t2] | N’L(t)

1=0

and

for all permutations 7: {0, 1, ..
and Korollar 2.1 in [44, Rannacher, EinfGhrung in die Numerische Mathematik, Vorlesungsskriptum,

1=0

il = Ylle(o) te(1ys s Ergi)

i} —{0,1,...,i}andalli € {0,1,...,n} (see, e.g., Satz 2.2

2006]).

Numerical
Methods
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D-ITET,
D-MATL
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Code 6.2: Divided differences, recursive implementation

function y = divdiff(t,y)
n = length(y)—1;
if (n > 0)
y(1:n) = divdiff(t(1:n),y(1:n));
for |=0:n—1
y(n+1) = (y(n+1)=y(j+1))/(t(n+1)=t(j+1));
end
end

o N o o0 A WD =

Code 6.3: Divided differences evaluation by modified Horner scheme

function p = evaldivdiff(t,y,x)
n = length(y)—1;
dd=divdiff(t,y);
p=dd(n+1);
for j=n:—1:1

P = (x=t(])).xp+dd(]);

N o o0 AW Nd =

end

Computational effort: » O(nz) for computation of divided differences,

s O(n) for every single evaluation of p(t).

Numerical
Methods
401-0654

D-ITET,
D-MATL
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6.3.2 EXxtrapolation to zero
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Extrapolation is the same as interpolation but the evaluation point¢ € R is
outside the interval | min;c gy tj, maxjcqy 1 t;]. W.lo.g. assume ¢ = 0.

Assumption: Let I C R be an interval with 0, ¢, ..., t, € I,let Ay,..., A, € R
and let f: I — R be a continuous function with the asymptotic expansion

F(h) = f(0)+ Ajh? + Ash* + -+« + Aph®™ + R(h)

where R: I — R is the remainder function satisfying R(h) = O(h2"t2)) as h — 0
(i.e., limsupy,_,o (|R(h)| h~(2"2)) < o0). This is, e.g., fulfilled when T = R
and when f is a smooth and even function. D-MATL

Problem: compute f(0) = lim;_,( f(¢) with prescribed precision,
when the evaluation of the function y=f (t) is unstable for || < 1.

Solution via extrapolation to zero:

@ evaluation of f(¢;) fori € {0,1,...,n}. ’
p. 20



@ f(0) = p(0) = [lg,....t,(f(t0), - -, [(tn))](0) with Numerical

Methods

interpolation polynomial p = |to,...,tn (f(to), .-, f(tn)) € Pp. 401-0654

Example 6.3.4 (Numeric differentiation through extrapolation). Let x € Randlet g: R — R be a
(2n + 3)-times continuously differentiable function. Then define f: R — R through

[ g(a+h)—g(z— N 2k+1) () 2k .
F) = < g( +h)2h9( h) _ g/(az) 4 kzl g (2k£13!h n O(h(z +2)) h£0 |
g'() :h =0

Note that f(0) = hm;HO f(h) = ¢'(x). We thus get ¢'(z) =~ [ly, .1, (f(to), ..., f(tn))](0) for
sufficiently small ¢, ..., ¢, € (0, 00).

<> D-ITET,
D-MATL

6.4 Interpolation Error Estimates
Consider bounded and closed interval I C R and Lagrangian polynomial 6.

interpolation with nodes %), ..., t,, € [ satisfyingty) <t < ... < 1p. D. 207



Goal: estimate of the interpolation error norm || f — Iz, 1, (f(t0), .- -, f(tn))|| where || - | Numerical

