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/
Definition 8.1.1 (ODEs and IVPs for ODEs). Letd € N, D € R?, yg € D, I € {[0,00)} U

{[0,T]: T € (0,00)} and let f: D — R% be a continuous function. Then a functiony: I — D
is called solution of the ODE

yt) = fly(t), tel (8.1.1)
if y is continuously differentiable and if it holds thatVt € I: 5(t) == y/(t) = f(y(t)). Equa-
tion is called ODE, the function f is called right hand side (or vector field) of (the

ODE) and the set D is called state space of (the ODE) (8.1.2a). Moreover, a function
y: I — D is called solution of the IVP (ger.: Anfangswertproblem (AWP))

yit) = fly(t), tel, (8.1.2a)
y(0) = yo (8.1.2b)

if yy is continuously differentiable and if it holds that y(0) = yg and V't € [0, T]: v/ (t) = f(y(t)).
is called VP, is called initial condition of (the IVP) and v is called initial

value of (the IVP) (8.1.2).
\

™~
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s N |
Example 8.1.1 (Scalar linear ODEs). Let «, g € R. Then the function 3/: [0, 00) — R given by | Mahede:

401-0654
y(t) = ey, forall t € [0, 00) is a solution of the IVP

y@) = Q- y<t)7 S [07 OO):

8.1.3
y(0) =y . 819

Notation: Instead of

y(t) = fly(), tel (8.1.4)

in Definition one sometimes also writes

D-ITET,

y = f(y), tel (8.1.5) PMATL

for short. Moreover, note in the setting of Definition that a continuous function
y: I — R is a solution of the IVP if and only if it satisfies

t
Viel  yt) =y + /O Fy(s)) ds . 6.16)
Equation (8.1.6) is called integral representation of the IVP (8.1.2).

8.1
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Theorem 8.1.2 (Existence and uniqueness of solutions of IVPs). Letd € N, let D C R e an
open set, letyy € D, let I € {[0,00)} U{[0,T]: T € (0,00)} and let f: D — R? be a locally
Lipschitz continuous function. Then there exit at most one solution of the IVP

y(t) = fly(t)),
y(0) = yo

tel.

and there exists a real number T’ € (0, 0c0) such that the IVP

has a unique solution.

y(t) = f(y(t)),
y(0) = yo

t € 10,7,

(8.1.7)

(8.1.8)
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4 N

Remark 8.1.2 (Conversion of non-autonomous ODEs into autonomous ODEs). Let d € N,
T e (0,00), 0 CRY D :=[0,T] x O, let g: [0,7] x O — R? be a continuous function, let
z:[0,7] = O, f: D — R and y: [0,7] — D be functions satisfying

flt,v) = (L g(t,v) and  y(t) = (ta(t) 8.1.9)
for all (£,v) € D. Then z is continuously differentiable and satisfies

Vie[0,T]: &) = g(t, (1)) (8.1.10)
if and only if the function ¥ is a solution of the ODE

y(t) = f(y(t)), tel0,T]. (8.1.11)

Clearly, this conversion can also be used to convert a “non-autonomous IVP” to an autonomous

IVP in the sense of Definition [8.1.11 A
N /
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Remark 8.1.3 (From higher order ODEs to first order systems). Let n,d € N, T" € (0, 00),
let x: [0, 7] — R be an n-times continuously differentiable function and let g: R — RY,
R 5 R gnd y - 0,T] — R"™ be continuous functions satisfying

fw [ w0 (2t )
U1 V9 L (t>
f : = : and  y(t) = 5 (8.1.12)
() Un—1 2("=2)(¢)
\ Up—1 ) \g(vl, . ,Un—l) ) \ 3;(”—1)@) )

forallv = (vg, v1,...,vp_1) € R" and all t € 0, 7). Then

vt e 0,7T): (1) = g(aj(t), (1), (), . .. ,g;(n—l)(t)) (8.1.13)

if and only if ¢ is a solution of the ODE

y(t) = f(y(t)), tel0,T]. (8.1.14)

Clearly, this conversion can also be used to convert a “higher order IVP” to an IVP in the sense
of Definition 8.1.11

JAN

N /
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Example 8.1.4 (Predator-prey model).
Lotka in “The theory of autocatalytic chemical reactions” in 1910.
Lotka-Volterra ODE reads as

( y1(t) = (@ — Bya(t)) y1(t)

yo(t) = (0y1(t) — ) yo(t)

), t €10,00).

