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1

Preamble

These are notes to accompany lectures for an introductory course in algebraic
geometry intended for students who have recently completed a semester-long
course in commutative algebra following Atiyah—Macdonald. We have thus as-
sumed some familiarity with the basic results and notation of that book. Others
have thought longer and more carefully than I have about how to teach alge-
braic geometry. Some of their books and course notes have been linked on the
homepage, while many more can and should be found online. Some of the topics
covered in these notes, particularly those belonging more properly to commuta-
tive algebra, were not presented in lecture. We have included them here for the
sake of completeness.

2 What’s been covered in the lectures

1.
2.

10.

Affine varieties. Motivational questions and examples.
Nullstellensatz and its geometric interpretations.

Polynomial maps between affine varieties. Examples. "Dominant maps
are those with injective pullback" and "closed embeddings are those with
surjective pullback".

Geometric interpretation of localization as restricting away from the locus
of a polynomial and adding a dummy variable representing its inverse.

Partitions of unity, regular functions on open subsets of affine varieties,
definitions of k-sheaf, k-space

. Varieties as separated prevarieties. Quasi-affine varieties are varieties.

Projective varieties.

The standard affine open cover of projective space. The affine open cover
of a projective variety as intersecting the affine cone with hyperplanes.
Projective varieties are varieties (i.e., admit a finite affine open cover and
are separated).

Affine cones and the homogeneous nullstellensatz. Projective closure of
an affine variety. Examples.

Detailed discussion of the twisted cubic curve and its projective closure.
Preliminary discussion of Groebner bases.

Discussion of Groebner bases, Buchberger criterion/algorithm, how to
compute projective closures.



11. Rational maps, rational functions, basic properties.

12. Examples of rational maps.

13. Blow-ups.

14. Tangent cone, smoothness

15. More on smoothness, resolving curve singularities via blow-up

16. Algebraic groups (examples, affine implies linear)

17. Toric varieties

18. Convex geometry and toric varieties

19. Images of morphisms (Chevalley; projective implies proper)

20. Proofs from last time; dimension; uniformizers on curves

21. Extending morphisms from a curve minus a smooth point; applications
22. Curves up to birational equivalence; degrees of morphisms, divisors
23. More on Div, Pic, etc.

24. Group law on an elliptic curve

25. Differentials

26. Introduction to schemes

27. Sketch of proof of Hasse bound for elliptic curves

3 Introduction

Let k be a field. We shall mostly consider the case that k is algebraically closed,
denoted k = k.

3.1 Affine varieties

Definition 1. By an affine k-varietﬂ X, or simply an affine variety when the
field k is clear from context, we shall mean the set of solutions

a:=(0g,...,0n) €K™ = A"
in some finite number n of variables to a system of equations

fla)=0 (fe€09)

I Caution: we adopt the convention that a variety need not be irreducible.




defined by a collection
S C k‘[l‘l,...,l‘n]

of polynomials in the variables x1, ..., x, with coefficients in k, and with f(«)
denoting the element of k£ obtained from the polynomial f by substituting for
each formal variable x; the coordinate o;. We denote this relationship symbol-
ically by X = V(S) where

V(S):={a€eA": f(a) =0 for all f € S}
and in words by saying that
e X is the affine variety cut out by the family of equations f =0 for f € S,
e X is the (affine) variety cut out by S,
e X is the locus of S,

and perhaps with other turns of phrase that may evolve as we go.

3.2 Questions

There are many basic questions one can ask about such X. For instance, when
(in terms of the defining equations f,) is X nonempty? Can one algorithmically
determine when that is the case? If so, can one “say something” about X? For
instance, can one attach interesting and/or meaningful (algebraic) invariants
to X7 (Answer: yes, one can. Examples of such to be discussed later include
dimension, degree, genus, function field, cohomology groups, etc.) Can one clas-
sify all X having prescribed invariants? When does one such X “look like” some
other X', perhaps after throwing away “small” subsets? When the underlying
field k has additional structure, such as a metric or topology (example: k = C;
interesting non-example: k = F,, the algebraic closure of the finite field with p
elements), how does that additional structure on k interact with the algebraic
structure? For instance, how do topological invariants relate to algebraic ones?
Can the former be described in terms of the latter? Can one find algebraic
analogues over Fp of topological invariants that make sense initially only over

C?

3.3 Why polynomials?

Why consider equations defined by polynomials, rather than (say) those defined
by continuous, smooth, or analytic functions? For one, polynomials are intrin-
sically interesting. Another good reason is that over some fields, such as F,,
there is not initially much structure to play with other than that afforded by
addition and multiplication. One is thus forced to work algebraically, i.e., with
polynomials. The class of polynomials is substantially more rigid than other
classes of functions (e.g., continuous functions). This rigidity is a two-sided coin.
On the one hand, it imparts some inflexibility. For instance, there are no non-
constant polynomials f € C[z] in one variable satisfying the functional equation
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f(z +1) = f(x), while there are plenty of non-constant continuous functions
with that property (e.g., f(z) := €*™@). On the other hand, polynomial func-
tions are more structured than their topological and analytic counterparts, so
one can often say more about them.

3.4 Special cases: linear algebra, Galois theory

There are special cases of the above questions which are somewhat more basic.
For instance, the case that each f; is a linear polynomial is just the theory of lin-
ear algebra. In that case, Gaussian elimination provides an effective algorithm
to determine when X # () (and even to parametrize the solution set), while the
most interesting invariant is the dimension. Another interesting case is when
the number of variables is n = 1, which corresponds to the study of solutions to
a polynomial equation in one variable; this study basically amounts to Galois
theory, in which the basic invariant is the degree of an algebraic number (or
equivalently, of the field extension it generates). So algebraic geometry can be
viewed as a common generalization of the two.

3.5 Why work over an (algebraically closed) field?

Why work over a field k7 And why take that field to be algebraically closed?
On the one hand, the theory becomes simpler, and one can say more. But it
can be interesting to work over more general rings. For instance, polynomial
equations over the integers Z can be reduced over each finite field F), and then
regarded over their algebraic closures F,; one can then ask what the families
of solution sets over such distinct algebraically closed fields have in common, if
anything. As another example, the polynomial ring k[x, y] in two variables z,y
over the field k£ may often be profitably viewed as a polynomial ring k[z][y] in
one variable y over the ring k[x].

3.6 Motivating problem: how to compute the genus alge-
braically?

Having finished a few motivational remarks, let us describe a motivating prob-
lem. Take k := C for now. The simplest affine variety not covered by the special
cases mentioned above is the parabola X := {(z,y) € C? : y? = 2}. We may
view this as the total space of the branched cover of C! obtained by the squaring
map. That is, we may think of X as the glueing of two copies of C! along the ori-
gin after cutting them along the line (—oo,0) and identifying opposite edges of
the top and bottom sheets. (I drew a picture in lecture of this and the following
example that hopefully made some sense of them.) If one suitably compactifies
X by adding a point at co, one obtains a copy of the Riemann sphere. For an-
other example, consider X := {(z,y) € C? : y* = z(z—10)(z—20)(z—30)}. If we
cut two copies of the complex plane along the intervals (10, 20) and (30, 40), glue
them together along opposite edges, and identify the branch points 0, 10, 20, 30
between the two copies, then we obtain X. If we compactify it by adding points
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at oo both to the top and bottom sheets, then we obtain a Riemann surface with
“one hole,” i.e., of topological genus one. One obtains similar pictures when X
is the solution set to y? = f(z) for higher-degree polynomials f; the number of
holes (suitably counted in the presense of singularities arising in this case from
repeated roots of f) defines a topological invariant known as the genus of X
which is typically one less than the least integer exceeding half the degree of
f. One can now ask: how can one describe such invariants algebraically? For
instance, can one find an algebraic analogue of “number of holes” that makes
sense even over fields like Fip‘?

4 Formal properties of the set-to-affine-variety

function
4.1 Setup
Recall that an affine variety X is the set of solutions a € k™ to a system
of polynomial equations f(a) = 0 for all f belonging to some collection of
polynomials

S C klx] := K[z, ..., a)],
ie., X =V(S) where
V(S):={a=(a1,...,a,) €A" :=k": f(a) =0 for all f € S}.

When S is a singleton {f} for some f € k[z], we abbreviate V(f) := V({f}).
The “set-to-affine-variety” function

V : { subsets of k[z] } — { affine k-varieties }

S = V(S)

satisfies some basic formal properties, which we now explicate. These properties
are trivial in a technical sense, but important to master until they become
second-nature.

4.2 Order-reversal

For one, the map V' is order-reversing in the sense thatﬂ
S1D 8 — V(Sl) C V(SQ) (1)
In words, the above implication breaks down as follows:

e S; D S5 “there are more equations f = 0 defined by f € S; than by
fes”

2 We pause here to note that we adopt the convention that by S C T (or equivalently
T D S) we mean that every element of S is contained in T. We reserve the notation S C T
to denote a strict containment. In some treatments, such relationships are instead denoted
respectively by S C T and S C T.
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e V(S1) C V(S2): “there are fewer solutions to the equations defined by Sy
than to those defined by Ss.”

e — : “the more equations, the fewer solutions.”

A particular example is worth singling out: if S is nonempty, and f € S is any
element, then
V(S) CcV(f).

In words, “any solution to a system of equations is, in particular, a solution to
any equation in the system.” We shall frequently use this containment as well
as its complemented form D(f) C A" — V(S), where

D(f) :=A" =V (f) ={aeA": f(a) # 0}.

4.3 Extreme cases

On the one hand, the empty set of equations has as many solutions as possible:
V(D) =A™,

On the other hand, the universal set of equations contains in particular the
contradictory equation 1 = 0, thus

4.4 Boolean operations

We now consider boolean operations. The solution set to the union of several
systems of equations is the intersection of the solution sets to the individual
systems, that is to say, for any family (S;); of subsets of k[z],

V(UiSi) = NV (S;).

Since k is (a field, and hence in particular) an integral domain, a pair of equa-
tions f1(a) = 0 and fo(«) = 0 may always be combined into a single equation
fi(@) fo(a) =0, thus

V(fif2) = V(f1) UV (f2).
More generally, if Sy, So are subsets of k[z] and S1.55 denotes the set of products
fife with f1 € S1, fo € S5, then

V(S152) = V(S1) UV(So).

4.5 Zariski topology

A particular consequence of the preceeding sections is that the collection of affine
varieties inside A" contains the empty set (), the entire space A", and is closed
under intersections and finite unions. In other words, this collection consists of

13



the closed sets for a topology, called the Zariski topology. This topology has
the property that the sets V(f) for f € k[z] form a basis for the closed sets, or
equivalently, their complements D(f) form a basis for the open sets; we shall
refer to the latter as basic open subsets. We spell this out a bit more explicitly:

e A closed set for the Zariski topology (by definition) is a solution set for
a system of equations, that is to say, the set of all a € A™ where each
equation f(a) = 0 holds for f traversing some system S C k[z].

e An open set is a solution-failure set for a system of equations, that is to
say, the set of all & € A™ which for some f in the given system S C k[x]
fail to satisfy the equation f(«a) =0, or equivalently, which do satisfy the
inequation f(o) # 0.

e The assertion that the V(f) form a closed basis for the Zariski topol-
ogy, i.e., that any closed set is an intersection of such, reads as follows:
“Any system of equations can be defined as the intersection of individual
equations.”

e That the D(f) form an open basis for the Zariski topology, i.e., that any
open is a union of such, reads: “Any element of the solution-failure set
for a system of equations fails to satisfy some equation in the system,”
or equivalently, “Any solution-failure set to a system of equations may be
defined as the union of the solution sets to inequations.”

Some examples should appear on the first homework and in the exercise sessions.

4.6 The vanishing ideal and the Zariski closure

Definition 2. The (affine) vanishing ideal I(X) of a subset X of A™ is the set
I(X):={f €klz]: flx =0}
of polynomials that vanish on X.

Denote by Zcl(X) the Zariski closure of X. We have the following simple
fact:

Exercise 1. For X C A", one has V(I(X)) = Zcl(X). In particular, if X is an
affine variety, then V(I(X)) = X.

Remark 3. In practice, one often computes the Zariski closure of a subset Y
of A™ by guessing the answer, call it Z D Y, and then verifying that

fek[x],f\y:O - f‘Z:O,

i.e., that each polynomial vanishing on Y also vanishes on Z. One then knows
(because the V(f) give a basis for the closed sets) that Z is the Zariski closure
of Y. This is often simpler than explicitly computing the vanishing ideal I(Y")
and its locus Zcl(Y) = V(I(Y)).
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4.7 Ideal generation

We have 0+ 0=0and ¢c-0=0"forall c € k, so if a1,...,am, f1,..., fm € k[z]
and a € A" satisfy

fila) =+ fim(a) =0,
then also
a1 (@) f1(@) + - + (@) f (@) = 0.

In particular, if S is any subset of k[z], then since every element of the ideal (.5)
generated by S can be written as a1 fi + - - - + @, fin, for some aq, ..., a, € klz]
and some f1,..., fm, € 5, we see that

In particular, every affine variety in A™ is of the form V(a) for some ideal a.
Since k[z] is noetherian (the “Hilbert basis theorem”), each ideal (S) is
finitely-generated, say by m elements fi,..., fi,; it follows that

V(S) =V{fi- - fm})-

In other words, each affine variety is the solution set to a finite system of poly-
nomial equations.

5 Algebra, geometry, and the Nullstellensatz

5.1 Motivating question: does the existence of solutions
over some enormous superfield imply their existence
over the base field?

Suppose one is given a (finite) system of polynomial equations in finitely-many
variables over an algebraically closed field k, and that the system is known to
admit a solution over some larger field Q D k. (Think of  as being “absolutely
enormous,” much larger than the original field, and thus a much more likely
place, one could conceivably imagine, to find a solution.) Must the system then
also have a solution over k? We will shortly be able to answer this question (see
Section .

Note that if the system actually consists of linear equations, then even with-
out the assumption k¥ = k, Gaussian elimination either returns a solution over
the original field k& or produces a contradiction of the shape “1 = 07 certifying
the impossibility of a solution over any larger field.