. 401-0654
isanormon C(I,R) and where f € C(I,R).
4 N
Definition 6.4.1 (Error polynomial). Let s, ..., s, € R. Then we denote by es, ... s, € Pn+1
defined through
Csgssn() = (L= 50) - (¢ = 51) - (£ — ) 6.4.1)
for allt € R the error polynomial associated to (s, . . . , sn)
. /
D-ITET,
Theorem 6.4.2 (Representation of interpolation error). PMATL
Let f € C"TL(I,R) andt € I. Then there exists 4 € (min{t, 1y, ... tn}, max{t, to, ..., tn})
such that
i (r) P () - ety (D)
t—(l to). ... f(t )t: Tl (t=t;) = st
FE) = (ot (FlE0)s - £(E0) ) (8) = S, ]HO< j) )
6.4

p. 208



Numerical

Corollary 6.4.3 (Estimate of interpolation error). Let f € C"1(I, R). Then s,

7 et
17—y n (Pl Pt < ot P tnleos

Interpolation error estimate requires smoothness! I

Example 6.4.1 (Runge’s example). Polynomial interpolation for I = |—5,5] and f: I — R given by
f(t) = —5 forall t € I with n = 10 and equispaced nodes

1442
1 s
107 : )
tj::—5+77, Yj = 7 j€4{0,1,...,n}.
L+ (t)
6.4

p. 209



15¢F

0.5

-0.5 !
-5

1/(1+x?)
= = = |nterpolating polynomial
I
1!
L
'L
1 1
1 1
I 1
1 1
] 1
1 1
] 1
1 1
[] 1
] 1
] 1
I
\ 1
\\ 1
I
1 1 1 1 J
1 2 3 4 5

Interpolating polynomial, n = 10

Numerical
Methods
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D-ITET,
D-MATL
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6.5 Chebychev Interpolation

6.5.1 Motivation and definition

W.Lo.g. let I = [—1,1] C R. Then Corollary 6.4.3 ensures that

||f(n+1

)Hoo,[—l,l] ||€to,...,tn||oo,[—1,1]

1 = Vtgta (F (0D fE0)) [ o 1) < (n+1)!

forall =1 <ty <---<t, <landall f € C""([-1,1],R).

Goal: Find —1 < tj < --- <ty < 1suchthat e, _1,1] is minimal!

,thOO,[

Recall the inverse function arccos: [—1, 1] — [0, 7] of
the function [0, 7] > x — cos(x) € [—1, 1]. Note that

Vite[-1,1],z €0, n]: cos(arccos(t)) =t  and  arccos(cos(x)) = x.

Numerical
Methods
401-0654

(6.5.1)

D-ITET,
D-MATL

(6.5.2)

p. 211



Definition 6.5.1 (Chebychev polynomial).
ByTl,: R — R & P, we denote the n-th Chebychev polynomial which is characterised through
Ty(t) = cos(n arccos(t)) forallt € [—1,1].

The well-definedness of Definition is given in the proof of the next lemma.

Lemma 6.5.2 (Chebychev polynomial). It holds that

[n/2]
T(t)= Y ( o ) Hn=2k) (12 _ 1)F (6.5.3)

k=0
for allt € R.

Numerical
Methods
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D-ITET,
D-MATL
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Proof of Lemmal6.5.2. Note that

cos(n arccos(t)) =

— Re([cos(arccos(t)) + i sin(arccos(t))

R

Il
—
Mwlz
| I

m

for all ¢

n

k=0

0

Re( - arccos

t, Th(t) = (

Moreover, observe that Definition ensures that

o[> (k) ) (i/1-£)" | =

2
0

Re(
")

(277]; ) (n—2k) Re(z-Qk) (1 B tz)k’ _

|—1, 1]. This completes the proof of Lemma[6.5.2]

o

Th(1) = cos(0) =1

forall ¢ € [—1, 1] and hence that || T || o —1 1] = 1.

Mz

k

) arccos

Re([t+

— |
NS O
| I—

> (

2

and

(i

n

2k

1)
iV1- ")

)b Re(i) (1 - £)

) pn=2k) (_q)k (1 B tQ)k

Note that Lemma[6.5.2 implies that for every ¢ € R that

2) (t2—1):t2+t2—1:2t2—1,

Tn(t)] <1

N/

Numerical
Methods
401-0654

N

6.5.4)

D-ITET,
D-MATL

(6.5.5)
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Lemma 6.5.3 (3-term recursion for Chebychev polynomials). It holds that
Ty (t) =2tT0(t) = T (t),  To(t)=1, Ti(t)=t (6.5.6)
forallt € R and all k € N.