The vector field f: (0, c0)? — R? satisfies f(z) = (w1 — P10, dx29—20) fOrallz = (r1,x9) €

[?, Sect. 1.1] & [7, Sect. 1.1.1] initially proposed by Alfred J.
Let v, B,7,d € (0,00). Then the Yethods,

(8.1.15)

(0, 00)? here.
<
L — ~— \\
A solution y = (y1,12): [0,00) — (0,00)* of ] — T EE&\
(8.1.15) describes population sizes: P
Pop P ™ \\
u(t) := y1(t) — no. of prey attime ¢ € |0, co), N N \
v(t) := yo(t) — no. of predators attime ¢t € [0,00) S N N N
N \ \ \
(f/ﬁg 1 1 1 T
P / / /!

vector field f for Lotka-Volterra ODE >

V/d

Parameter values for Fig.42: o =2, 6=1,0 =1,7v=1
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I I I
0 0.5 1 15

Solution y(t) = (y1(t), yo(t)), t € [0, 10], with
initial condition y(0) = (4, 2)

Solution curves f

Parameter values for Figs.44,43: o =1, =1,0 = 1,7 =2

stationary point
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8.2 Euler methods
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401-0654

In this section assume that 7' € (0,00), d € N, yg € R?, f € C(R?, RY) and consider the IVP

?J(t) — f<y<t)>7 S [Ov T]

Note thatif 0 < tp < t; < T andify: [ — R is a solution of the IVP 8.2.1),
then the left rectangle quadrature formula gives the approximation

t

t
. fy(to)) ds

gt = ylto) + [ Flu(s) ds = yito) +

= y(to) + (t1 —to) - f(y(tn)) -
This approximation motivates the next definition.

(8.2.1)

D-ITET,

(8 2 2) D-MATL
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4 N e
Definition 8.2.1 ((Explicit) Euler method (Euler 1768)). Let T € (0,00), d,n € N, 0 = t; < | ehods:

401-0654
h<...<th1<th=1T,yye€ R and let f: R — R? pe a continuous function. Then a
sequence Y. € R k€ {0,1,...,n}, satisfying

Yo =10 and Vke{0,1,....n—1}: Y1 =Y+ g —tr) - f(Yr) (8.2.3)

is called the explicit Euler approximation for the IVP (8.2.1) on (the grid) {to,t1, ... ,tn}. More-
over,ifh =t | —t forallk € {0,1,... ,n—1}, thenasequenceY; € R%, k € {0,1,...,n},

satisfying (8.2.3) is also called the explicit Euler approximation for the IVP with step size
h.
o %

Next note that if 0 < t; < t; < T'and if y: I — R%is a solution of the et
IVP (8.2.7), then a forward difference approximation of 3/(¢() gives that P-MATE

y(a - tyo()tO) ~y(to) = f(y(to)) 8.24)

and this demonstrates that

y(t1) = y(to) + (t1 —to) - f(y(to)) (8.2.5)

This illustrates why the explicit Euler method is also called forward Euler method.
8.2

Moreover, if 0 <ty <ty < T andify: I — R is a solution of the IVP (8.2.7), p. 267



then the right rectangle quadrature formula gives the approximation

Mothods.
t1 t 401-0654
y(t) = ylto) + [ fly(s))ds = y(to) + [ fly(t1))ds
o to (8.2.6)
= y(to) + (t1 —to) - f(y(t1)) -
This approximation motivates the next definition.
4 N

Definition 8.2.2 (Implicit Euler method). Let T" € (0,00), d,n € N, 0 = tp < t] < ... <
b1 < th =1, 1yy € R and let f: R — R? pe a continuous function. Then a sequence

Y. € R k€ {0,1,...,n}, satisfying
Yo=yo and  VEe{0,L...on—=1} Vi =Y+t — 1) (V1) (827) | B

D-MATL

is called an implicit Euler approximation for the IVP on (the grid) {to,t1,...,tn}. More-
over,ifh =t | —t; forallk € {0,1,... ,n—1}, thenasequenceY; € R%, k € {0,1,...,n},

satisfying is also called an implicit Euler approximation for the IVP with step size
h.
o %

If0<ty<t; <Tandify: I — R%is asolution of the IVP (8.2.1), .
2

p. 268



then a backward difference approximation of ¢/ (¢1) gives that

Numerical
Methods

W) 1) = F(uten) 28

and this demonstrates that

y(t1) =~ y(to) + (t1 —to) - f(y(t1)) (8.2.9)

This illustrates why the implicit Euler method is also called backward Euler method.