On the other hand, if the system consists of a single polynomial equation
f(z1) = 0 in one variable with coefficients in &, then we know from field theory
that if f is not a nonzero constant polynomial (in which case no solution can
exist in any field) then there exists a solution in the algebraically closed field k.
So the question we have raised is whether the affirmative answer in these simple
cases extends to the general case.
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5.2 Non-polynomial examples of the algebra-to-geometry
correspondence

Quite generally, give some sort of geometric space X one obtains an algebraic
structure by considering something like a ring A of functions on X, perhaps
interpreted in a sufficiently liberal sense. Conversely, one can often study an
algebraic structure A by realizing it as something like the space of functions
on a suitable geometric space X. In this section we motivate the discussion to
follow with some non-polynomial examples along such lines.

5.2.1 Continuous functions on a compact Hausdorff space

Let X be a compact Hausdorff topological space. Denote by A := C(X) the ring
of continuous functions f : X — C. For each x € X, we obtain an evaluation
map

eval, : A — C

given by eval,(f) := f(z) and also a maximal ideal
m, := ker(eval,) C A

consisting of those functions vanishing at z. Denote by Specm(A) the set of
maximal ideals m in A equipped with the Zariski topology, for which a basis of
open sets is given by the “doesn’t-vanish” sets

D(f):={m: f ¢ m} for each f € A.

The terminology is motivated by noting that for each point x € X, the maximal
ideal m,, belongs to the doesn’t-vanish-set D(f) if and only if f does not vanish
at x, i.e., f(z) # 0. We then have the following fundamental factﬂ

Theorem 4. The natural map X — Specm(A) given by x — m, is a topological
isomorphism.

The injectivity and topological assertions are not hard to verify using
Urysohn’s lemma and the definitions; the key step is to show that every max-
imal ideal of A arises from evaluation at some point, for the proof of which
one argues as in the Stone-Weierstrauss theorem. The Nullstellensatz (to be
discussed shortly) provides the analogue of this last step in the setting of poly-
nomial equations over an algebraically closed field.

In summary, we have recorded an example where a geometric structure (the
compact Hausdorff topological space) gives rise to an algebraic structure (the
ring of continuous functions) from which the original geometry can in turn
be recovered (by taking the set of maximal ideals equipped with the Zariski

topology).

3This theorem would nowadays be regarded as a special case due to Gelfand—Kolmogorov
of the commutative case of the Gelfand—Naimark theorem.
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5.2.2 Commuting hermitian matrices

To give a simple example illustrating the algebra-to-geometry direction of the
correspondence under consideration, consider a collection

A C Mat,, (C)

of commuting hermitian matrices. (The case in which A is a singleton, or when
it is the polynomial ring generated by a single element, is already worth con-
sidering.) We think of them as self-adjoint operators on C". They may be
simultaneously diagonalized with respect to some basis of eigenvectors. Collect-
ing together those eigenvectors which belong to an individual eigenspace of each
element of A, we obtain a decomposition (canonical up to permuting summands)

Ch'=FE,® ---®FE,

where each a € A acts on each E; via some scalar \;(a) € C and so that the
maps A; : A — C are distinct. The set

X ={A1,.. ., A}
is then referred to as the spectrum of A. We derive in this way an identification
A — Func(X,C)

of A with a family of functions on its spectrum X, with the operator a € A
corresponding to the function
a:X—C
defined by a(\;) := Ai(a).
In summary, we have seen an example in which algebraic objects (commuting
hermitian matrices) may be realized as functions on a geometric space (their
spectrum).

Remark 5. Most of this example makes sense without the “hermitian” assump-
tion if we define eigenvectors in a suitably generalized sense, but the correspon-
dence becomes less perfect in that generality because of pairs of matrices like
(59) and (§ 1), which have the same spectrum but are non-similar. This il-
lustrates the general principle that “nilpotent behavior” weakens (or perhaps
enriches) the algebra-geometry correspondence.

Remark 6. One can expand (and unify) the above two motivating examples
(cf. the spectral theory of C*-algebras) but we do not pause to do so here. The

point is just to emphasize that the general correspondence under consideration
applies also in settings having nothing to do with polynomials.

5.3 Algebraic formulations of the Nullstellensatz

Theorem 7 (Nullstellensatz in the form of “Zariski’s lemma”). Let k be a field,
and let A be a finite type k;—algebnﬂ which is also a field. Then A is a finite
algebraic field extension of k.

4 “finite type k-algebra” is a synonym for “finitely-generated k-algebra.” Apologies for any
confusion if I inadvertently switch between the two.
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Proof. The proof is rather elegantly spelled out in the hints to Exercise 5.18 of
Atiyah—Macdonald; we do not reproduce it here. The case that A is generated
as a k-algebra by a single element is one of the first lemmas in a typical Galois
theory course. O

Remark 8. The case that A is generated as a k-algebra by a single element is
one of the first lemmas in a typical Galois theory course.

We spell out some basic consequences, of which we shall only use Corollary
and Corollary Most of the assertions to follow are steps involved in
solutions to various exercises in Chapter 5 of Atiyah—-Macdonald. We did not
cover any of these in lecture, and so have included them here for completeness.
In all of these, k is be assumed to be a field.

Corollary 9. Let A be a finite type k-algebra. Then each mazximal ideal m of
A arises as the kernel of some surjective k-algebra map ¢ : A — E, where E is
a finite field extension of k.

Proof. Apply Theorem [7| to the finite type k-algebra A/m, define F := A/m
and let ¢ : A — E = A/m be the canonical projection. O

Corollary 10. Let f : A — B be a map of k-algebras with B of finite type.
Then for each mazimal ideal n of B, the preimage m := f~1(n) is a mazimal
ideal of A.

Proof. By the previous corollary, n is the kernel of a map ¢ : B — E for some
finite extension E of k. Its preimage m := f~!(n) is thus the kernel of the
composition ¢po f : A — E. The image (¢ o f)(4A) =& A/m is a ring contained
between the field £ and its finite extension FE, hence is a field, hence m is
maximal, as claimed. O

Corollary 11. Let A be a finite type k-algebra. Each prime ideal p of A is the
intersection of the mazximal ideals m containing it:

p= mmDp‘“-

Proof. By replacing A with A/p, we reduce to showing that if A is an integral
domain and f € A is a nonzero element, then there exists a maximal ideal m of
A with f ¢ m. Our hypotheses imply that the localization Ay is not the zero
ring, and so has some maximal ideal n. Since Ay is a finite type k-algebra, the
previous corollary implies that the preimage m := S;l(n) under Sy : A — Ay is
a maximal ideal of A, which by basic properties of localization does not contain
f, as required. O

Corollary 12. Let A be a finite type k-algebra. Then the intersection of all
mazximal ideals in A is the nilradical of A:

MNnca = m(A) .
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Proof. Indeed, M(A) = Npcap with the intersection taken over prime ideals,
which by the previous corollary coincides with the intersection taken over max-
imal ideals. U

Corollary 13. Let A be a k-algebra. Then the natural map
Homyg (A, k) — Specm(A)
¢ — ker(¢)
18 1njective.
Proof. (Recall that in lecture, we gave a concrete proof of this fact where it
was needed in the geometric setting.) Let ¢1, ¢2 € Homy (A, k) with ker(¢,) =

ker(¢). Since in particular ker(¢q) C ker(¢s), there exists 7 € Homy(k, k) so
that ¢o = 70 ¢1. Since Homy (k, k) = {1}, we have 7 = 1 and so ¢ = ¢;. O

Corollary 14. Let k be an algebraically closed field, and let A be a finite type
k-algebra. Then the natural map

Homy (A, k) — Specm(A)
¢ — ker(¢)
s a bijection.

Proof. By the previous corollary, we need only verify the surjectivity. Thus,
let m be a maximal ideal of A. By Corollary [9 m is the kernel of some map
¢ : A — E, where E is a finite field extension of k. Since k is algebraically
closed, we must have E = k. Therefore m = ker(¢) for some ¢ € Homy (A4, k),
as required. O

5.4 Points, morphisms, and maximal ideals

Let X C A" be an affine k-variety, where k is assumed here and henceforth to
be algebraically closed. By the discussion of Section [d] it arises as the locus

X =V(a)
of some ideal
a C klx] :=k[zy,...,2,].
Denote by
A:=k[z]/a
the quotient ring. This ring is generated by the images T1,...,Z, in A of the
coordinate functions z1,...,z, € k[x].

Let a € A and o € X. Since every element of a vanishes identically on X,
the value of a at «, denoted a(a), is Well-deﬁnedﬂ Write

a|X:X—>k

5 Note that it does not in general make sense to evaluate a € A at an arbitrary point
a €A™,
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for the function on X so obtained. For each a € X, we have the evaluation map
eval, € Homy(A, k)
given by eval,(a) := a(«a). Its kernel
m,, := ker(eval,)

is the maximal ideal consisting of all a« € A for which a(a) = 0. Conversely,
given ¢ € Homy (A, k), we may define a pointﬂ

pt() = (¢(T1), - .., B(Tn)) € X.
Theorem 15. The natural maps
X — Homy (A, k) — Specm(A)

a +— eval, — Mgy

Pt(¢) ¢ > ker(¢)

are mutually inverse bijections. Moreover, the kernel {a € A : a|x = 0} of the
map a — a|x is the nilradical M(A) of A. Finally, the bijection X — Specm(A)
s a homeomorphism with respect to the Zariski topologies.

Proof. We verify first that the associations « +— eval, and ¢ — pt(¢) are
mutually inverse. Indeed,

pt(evaly) = (evaly(Z1),. .., evaly(Ty)) = (o, ..., an) =
while for each of the generators T; of A,

evalpt(d))(fj) =Z; (pt((b)) - ¢(fj)

That the second map is a bijection follows from Corollary [[4] For the penulti-
mate assertion, we have

{aGA:a|X :O}ZQQGXma

because a function on a set vanishes iff it vanishes at each point. Since oo — m,,
is onto,
maexma == ﬂchm

with the intersection taken over all maximal ideals. Corollary [12| then tells us
that Npcam = MN(A). Regarding the topologies, the bases of opens are given by
D(f) ={ae€ X : f(a) # 0} C X for f € k[z] and by D(a) = {m € Specm(A) :
a ¢ m} for a € A. Since f(«) is nonzero iff its image in A does not belong to
m,, the map a — m,, is indeed a homeomorphism. O

Remark 16. The proof of the first bijection X — Homy (A, k) in Theorem
did not make use of the assumption that k is algebraically closed.

6 This point belongs to X because each f € a satisfies f(pt(¢)) = ¢(f mod a) = 0.
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5.5 The affine coordinate ring and vanishing ideal

(We continue to assume that k is algebraically closed.) Let X C A™ be an affine
variety, say X = V(a) with a C k[z] := k[z1,...,x,] an ideal, as usual.

Definition 17. The affine coordinate ring A(X) of X is the image of k[z] under
the restriction map to the space of functions on X, that is to say,

AX) = {flx : X = k| f € k[2]}.

Element a : X — k of the affine coordinate ring are called polynomial functions
on X.

Recall that the (affine) vanishing ideal of X is the kernel of this restriction
map, i.e.,
I(X) :=ker(k[z] » A(X)) = {f € klz] : f]x =0}.

Thus restriction induces an identification
Kla)/I(X) = A(X),
which in some treatments is taken as the definition of A(X). Clearly
aC I(X),

since each polynomial f contributing a defining equation f = 0 for X must, in
particular, vanish on X. Moreover, if we write

A= k[z]/a
as before, then the restriction map k[z] - A(X) factors as
klz] — A — A(X)
where A — A(X) is the map f — f|x discussed above in Section

Remark 18.

1. Let A be a ring. Define A™ := A/91(A). Say that a ring A is reduced if
Ared = A e, if M(A) = 0, that is to say, if A has no nonzero nilpotents.

2. Let X be an affine variety. Then the affine coordinate ring A := A(X)
is of finite type and reduced. It is given by A = k[z]/a with a := I(X),
which by Exercise 1] satisfies V(a) = X.

3. Let A be any finite type k-algebra. Then there exists a polynomial ring
klx] := k[z1,...,z,] which surjects onto A. Denote by a the kernel of
some such surjection, so that we may identify A = k[z]/a. Theorem
then identifies Specm(A) with the affine variety X = V(a) and tells us
that the kernel of the natural map A — A(X) is the nilradical M(A), so
that A™d =~ A(X).
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4. Suppose now that A is a finite type reduced k-algebra, and write A =
klx]/a as before; the ideal a is then necessarily radical, i.e., 7(a) = a, and
the natural map f +— f|x induces an isomorphism A = A(X). Therefore
every finite type reduced k-algebra may be realized as the affine coordinate
ring of some affine variety X, which is in all cases topologically isomor-
phic to Specm(A). The choice of X, that is to say, the realization of
Specm(A) in some affine space A™, corresponds to the choice of surjection
k[m1,...,xn] — A.

5.6 Geometric interpretations of the Nullstellensatz
(We continue to assume that k is algebraically closed and shall forget.) In this

section k[z] := k[z1,...,2,] and a C k[z] denotes an ideal.

5.6.1 The weak form: the only obstruction to solving simultaneous
equations is the obvious one

Corollary 19. V(a) =0 iff a = (1) := k[z].

Proof. Write A := k[z]/a. By Theorem each of the following is evidently
equivalent to the next:

o V(a) =
e Specm(A) =0
e A=0
e a=(1).
We have established the required equivalence. O

The interpretation of the above result is as follows: Suppose one wishes to
find a solution « € k™ to some system of polynomial equations

file) == fm(a) =0 (2)

with each f; € k[z], as usual. An obvious obstruction to finding a solution is
the existence of an identity in k[z] of the shape

arf1+ -+ am fm = 1 for some aq,...,an € klz], (3)

because substituting a putative solution o would then produce the contradiction
0 = 1. Corollary says that the existence of an identity of the shape is
in fact the only obstruction. Indeed, let a := (f1,..., fi). Then each of the
following assertions is equivalent to the next one:

e There is no solution to the system .

b V({f17>fm}) :®
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e V(a)=0.
e a=(1). (Here we have crucially used Corollary [19])
e There exists an identity of the shape .

Exercise 2. Determine the answer to the motivating question from Section [5.1

5.6.2 The strong form: the only obstruction to solving simultaneous
equations and inequations is the obvious one

Corollary 20. I(V(a)) = r(a).