1r 1 n=5
n=6
n=7
0.8 0.8 n=8
n=9
0.6 0.6
0.4 041
0.2 0.2
e o e ol
— -
-0.2 -0.2 -
-0.4 -04
0.6 - -0.6
08 | -0.8 -
1k -l
£ 0 ;3 0] l6 0 l4 0 i2 (; 012 014 016 Of’. l £ 0 g 0 g Oil 0 ; (; 012 014 016 0l :
t t
Chebychev polynomials 1), ..., 1Ty Chebychev polynomials 15, ..., 1Tq

Numerical
Methods
401-0654

D-ITET,
D-MATL
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Definition 6.5.4 (Zeros of Chebychev polynomials). Let n € N. Then we denote by T
(n)

79

Vke{l,2,...,n}:

the zeros of the n-th Chebychev polynomial 1;,, i.e., we define

(n) k—3

7%7 .— COS

€ (—1,1
217 ) e (-1,

(6.5.7)

207

18

16

14

12

10

Chebychev nodes

" ke {1,... n}, from E5.7):

| T

Numerical
Methods
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Next we note that it holds that

I\N/IU([rp]er(;cal
- T(@) () (k) (k) 461 0s5s
ViR ke N: 2(]<J11)_(t—71 ) (t=n) (=) (6.5.9)
Theorem 6.5.5 (Minimality property of the zeros of the Chebychev polynomials). /It holds that
Tht1 ‘ _ H H o HetO,...,thoo,[—Lui _ 1
| o -11] N Ll ) T 1<ty <<ty <1 f T2
See [3], Section 7.1.4] for the proof of Theorem[6.5.5!
D-ITET,
D-MATL
6.5.2 Chebychev interpolation error estimates
Combining Corollary 6.4.3 and Theorem 6.5.5 shows for every f € C""([—1,1],R) that
(n+1)||
1 (n+1) 1A oo (=11
1, : ( (ntl)y )H < 6.5.13
|7 =1 o (FED @) S 6513) 63

Tn—i—l ,...,7‘1
p. 216



Example 6.5.3 (Polynomial interpolation: Chebychev nodes versus equidistant nodes).

Runge’s function f(t) = Fltg

nodes and Chebychev nodes:

2 —
1/(1+x?)
= = = |nterpolating polynomial
I
15H
1

]
I
]
1
I
1
I
1
]
1
0.5 I
1
]
I

\
0 \ ’ . 1
7 I}
\ .,
A 4 ~
-0.5 L
5 4 3 2 1 0 1 2 3 4 5

12

Function f

= = = Chebychev interpolation polynomial

Numerical
Methods

401-0654

see Ex. [6.4.1], polynomial interpolation based on uniformly spaced

D-ITET,
D-MATL
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Example 6.5.5 (Chebychev interpolation error).

Numerical
Methods
401-0654
fy=00+t)"1 tel=][-575](seeEx
Interpolation with n = 10 Chebychev nodes (plot on the left).
ZI.O1 [ T T T T T T T T
e Function f : —s—|If-p n”oo
= = = Chebychev interpolation polynomia I ||f-p n”2
€
2
S
i
D-ITET,
D-MATL
0.2 *
5 4 3 2 1 0 1 2 3 4 5 2 ! ! | ! ! L L 1
t 10 2 4 6 8 10 12 14 16 18 20
Polynomial degree n
&
6.5

p. 218



6.5.3 Chebychev interpolation: computational aspects

Numerical
Methods
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Note that Ty, 11, . . ., T}, form a basis in the (n + 1)-dimensional R-vector Py,.
Hence, for every p € P, there exist o, a1, . .., oy € R such that
n
P = ZajTj (6.5.15)
1=0

Equation (6.5.15) is also called Chebychev expansion (of p).