The explicit and the implicit Euler method are under suitable assumptions special cases of so-called
numerical one-step schemes for IVPs. More formally, for a function ¥: [0, 7] x RY — R and
neNO0=t)<t; <--- <tn:T,yOeRdconsiderYkeRd,ke {0,1,...,n}, given by

D-ITET,
YQ = Y0 and Vk e {O, 1, oo, — 1}2 Yk—i—l = \If(tk_H — tk? Yk) . (8.2.10) D-MATL
The function W is called one-step function and defines a numerical one-step scheme
for the IVP (8.2.1). For instance, if

Vt,y) €0, T xR  W(t,y)=y+t-fly), (8.2.11)

then (Y} )r.eq0.1,....n) is the explicit Euler approximation
for the IVP on {tg,t1,...,tn}

p. 269



8.3 Convergence of numerical one-step step methods Numerical

Methods
401-0654

In this section assume that 7" € (0, 00), d € N, f € C(R?, R%), v, € R? and consider the IVP

y(t) — f(y(t)>7 t e [07 T] (8.3.1)

Definition 8.3.1 (Algebraic convergence order of a numerical one-step scheme for IVPs). Let

T.p € (0,00),d € N, f € C(RY,RY), yy € RY, Jlety: [0,T] — R? be a solution of the

IVP (8.31) andlet V: [0, T] x RY — R? pe a function. Then we say that the numerical one-step

scheme described by U converges with algebraic order p to vy if there exist ¢, C' € (0, o) such D-VIATL
that foralln € N, forall0 = 1o <ty < --- <ty =T fulfilingmaxyero 11 [tkp1—tg| < c

and forallY;, € RY, k € {0,1,...,n}, fulfiling 8.2.10) it holds that

p
max t.) =Y. <C {max |t — ¢ } . (8.3.2)
el y(te) — Yi| ke{0,1,...n—1} [Te+1 — Lkl

Be aware of the differences between the notion “convergence with order p” (Chapter 1) and
“convergence with algebraic order p” (Chaper 8) in the sense of Definition [8.3.11! p- 270



Numerical

Theorem 8.3.2 (Determination of the convergence speed of a numerical one-step method for | ethods,
IVPs). Let T € (0,00),d,p € N, yy € R Jet f: RY — RY and W 0,T] x RY — RY pe
smooth functions satisfying

(@ k=0
(a) -
vhe {01, .pb (Zp0)0,2) = f(x) () k=2
f(@)(f(x), f(x)) + f'(x) f(2) f(x) k=3

and lety: [0, T] — R? pe a solution of the IVP (8.3.1). Then the numerical one-step scheme .
described by V converges with algebraic order p to y. D-MATL

p. 271



An idea in the proof of Theorem[8.3.2: Note in the setting of Theorem that a Taylor expansion

Numerical

of y(t),t € [0,T)],inty € [0,T] gives e
y(to+ h)
— ylto) + hy/(to) + oy (to) + 4B (ko) + ...+ By (1) + O(R D)
= ylto) + Flylto))h + o F(y(to)) F(y(to) (8.3.3)

+ L () (ly(to)), fly(t) + F(u(to)) £(u(t) Fluto))] + - + Zry™to)
+O(R )
and that a Taylor expansion of W (¢, y(ty)), t € (0,71, in 0 gives

W(h, y(to)) e
2 a2 n o, an 1)\ D-MATL

= W(0,y(to)) + h (F0)(0,y(t0)) + &r (Z39)(0,y(t0) + ... + &7 (F50) (0, y(tg)) + O(h" D))

(8.3.4)

Comparing (8.3.3) and (8.3.4) sketches the proof and illustrates the assumptions of Theorem (8.3.2.
8.3

p. 272



/
Example 8.3.1 (Speed of convergence of the explicit Euler method). Let T € (0,00), d € N,

Yo € R4, et f: R — R? pe a smooth function and let y: 0, T] — R be a solution of the
IVP (8.3.1). Then the explicit Euler method for the IVP (8.3.9]) converges with algebraic order 1
to 9. Indeed, note that W: [0, 7] x RY — R? given by

V(t,z) €0,T] x R%: V(t,z)=x+t- f(x)  (Explicit Euler method) (8.3.5)
satisfies
Vo e R U0, z) ==, (%\P) (0,2) = f(x), (g—;qi) (0,2) =0 (8.3.6)

and Theorem hence shows that the numerical one-step scheme described by V, i.e., the

explicit Euler method, converges with algebraic order 1 to .