Proof. Write A := k[z]/a and X := V(a). By the above discussion of Section
I(X) is the the preimage under 7 : k[z] —» A of {f € A: f|x = 0}. By
Theorem [15] the latter is the nilradical 91(A), whose preimage is 7= 1(N(4)) =
r(a), as claimed. O

To interpret Corollary suppose one wishes to find a solution a € k™ to
some system of polynomial equations and inequations

file)=-+=fm(a) =0, gi1(a) #0,...,g9x(a) #£0

for some f;,g; € klz]. Writing g := g1---gs for the product of the g;, this
system is equivalent to the slightly simpler system

fila) == fm(a) =0, g(a) #0 (4)

upon which we henceforth focus attention. An obvious obstruction to finding a
solution is the existence of an identity in k[x] of the shape

aifi+ -+ amfm =g for some ay,...,am € k[z], N € Z>y, (5)

for then a solution would yield the contradiction 0 = g(a)¥ and yet g(a) # 0.
Corollary [20| says that the existence of an identity of the shape is the only
obstruction to solving the system . Indeed, writing a := (f1,..., fm) as
before, each of the following assertions is equivalent to the next:

e There is no solution to the system .

e fi(a) ="+ = f(a) =0 implies g(a) = 0 for all @ € k™.
gla)=0forall a € V({f1,..., fm})-

g(a) =0 for all a € V(a).

glv =0, ie., g I(V(a)).

g € r(a). (Here we have used Corollary [20])

There exists an identity of the shape .
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Remark 21. One can deduce the apparently stronger Corollary from the
apparently weaker Corollary [19] by the “trick of Rabinowitsch,” as follows: the
system ({)) has a solution iff the system

file) == fm(a) =1-Pg(a) =0 (6)

has a solution in the variables ay, . .., ay, 8 € k, and the ideal (f1, ..., fm, 1—yg)
in the ring k[x1, ..., Zn,y] is the unit ideal iff (plugging in y := 1/g and clearing
denominators) some power of g belongs to (f1,..., fm). In the development
recorded here, this trick corresponds to the localization step in the proof of

Corollary [I1} See also Section [6.10]
5.6.3 When do two systems of equations have the same sets of solu-
tions?

There exist distinct systems of equations which have the same solution set. For
instance, the locus of a polynomial f € k[z] is the same as that of f2. One
interpretation of Corollary 20] is that this obstruction is the only one, in the
following precise sense:

Corollary 22. Let aj,as C klz| be two ideals for which
V(ar) = V(az)

and
fP€a; = feca;forj=1,2and f € klz].

Then a; = as.

Proof. Our hypotheses may be seen to imply that r(a;) = a; and r(az) = as.
By Corollary 20} it follows that

a; =I(V(a)) =1(V(az)) = as.

5.7 Irreducibility versus primality

Definition 23. Let us say that a topological space X is irreducible if any of
the following equivalent conditions hold:

e Every open subset of X is dense.
e Every pair of nonempty open subsets of X have nonempty intersection.

e Every pair of proper closed subsets 71, Z> of X have proper union, that
is,

Z1CX,Z,CX = Z,UZ; CX.

e No nonempty open subset of X is contained in a proper closed subset of
X.
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A subset of a topological space will be called irreducible if it is irreducible with
respect to the induced topology.

Since affine varieties are, in particular, in topological spaces, it makes sense
to speak of an affine variety (or any subset thereof) being irreducible.

Exercise 3. Let k[z] := k[z1,...,z,]. If p C k[z] is a prime ideal, then V(p)
is irreducible. If X C A" is an irreducible affine variety, then I(X) is a prime
ideal.

Combining with the results from the previous section, one obtains

Corollary 24. Let k[z] := k[z1,...,2,] The map V induces natural order-
reversing bijections

{ radical ideals a C k[z] } — { affine k-varieties X C A" }
and
{ prime ideals p C k[z] } — { irreducible affine k-varieties X C A" }
and

{ mazimal ideals m C k[z] } — { points a = (a1,...,a,) € A" }.

6 Polynomial maps between affine varieties
6.1 Motivating question: how to interpret geometrically
the basic classes of ring morphisms?

We have seen a correspondence between certain geometric structures, namely
affine k-varieties X, and certain algebraic structures, namely their affine coordi-
nate rings A := A(X), which are finite type reduced k-algebras. The aim of this
section is to begin studying the geometric incarnation of morphisms between
the algebraic objects, that is to say, k-algebras morphisms A — B. Besides
developing further our foundations, we will discuss what it means (and what it
does not mean) geometrically for the map A — B to be

e a localization map A — A, (a € A),
e surjective, or equivalently up to isomorphism, a quotient map A — A/a,
e injective, or

e an isomorphism.
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6.2 Setting

Before diving in, let us briefly recap. Let klx] := k[z1,...,2,] and let X C
A™ = Specm(k[z]) be an affine variety with affine coordinate ring A := A(X)
generated by the images T, ..., T, of the coordinate functions z1,...,z,; it is
a finite type reduced k-algebra of the form A = k[z]/I(X) for some radical ideal
I(X) for which X = V(I(X)), and may (by its definition) be regarded as the
subspace

A C Func(X, k)

of polynomial functions a : X — k inside the larger space Func(X, k) of all
(possibly uninteresting) functions X — k. We saw last time that there are
identifications

X ~ Homy (A, k) ~ Specm(A)

o+ eval, — mgy

(0(Z1), ..., 0(Tn)) =: Pt(¢) ¢+ ¢ > ker(¢)

with the first map given by sending a point to its corresponding evaluation
morphism eval, := [f — f(a)] with inverse recovering the point by evaluating at
the coordinate functions, the second map by taking kernels, and the composition
by taking the kernel of evaluation, i.e., by attaching to a point the maximal ideal
consisting of those functions that vanish at it.

We now set k[y] := k[y1,...,ym] and consider a second affine variety Y C
A™ := Specm(k[y]) with affine coordinate ring B := A(Y"), so that similarly

Y ~ Homyg(B, k) ~ Specm(B),

B C Func(Y, k).

These notations and assumptions concerning the quadruple (X, A,Y, B) will be
in force throughout the following sections.

6.3 Definition and algebraic characterization

Definition 25. A function f:Y — X between affine varieties will be called a
polynomial map if for each polynomial function a : X — k, that is to say, for
each a € A, the pullback ao f:Y — k is a polynomial function, that is to say,
belongs to B. The set of such f will be denoted Homy (Y, X).

Thus polynomial maps f : Y — X of affine varieties are precisely those
functions that induce a map
ff:A->B
fi(a):==aof
of affine coordinate rings via pullback. Note that for 5 € Y, we may evaluate a

function on X at the point f(3) by first pulling the function back under f and
then evaluating at (3, i.e.,

evaly(g) = evalg o f. (7)
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Exercise 4. f%is a k-algebra morphism.

Theorem 26. For affine varieties X,Y with affine coordinate rings A, B, the
maps
Homyg (Y, X) — Homy (A4, B)

fff=laraof]
(B(T1), ..., $(Tn)) = ¢ ¢ ¢

are mutually inverse bijections.

Proof. Let 8 € Y. Observe first that
¢ (B) = ($(@1)(B), .- -, $(Tn)(8)) = pt(evals o).

By (7).
(f9)°(B) = pt(evalg of*) = pt(evaly(s) = f(B).

It remains only to verify that ¢”(A) C B and that (¢°)* = ¢: indeed, for a € A,

(a0 d”)(B) = a(pt(evals o)) = (evals op)(a) = ¢(a)(B),

whence a o ¢” = ¢(a) € B and so (¢°)¢(a) = ¢(a). O
Remark 27. Suppose f : Y — X is the restriction of some function A™ — A"
given in coordinates by polynomials, i.e., that there exist 91,...,%, € k[y] so
that

for all 5 € Y. Then the pullback under f of a polynomial is a polynomial.
Since polynomial functions are just restriction of polynomials, it follows that f
defines a polynomial map. Conversely, every polynomial map f arises in this
way upon taking for ¢; € k[y] any representative for the image f#(z;) € B of
the corresponding coordinate function on X.

Exercise 5. In Definition it suffices to check that ao f € B for all a
belonging to a set of generators for A, such as the set {Z1,...,T,} of coordinate
functions.

Exercise 6. The identity 1x : X — X is a polynomial map. The composition
fog:Z — X of polynomial maps f : Y — X and ¢ : Z — Y between affine
varieties X, Y, Z with affine coordinate rings A, B, C is a polynomial map, and
composition is associative, so affine varieties form a category. Moreover,

(fog)f =gioff
as polynomial maps A — C.

Definition 28. A polynomial map f : Y — X between affine varieties will be
called an isomorphism if there exists a polynomial map g : X — Y so that
gof:lX and fog:ly.
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Remark 29. It follows that the maps X ~— A(X) and f + f* define a
contravariant functor inducing an antiequivalence from the category of affine
k-varieties (with polynomial maps) to the category of finite type reduced k-
algebras, and similarly between the category of irreducible affine k-varieties and
the category of finite type k—domainsm

6.4 Essential examples

Each of these examples deserves very careful study, with pictures (which should
appear in lecture).

Exercise 7. For each of the following examples, verify by hand that (f#)> = f.

Example 30 (Isomorphism between affine varieties with different embeddings
in affine space). Let
X := A' := Specm k1],

Y = V(y2 — y%) C A2 = Specm k[ylvyﬂa

then
vy 4 x

(B, B2) = (B1)

is the downward projection from the standard parabola to the horizontal axis,
corresponding to

A = k[xq) L B = k[y1,y2)/(y2 — v7)

T = Y1

The maps f and f? are isomorphisms between affine varieties X, Y which are
embedded quite differently into affine space (see Section [6.5]).

Example 31 (Bijective polynomial map which is not an isomorphism). Let

X :=V (2} —x3) c A? := Specm k[, x2]

and
Y := A' := Specm k[y,].
Then
v 4 x

(B1) = (81, 1)

is a polynomial map corresponding to

klxy,za]
—5 = o B = k[y]

A =
(21 — 23)

7 By a k-domain we mean a k-algebra which is an integral domain.

28



3
Ty =Yy
2
T = Y7

The polynomial map f is bijective. Since f* is not an isomorphism, f is likewise
not an isomorphism.

Example 32 (Frobenius). Suppose that k has characteristic p > 0. Then
~v +— P defines a field automorphism of k. Let

X := A' := Specm k[z1],

Y := A' := Specm k[y1],
and
v L x
(B1) = (BY),
corresponding to
A=) L5 B = k)
x> yh.
Then f is bijective, but not an isomorphism.

Example 33 (Localization away from the zero set of a polynomial function).
Let
X := A' := Specm k[z,],

so that A = k[z1]. Fix v € k and set a := 21 —y € A. Let
1
Y :=V(1—-az)={(a,p) €k?: B = ——} C A? := Specm k[z1, 2].
a—7

Then
v L x
(B1,B2) — (B1)

is the downward projection of a hyperbola with vertical asymptote at -y, corre-
sponding to the localization map

7t klxq, 2] 1
A=k —B=——"-—<2=k =] 2 klx1]e = Aqg,
[21] 1 a2) [21, a] [21]
T > X1.
The polynomial map f is a homeomorphism onto its image A' — {y} = X —

V(a) = D(a).

Example 34 (Closed subvarieties). Let Y, X C A™ := Specm k[z] with k[z] :=
k[x1,...,2,] be two affine varieties with Y C X. The inclusion map ¢ : ¥ — X
is a polynomial map corresponding to the surjective restriction map ¢! : B — A
on coordinate rings.
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Example 35 (The closed embedding of a point). Let
X := A' = Specm k[z1]
and
Y := {0} = A = Specm k.

Fix v € k. Then

v L x

(0) = (7)
corresponds to

!
A=k[z] 5 B=k
Ty, — 7.

The map f¥ is surjective and f is a homeomorphism onto its closed image
[y} = V(ker f%).
Example 36 (The closed embedding of a parabola). Let

X := A? = Specm k[z1, 23],

Y = V(y2 . y%) C A2 = Specm k[ylvyﬂa

and
v 4 x,
(B1,B2) = (B1, B2).
Then
A= klar,2o] D5 B = klyr, el /(92 — )
TN
Lo > Uo.

The map f* is surjective, and the polynomial map f is a homeomorphism onto
the closed subset V (ker f*) of its codomain.

Example 37 (The inclusion of an affine variety into affine space). Let X C
A™ := Specm k[z] with k[z] := k[z1,...,2,] be an affine variety. Then the
inclusion map X < A"™ is a polynomial map corresponding to the surjective
restriction map k[z] - A(X) on coordinate rings.

Example 38 (An open embedding which is not dense). Let
X :=V(z122) C A? := Specm k[zy, 73],

Y := A! := Specm Ely1],

then

vy 4 x
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(B1) = (B1,0)

is the inclusion of the horizontal axis into the union of the horizontal and vertical
axes, corresponding to

klzy,wa] gt

A= (,’)311'2) — B = k[yl]

T1 = Y1

$2|—>O.

6.5 Isomorphism versus equality

Having equipped affine varieties with the structure of a category, we obtain as
usual the notion of an isomorphism of affine varieties, namely a polynomial
map with a two-sided inverse (see Definition . Theorem |26| tells us that two
affine varieties are isomorphic if and only if their affine coordinate rings are
isomorphic as k-algebras. However, this does mot necessarily mean that they
should be regarded as the “same variety:” they may be embedded in different
affine spaces, or embedded in different ways in the same affine space, and some
of their salient properties may consequently differ. For instance, although the
line and parabola described in Example [30] are isomorphic, it would be wrong to
regard them as being “the same;” for instance, the two obviously have different
degrees in a sense to be defined precisely later. As a matter of terminology, one
says that a property of X is

e intrinsic if it depends only on the isomorphism class of X, and

e crtrinsic if it depends upon how X is embedded into affine space A™, or
equivalently, upon the choice of surjection k[z1,...,z,] - A(X).

For instance, the dimension of an affine variety will turn out to be intrinsic,
Example [30| shows that the degree of a variety (to be defined) is extrinsic, and
one interpretation of Theorem is that the intrinsic properties of an affine
variety are precisely those that depend only upon the isomorphism class of its
affine coordinate ring.

6.6 Polynomial functions are the same as polynomial
maps to the affine line

The affine coordinate ring of the affine line A! = k is a polynomial ring k[t] in
one variable. Theorem [26| and the map ¢ — ¢(t) give identifications

Hom(X,A') = Homy (k[t], A) = A.