Remark 6.5.6 (Fast evaluation of Chebychev expansion). — [10, Alg. 32.1] Ifn € {2,3,... } and
x € R, then we use the 3-term recursion (see (6.5.6)))

Tn(x) = 22T, 1 (v) — Th—2(x) D-MATL
to rewrite (6.5.15) as
n n—1 fozn_1+2mn ) =n—1
plx) = Zoijj(:L‘) — Z ajTi(x) where ;= a,_2— oy j=n—2 (6.5.16)
J=0 7=0 L 0<7<n-3
[ recursive algorithm, see Code 6.4.
Code 6.4: Recursive evaluation of Chebychev expansion (6.5.15) 6.5

1‘function y = recclenshaw(a,x) p. 219



nJ

W N Q) Ul -— w

% Recursive evaluation of a polynomial p = Z”H a; 11 at point x, see (6.5.16)

% The coefficients a; have to be passed in a row vector.
n = length(a)—1;
if (n<2), vy = a(1)+x*xa(2);
else
y = recclenshaw ([a(1:n—2), a(n—1)}a(n+1), a(n)+2«x*xa(n+1)],x);
end

> Computational effort: ~ O(n) for evaluation at point z € RA

Given: yo, Y1, ..., yn € R. Aim: Find o, a1, ..., an € R such that

n
Vke{0,1,...,n}: p(T]iTlLl)) = Z a; T (T]gfﬁl)) = YL . (6.5.17)
7=0
Trick: Define 1-periodic function ¢: R — R through

q(s) := p(cos(27s)) Zoz] (cos(2ms)) (6.5.18)

forall s € R. Then (BEI) reads as

2k + 1 k+ 3 n
Vke{0,1,...,n}: q(4 (ni 1)) — q<2 21>> :p(T]_iJ:l)) = YJ.. (6.5.19)

Numerical
Methods
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D-ITET,
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The symmetry property ¢(s) = ¢(1 — s) for all s € R hence shows

2k + 1
Vike{0,1,...,n}: q(l—4 il >):yk

(n+ 1
Next define z = (29, 21, .. ., 2op11) € R2(n+1) through
exp(@f—ﬂ‘;“) Yl k<n

VEe {0,1,....2n+ 1}: 2y = i

exp(m) Yon+l-k h=2n+l
Combining (6.5.19) and (6.5.20) then shows

k 1 :
1}: — exp (1L
Vke{0,1,...,2n+ 1} q(2(n+1) +4(n—|—1)) exp((n+1))zk

In addition, observe that the definition of ¢ ensures that

n
Vs e |0, %] q(s) = p(cos(27s)) ZO‘J i(cos(2ms)) = Zozj cos(2m7s)
7=0
and th|s |mpI|es that

n
VseR: q(s) = p(cos(2ms)) Zoz] (cos(2ms)) = Zozj cos(277s)
7=0
n n+1
Z%(exp 2117 s) + exp(— 2772']'3)) = Z B exp(—2miyjs)
7=0 Jj=—n

Numerical
Methods
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(6.5.20)

(6.5.21)

(6.5.22)

D-ITET,
D-MATL

(6.5.23)

(6.5.24)

p. 221



where B_,, ..., Bn+1 € R are defined through

0 ) =n-+1
S ojef{l,...n}
Vie{-n,—n+1,...,n+1}: Bj = 1 . (6.5.25)
ag 7=0
4 .
\Tj ]E{_n,,—l}
This and (6.5.22) then show that
n+1 oiih
: k 1) mink
VOsk<2ntlig (2(n+1) n—l—l ) Z (57 exp (— )> eXp( 2 +1)> = eXp(( +1))Z/~c
Jj=—n
and hence
D-ITET,
on—+1 D-MATL
i i il
V0 < k <2n+1: Z (5(]—71) exp(— 2(27(5—1—17;))) exp (—2(772:]_1)) = 2L
— —~-
C"2‘(7n+1)
and therefore
F2(n+1) C—=2Z where
9 27i(n—1 27i(—n—1 ont1) (6.5.26)
= (Bon (), B e (), B exp (TR ) ) € €2 ..

B>  solve (6.5.26) with inverse [discrete Fourier transform|, see 5.2: D. 222



_ o 9O w ~N o) Ul -—

asymptotic complexity O(nlogn) (— Sect.