\_ /

8.4 Runge-Kutta methods

In this section assume that 7" € (0, 00), d € N, yy € RY, f € C(R%, R%) and consider the IVP

y(t) — f(y(t»v t € [07 T]
y(0) = yo -

(8.4.1)
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1
yito+ 1) = ylto) + o [ Fulto+ sh) ds ~ ylto) + I

Numerical
Methods
401-0654

Llet) <ty <tgp+h <Tandlety: [ — R? be a solution of the IVP (8.4.1). Then

to+h
y(to+ h) = ylty) + /t " Fy(s)) ds = ylto) + b / (y(ty + sh)) ds . 8.4.2)
0

ldea of Runge-Kutta methods: approximate integral in (8.4.2) by means of
m-point quadrature formula (— Sect. [7.1], defined on reference interval |0, 1]) with
quadrature nodes|cy, . . ., ¢y, € |0, 1] and [quadrature weightg b1, . . . , b, € R to obtain

be to+czh) )

1=1 approxmate (8.4.3)
these vectors via
bootstrapping or D-TEL
implicitness
. . h
Example 8.4.1 (Explicit Euler method). If m = 1, ¢y = 0, by = 1 in (8.4.3) (Left rectangle rule),
then (8.4.3) reduces to
y(to +h) = y(ty) +h- f(y(t)) (8.4.4)
and this approximation defines the explicit Euler scheme. 8.4

\

< poam




4 N
Example 8.4.2 (Heun method). lfm = 2,¢;1 = 0,co = 1,01 = by = % in (8.4.3) (Trapezoidal

rule), then (8.4.3) reduces to

ylto-+h) ~ ylto) + [ F(ulto)) + £ (ulto + )] (8.45)
and using Example results in
y(to +h) = y(to) + g (o) + F(ylto) + - f(y(to))) ] - (8.4.6)

This approximation defines the Heun scheme (a Runge-Kutta method). If f: RY — R in
(8.4.1) is smooth, then the Heun scheme for the IVP (8.4.1) converges with algebraic order 2 to
the solution y of (8.4.7)). Indeed, V: [0, 7] x RY — R given by

Y(t.z) e 0.T] xR W(t,x) =z + % @)+ ot ()] (8.4.7)
satisfies
(0, 2) =, 99)(0,x) = f(x),
Ve RY: 0,2) == (&r?)(0.) = 7@ (8.4.8)

(Z50)(0,2) = f'() fl@), (Z50)(0,2) = 3f"(x)(f(2), f(x)

and Theorem hence shows that the numerical one-step scheme described by V, i.e., the

Heun method, converges with algebraic order 2 to v.

N /
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4 N e
Definition 8.4.1 (Heun method). LetT" € (0,00),d,n € N,0 =ty <t1 < ... <lp_1 <ty = Moihods.

401-0654
T,y €RY, f e O(Rd,Rd) andletY; € R [ € {0,1,...,n}, satisfy

t 1 —t
Yo =y, V1€ {0,1,...,n—1}: Vi, =Y+ Gt [f(Yl)+f(Yl+(tl+1 —tl)f(Yl)ﬂ .
(8.4.9)
Then (Y]);c (0,1,..n} s called the Heun approximation for the IVP (8.41) on (the grid)
{to. 1, tn}. Moreover, ifh =t;,y —t; foralll € {0,1,...,n— 1}, then (Y));cqo 1. n1 IS

called the Heun approximation for the IVP (8.4.1)) with step size h.
N /

D-ITET,
D-MATL
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é N e
Definition 8.4.2 (Runge-Kutta scheme (RK scheme). Let T € (0,00), d,n,m € N, 0 = 35 < Eﬂétﬁggg

b < ... <tp_1 <th =T,y € R fe CRLRD), b = (by,...,bp) € R™, A =
(aij)i jef1..my € R™™ andletY; € R 1 € {0,1,...,n}, and Ky y,..., K, € R,
[ €{0,1,...,n}, satisfy

m
Yo=y and VIie{0,1,....,n—1}: Yl+1:Yl+sz'Kl,z' and
1=1

m
Vie{0,1,....n—1},i €{1,2,....,m}: Kl,i = (tl—i—l — 1) f }/Z—I-ZCLZ‘J‘KZJ
7=1
(8.4.10)
Then (Y}),c (0,1,...n} s called an (A, b)-Runge-Kutta approximation for the IVP (8.4.9) on (the | . rer
gric) {to,t1, ..., tn}. Moreover, ith =ty —t; foralll € {0,1,....n—1}, then (V))jcqo1. o) |
is called an (A, b)-Runge-Kutta approximation for the IVP (8.4.1)) with step size h.