Thus polynomial maps X — A! are (unsurprisingly) the same as polynomial
functions X — k.
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6.7 Continuity

Any polynomial map f:Y — X of affine varieties is continuous. In particular,
polynomial functions are continuous. To see this, recall first that the topologies
on X and Y are generated respectively by the basic open subsets

Dx(a):={a € X :a(a) #0}, Dy(b):={8 €Y :b(B)#0}

fora € A:= A(X),b e B := A(Y). Note then that for each a € A, the inverse
image under f of the solution set to the inequation a(a) # 0 is given by the

inequation f#(a)(8) = a(f(B)) # 0, i.e.,
fH(Dx(a)) = Dy (f*(a)).

6.8 Closed embeddings of varieties and surjective maps of
algebras

In this section we generalize and further develop Examples

6.8.1 Relativized maps Vx, Ix

For an affine variety X C A™ = Specm k[x] = Specm k[z1,...,x,], define the
relativized-to-X variants

Vx : { subsets S of A(X) } — { closed subsets of X }
Vx(S):={a€ X :a(a) =0 for all a € S}
=V(r™'9), =:k[z] » A(X)

and
Ix :{subsets Y of X } — { ideals of A(X) }

Ix(V):={a€ A(X):a(a)=0foralla € Y}
= image in A of I(Y)

of the maps V, I defined before relative to the ambient space A™. As before,
abbreviate Ix(a) := Ix({a}) for a € A, so that for instance Dx(a) :={a € X :
ala) #0} =X — Ix(a).

Definition 39. By a closed affine subvariety Y of X we shall mean simply a
closed subset of X regarded as an affine variety in the same ambient affine space
A",

Exercise 8. The maps Vx, Ix induce mutually inverse bijections
{ closed affine subvarieties of X } — { radical ideals of A(X) }
and
{ irreducible closed affine subvarieties of X } — { prime ideals of A(X) }

and
{ points of X } — { maximal ideals of A(X) }.
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6.8.2 Closed embeddings

Let X be an affine variety and Y a closed affine subvariety of X. The inclusion
map
ly,x : Y -+ X

is a polynomial map, corresponding to the restriction map
oyt AX) = A®Y)

on coordinate functions, which is surjective, inducing an identification
A(X)/Ix(Y) = A(Y)

of the coordinate ring for the closed affine subvariety Y with the quotient by
the radical ideal Ix(Y") of the coordinate ring for the affine variety X.

Conversely, suppose given a polynomial map f : Z — X between affine
varieties with the property that the induced map f¥ : A(X) — A(Z) between
coordinate rings is surjective. The kernel ker(f*) € A(X) is then the radical
ideal Ix(Y) corresponding to the closed affine subvariety Y := Vx (ker(f*)) of
X, and f* factors as a composition

A(X) x, AY) S AZ)

of map between affine coordinate rings, with the second map an isomorphism,
corresponding to polynomial maps

Z 3y 25 x

between affine varieties, with the first map an isomorphism.

In summary, each polynomial map of affine varieties f : Z — X for which
the induced map on coordinate rings f¥ is surjective induces an isomorphism of
Y with a closed affine subvariety of X. For this reason, we refer to such a map
as a closed embedding of one affine variety into another.

6.9 Dominant maps of varieties and injective maps of al-
gebras

Let f : Y — X be a polynomial map between affine varieties with corresponding
pullback map f*: A — B on affine coordinate rings A := A(X), B := A(Y).

Definition 40. The polynomial map f is called dominant if it has dense image.

Exercise 9. The polynomial maps in Examples [30} 31} [33] are dominant. The
polynomial maps in Examples [35] [36} B8] are not dominant.

Proposition 41. A polynomial map f is dominant if and only if f* is injective.

Proof. Note first that a basic open set D(a) for a € A is nonempty if and only
if a # 0. Observe then that each of the following assertions is equivalent to the
next:
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f is dominant.

For each nonempty open subset U of X, the preimage f~!(U) is nonempty.

For each nonempty basic affine open subset U of X, the preimage f~1(U)
is nonempty.

e For each nonzero a € A, the preimage f~!(D(a)) = D(f*(a)) is nonempty.
e For each nonzero a € A, its image f*(a) under f* is nonzero.
e f%is injective.

Alternatively, note first that the following conditions on a subset U of X are
equivalent:

e U is dense in X, that is to say, every nonempty open subset V of X
intersects U.

e For each nonzero a € A, the basic open set Dx(a) intersects U.
e For nonzero a € A, there is some point in U at which a does not vanish.
e Any polynomial function a € A for which a|y satisfies a = 0.

Next, observe that a vanishes on image(f) if and only if f#(a) = ao f = 0. Thus
the following are equivalent:

e f is dominant, that is to say, image(f) is dense in X.
e Any polynomial function a € A for which alimage(s) = 0 satisfies a = 0.

e Any polynomial function a € A for which f#(a) = 0 satisfies a = 0, i.e.,
f* is injective.

O

Example 42. Let us use the above reasoning to give a mildly different proof
that an affine variety X is irreducible if and only if 7(X) is a prime ideal, or
equivalently, if and only if its affine coordinate ring A := A(X) is an integral
domain. Indeed, each of the following is equivalent to the next:

e X is irreducible.
e Every nonempty open subset of X is dense.

e Every nonempty basic open subset D(a) of X (a € A —{0}) is dense.

Every basic affine open inclusion tx,, : X, — X with nonempty image
(a € A—{0}) is dominant.

Every localization L&’a : A — A, with a € A — {0} is injective.
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e Every a € A — {0} is a non-zerodivisor.
e A is an integral domain.
(See also Example [38])

Remark 43. “Dominant closed embeddings are isomorphisms” is the (rather
intuitively plausible) geometric translation of the assertion that an injective
and surjective morphism of rings (or of finite type reduced k-algebras) is an
isomorphism.

6.10 Localization as the inclusion of the complement of a
hypersurface

6.10.1 Definition and informal discussion

Here we generalize Example[33] with the aim of giving a geometric interpretation
of localization maps of rings. Let X C A" := Specm k[z], k[z] := k[z1, ..., 2]
be an affine variety in n-dimensional affine space with affine coordinate ring
A= A(X) = k[z]/I1(X). A good first example to consider is when X = A" is
the entire space, even when n = 1.

Definition 44. To each polynomial function a € A on X we attach the affine

variety
X, C A" = Specm k[, 2], k[z, 2] == k[z1,..., T, 2]

in (n + 1)-dimensional affine space cut out by the defining equations for X in
the first n variables together with the equation az = 1, thus
X, :={(a, ) == (a1,...,00,8) €k"T 1 a € X, a(a)B = 1},
as well as the map
lX,a: Xe— X
(a, ) = (a)

induced by projection onto the first n coordinates.

The reader is encouraged now to review Example [33] to see how it fits into
this more general picture.

The maps tx o are the most important ones between affine varieties that we
shall consider, so we accord them a detailed discussion below in the proof of
Proposition [46] Before that, some informal remarks intended to help orient the
reader:

e X, is an affine variety, as it is defined by polynomial equations.

e Since tx 4 is given by the polynomial function (a1, ..., an, 8) — (ai,...,ay)
in the coordinate variables, it is a polynomial map.
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e For any pair (o, 8) € X* we have a(a) # 0, and the second coordinate
is determined by the first via 8 = 1/a(«), so it is clear that ¢x , induces
a bijection
X, = Dx(a) :={a € X : a(a) # 0}

onto the complement in X of the locus of a. These sets may be identified
without too much harm.

e The ring A(X,) of polynomial functions on X, is generated by the ring of
polynomial functions on X together with the new function

z2:X,2 (a,8) = f=1/ala) €k
obtained by taking the (n 4 1)st coordinate. It follows that
A(X,) = A[l/a] = A,

“is” the localization of A at a, and the pullback map Lg( . is” the localiza-

tion map A — A,.

One should have in mind something like the following table:

geometry algebra

affine variety X C A" affine coordinate ring A « k[z1,. .., z,]
discarding from X the locus of some a € A replacing A with its localization A,
restricting a polynomial function on X to Dx(a) taking its image under A — A,
extending it from Dx (a) back to X finding a preimage under A — A,

a polynomial function on X vanishes on Dx(a) it belongs to ker(A — A,) = Ny>oann(a’Y)
realizing Dx (a) as the affine variety X, C A"*!  writing 4, = A[2]/(1 — az)

the function a — f(a)/a(a)™ on Dx(a) the element f/a™ of A, = A(X,)

the polynomial (a, 8) = f(a)B™ on X, the element f/a of A, = A(X,)

Definition 45. The polynomial maps tx , shall be referred to as basic affine
open inclusions into X and their images Dx (a) as basic affine open subsets of X
or simply as basic affine opens of X; the latter form an open basis for the Zariski
topology and are homeomorphic to the affine varieties X, via the maps L;(}a,

justifying the terminology. We write D(a) instead of Dx(a) for a € A := A(X)
when the ambient variety X is clear from context.

6.10.2 Formal discussion

For the sake of clarity and completeness, and because of the vital importance
of understanding this class of maps properly, we record here a stiff, formal
development of the ideas explained informally in the previous section. The
reader should not be tricked into thinking that following result is difficult or
deep.
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Proposition 46. X, is an affine variety. tx o is a polynomial map. tx , s
injective, and induces a homeomorphism onto its image

image(tx,a) = Dx(a).

Denote by
Al7]
(1-az)
the localization of A at a, regarded as a quotient of k[x,z]. Then the natural
restriction map

Ay =

kl[z, 2] - A(Xq)

factors through a well-defined isomorphism

Au = A(X,) (8)
forming a commutative triangle with the localization map A — A, and the
pullback map LﬁX’a A= A(X,).
Proof. The first three assertions are proved exactly as in the previous section.
By definition, X, is the affine variety V' (b), where b is the ideal

b:=(I(X),1—az) Ck[z,2]

with @ € k[z] any representative for a € A. The map k[z, z] - A, factors as
the composition k[z, z] - A[z] - Aa, and we have

ker(k[z, z] = Alz]) = (I(X)) C k[z, 2],
ker(Afz] — Ay) = (1 —az) C Alz],

hence ker(k[z,z] - A,) = b. Since b C I(V (b)) = I(X,) = ker(k[z,z] —
A(X,)), the map is well-defined, and is an isomorphism if and only if
b = I(V (b)), or equivalently (by the consequence I(V (b)) = r(b) of the Nullstel-
lensatz) if and only if the quotient ring A, = k[, z]/b is reduced. That this is
so follows from the more general fact (left as an exercise to the reader) that any
localization of a reduced ring is reduced. The remaining assertion to be verified
is that ¢x , induces a homeomorphism onto its image. Continuity follows from
the fact that ¢x , is a polynomial map. Conversely, an open base on X, is given
by the sets Dx, (f) := {v € Xo : f(y) # 0} with f € A(X,) = A,. Write
f =g/a for some g € A and N € Z>(. Then each of the following conditions
on a € X is equivalent to the next:

o a€ixq(Dx,(f)).

e a(a) # 0 and g(a)/a(a)N # 0.
o g(a)a(a) #0.

e a € Dx(ga).

Therefore ¢ x , maps basic open sets to basic open sets, and so defines a home-
omorphism onto its image. U
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6.10.3 Some very mild cautions concerning "identifications"

We shall often identify A(X,) = A, via the isomorphism described above, so
that the pullback map Lg(’a : A — A(X,) “is” the localization map

ot A= Ag.

We might also (rather harmlessly) confuse X, with its image Dx (a), but caution
that:

1. The open subset Dx(a) of the affine variety X only itself attains the
structure of an affine variety in the strict sense in which we have defined
it (i.e., coming with some chosen closed embedding into affine space) after
adding the extra variable z and realizing it in the one-dimension-up affine
space.

2. It is in many respects healthiest to view the inclusions tx 4 : X, = X as
more fundamental than their images Dx (a).

6.10.4 Extreme cases

Suppose in the above that a is a constant function, say a = 1. Then its locus
is the empty set, whose complement is thus the entire space Dx(a) = X. The
space X, is just {(,1) : @ € X} and the map tx, : X, — X is an isomorphism
corresponding on coordinate rings to the isomorphism Lg( . A— A, (Similar
assertions apply more generally when a is a unit.) 7

At the other extreme, if a = 0, then Dx(a) = X, = (), corresponding to the
fact that the localization A, is the zero ring. (Similar assertions apply more
generally when a is nilpotent, and to a lesser extent when « is a zerodivisor.)

6.10.5 Compatibilities when one repeatedly localizes

It is often the case that one is interested in throwing away the locus of not
just one polynomial function, but also that of (erm, well...) some other poly-
nomial function. For instance, starting with the affine plane X := A2 :=
Specm k[x1,x2], one could throw away the horizontal “zi-axis” Vx(x2) and
then throw away the vertical “xs-axis” Vx(x1), or perform the same opera-
tions in the opposite order, but in either case, one is left with the complement
Dx(xz122) = Dx (1) N Dx(z2) of the cross obtained as union of the horizontal
and vertical axes.

More generally, consider an affine variety X C A™ with affine coordinate
ring A := A(X), and let a1,as € A be two polynomial functions. Then

Dx(alag) = Dx(al) M Dx(ag),

that is to say, if we throw away both the set where a; vanishes and the set
where ag vanishes, what we’re left with is the set where aias does not vanish.
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We now have two routes for including the subset Dx(a1a2) back into X, either
first through Dx(ay) as

Dx(alag) C Dx(al) cX
or first through Dx(as) as
Dx(alag) C Dx(ag) C X,

which correspond upon identifying each basic open Dx (a) with the correspond-
ing affine variety X, for two ways to map X,,q, — X, namely as

Xaray, = Xay = X

1 1

(a = (a, ) = (@)

T araz () ar(«

(a, B) = (@, a2(a)B) = (a)
o Xara, = Xoy =+ X
,7%&1(0[) — (o, % — (@)

(a, B) = (a,a1()B) = ().

Each of the above arrows is visibly a polynomial map, being given in at least
one of its representations by an expression that is visibly polynomial in the
coordinate functions. Moreover, both of the compositions X, 4, — X visibly
coincide with each other and also with the map tx 4,4, : Xaya, — X. In terms
of coordinate rings, these polynomial maps correspond to the localization maps

(

A— Ag, = Adyay

A— A, = Asyass

each of which coincide with the localization map A — A,,4,- The geometric
interpretation of the (trivial) coincidence of these localization maps is the thus
(the triviality) that for a function f on X, the following functions on Dx (ajaz)
are the same:

e The restriction of f to Dx(aias).
e The restriction to Dx(ajaz) of the restriction of f to Dx(a1).
e The restriction to Dx (ajaz) of the restriction of f to Dx(asg).