Code 6.5: Efficient computation of Chebychev expansion coefficient of Chebychev interpolant

function a = chebexp(y)
% Efficiently compute coefficients «; in the Chebychev expansion

n
%p = ) a;T;of p € Py, based on values y,
7=0
%k =0,...,n,in Chebychev nodes t;., £ = 0, ..., n. These values are

% passed in the row vector vy.

n = length(y)—1; %degree of polynomial

% create vector z by wrapping and componentwise scaling

z = exp(—pixixkn/(n+1)*x(0:2xn+1)) .x[y,y(end:—1:1)]; %r.h.s. vector
c = ifft(z); %Solve linear system (6.5.26) with effort O(n logn)

b = real(exp(0.5%pixi/(n+1)x(—n:n+1)).xc); %recover 3;, see (6.5.26)
a = [b(n+1),2xb(n+2:2xn+1)]; %recover o, see (6.5.24)

6.6 Trigonometric Interpolation

Is there something else than polynomial approximations in the world?
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ldea (J. Fourier 1822): Approximation of a function not by usual polynomials but by
trigonometrical polynomials = partial sum of a Fourier series
D-ITET,
D-MATL
6.6

p. 224



6.6.1 Trigonometric Polynomials

Definition 6.6.1 (Trigonometric polynomials). A functionl’: R — C is called trigonometric poly-

nom if there exist a k € N and complex numbers v_j., v{_t., - - .,V € C such that
k
VteR: T(t) = Z o7 2Tt (6.6.1)
j=—k
In that case the number deg(T) = max({l € {0,1,...,k}: |y + |7~ # 0} U
{—oc}) is called degree of T' and if additionally deg(T') > 0, then the complex numbers
V= deg(T)» Vi—deg(T): - - - » Vdeg(T) @re called coefficients of T'. For every k € Ny we denote
by T;. the set of all trigonometric polynomials of degree < k, that is,
k
T. =<R>t— Z vje%zjt cCiv Y-ty €C
j=—k

Moreover, for every j € Z we denote by w;: R — C the trigonometric polynomial given by
VieR: wi(t) = 2Tt

Why do we call them trigonometric polynomials ?
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21t

Parametrisation: [0,1] =—5— Sl .= {2 e C: |2| = 1} . Mothode:
t— 2 401-0654
Im
z = exp(2mit)
| | t "
O '1 1 Re
D-ITET,
D-MATL

For p € [1, 00) we denote in the following by L”((0, 1), C) the C-vector space of
equivalence classes of p-integrable functions from (0, 1) to C. For simplicity we do in the following
not distinguish between a p-integrable function from (0, 1) to C and its equivalence class
in LP((0, 1), C). Moreover, in the following we denote by ||'||L2((0,1),<C) and by (-, '>L2((0,1),<C)
6.6
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the norm and the scalar product in L*((0, 1), C), i.e., for every f, g € L*((0, 1), C) we define

2
|LfHL2 (0,1), [j/ f(1) ’2 ] and (f,g) L2((0,1), /[ f?

Lemma 6.6.2 (Basis functions of trigonometric polynomials). For every k € N the functions
W_fy Wk, - - -, W € Tj. form a basis of the C-vector space Ty.. In addition, the functions w ;,

j € 7, are orthonormal in L*((0, 1), C), i.e., it holds that
Vi kelZ: (wj, W) 12 = 1w'(t)wk(t)dt: : :]_k.
! J? L ((O,l),@) 0 J 0 - ]# L
Remark 6.6.1 (Periodicity of trigonometric polynomials). A trigonometric polynomial 7': R — C

is a 1-periodic function, i.e., it holds for every ¢t € Rand every [ € Zthat T'(t) =T (t + ().