N /

If a; ; = 0foralll < ¢ < j < min Definition 8.4.2 (A is a lower triangle matrix with zeros on the
diagonal), then the RK scheme is explicit (otherwise implicit) and it holds for every

p. 277



[ €{0,1,...,n— 1} that

Mothods.
K1 =1 — 1) f(Y) i
Kio= (i1 —4) f(Yz +az1 K 1)
Kj3= (11— 1) f(5/z+a31Kz1+a32K12)
(8.4.11)
Kl, tl+1 — 1) - (Yl + am.1 Kl 1+ T amm—1 Kl,m—l)
Y :Yl—i_blKl,l_'_---"_mel,m-
ai,1 T a1,m
a271 :
The table : : (8.4.12) Buai
Am,1 T Am.m—1 Am,m
by . b,
describing the RK scheme is called Butcher tableau (RK tableau) and m is called the number
of stages of the RK scheme. For instance,
00
the RK scheme with 2 stages described through 10 is the Heun method, (8.4.13)

p. 278
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the Runge-Kutta scheme with 1 stage described through % is the explicit Euler method, 407064
(8.4.14)

1 .
the Runge-Kutta scheme with 1 stage described through % is the implicit Euler method.
(8.4.15)

4 N
Definition 8.4.3 ((Explicit) Midpoint method). LetT € (0,¢0),d,n € N,0 =ty < t; < ... <

-1 <tp =T,y € Rd; J € C’(Rd, Rd) andletY) € Rdf L €{0,1,...,n}, satisfy D-ITET
D-MATL

tio1—t
Yo=w and V1€ {0,1,....n—1} Yig=Y+(t —t) f(¥i+ S f(17)),
(8.4.16)

Then (Y]);c (0,1,..n} is called the (explicit) midpoint approximation for the IVP (8.4.) on (the
grid) {to,t1,...,tn}. Moreover, ifh =t; .1 —t; foralll € {0,1,...,n—1}, then (Yl)le{o,l,...,n}

is called the (explicit) midpoint approximation for the IVP (8.4.1) with step size h.
N /

p. 279



4 I
Definition 8.4.4 (Implicit midpoint method). LetT" € (0,00), d,n € N, 0 =t) <t} < ... <

th 1 <tn=T,yeR? fe C(Rd,Rd) andletY; e RY, [ ¢ {0,1,...,n}, satisfy

Yo=vy, and V1€ {0,1,...,n—1}: YlH:YH(tm—tl)f(%). (8.4.17)

Then (Y7);c (0,1,....n) s called an implicit midpoint approximation for the IVP (8.4.1) on (the grid)
{to.t1, ..., tn}. Moreover, ifh =t;, —t; foralll € {0,1,...,n— 1}, then (Y));cqo 1. p1 iS

called an implicit midpoint approximation for the IVP (8.4.1) with step size h.
o /

4 N
Definition 8.4.5 (Implicit trapezoidal method). Let T' € (0,00),d,n € N,0 =tp <t; < ... <

thn1 <tn=T,yp € RY f e CRYRY) andletY; € RY, 1 € {0,1,...,n}, satisty
t71—t1
Yo=w and Vi€ {01, .. n—1} Y=Y+ 700y + p(vg)].

(8.4.18)

Then (Y1)1cq0,1....n} is called an implicit trapezoidal approximation for the IVP (8.4.1) on (the
grid) {to,t1,. .., tn}. Moreover, ifh =t; —t;foralll € {0,1,...,n—1},then(Y});cq0 1. n)

is called an implicit trapezoidal approximation for the IVP (8.4.1) with step size h.
o /

Numerical
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Remark 8.4.3 (Explicit ODE integrator in MATLAB). Numerical

: Meth
Syntax: 4010654

[t,Y] = odedb (odefun, tspan,y0);

odefun : Handle to a function of type @ (t,v) < rhs. f(t,y), (t.y) € [tg, T] x RY,
tspan : vector (ty,T") specifyings initial ¢y and final time 1" > t() for numerical integration

v 0 . (vector) passing initial value y
Return values:

t : vector (fg,t1,...,ty) temporal gridwithtp < t| <to < --- <ty 1=t =T

Y : vector (Yp,Yq,....Y,) withYp, Yy,... Y, € R4 approximating under suitable

assumptions the solution y: [to, T — R of corresponding IVP
in the sense that Y, ~ y(tg), Y1 = y(t1), ..., Yn = y(tn) = y(T)