We record below some notation to accompany these and other trivial coin-
cidences, which we shall occasionally use without explicit mention.
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Exercise 10. For a function f with domain a subset of X that contains D (a),
define f|x, to be its pullback under tx q, i.e.,

le,a = f OlX,ay

which we shall refer to loosely as the restriction of f to X,. Thus, for instance,

feA = flx, =k (f) € Aa.

Similarly, for f with domain a subset of X,, containing Dx, (az), define f|x, .,
by pulling back under the map X,,q, = Xq, described above, that is,

f‘Xalaz = f o (Xa1a2 — Xal)-

Verify that the following identities hold whenever they make sense:
(flxa xa, = flxa,s
(flxa X, = (Flxa,) X0, = FlXayans

F1Xaragas = (F1Xa a0 Xayagas = (F1Xa s ) Xa agas -

6.10.6 Functoriality

Recall that localization is a functor, i.e., that for each ring morphism ¢ : A — B
and multiplicative subset S of A one obtains a natural ring morphism S~!¢ :
S~1A — S~1B of localized rings. The geometric incarnation of this functoriality
is given by restricting a polynomial map between affine varieties to a preimage
of a basic open subset of the codomain:

Exercise 11. Let f : Y — X be a polynomial map of affine varieties. Denote
by A:= A(X), B := A(Y) their coordinate rings. Let a € A.

1. Verify that f~!'(Dx(a)) = Dy (f*(a)).

2. Verify that there exists a unique polynomial map f, : Y51(4) — X, forming
a commutative square

fa
Yiray — Xa

LY,f”(a)l l“x‘a

Y T) X.
3. Verify that fg : Aa — Byi(q) is the localization of ftata (ie., ff is the
natural map induced by f: A — B and 1/a +— 1/f%(a)).

Example 47. Take
X := A' := Specm k[z1],

Y := V(y1y2) C A? := Specm Ely1y2],s

40



and .
v 4 ox

(B1, B2) = (B1)-

Thus f is the projection onto the horizontal axis from the cross obtained as the
union of the vertical and horizontal axes. For the sake of illustration, let us
record that the fibers of this map are

—1 a _ {(04170)} if (651 750
J ) {{(0,7):761@’} if a3 =0.

The pullback map on coordinate rings is

#
A= ko) & p = Mol

(ylyz)
T = Y1

Let us localize at the element a := 21 € A, so that f#(a) =y,
Dx(a) = {() : aa € k = {0}}
Dy (f*(a)) ={(81,0) : p € k — {0}}
Xo={(a1,7) rany =1}
Yiia) = {(81,0,7) : B1y =1}

and
£t
Yfﬁ(a) — Xa
(ﬁla 0’7) = (0[1,’)/)
or

Dy (f*(a)) = Dx(a)
(81,0) = (1)

corresponding to

k[mlaz] fu k[ylay%z} k[y17y2a1/y1]
Ay = ———< 2 kl[r1,1/x1] =5 Bjigg) = =~
(1—m12) @1, 1] P = iy, 1 — y12) (Y1y2)
T1 = Y1
Z 2.

Since y; is a unit in k[y1, y2, 1/y1], we have

Elyi, y2, 1/yi] o klyr, y2, /vl
(y192) o (y2) = kly1, 1/l

hence f! is an isomorphism. Geometrically, this makes precise the assertion
that f is an “isomorphism away from the vertical axis.”
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Exercise 12. Let
Y := A' := Specm k[y,],

X = V(2z122) C A% := Specm k[x1, 73],

vy 4 x

(B1) = (81,0)

be the inclusion of the horizontal axis into the union of the horizontal and
vertical axes. Carry out calculations as in Example [47] concerning the localized
polynomial maps f, when

1. a:= (z2) and
2. a:=(z1).

Draw pictures.

6.11 Notable omission: the localization map at a prime
ideal

Among the most fundamental maps out of a ring A are
e the localization maps A — A, = A[l/a] at elements a € A,
e the quotient maps A — A/a by ideals a, and
e the localization maps A — A, at prime ideals p.

When A is a finite type reduced k-algebra (arising as the affine coordinate ring of
some affine k-variety X), we have seen in the preceeding sections some geometric
interpretations of the first two sorts of maps, with the localizations A — A,
corresponding to basic affine open inclusions X, — X onto the complements
of hypersurfaces Vx(a) and the quotients A — A/a corresponding to closed
embeddings Z — X with image the closed subvariety Vx(a) cut out by a, but
not of the third sort. There are good reasons:

o Localizations A, at primes are typically not finite type k-algebras, and so
do not arise as affine coordinate rings of affine varieties. For example, the
localization of k[z] at (x) is not finite type.

e Being local rings, their maximal spectra Specm(A,) = {p,} are singletons
consisting of the extension p, of the prime ideal p.

Nevertheless, the ring morphisms A — A, and the prime spectra of the rings
A, are of geometric significance, e.g.:
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Exercise 13. For X an affine variety with affine coordinate ring A and Z C X
an irreducible closed affine subvariety (e.g., a point) with vanishing (prime) ideal
p:=Ix(Z) C A, show that the natural maps

Spec(A,) — { irreducible closed subvarieties of X containing Z }

p1 — Vx(contraction of p; to A)
extension of Ix(Y) to A, <Y

are mutually inverse inclusion-reversing bijections.

7 Partitions of unity

7.1 Statement of result

Definition 48. By a basic cover of an open subset U of an affine variety X
we shall mean the datum of a family of elements (a;);er C A(X) so that U =
UierDx (a;). We denote this datum symbolically by

(Xai —U C X)ie]
or in the special case U = X simply by
(Xai — X)ie[.

Example 49. Let X := A? := Specm k[z1,22] and U := A% — {(0,0)}. Set
I:={1,2} and a1 := 21,02 := x2. Then (X,, = U C X);¢s is a basic cover of
U.

The aim of this section is to establish the following fundamental result about
polynomial functions on affine varietiesﬁ

Theorem 50. Let X be an affine variety, denote by A := A(X) its affine
coordinate ring, and let (X,, — X)ier be a basic cover of X. For each family
(8i)ier of polynomial functions s; € A(X,,) = Aa, on the X,, satisfying the
overlap condition

SilXaa; = SilXaja,

there exists a unique s € A so that s|x, = s; for alli.

The case X = A" is already interesting and worth considering first. The
proof is a mildly elaborate exercise in localization which we shall carry out
slowly and deliberately in order to emphasize its geometric content.

8 The core statement underlying this result has nothing to do with finite type k-algebras
or varieties; it is a basic fact about rings A and their localizations A, (see Exercise 3.24
in Atiyah—Macdonald or Hartshorne, II, Proposition 2.2). Our proof should make this point
clear, although we will not belabor it.
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7.2 The Zariski topology on an affine variety is noetherian

Let X be an affine variety with affine coordinate ring A, a finite type reduced k-
algebra. By the Hilbert basis theorem, A is a noetherian ring. This means that
every ascending chain of ideals stabilizes, or equivalently that every ideal of A
is finitely-generated. We record here the routine translation of these algebraic
properties of A into geometric properties of X, where as usual each of the
following assertions should be evidently equivalent to the next:

e Every ascending chain a; Cag C ++---- of radical ideals in A stabilizes.
e Every descending chain Y; D Ys D --- of closed subsets of X stabilizes.
e Every ascending chain U; C Us C -+ of open subsets of X stabilizes.

Now we do the same thing, using the criterion involving finite generation of
ideals:

e Every radical ideal a of A is finitely generated.

e For each radical ideal a of A there exists elements ay,...,a; € A so that
a= (al,...,ak).

e For each closed subset Y of X there exist ai,...,ar € A so that Y =
Vx({a1,...,axr}), the latter of which we pause to recall is equal to the
intersection Vx(a1) N--- N Vx(ar). In words, every subvariety is defined
by the conjunction of finitely many equations.

e For each open subset U of X there exist ay,...,ar € A so that U =
Dx(a1)U---U Dx(ag). In words, every open set is defined by the dis-
junction of finitely many inequations.

In particular, any open subset of an affine variety is a finite union of basic affine
opens.

Definition 51. A topological space X is called
e noetherian if every ascending chain of open subsets stabilizes, and
e quasicompact if every open cover admits a finite subcoverﬂ

With this terminology, and bearing in mind that (by definition) the sets
Dx(a) for a € A generate the topology on X, the translation of the Hilbert
basis theorem carried out above asserts that every affine variety X is noetherian
and every open subset U of X is quasicompact.

Exercise 14. Show that a topological space is noetherian if and only if every
open subset is quasicompact. (This exercise provides the topological/geometric
translation of the equivalence between the two characterizations of noetherian
rings recalled above.)

9 Compact topological spaces are traditionally required to be Hausdorff.
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7.3 Basic covers of an affine variety yield partitions of
unity

By the discussion of Section each basic cover (X,, — X);cr of an affine
variety X remains such upon upon restricting to some finite subset of I. This
fact can be seen more explicitly and more usefully through the following evident
chain of equivalences:

e (X, — X); is a basic cover.

o X =U;Dx(a;).

e ) =n;Vx(a;).

e ) = Vx(a), where a := ({a;};) is the ideal generated by the a;.
e a=(1). (Here we have used the Nullstellensatz.)

e There exists

— a finite subset of I, which we label as {1,2,...,k} for notational
simplicity, and

— coefficients ¢1,...,¢c, € A

so that
1=ciay + -+ cpag (9)

In other words, every basic cover comes with a partition of unity as in @D, which
gives a particularly strong certificate of the covering property. The terminology
is justifed by noting that the term c;a; vanishes on Vx (a;) and hence is supported
on the open subset Dx(a;) of the open cover X = Dx(a1)U---UDx/(ax). By
multiplication, it follows that any function f : X — k may be written as a sum

f=h+fe

where f; := fc;a; is supported set-theoretically on Dx(a;).
Let us note the following final equivalent of the above sequence of charac-
terizations of a basic cover (X,, — X);:

e There exists a finite subset {1,2,...,k} C I so that for each positive

integer N there exist coefficients c¢q,...,c; € A so that
1=ca) +-- +cpap. (10)
The equivalence holds because (ay,...,a;) = 1 if and only if (af,...,al) =1,

or alternatively by raising the identity to a sufficiently large power (and then
renaming the coefficients ¢; € A suitably). As we shall shortly see, the partitions
(10) can be useful with N taken large because then (informally speaking) the
al vanish to a greater extent on Vi (a;), which equips them better to kill the
denominators of what they are multiplied against.
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7.4 Proof of Theorem

Exercise 15. Do or attempt Exercise 3.24 in Atiyah—-Macdonald, if you
haven’t ]

The uniqueness assertion in Theorem [50] follows from the fact that the
Dx(a;) cover XE

In proving the existence part of Theorem we may reduce to the case
I is finite, or only consider that case in the first place, as it suffices for all
applicationsE Suppose thus that I = {1,...,k} is finite. The basic idea is to
use a partition of unity with N sufficiently large to extend suitable multiples
of the local polynomial functions s; on the X,, to global polynomial functions
on X whose sum s satisfies S|Xai = s;. The largeness of IV is used both in the
extension and the verification.

To implement this idea rigorously, we begin by writing down what we know
about the s;. We identify them with elements of A,, and write them as

i
S; = —
N

a;

for some h; € A and some N € Z>, which we may be chosen sufficiently large to
work simultaneously for all 4 in the finite index set I. By the overlap condition
Si‘Xaiuj = Sjlxaiaj’ there exists M € Zx> (taken large enough to work for all
pairs ¢, j) so that

(aiaj)M(hiaj»v — hj(lgv) =0.

By replacing h; with ah; and N with N + M, we may and shall reduce to the
case M = 0, in which we are given that

hi . N N
s$i=—x with h; € A and h;a;’ = hja;" .

7

These two equations imply that for a partition of unity

1= Z ciafv
with ¢; € A, the desiderata that the identities
S\Xaj = s; for each j (11)

are satisfied upon taking for s the sum

SIZZfi

10 Consider also glancing at the proof of Proposition 2.2 in Hartshorne.

11 Alternatively, one can argue using an algebraic partition of unity as above or as below.

12 Let Ip C I be a finite subset for which (X,, — X)ier, remains a basic cover, and
assume the theorem holds for any larger finite index set I1 D Ip. By the uniqueness, the
polynomial function s € A produced by the theorem is independent of I, and so is seen to
satisfy S|Xui = s; for each ¢ € I upon taking (for instance) Iy := Io U {i}.
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of the polynomial functions
fi == hic; € A,

whose definition we motivate by the calculation
NP

i
i N = hici
a;

Ciaﬁvsi = c;a

in the localized ring A,. To establish , it suffices by the nonvanishing of a;
on X, (or alternatively, by properties of localization) to verify that

N _ N
a; 5|Xaj = aj sj,

which we obtain as follows using the overlap condition and the definitions of s
and h;:
aéﬂvs\xaj =al Zhici =h; Zaﬁvci =h;=als;.
i i

This completes the proof of the theorem.

8 Regular functions on open subsets of an affine
variety

8.1 Is "being a polynomial function" a local notion?

The principal aim of this section is to address the question of the extent to
which the definitions given hitherto (of polynomial functions and polynomial
maps) have been local, that is to say, the extent to which they depend only
upon behavior in small open neighborhoods (where “local” and “open” always
mean with respect to the Zariski topology). Take for instance an affine variety
X C A™ with coordinate ring A := A(X) and an open subset U C X — the case
U = X = A" will already be interesting — and consider the following conditions
on a function f: U — k:

(R0O) Being a polynomial function.
(This condition should be considered only when U = X.) f is a polynomial
function.

(R1) Basic affine condition.
For each a € A for which the basic open subset Dx(a) is contained in U,
the restriction

f|Xa. ::fOLX,aZXa—>k

of f to X, defines a polynomial function, that is to say, f|x, belongs to
the localization A, subject to our standard identifications

A, = A(X,) C Func(X,, k).
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(R2) Zariski local condition.
For each point a € U there exists an open neighborhood @ € V' C U and
polynomial functions g, h € A for which h(v) # 0 for all v € V and so that
on V, the identity f = g/h holds.