The next lemma provides a suitable characterization of trigonometric polynomials; cf., e.g.,
http://en.wikipedia.org/wiki/Trigonometric_polynomial.
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Lemma 6.6.3 (Representation of trigonometric polynomials). A function 1': R — C is Methods
a trigonometric polynomial if and only if there exist a k € Ny and complex numbers
ag, at, ..., ar,b1,...,b € C such that

k k
VteR: T(t) =ag+ Zaj cos(2mjt) | + Z bj sin(2mjt) | . (6.6.2)
J=1 J=1
Moreover, if 1': R — C is a trigonometric polynomial of degree n and with coefficients
YensV1—n,---,Yn € C, then

Vit eR: T(t) =0+ (75 + ;) cos(@mjt) | + | D i (yj — 7—j) sin(2mjt)

1 j=1

k k
]:

(6.6.3)  DmAlL

Corollary 6.6.4 (Real valued trigonometric polynomials). Let 1': R — C be a trigonometric
polynomial of degree n and with coefficients v—_y,,Y1—n, ..., € C. Then T’ is real valued if
and only if it holds for every j € {0,1,...,n} that7; = vy_;.
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6.6.2 Fourier coefficients and Fourier series
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Definition 6.6.5 (Fourier coefficients). If f € L'((0,1), C), then we define the Fourier coefficient
function f: Z — C through
R 1 1 1 "
k) — / wilD) £(£) dt = / w_ (1) F(t) dt = / e=2mikt £(4) it (6.6.4)
0 0 0
for all k: € Z. In addition, if f : R — C is a 1-periodic function with [ 1) € LY((0,1),C), then
we define the Fourier coefficient function f: 7. — C through f =1 |(O’1).
D-ITET,
D-MATL
Example 6.6.2. Let j € Z and let f: R — C be given by f := w;. Then it holds that
~ 1 1 1 =k
k)= | f)w_g(t)dt = [ w;(t)w_g(t)dt = - (6.6.5)
0 0 0 :j5#k
forall k € Z.
6.6
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Example 6.6.3. Let a, b € (0, 1) with a < b and consider the function f: (0,1) — C given by

1 te€la,b _
f(t) = { . 2, ) (6.6.6)
0 :else
forallt € (0,1). Then
fA’(k) b—a k=0
= . (6.6.7)
% e~ imhat0) sin(kr(b—a)) :k#0
forall k € Z.
Next we formulate a convergence theorem for Fourier series (might be known
from lectures in Analysis, Mathematcial Methods of Physics, etc.).
D-ITET,
D-MATL
Theorem 6.6.6 (L’-convergence of the Fourier series). Let f € L*((0,1),C). Then
o
N N 2 . .
= > JRw =" fk)wp=>" fk) ™) in L7((0,1),C), ie,
k=—o00 keZ keZ
ORTED SAVLCIOU B
Alglz / ZkeAf “k L2((0,1),C)
| Al <00
6.6
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Remark 6.6.4. In view of this theorem, we may think of a function f € L?((0,1),C) in two ways:
once in the time (or space) domain (0,1) > ¢t — f(t) € C and once in the frequency domain 401-0654
Z>kw f(k)eC

g N
Lemma 6.6.7 (Parseval’s identity (Isometry property)). Let f € L*((0,1),C). Then
S FEP =1 Raon.c - 66,9
- /

Lemma 6.6.8 (Derivative and Fourler coefficients). Let f: R — C be a continuously differen-

D-ITET,
tiable and 1-periodic function. Then f'(k) = 2rik f(k) forall k € Z. OMATE
Remark 6.6.5. Let f: R — C be an n-times continuously differentiable and 1-periodic function.
Lemma6.6.7land Lemma [6.6.8/then show that
2 2 o0 2n | 71 1.1(2
00 > Hf " HL2 (0,1), Zk——oo k)|“ = (2m)™" [Zk:—ook (k)] } . (6.6.9)
6.6
and this implies that sup;.c7 (|k|“ |f(k)]) < 0. 0. 231



The smoothness of a function directly reflects in the quick decay of its Fourier coefficients. I Nmeee
401-0654

Lemma 6.6.9. There exist real numbers aj, € [0,00), k € N, such that )}~ aj < co and such that
for every € € (0, 00) it holds that supj.cy (ay, - k%) = imsupy,_,o, (ag, - k%) = oc.