D-ITET,
D-MATL

See help oded45 and http://www.mathworks.ch/ch/help/matlab/ref/ode45.html
for further details.
JAN

p. 281
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8.5 Stiff problems

Numerical
Methods
401-0654

8.5.1 Scalar linear model problem

Let T, v, ypg € (0, 00) and let y: [0, 7] — R be the solution of the IVP
it) = —a-y(t),  teT 851
y(0) = o - -
It holds that y(t) = e~ for all t € [0, T (cf. Example 8.1.1).
Thus y(t) > 0 decreases as ¢ becomes larger. —
D-MATL
Next for every n € N let (Ylnhe{og,...,n} be the explicit Euler approximation
for the IVP (8.5.1) with step size % Let n € N and note that
T T Ta2
Vi =¥ = F v = =Ty - - Ty o5m
Ta (I+1 Tad (I+1 "
R i e
foralll € {0,1,...,n—1}. lfa € (0,00) is large so that = > 2,then |Y]'| > Olincreases as 8 c

becomes larger. Thus, if € (0, 0) is large, then the epr|C|t Euler method applied to (8.5.1]) does 0. 282



Numerical

not produces good approximation results unless the step size — is extremly small (see
http://en.wikipedia.org/wiki/Stiff_ equation). 4010554

One way to overcome this lack of approximation is appropriate implicitness in the numerical scheme.
For instance, for every n € N let <Zzn)le{0,1,...,n} be an (the!) implicit Euler approximation for the

IVP (8.5.1) with step size . Then note that
VneN: Vie{0,1,....,n—1}: Zﬁl:Zf—I-oz-Zﬁl implies that

n

n
VneN: VIie{0,1,...,n—1}: Zﬁrl:—lT and this shows that
1+ =5
VneN: VIie{01 nt: Z' = L D-ITET
: y Ly eeey - [ [1+&]l D-MATL
n

Thus, for every o € (0, 00) and every n € N it holds that 7" > 0 decreases as | becomes larger.
The implicit Euler method thus preserves this behavior of the exact solution of the IVP (8.5.1).

8.5.2 Semi-implicit Runge-Kutta methods

Let T € (0,00),d,n € N, yp € R%, A € RE4 g € C(RY, RYD), p. 283
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let f € C(RY, RY) satisfy f(x) = Az + g(x) for all z € R? and consider the IVP

y(t) = fly(t), tel0,T],
(8.5.3)
y(0) = yo
which can also be written as
y(t) = Ay(t) +g(y(t)), t€0,17,
(8.5.4)
y(0) =yo -
4 N
Definition 8.5.1 (Linear implicit Euler method). LetT' € (0,00),d,n € N,0 =ty <t; < ... <
thoy <tn=T,yo e R% g e C(RY,RY), A e R* and letY; € R, 1 € {0,1,...,n}, satisfy
D-MATL
YQ = Y0 and VI e {O, 1, ceey, N — 1} }/l—l—l — }/l + (tl—i—l — tl)A}/l—l—l + (tl—i—l — th(YD
(8.5.5)
Then (Y})1eq0.1,... n) is called an linear implicit Euler method for the IVP (8.4.1) on (the grid)
{to. 1, tn}. Moreover, ifh =t;, —t; foralll € {0,1,...,n— 1}, then (Y));cqo 1. n1 IS
called an linear implicit Euler method for the IVP (8.4.1) with step size h.
N /
3.5

p. 284
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Definition 8.5.2 (Linear implicit trapezoidal (linear implicit Crank-Nicolson) combined with Heun Metnods
method). Let T € (0,00), d;n € N, 0 = t) < t; < ... < tph_1 < tp, =T,y € Rd,
ge CRY RN, AeR andletY; e RY, 1€ {0,1,...,n}, satisty

Yo=yo and VIie{0,1,...,n—1}:

_ 8.5.6
Vipr =Y+ B0 A 4 ] + 900 + 9 (Vi + (- o) ] 27

Then we call (Y]), (0,1,....n} @nlinear implicit trapezoidal-Heun approximation for the IVP (8.4.7)
on (the grid) {to,t1,...,tn}. Moreover, ifh = t; .1 —t; foralll € {0,1,...,n — 1}, then we
call (Y})1cq0,1,...ny @n linear implicit trapezoidal-Heun approximation for the IVP (8.4.1) with
step size h.