(R3) Basic affine local condition.
There exists a basic cover (see Definition

(Xa,i —U C X)iej7
of U with the property that f|x, € A,, for each index i € I.
Example 52. When U = X = A™:

e Condition (RO) says that f is given globally, that is to say, everywhere
simultaneously, by a polynomial in the coordinate variables.

e Condition (R1) says that f is given on each basic open set D(a) = {«a €
X :a(a) # 0} by some ratio f = g/a” with g € A and N > 0. Since we
allow the case a = 1, this is equivalent to condition (RO).

e Condition (R2) says that f is locally, i.e., on an open neighborhood of
each point, a ratio of polynomials, with the denominator nonvanishing on
that neighborhood so that the ratio makes sense.

e Condition (R3) says that the pullback of f to a basic cover is polynomial.
(This assertion is effectively a refinement of condition (R2) in which we
restrict to the basic open sets and formulate things in terms of covers
rather than points.)

Theorem 53. The conditions (R0), (R1), (R2), (R3) are equivalent.

Note that if one replaces “polynomial function” in the above conditions with
“continuous function,” then their equivalence becomes completely obvious.

Proof. The only nontrivial implication is that (R3) implies (R1), but let us
carefully verify them all:

e (RO) implies (R1) when U = X: If f € A is polynomial function on X,
then since tx , is a polynomial map, we have f|x, = Lg()a(f) € A,.

e (R1) implies (RO) when U = X: Take a = 1, so that Dx(a) = X and
LX,q ¢ Xq = X is an isomorphism.

e (R1) implies (R2): Let a € U. Choose a € A so that « € Dx(a) C
U C X. By (Rl), flxa = g/a™ € A, for some g € A,N € Z>o. Take
U := Dx(a),h :=a”. Then (R2) is satisfied.
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e (R2) implies (R3): For each a € U, choose a neighborhood « € V. C U
and g,h € A such that h(v) # 0 for v € V and f = g/h holds on V.
Choose k € A for which a € Dx (k) C V. Set a, := hk € A. Then

[OAS Dx(aa) = Dx(h> ﬂDx(kJ) cV.
By the identity f = g/h on V,

flx., = gk/aa € Aq,.
Therefore (R3) holds with the basic cover (X,, — U C X)qcu-

e (R3) implies (R1): Let (X,, — U C X); be a basic cover as in (R3). Let
Dx(b) C U (b€ A) be a basic open subset as in (R1). We must show that
flx, is polynomial. The natural maps X,,;, — X, as in Section
furnish a basic cover (X5 — Xp); of Xp. The functions s; := f|Xa1-b =
(flx.,)|x.,, are polynomial by the assumption that f|x, is polynomial,
and they satisfy the overlap condition, since

$il Xayayo = S Xaa;0 = S5l Xajay0-

Theorem produces a (unique) polynomial function s on X, so that
8|x,,, = si and hence
(flx, — S)|Xaib =0

for each i. Since the X, cover X, it follows that f|x, — s = 0, whence
flx, is polynomial, as required.

O

8.2 Definition and basic properties of regular functions

Definition 54. Let X be an affine variety. For each open subset U of X, denote
by O(U) the space of functions f : U — k satisfying any of the equivalent
conditions (R1) through (R3) from Section Elements of O(U) shall be

called regular functions on U.
Remark 55.

1. Let X be an affine variety, Y a closed affine subvariety of X, and U an
open subset both of Y and of X. The restrictions of polynomial functions
on Y to U are the same as restrictions of polynomial functions on X to U.
Since a regular function on U is (by (R2)) just a function which is locally a
quotient of restrictions of polynomial functions, it follows that the notion
of a regular function on U is independent of whether U is regarded as an
open subset of Y or of X.

2. By the equivalence of (R1) with (RO) when U = X, we have



In words, this is the nontrivial assertion established in Section [7] that
every regular function on an affine variety is a polynomial function. (The
importance of this assertion is the reason for which we postponed the
definition of “regular function” until after we proved Theorem )

3. By (R1), we also have for each a € A(X) that
O(Dx(a)) = A(X)a-

In words, the regular functions on a basic affine open subset Dx (a) of X
correspond under the natural bijection tx 4 : Xo — Dx(a) to the polyno-
mial functions on the corresponding affine variety X,, with the regular
function

f/aN :Dx(a)da— f(a)/a(a)N

corresponding to the polynomial function
fla" i Xo 3 (a, ) = f(a)BY (= f(a)/a(a)™).

Exercise 16. Let X be an affine variety with affine coordinate ring A := A(X),
let @ € A, let U be an open subset of Dx(a). Recall that ¢tx o : X, — X is the
morphism of affine varieties with image Dx (a) corresponding to the localization-
at-a map Lg(’a : A — A(X,) = A, of affine coordinate rings. Set V := L}}G(U).
Show that a function f: U — k belongs to O(U) if and only if f|x 4 := fotx,a
belongs to O(V).

8.3 The sheaf of regular functions

The following assertions concerning regular functions are evident (from charac-
terization (R2), for instance)ﬂ

1. The space O(U) of regular functions defines a k-subalgebra of the space
Func(U, k) of all functions U — k: every constant function ¢ € k belongs
to O(U), and both fi + f2 and fi fo belong to O(U) whenever f; and f,
both do.

2. Restrictions of regular functions are regular: if U D U’ and f € O(U),
then flyr € O(U’).

3. Being a regular function is a local notion: a function f : U — k belongs
to f € O(U) whenever there exists an open cover U = U;U; so that each
f U, € O(UZ)

These conditions imply also that

e restriction is associative in the sense that for U D U’ D U”, the compo-
sition of restriction maps O(U) — O(U’') — O(U") is the same as the
restriction map O(U) — O(U"),

13 The reader is invited to compare with the discussion in Milne’s course notes linked on
the homepage.
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e for U D U, the restriction map O(U) — O(U’) is a k-algebra morphism,
and

e for each open cover U = U;U; of U with overlaps U;; := U; N U; and each
collection of regular functions f; € O(U;) satisfying the overlap condition
filu;, = fjlu,;, there exists a unique f € O(U) for which f|y, = f; for all
1.

We summarize the above observations with the following definition:

Definition 56. Let X be a topological space. By a k-sheaf O on X we shall
mean the association to each open U C X of some O(U) C Func(U, k) satistying
properties 1,2,3 enumerated aboveE

The association to each open subset U of an affine variety X the space O(U)
of regular functions on U is the prototypical example of a k-sheaf.

Exercise 17. Let
X = klz,y, z,w]/(zw — yz)
and
U .= Dx(l') n Dx(z)
Verify that the regular functions w/z on Dx(z) and y/x on Dx () agree on the

overlap, hence induce a regular function f: U — k.

Remark 57. Let X be an affine variety, set A := A(X), and let U C X be
open. For any basic cover (X,, — U C X);er, the restriction map O(U) > f —
(flx.,)ier induces a natural bijection

OU) ={(fi)ier € HAai il Xare;, = Jilxeo, b
icl

giving an explicit description of O(U) in terms of localizations of the affine
coordinate ring of X.

Exercise 18. Let
X := A% := Specm k[z1, 2]

and
U:=A%— {(0,0)}.

Show that the restriction map
AX)=0(X)— OU)

is an isomorphism. [Apply Remarkwith the basic cover (X, - U C X);=12
from Example [49]]

14 A clunkier but more accurate name than “k-sheaf” might perhaps be “sub-k-algebra-sheaf
of Func(-, k).”
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9 The category of varieties

9.1 Overview

In this section we define a class of varieties, enlarging the class of affine varieties
considered thus far, and define morphisms between them in a way that recovers
the earlier notion of a polynomial mapping between affine varieties. Our hope
is that this discussion makes the definitions given in Hartshorne (of a variety
being either quasi-affine or quasi-projective) seem a bit less ad hoc, and also
to demonstrate in a very concrete setting some of the ideas involved in the
definition of a scheme. We shall be brief; the reader is encouraged to compare
the discussion recorded here with that in

e sections II.1 and I1.2 of Hartshorne or in 777,
e 777 in Milne,
e 777 in Gathmann,

and perhaps elsewhere.

9.2 Spaces
9.2.1 Definitions

Definition 58. By a k-space we shall mean a pair (X, Ox), where

e X is a topological space, and
e Ox is a k-sheaf on X (Definition ‘

Intuitively, this definition formalizes the notion of “a space with a local notion
of k-valued regular function.” We call Ox (U) the space of regular functions on
U. We might abbreviate a k-space (X, Ox) as simply X, with the datum of Ox
implicit, and might also write Ox (U) as simply O(U).

Definition 59. A morphism of k-spaces f : Y — X is a continuous function

with the property that for each open U C X and g € Ox(U), the pullback

go fls-1w) belongs to Oy (f~*(U)); we thereby obtain k-algebra morphisms
f - Ox(U) = Oy (f71(V))

via pullback for each open U C X. The identity map and compositions of
morphisms are morphisms, so we obtain in this way a category and a notion of
isomorphism of k-spaces.

Exercise 19. A function f : Y — X between k-spaces is an isomorphism if
and only if

e f is a homeomorphism, and

e f preserves regularity in both directions, i.e.: for each open U C X and
function g € Func(U, k), one has

g€ O0x(U) < go fly—r ) € Oy (f1(U)).
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9.2.2 Affine varieties are spaces

An affine variety X is naturally a k-space upon taking Ox (U) := O(U) to be
the space of regular functions as defined before.

Lemma 60. For affine varieties X, Y, the following sets are the same:
{ polynomial maps Y — X },

{ morphisms Y — X, regarded as k-spaces }.

In particular, two affine varieties are isomorphic as k-spaces if and only if they
are isomorphic in the sense defined previously.

Proof. If f :' Y — X is a morphism, then taking U := X and using that
OX) = A(X),0(Y) = A(Y) we see that g € A(X) implies go f € A(Y),
whence f is a polynomial map. Conversely, assume f : Y — X is a polynomial
map. We have seen that f is continuous (Section . Let U be an open subset
of X, and let g € O(U). Since g is locally (on U) a ratio of polynomials and
f is a polynomial map, we deduce that g o f|s-1(yy is locally (on f~1(U)) a
ratio of polynomials, hence (by (R2)) is regular, as required. Therefore f is a
morphism. O

9.2.3 Open subsets of spaces are spaces

An open subset U of a k-space X has the natural structure of a k-space
(U, Ox|u), where for each open V C U we set

Ox|U(V) = Ox(V)

As for X, we might abbreviate the pair (U, Ox|y) as simply U. Given an

isomorphism of k-spaces f : Y =, X and an open subset U of X, the induced
map f: f~1(U) — U is also an isomorphism of k-spaces.

Definition 61. An open subset U of an affine variety X is called a quasi-affine
variety.
9.3 Prevarieties

Definition 62. A k-space will be called affine if it is isomorphic to an affine
variety, with the latter regarded as a k-space.

Exercise 20. Let X be an affine variety and a € A(X). Then Dx/(a) is iso-
morphic to X,. In particular, Dx (a) is affine. [Combine Exercises [16] and [19]]

Definition 63. By a prevariety we shall mean a k-space X := (X,Ox) for
which there is a finite open cover X = UU; with the property that each
(Ui, Ox|u,) is affine.
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Example 64. Any open subset U of a prevariety X is a prevariety: Let ¢; :
U; =N X; be isomorphisms taking U; to an affine variety X;, where X = UU; is
a finite open cover. Each intersection U N U; maps under ; to an open subset
U NU;, which is a finite union of basic affine open subsets Dx, (a) (a € A(X;)),
each of which is affine (Exercise . The inclusion map U — X is a morphism.
In particular, any quasi-affine variety is a prevariety.

Exercise 21. Any regular function on an open subset of a prevariety is contin-

uous.

9.4 Construction via charts

(Not discussed in lecture)

Definition 65. By a charted prevariety we shall mean the datum (X, (U? =
X"ier), where

e X is a set,

I is a finite indexing set,

e the U’ are subsets of X whose union is X,
e the X* are affine varieties, and

e the ¢; are bijective functions (called charts)

satisfying some conditions to be enunciated after introducing some additional
notation. For each pair i, j, set U := U;NU; =: U?* and X% := ¢,;(UY) C X?,
so that X7 = ;(U7) C X7, allowing us to define a bijection ¢;; := ¢, 0 p; ' :
X% — X', We then impose the following conditions:

1. Each set X% is open in X*, hence may be regarded as a quasi-affine variety.
2. Each map ¢;; is a morphism of quasi-affine varieties.

Since @j; 0 vi; = 1xis, it follows immediately that each ¢;; is an isomorphism.
These conditions allow us to define:

e a topology on X, by requiring that each chart ¢; be a homeomorphism;

e for each open subset U C X, aspace Ox (U) of regular functions f : U — k
characterized by requiring that f induce a regular function on each chart,
i.e., that for each ¢ the composition

Foer i@iU)NX - k

define a regular function on the quasi-affine variety ¢;(U) N X*.
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Exercise 22. Verify that for each charted prevariety (X, (X* — U?);), the pair
(X, Ox) obtained by “forgetting the charts” defines a prevariety. Conversely,
every prevariety X arises in this way (with (U%);c; any finite open cover of
X). For two prevarieties (X, Ox) and (Y, Oy) arising in this way from charted

prevarieties (X, (U 25 X1);) and (Y, (V7 i yi );), verify that morphisms
Y — X are “determined chart-by-chart” in the sense that a function f:Y — X
defines a morphism of prevarieties if and only if for each 4, j, the induced map

~

Ying (U Svingwh Lot S x
is a morphism of quasi-affine varieties.

Example 66. Let X be a quasi-affine variety with closure the affine variety X.
Let o o
(Xai —-XCX icl

be a basic finite cover. Take U’ := D+(a;), X' := X,,, and ¢; := 15 ;- Then
@i; is the composition X7 = Dy (a;) — Xaa, = Dy () = X7' and
a; L aj
(X, (U! RAN X%);er) is a charted prevariety. Since a function f : U — k on an
open subset U of X is regular if and only if each f|yny, is regular if and only
if each f o <p;1|¢,(UmUi) is regular, we see that the prevariety (X, Ox) obtained
directly from the quasi-affine variety X coincides with that obtained from the
charted prevariety (X, (U" 25 X%)cr).

9.5 Varieties

Definition 67. A prevariety X will be called separated if for each prevariety
Z and each pair of morphisms fi, fo : Z — X, the subset

eq(fi, f2) ={v€ Z: fi(v) = f2(0)}

of Z is closed. By a wariety we shall mean a separated prevariety.