Remark 6.6.6. Let f: R — C be a continuous and 1-periodic function. In many cases it is difficult
or impossible to compute f(k), k € Z analytically. Instead one sometimes uses approximations of
f(k), k € Z. For instance, the composite left rectangle rule gives the approximation

/ ftyw_ (b de= Y L fw e ar
(=0 " N
- 1 N_1 (6.6.10) pTeT
ZfNe -5 | 2 S
(=0

for k € Z and N € N. This motivates the next definition.

6.6
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Definition 6.6.10 (Approximations of Fourier coefficients). Let N € N. If f: [0,1) — C is a
function, then we define the function fy: 7. — C by

N—-1

-~ 1

ntk) = | 22 )i (6:6.11)
(=0

for all k € Z. In addition, if f: R — C is a 1-periodic function, then we define the function
I Z = Cby [ = [fljo1) 5

Theorem 6.6.11 (Error of DFT; aliasing formula). Let N € N and let f : R — C be a continuous

AN

and 1-periodic function with > |f(k)| < oco. Then
keZ

vikez: Iy -fk) = Y Flk+iN).

JEZ\{0}
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Proof of Theorem[6.6.11.. Note that Lemma 5.2.2 implies for every k € Z that

Numerical
Methods

1 (N—1 | N—1 00 401-0654
T 0Nkl k:é
In(k) = > fR)wy =~ Yo > fG)wiy)
| (=0 (=0 |[j=—00
N—-1
L (k=j)t 7 (6.6.12)
LS wEa- £ oW o
| j=—00 (=0 JEZL,
k—je{0,N,—N,...}
= f(k+jN).
jez
This completes the proof of Theorem [6.6.11.. O
D-ITET,
D-MATL
Corollary 6.6.12. Letn, N € N and let f : R — C be an n-times continuously differentiable
and 1-periodic function. Then
. A Hf<n)HL2((o 1),C)
In(k) = f(k)| < R
for all k € 7 with |k| < %
6.6
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Remark 6.6.7. Let n, N € N and let f: R — C be an n-times continuously differentiable and 1-
Methods

periodic function. Then fy(k), k € Z, is N-periodic while f(k) — 0 quickly as k — co. 4010854
fN(k) is thus a bad approximation of f (k) for k large (k £ ) but in the sense of Corollary6.6.12 a

N N
good approximation for |k| < 4.

6.6.3 Trigonometric Interpolation

Note: frigonometric polynomials)] C 1-periodic functions from R to C.

(Equidistant) trigonometric polynomial interpolation problem (cf. Series 7, Exercise 4) D-MATL
Given k € Ng and values 4o, y1, - - -, Yor.—1, Yo € Cfind p € T} such that
Vm e {0,1,...,2k}: p(—Qﬁl) = YU, -
6.6
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Theorem 6.6.14. The

T given by
k
=2 2k+
j=—FkK

Reformulation of the frigonometric polynomial interpolation problem;;

trigonometric polynomial interpolation problem has a unique solution p &

—2mijl k

k _ .
Zyle Ry = Z 2k+1 Zyl k1) | Wi - (6.6.13)
j=—Fk

Letk € Ng, letv_1,v1—1,-- -,V € C, letx = (xg, x1,...,291) € C2k+1 satisfy

Vied0,1,... k}:

lety =

= V—j and VjE{]C—I—l,k—FQ,...,Qk}I Tj="Y2hkt1—j 5

k
(0,91, yor) € C*Fand let p = D= wj €T
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m _
p(2k+1) -

Then note that for all m € {0, 1, ..., 2k} that

j_
2k

k
Z 7 Wy (Tﬂ;ﬁl) Z U 2k+1 Z T 2k+1 +ZVJ
——k

Numerical
Methods
401-0654

(2k+1)

(2k+1—j5)m
2/<;+1 +ZVJ (2k—+1) ZV j (2k+1 T Z V2k+1-j (2k+1)

7=0 j=k+1

Hence, the interpolation condition Vm € {0,1,...,2k}: p(%) = Y iS

equivalentto Fy,. . | x = y and this is equivalent to x = Fz_klle y, i.e.,

2k
| 1

Condition (6.6.15) is in turn equwalent to

2k
: 1
VJE{—]C,l—]{,,]C} /Y] mzymw(Qk—{—l)
m=0

and this proves Theorem 6.6.14.