- /

D-ITET,
D-MATL

A standard monograph for the numerical integration of stiff ODEs is [E. Hairer and G. Wanner,
Solving ordinary differential equations. Il. Stiff and differential-algebraic problems. Springer Series in
Computational Mathematics, 14. Springer-Verlag, Berlin, 1991 [9]].

3.6
p. 285



8.6 Structure preserving nhumerical integration

Example 8.6.1 (Explicit and implicit Euler method for long-time evolution for a specific idealized fric-
tionless spring pendulum without mass). Let 7 € (0, 00), yp € R?, let f: R? — R? be given by
f(x1,29) = (z9, —z1) forall z = (x1,29) € R and lety = (y1, y2): [0, T] — R be the solution of
the IVP

y(t) — f(y(t»v te [Ov T]v (8.6.1)
y(0) =yo -

Then note that the identity
Ve eR?: (z, f(z)) =0 (8.6.2)

implies that V¢ € [0, T ||y(t)H% = Hy(())||% (Enegery % HH% remains constant).

Numerical
Methods
401-0654

D-ITET,
D-MATL

8.6
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40 timesteps on [0,10.000000]

160 timesteps on [0,10.000000]

I
= = = exact solution
—+— explicit Euler
—+— implicit Euler

2 T T T T T 1.5
= = = exact solution
—+— explicit Euler
1.5 —+— implicit Euler
|
A4
0.5
0.5
0
> 05 >~ 0
1k
-0.5 -
15
2+
-1+
-2.5
% 3 2 1 0 1 2 B 35
yl
(=3 explicit Euler: numerical solution flyes away
Sy implicit Euler: numerical solution falls off into the

center

Can we avoid the energy drift ?

Yes: by using other suitable numerical methods instead of the explicit/implicit Euler method.

! ! !
-0.5 0 0.5 1

Numerical
Methods
401-0654

D-ITET,
D-MATL
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8.6.1 Implicit midpoint method

Numerical
Methods
401-0654

Consider the setting of ExampleB8.6. 1l letn e N, 0=ty <t1 < --- <t, =T
andlet Y] € R2, [ e {0,1,...,n}, be an implicit midpoint approximation for the IVP (8.6.7)
on the grid {f¢, 1, ..., ty}. Then note that the identity (8.6.2) implies
that for every [ € {0, 1,...,n} it holds that

2 Yi+Y]
[V ll3 = (Yir, Yin) = (V+ Viay, Vien) — (¥, Vi) = 2 (F555L, Vi ) = (V, Vi)

Yi+Y; Y+Y]
= 2 (TR Y+ (tg — 1) F(F5EL) ) — (Y, Vi)
Y+Y] Y+Y] Y+Y]
=2 <%7 Yl> + 2t — ) <%7 f(%>> — (Y, Y1)

Y14Y;
= 2 (FRHL V) — (Y], Vi) = (Y + Yier, V) — (¥, Yig)

D-MATL

= ||YQH§ . (Energy remains constant!)
(8.6.3)

Example 8.6.2 (Implicit midpoint method for long-time evolution for a specific idealized frictionless
spring pendulum without mass).

8.6
p. 288



40 timesteps on [0,10.000000] 160 timesteps on [0,10.000000]

2 1 T T T T 1.5 I T T T Numerical
exact solution exact solution
—+— explicit Euler —+— explicit Euler L\I.Aoe‘l'[tlé)GdsS“-
1.5 —+— implicit Euler 7 —+— implicit Euler
—— implicit midpoint 1 —#— implicit midpoint

SRR

'34 3 2 1 Y, 0 1 2 215 1 0.5 3(/)1 0.5 1
D-ITET,
i |mplicit midpoint rule: perfect conservation of energy ! o D-MATL
8.6.2 Stormer-Verlet method [8]
3.6

E. Hairer, C. Lubich and G. Wanner, Geometric numerical integration illustrated by the
Stérmer-Verlet method. Acta Numer. 12 (2003), 399—-450 [8]. p. 289
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Let T € (0,00), d € N, gy, pg € R?, g € C(RY, RY),
et f € C(R?® R??) satisfy f(q,p) = (p, g(q)) for all ¢, p € R and consider the IVP 4010654

yt) = f(y@®), te€lo,T],
y(0) = (g0, po) -
According to Remark[8.1.3] the IVP (8.6.4) can be reformulated as the second-order IVP

G(t) =g(q(t)), te[0,T],
q(0) = qo (8.6.5)
q(0) = po -

ift € (0,7) andif h € (0, 00) is sufficiently small, then

. . (t+h)—g(t)] _ [a(t)=q(t=h)
Gt h) =gt s Il _at+h)—2q(t) +alt —h) By
g(q(t)) = 4(t) ~ h ~ ; = 2

(Second order central difference approximation). This motivates the next definition.