Remark 68. The notion of a separated prevariety is the appropriate analogue
of the notion of a Hausdorff topological space. Indeed, a topological space X is
Hausdorff if and only if the diagonal AX is closed in the product space X x X:
to compare with the more customary definition, a basis of neighborhoods near
(z,y) € X x X is given by the products U x V of pairs of neighborhoods
reUcCX,yeV CY, whichsatisfy Ux VNAX =0if UNV =0. On
the other hand, AX is the set where the projection maps p1,p2 : X x X — X
coincide, and the set eq(f1, f2) as defined above where a pair of continuous
functions fi, fo : Z — X from a topological space Z coincide is the preimage
of AX under the product morphism f; x fs : Z — X x X. Thus a topological
space X is Hausdorff if and only if for each topological space Z and pair of
continuous maps f1, fo : Z — X, the subset eq(f1, f2) defined as above is closed
in Z.
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Exercise 23. The definition of “separated” remains unchanged if one restricts
Z to be an affine variety.

Example 69. Any quasi-affine variety
X C A" :=Specm k[z1, ..., 2z,]

is separated, hence a variety: For fi1, fo : Z — X as in Definition the set
eq(f1, f2) is the intersection over all coordinate indices j € {1,...,n} of the sets

{reZ:z;(fi(v) =z;(2(M)} 7y = 5]x,

which are the preimages of {0} under the regular functions Z; o f; —; o f» and
hence closed thanks to the continuity of the latter[7]

Example 70 (The affine line with a doubled point). (Not discussed in lecture.)

Let X be the set
(A" = {0}) U {1} U {e},
I:={1,2} U’ := (k—{0})U{x;}, X7 := A', and ¢; : X/ — U’ given by

() = ~ ifv#0
AU {x;} if~y=0.

Then the prevariety (X, Q) obtained from the charted prevariety (X, (U* LA
X%),er) is not separated, since eq(p1,¢2) = Al — {0} is not closed. (See for
instance Example I1.2.3.6 and the discussion on p97 of Hartshorne.)

Example 71. Let X be a variety, and let U C X be an open subset. Then U
is a variety: We saw in [64] that it is a prevariety, and it is also separated: any
morphisms f1, fo : Z — U compose with the inclusion morphism U — X to
give morphisms hq,he : Z — X for which eq(hq, ha) = eq(f1, f2) is closed by
the assumption that X is separated.

9.6 Complements

Exercise 24. Show that the quasi-affine variety U := A% — {(0,0)} is not
isomorphic to any affine variety. [Use Exercise [49| and Lemma ]

Exercise 25 (Morphisms of quasi-affine in terms of polynomial maps between
affine varieties). Let X,Y be quasi-affine varieties with closures X,Y. Let
f:Y — X be any function. Show that the following are equivalent:

1. For each a € A(X) with U := D+(a) C X, the preimage f~(U) is open

and for each basic open Dy=(b) C f~1(U), the composition Y, 2 Ds+(b) ER

U = X, is a polynomial map between affine varieties.

15 There are “better” ways to show this, discussed in virtually every reference, that I don’t
plan to spend time on; see for instance Hartshorne, Section I1.4 or the relevant sections of the
notes by Milne or Gathmann.
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2. f is a morphism.

3. There exists a basic cover (X,, — X C X);es so that for each i € I,
the preimage f~'(U) of U := Dx(a;) is open and there exists a basic
cover (Y, = f~1(U) C Y)jey so that for each j € J, the composition
Yy, = Dy(b;) ENy g X, is a polynomial map between affine varieties.

[Use the equivalences of the characterizations (R1), (R2), (R3) in the definition
of a regular map.]

Exercise 26.

1. Verify for a prevariety X that morphisms X — A! are the same as regular
functions X — k.

2. Verify for an affine variety X and a prevariety Y that morphisms of pre-
varieties

Yy —-X
are in bijection with k-algebra morphisms
¢: AX) = O)

under the mutually inverse maps f +— f* and ¢ +— ¢°, where f*(a) := ao f
and ¢°(3) := pt(evalg o¢) for a € A(X),B €Y.

3. Explain how the second part of this exercise specializes to the first part.

Exercise 27. Let (X,Ox) be a prevariety and o« € X. Verify the following
assertions:

1. The neighborhoods U of a form a directed set with respect to containment.
The stalk of Ox at « is defined to be

OX,Q = hﬂ Ox(U).

Usa

It is naturally a k-algebra.

2. For any neighborhood U of «, the evaluation-at-a morphism eval, :
Ox(U) — k induces a morphism Ox o, — k. We denote the latter also by
eval,.

3. The k-algebra Ox , is a local ring. Its unique maximal ideal is the kernel
of eval, : Ox,q — k.

4. For any affine neighborhood Y of «, the open neighborhoods Dy (a) of «
(taken over a € A(Y) with a(a) # 0) form a directed set that is cofinal
in the the directed set of all neighborhoods of a. The restriction maps
Ox(U) = Ox(Dy(a)) for @ € Dy(a) C U thereby induce an identifica-
tion

Ox.o= hﬂ Ox(Dy(a)) = hﬂ AY )0 2 AV )
Dy (a)3a Dy (a)3a
where m is the maximal ideal m := {a € A(Y) : a(a) = 0} of A(Y).
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Exercise 28. Verify that the affine line with doubled point from Example [70]
is homeomorphic to the affine line A'. Deduce that there does not a character-
ization of when a prevariety (X, Ox) is separated that depends only upon the
underlying topological space X.

10 Projective varieties: basics

10.1 Overview

We aim here to introduce projective varieties and their basic properties by con-
sidering what happens when we take the basic definitions and results concerning
affine varieties inside

A" = Specm k[z], k[z] := Kk[z0, .. ., T4]

and consider how they interact with the dilation action by k*, where each
A € kX sends a point a = (ayg,...,a,) € A" to da = (Nag, ..., Aay,).

10.2 Projective space

The set of orbits in A”* — {0} for this action is called projective n-space and
denoted P™. The class of a point

a=(ag,...,a,) € A" — {0}
is denoted
[a] = [ag, ..., an) € P".

Every element of P" is thus of the form [a] for some a € A"+ — {0} and two
such classes [a], [f] are the same if and only if there exists A € k* for which
B = Aa.. There is a natural surjective map

7 AP - {0} — P

a— [a]

for which the fiber above [a] is the set {\a : A € k*}, which is the complement
of {0} in the line containing 0 and .

It is also profitable to identify P* with the space of lines in A™*! containing
0, where to each [a] € P™ corresponds the line

0e f[a} c Ant?

defined by
o) = {0} Ur (a]) = {da: X €k}
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10.3 Homogeneous polynomials

Consider now the action induced by dilation on polynomials. Given a polyno-
mial f € k[z], its value at the dilate Ao of some o € A1 may be written

fOa) = Y Mfa(a), (12)

dEZZo

where the fy are the polynomials obtained from f by taking the sum of the
terms of degree d. We obtain in this way a grading

klz] = ©dez. k[z]a.

A polynomial belonging to some k[z]4, such as

f = ‘,I’% - .’E% - .Z'% € k[$0ax1ax2]2a
is called homogeneous; equivalently, f € k[z] is homogeneous if it is a sum of
monomials of the same degree. The polynomial f; € k[z]4 attached to f € k[x]
as above is called the dth homogeneous component of f.
For f € k[z]q, one has

Fa) =X f(a)

for all a, A as above. In other words, a homogeneous polynomial of degree d is
an eigenfunction for the dilation action by A € k* with eigenvalue given by the
character \ — A%

In summary, the decomposition of a polynomial into homogeneous compo-
nents is closely related to the dilation action of k*.

10.4 Notions that are well-defined

10.4.1 The vanishing (or not) of a homogeneous polynomial at a
point of projective space

The value of a polynomial f € k[x] at an equivalence class [a] € P" is not, in
general, well-defined: it might very well be the case that f(«) # f(Aa) (and yet

of course [a] = [Aa]) for some A € k*. However, when f is homogeneous, that
is to say, belongs to k[z]q for some d € Z>¢, the truth value of the statement
f(la]) =0

is well-defined, because f(a) = 0 if and only if f(Aa) = 0 for any A € k*.
Similarly, the truth value of

f(la]) #0

is well-defined.

99



10.4.2 The ratio of two homogeneous polynomials of the same degree

When g, h are homogeneous polynomials of the same degree, that is to say,
g, h € klx]q for some d € Z>q, and [a] € P" is a point for which h([a]) # 0, the
ratio ()

9 = 9\

is well-defined, since for any A € k>,

g(a) _ Xg(a) _ g(a)

h(Aa) — Mh(a)  h(a)’

10.5 Zariski topology
For a homogeneous f € k[z], the subset
Depn (f) :=={le] € P" : f([a]) # 0}
is well-defined. For most of this section we shall abbreviate
D(f) := Dpn(f),
taking care not to confuse that set with what we shall denote by
Dynii(f) :={a € A" f(a) #£0}.

Note that
D(f1) N D(f2) = D(f1f2).

The Zariski topology on P™ is defined to be the topology generated by the D(f)
as an open basis. In other words, a subset of P™ is Zariski open if and only if it
is a union of sets of the form D(f). Note that

10.6 Definition of projective varieties

A projective variety X C P™ is defined to be the solution set to a system of
homogeneous equations, i.e., X = Vpn(S5), where

Ve (S) := {[a] € P": f(Ja]) = 0 for all homogeneous f € S},

for some subset S C k[z]. In practice we shall only write Vpn (S) when the set S
is itself homogeneous in the sense that it contains the homogeneous components
of each of its elements.

We shall occasionally abbreviate

V(S) := Vpa(S5)
in this section, taking care to distinguish that set from the affine variety
Vant1(S) :={a € A" : f(a) =0 for all f € S}.

The following are evidently equivalent:
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e X is a projective variety.

e X is an intersection of hypersurfaces V(f) := V({f}) := Ve ({f}) (f €
k[x], homogeneous).

The complement of X is a union of basic opens D(f) (f € k[z], homoge-
neous).

The complement of X is open.
e X is closed.

We take on each projective variety X the induced topology, or equivalently, the
topology with open basis given by the basic open sets

Dx(f) = {le] € X : f([a]) # 0}

for f homogeneous.

10.7 Affine coordinate patches
10.7.1 Motivating observations

We make the following observations about projective space P™:

e For each [a] € P" there exists a coordinate index ¢ for which «; # 0, that
is to say,
P" = UIL:OD(l'l)

e For each [a] € D(z;) the corresponding line £},) C A" meets the hyper-
plane defined by z; = 1 in exactly one point, namely

Uo) N {(0, ..., 0n) € A" oy = 1) = (/s - . an/ay).

e We thus obtain a natural bijection between D(z;) and a hyperplane. The
latter is an affine variety isomorphic to A", and so we obtain in this way a
cover of P" by the (n+ 1) subsets D(z;) each of which carry the structure
of an affine variety isomorphic to A™.

(The reader is encouraged to draw pictures illustrating the above discussion in
the special cases n =1,2.)
10.7.2 Some notation

We set some notation here that will help us keep track of certain variable sub-
stitutions. For ¢ € {0..n}, consider the (n 4 1)-dimensional affine space

A" = Specm k[z i, . ., 4]
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with the formal coordinate variables xq/;, . . . , ¥, /;. Denote by IP}* the hyperplane
cut out by requiring that the ith coordinate equal one, i.e.,

P? = {(ao/i,...,an/i) S An+1 . ai/i = 1} .

We picture P? as the hyperplane {z; = 1} discussed in Section [10.7.1} but with
coordinates variables x¢/;,...,z,/; instead of xg,...,2,. The corresponding
affine coordinate ring is

k 1y atn/i
R; = A(P}) = Klwosi - s tnyil
(Ii/ifl)
The natural map
A" = Speecm k205, ..., Tijiy - ooy Tny) = P
(ao/i,...,@7...,an/i)H(ao/i,...,l,...,an/i),

where 7~ denotes an omitted variable, is an isomorphism of affine variables,
corresponding on coordinate rings to the isomorphism

Re 25 Koo T

induced by “setting z;/; := 1.”

10.7.3 Charts

The “send [] to the intersection of the line /[, with the hyperplane {z; = 1}”
map discussed in Section translates with coordinate system introduced
above to the map

i D(x;) —» P}

(3

a «
[ag, ... ,an] — <0,...,n).
Q; Q;

The inverse map, described geometrically as “send a point on the hyperplane
{z; = 1} to the line through 0 containing it,” translates to

given by

o; Py — D(x;)

(Q0/is -+ s Qi) 7 [0y - -5 Qi

The geometric description makes clear that these two maps ¢; and ¢; L are
mutually inverse bijections, justifying the notation. That this is so may be
alternatively verified by performing the calculations

Qo/q An /i

R
A/ A/

) = (040/1', cees an/i)

(0[0/1'7...,(1”/1') —> [aO/i,---;an/i] — (
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and
(67} « (e 7)) (0%
[, .-y ap] — (,...,n) — [,...,n} = [ag, ..., )
Q; o, «; Q;
which follow from the definition of projective space P™ and the requirement
a;/; = 1 in the definition of the hyperplane P'.
As motivation for the choice of notation, note that the regular function z;/x;
on D(x;) pulls back under ¢; ' to the regular function x;/; on P}, and vice versa:

Z; .
T/ 0 Qi = ~ as regular functions on D(z;),
T

Z;
J —1 : n

Tjji= 0@ as regular functions on P}.
?

10.8 Homogenization

10.8.1 Definition

Let f € R; be a regular function on P?, such as (for instance) the polynomial
f= asg/o - (33:1)’/0 —x1/0) € Ro

on PZ. One may equivalently regard f as a polynomial in the n formal variables
T /iy - - ,x/iﬁ, -++»Tpy; Or as a polynomial in the n+1 variables xq;, . . . , 2, /; but
with the variable x;/; (and only that variable) treated as a “dummy variable”
satisfying z;/; := 1.