2k
im _ : 0 1 2k _
= Z ZU] w(2k+1) and this ImplleS that (p(m) ,p(m) e ,p(m)) m— F2k+1 X .
=0

(6.6.14)
D-ITET,
D-MATL
(6.6.15)
(6.6.16)
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The identity (6.6.14) can also be used to compute evaluations at equidistant

Numerical
nodes (2k+1 [ €{0,1,...,2k} of the trigonometric polynomial p € 7;.. e
Definition 6.6.15 (Trigonometric interpolation operator). Let k € Ny. Then we denote by
Tr:{f € C(R,C): fis1-periodic } — T;. the linear mapping given by
Vie{feCRC): fisl-periodic}:Vm € {0,1,...,2k}: (Tk(f)) (%) — f(TW}rl)
D-ITET,
D-MATL
Corollary 6.6.16 (Trigonometric interpolation). Let k € Ny and let f : R — C be a continuous
and 1-periodic function. Then
k k N
Tr(f) = Z (2k+1) Yiok+1) | Wi T Z For41(7) w
j=—k j=—k
6.6
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6.6.4 Trigonometric Interpolation: Error Estimates
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The next corollary follows immediately from Theorem 6.6.14l.
Corollary 6.6.17 (Sampling-Theorem). Let k € Ny. Then T.(f) = f forall f € Tj..

—~———
data compression

D-ITET,
D-MATL

Theorem 6.6.18 (Error estimate for trigonometric interpolation). Letk,n € N, let f : R — C be
an n-times continuously differentiable and 1-periodic function. Then

1PN 2o
L =Tl 201).0) < i '

6.6
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Proof of Theorem[6.6.18. Define the function e: R — C through e(t) := f(t) — (Tx(f))(¢) forall . _

Methods

t € R. Then note that 401-0654
oo R O
> f)w;, Z P ws, e= Y &lj)w; (6.6.17)
j:—oo ]——]C j:—OO
and
L FG) = Fopat(d) @ —k<iji<k
Viel-k1—k,. .. k' &) = JO) = fakald) = —k<j<k (6.6.18)
f() gl >k
Parseval’s identity (Lemmal6.6.7) and Theorem hence show that
2
Hf_Tk<f>HL2((o,1) = [le HL2 (0,1), Z|
JEL D-ITET,
L D-MATL
=" |FG) = fora(d) ’+Z\f
—— 1/
J |§|>k (6.6.19)
, _ _
k R 1 ,
<D D TNk D)| o | Do AIFO)
J=—k |leZ\{0} JEZ
L[7]>F _
6.6
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and this together with the Cauchy-Schwarz inequality implies that _
Methods
401-0654

|f - Tk(f>H2L?((O,1),C)

k
g 1
<3| XY fG+iek+ )P h+iek+ 0P | Y
j=—k |1€Z\{0} _ ZEZ\{O}[ +1(2k+1)"|  (6.6.20)

2
17Nz )
(27Tk)2n '
Hence, we obtain

o k>2n D-ITET,

_ 1 (6.6.21) DVAL
{Z 7G| 32”}

1
>
JEL

oy (11— 1/2)(2k + TG

and this proves that

1 = TP < s HL2((0,1),<:)+Hf Nz200).c) {
(0

(2mk)*" (27)2n<2k+1 ZZ: +1/2 } . (6.6.22)

6.6
D. 241



This finally shows that |
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Hf(n)HQLQ((O 1),C) <2
If - Tk(f)HQL%(o 1),0) = |1 on
(2mk) =0 D) (6.6.23)

n) 12
_ 1™ 22000
— L2n )

The proof of Theorem6.6.18/is thus completed. []
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