(8.6.4)

3.6
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g N
Definition 8.6.1 (Stormer-Verlet method for second-order IVPs). Let T' € (0, ), d,n € N, Mamods.

401-0654
h = % q0.p0 € R, g € C(Rd,Rd) and let (); € R [ € {0,1,...,n}, satisfy

Q=q , Qi =aq+hpy+h°glq) and

VlE{l,...,n—l}: Ql+1:_Ql—1+2Ql+h29<Ql)'

Then (Q1);c (0.1,..,n) s called the Stérmer-Verlet approximation for the IVP (8.6.5) with step
size h.

N /

(8.6.6)

8.7 Splitting methods

D-ITET,
D-MATL
See, e.g., [P. Imkeller and C. Lederer, On the cohomology of flows of stochastic and random
differential equations. Probab. Theory Related Fields 120 (2001), no. 2, 209-235 [11]] for the notion
of completeness for vector fields.
8.7

p. 291



a )
Definition 8.7.1 (Forward completeness). Let d € N. A function f € C(R? R%) is called
forward complete if it holds for every vy € RY that the IVP

y(t) = fly(t),  tel0,00),

(8.7.1)
y(0) = yo
has a unique solution y: [0, c0) — RY.
o /
4 N

Definition 8.7.2 (Solution flows of forward complete vector fields). Let d € N and let f €
C(R?, RY) be forward complete. Then we denote by &/ : [0, 00) x R? — R? the unique function
with the property that for every yo € RY it holds that the function 0,00) 5t \If{ (yo) € R js
the solution of the IVP

y(t) = f(y(t)), t€0,00),
y(0) = yo -

The function U/ s called forward solution flow associated to (the vector field) f.

- /

(8.7.2)

Idea of splitting methods: Letd € N, T € (0, 00), yg € Relet f e C(Rd, Rd) be forward complete
and suppose we want to derive a one-step numerical scheme to approximate

Numerical
Methods
401-0654

D-ITET,
D-MATL
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the solution y: [0, 7] — R of the IVP
y(t) = fly(t), tel0,T],

Numerical
Methods
401-0654

(8.7.3)
y(0) = yo -
We are thus interested in an approximation of <I>£ for small h € (0, T]. For instance,
the explicit Euler method uses the approximation
@g(x) ~x+h- f(z) (8.7.4)

for small h € (0, T']. Splitting-approach: Assume that there are a, b € C(Rd, Rd) such that

f=a-+b. (8.7.5)

Then the so-called Lie-Trotter splitting suggests the approximation

D-ITET

@i(x) ~ Y ((I)I;L (x)) (i.e., <I>£ ~ O} o d)% Lie-Trotter splitting; H. F. Trotter 1959)  (8.7.6) b-wATL
for r € R% and small h, € (0, T] and the so-called Strang splitting suggests the approximation

Cbg( ) & h/2 (Cbb ( h/2( ))) (i.e., CI)f ~ Cbh/2 o CI)Z;L o CI)?L/Q Strang splitting; G. Strang 1968)
(8.7.7)
for z € R% and small h € (0, T]. For example, let A € R?*? and suppose that a(z) = Az for all
z € RY, Combining the approximation (8.7.6) with the explicit Euler method

then results in the numerical one-step scheme g 7

o) (2) ~ e (z 4+ h - b(x)) (8.7.8) D293
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forx € RYand h € (0, T"]. Moreover, combining the approximation (8.7.7) with the explicit midpoint
method results in the numerical one-step scheme 4071-0654

h h h h h
of (z) ~ eA2 <6A7:1:' +h- b(eA?:U +3 b(&%))) forz € RYand h € (0,7]. (8.7.9)

See, e.g., Section II.5 in [E. Hairer, C. Lubich and G. Wanner, Geometric numerical integration.
Structure-preserving algorithms for ordinary differential equations. Springer Series in Computational
Mathematics, 31. Springer-Verlag, Berlin, 2002. [7]] for a more elaborate and appropriate treatment

of splitting methods.
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