The process of homogenization mentioned in the title consists of attaching
to f a homogeneous polynomial f* € k[x] that “looks like f on the hyperplane
{z; = 1} Mechanically, this is effected by replacing each occurrence of the
variable z;/; in f with the ratio 2;/x; and then multiplying by a large enough
positive power of z; to clear denominators. The definition we shall adopt is

f(xoy...,xp) = x?eg(f)f (m,...7%> ,
T €

where deg(f) is the maximum of the degrees of the monomials occurring in the
(not necessarily homogeneous) polynomial f, or equivalently, the smallest inte-
ger for which the RHS of the above defines a polynomial function of zg, ..., x,.
In other words, one gets from f to f* by replacing each x;,; with z; and then
multiplying each monomial term by a suitable power of x; to make it homoge-
neous of degree deg(f).

Example 72. Suppose that n =2, ¢ =0, and
f=v*—(®-1) e R
with the shorthand = := 1,9,y := 73/9. Then

Lo T1 T2

f*(l'07.’171,.')32) = mgf (567 ;7 I) = .’IJQ(E% - (I% - (E%.’I}l)
0 0 0
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Example 73. Suppose again that n = 2, i = 0, but now that
f=1-(z"+9) € Ry,
again with the shorthand x := xy 9,y := 23/9. Then

g L1 X2
[ (zo, 21, 22) :x%f ( — ) :a:g—xf—xg.

) )
g Lo Xo
10.8.2 Functional properties

As a function, f* may be defined in terms of f by requiring that any of the
following evidently equivalent conditions are satisfied:

o f*(aosir-sanyi) = f(Qosi, .-y ony) for all (ag/i,... o)) € P

Qg ) Qg

0, where d denotes the degree of f*.

o L([0]) = f(pi([o) for all [a] € D(:)

fHlag,...,an)/ad=f (% ,%) for all (ap, ..., an) € A" with o; #

x

e As functions on the open subset D(z;) of projective space,

T
7 = fowpi.

i

e As functions on the affine chart P},

10.8.3 Compatibility with taking ratios

For any g,h € R;, the pullback of g/h under ; is (where defined) a ratio of
homogeneous polynomials of the same degree, namely
x?Cg(h*) *

o=t 9
h vi = x?Eg(g*)h* ’

10.9 Dehomogenization
10.9.1 Definition

The dehomogenization of a homogeneous polynomial f € k[z] is defined to be
its image fy; € R; under the natural map

induced by

Tj = Tj/i
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thus
f*i(m()/ia s 7xn/2) = f(IO/ia s 7xn/z)

Mechanically, the association f — f,; is carried out by replacing each occurrence
of z; with z;,; and then setting x;,; = 1. We picture f,; as the restriction to
the hyperplane {z; = 1} of f, but with renamed coordinate functions to avoid
confusion. Note that f,; is no longer necessarily homogeneous.

Example 74. Take n := 3,7 := 0 and
fi=xox1 — x273.
Then with the shorthand

T i=Ty/0, Y= T, 2= T30
one has
fro=2x—yz.
Example 75. Take n:=1,¢:=0, and
f = x5 — 2o71.

Then
feo=1—1m10,

(fe0)" =z0 — 21,
far = a3, — o1,
(fe1)* = 23 — 2o21.
10.9.2 Functional properties
In terms of functions, we have the following evidently equivalent conditions:
o fuilagsis. o nyi) = flaosis ..., ay ) for all (ag)s, ... o) € PY.

. f(ao,...,an)/a?eg(f) = fui <Z—‘:,,Z—:‘) for all (a, ..., a,) € A" with
(7] #0

ﬁ([a]) = fuilpi([e])) for all [a] € D(x;).

As functions on the open subset D(x;) of projective space,

f_
m—f*io%-

?
e As functions on the affine chart P},

f -1
O SD’L = f*i’
dee(h)

K2
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10.9.3 Compatibility with taking ratios
For homogeneous g, h € k[z] of the same degree, it follows that

g@(p,—lzﬁ
h T hi

10.9.4 Relationship with homogenization

Dehomogenization is very nearly an inverse to homogenization. Indeed, for any
f € R; we have

(f)xi = f.

On the other hand, it can happen (as in Example for f € k[z] that (fu«)*
differs from f by some nonzero integral power of x;. But since x; and its powers
take the value 1 on the hyperplane {z; = 1}, such distinction is immaterial in
practice. More precisely, there exists & € Z>¢ so that

mf(f*l)* = f’

and k may be computed explicitly as the largest exponent for which ¥ divides
f. In particular, we always have that

(fwi)" divides f.

10.10 The standard affine charts on projective space are
homeomorphisms

Having introduced the requisite notation, we turn now to verifying that the

bijective maps ¢; : D(z;) — P} introduced in Section are in fact home-

omorphisms. We must check that ¢; and ¢, ! map open sets to open sets. It

suffices to show that basic open sets are mapped to open sets. We shall show

in fact that basic open sets are mapped to basic open sets. In the forward
direction, it follows from the discussion of Section that for f € klx],

@i(D(x;) N D(f)) = D (fui)-

Similarly, it follows from the discussion of Section that for f € R;,
i (Dep(f)) = D(as) N D(f*).

10.11 Definition of the space of regular functions on a
projective variety

Definition 76. Let X C P" be a projective variety. For each open U C X, the

set
O(U) C Func(U, k)
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of regular functions is defined to consist of those f : U — k which are locally
ratios of homogeneous polynomials of the same degree, that is to say, for which
at each point [a] € U there exists a neighborhood

[al eV CU
and homogeneous polynomials g, h € k[z]q of the same degree d € Z>q so that
o V.C D(h), ie, h([a]) # 0 for all [a] € V, and
e on V| the identity f = g/h holds.
Note that by the discussion of Section the ratio g/h is well-defined on V.

We have thus defined O(U) by an analogue of the condition (R2) used in the
case of a quasi-affine variety. By the local nature of the definition of a regular
function, it is evident that U — O(U) defines a k-sheaf on X (Definition
and hence that (X, O) defines a k-space (Definition [58)).

10.12 The affine cone over a subset of projective space

Recall the canonical projection 7 : A"t — {0} — P". The affine cone Cx of a
subset X C P" is defined to be

Cx :={0}un'(X).
It is worth drawing a picture of C'x in a special case such as
X = Vpo (2 — 2% — 23) C P?
for which
Cx = Vys(zd — 2] —23) C A>.

The basic first step towards the local study of a projective variety is to
consider the intersections of its affine cone with hyperplanes. In the example just
mentioned, these intersections are the conic sections familiar from elementary
algebra. (Several pictures were attempted in class.)

10.13 Projective varieties are prevarieties, i.e., admit fi-
nite affine open covers

10.13.1 The open cover of a projective variety obtained by inter-
secting its affine cone with hyperplanes

Let X C P™ be a projective variety. Define the index set I := {0,1,...,n} and
for each i € I, set
Ui = DX (:ZJZ),

which we recall for convenience is defined by Dx(z;) := {[a] € X : a; # 0} C
D(z;) :={[a] € P": o; # 0}. Set

X, = (pi(U,‘) C ]P);l
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Thus X; is essentially the intersection inside A"*! of the affine cone Cx of X
with the hyperplane {z; = 1}: if we identify the ambient copies of A"+, then

X;=Cxn{z; =1}

(In lecture, some pictures were attempted involving X = V(23 — 27 — 23).)
Example 77. Take X = V(23 — 23 — 23) C P2. Then

o Xo=V(1—1},—2j,)is acircle,

o X) = V(acg/l -1- xg/l) is a hyperbola, and

e Xy = V(gcg/2 — 33%2 — 1) is again a hyperbola.
Now take Y = V(zgz3 — 23 + 22x1) C P2. Then

o Vo= V(x§/0 - il?:f/o +1/0),

e Y, = V(mo/lxg/l -1+ mg/l),

o Yy =V(rg— xf/g + 33(2)/2331/2)-

For notational clarity it can be convenient to introduce shorthand such as z :=
T1/0,Y = T2/0. One thereby identifies PZ with A2 = Specm k[z,y]. Under this
identification,

Xo=V(1—-2*—y?), Yo=V(?—-2>+2).

10.13.2 The two k-space structures to be compared

Since ¢; is a homeomorphism (Section7 we know that X is a closed subset
of the affine variety P} = A", hence X; is itself an affine variety. It thus comes
equipped with a k-sheaf of regular functions Ox,, and so may be regarded as a
k-space

(Xia OXI)

On the other hand, regarding the projective variety X as a k-space (X, Q), its
open subset U; has the induced k-space structure

(U, Olu,)
as defined in Section [0.2.3
10.13.3 Ratios of homogeneous polynomials of same degree deho-

mogenize to ratios of polynomials, and vice versa (up to
benign factors)

We verify now that the homeomorphism ¢; := ¢,
spaces is actually an isomorphism of k-spaces

v, : Ui = X, of topological

i+ (Ui, Oly,) = (X, Ox,).
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By Exercise we must verify that ¢; preserves regularity in both directions,
i.e., for each open V' C X; and f € Func(U, k) that with the notation

U:= 90;1(‘/)7 f/ ::fogoi‘Uv

one has

fe0Ox, (V) = f e0O).
We verify this as follows:

e In the forward direction, recall that f belongs to Ox, (V) iff locally on
V, f is a ratio of polynomials g,h € R;. In that case, it follows by ho-
mogenization (see especially Section [10.8.3)) that f’ is locally on U a ratio

deg(g*)g*/(x?eg(h*)h*)

T of homogeneous polynomials of the same degree,

hence belongs to O(U).

e Conversely, suppose f’ belongs to O(U). Then f’ is locally on V a ratio
g/h of homogeneous polynomials of the same degree. By dehomogeniza-
tion as in Section it follows that f is locally on U a ratio g;/h; of
polynomials, hence belongs to Ox, (V).

We conclude that any projective variety (equipped with the k-sheaf of regular
functions) is a prevariety.

To summarize the above formal argument: given on U; a local ratio of homo-
geneous polynomials of the same degree, we obtain (by setting x; := 1) a local
ratio of polynomials on X;, and conversely, given a local ratio of polynomials on
X;, we get (after homogenizing and clearing denominators by suitable powers
of x;) a local ratio of homogeneous polynomials on U;.

10.13.4 Coordinate ring of a basic affine patch

The isomorphism established in the previous section implies in particular that

O(D(z;)) =k

xz,xz

Zo xn:|

10.14 Projective varieties are varieties, i.e., are separated

We have seen that a projective variety X is naturally a prevariety. We now
verify that this prevariety is actually separated. In other words, any projective
variety is a variety. To see this, we must verify for each prevariety Z and pair
of morphisms fi, fo : Z — X that the subset W := eq(f1, f2) on which they
coincide is closed in Z. Choose projective coordinates

[ag, ... an] = f1(2),

[507 B 7ﬁn] = f2(Z)
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for fi1(z) and f2(z). (Note that although c; and f3; depend upon z, we suppress
this dependence for the sake of notational clarity.) For each pair of indices
k,l € {0,...,n}, define the subset

ZMZZ{ZEZ:O%#O,B@#O}

of Z. Since for each z at least one of the o, and at least one of the S, is nonzero,
we have Z = UZy,. Since Zy; = f; (D(xx)) N fy (D(x)), the sets Zj; are open,
hence give an open cover. Since being closed is a local notion, our task reduces
to showing for each pair of indices k,! (which we fix for the remainder of this
discussion) that

Wi =W N Zy

is closed in Zy;. Let z € Zy;. Since oy, # 0, we have z € Wy, if and only if

agBi = Bra

for each ¢, which since 8; # 0 may be rearranged as
Bi _ Beo
B Biay

and then expanded in terms of z as

Ti0(f2(2)) = i pe(f2(2)) i/ (f1(2))

where z;/; € O(D(x;)) denotes the regular function x;/x;, i.e.,

zisi (o, -+ ml) =i/

It follows that Wy, is the intersection over ¢ € {0,...,n} of the preimages of
{0} under the regular functions

Tisp 0 fo — (Tpse o f2)(wisn o f1)
on Zy;, hence closed by the continuity of regular functions, as required.

Remark 78. The standard proofs of this result appearing in most references
uses properties of the Segre embedding, which gives the categorical product of
projective spaces. As an exercise, the reader is encouraged to complete the
proof of Lemma 4.1 in Hartshorne by filling in the proof of the starred exercise
that is referenced there. I have presented the above “brute force” proof for the
sake of variety of exposition and to emphasize that this is a non-mysterious fact
requiring no particular ingenuity to establish. We’ll probably end up giving
the standard proof a bit later in the course after we’ve properly discussed the
Segre embedding. Slicker proofs are also possible. For instance, one can reduce
quickly to showing that any pair of points in P" are contained in some common
affine open subset.
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10.15 Homogeneous ideals

An ideal a C k[x] is called homogeneous if it contains the homogeneous compo-
nents of each of its elements, that is to say, if

a = ®gez.,04, where ag = an k[z]q.

Any ideal obtained as an intersection, product, sum, or radical of homogeneous
ideals is also homogeneous.

A convenient criterion is that homogeneous ideals are precisely the ideals
generated by sets consisting of homogeneous elements.

A projective variety may be alternatively defined as a set of the form Vpn (a)
for some homogeneous ideal a C k[z];. Indeed, for any set S, the ideal a
generated by the homogeneous elements of S is a homogeneous ideal, and one

has Vpn(S) = V[pm (Cl)

10.16 Quasi-projective varieties

A quasi-projective variety is an open subset of a projective variety, regarded as a
k-space with the induced structure as in Section[9.2.3} thus the regular functions
on an open subset are (once again) the k-valued functions that are locally ratios
of homogeneous polynomials of the same degree. For example, any projective
variety is a quasi-projective variety, and any open subset of a quasi-projective
variety is a quasi-projective variety. By Example[71] any quasi-projective variety
is a variety.

10.17 The projective vanishing ideal and the affine cone

10.17.1 Definition

We adopt here (the slightly nonstandard) definition that the (projective) van-
ishing ideal Ipn(X) of a subset X C P" is defined to be the ideal generated
by those positive-degree homogeneous f € k[z]; for which f([a]) = 0 for all
[a] € X, thus

Ipn (X) := ({f € k[z]+ : [ is homogeneous, f([o]) =0 for all [a] € X }).

The projective vanishing ideal is thus a homogeneous ideal contained in k[z],,
ie.,

Ipn (X) = @dEZZ1IP" (X)d7 Ipn (X)d = {f S k[.’E]d : f([a]) = 0 for all [a] e X }

The definition given here differs from the standard definition in that we have
required f to have positive degree, but the two definitions coincide unless X is
the empty set, i.e.,

for X # 0, Ipn(X) = ({f € k[z] : f is homogeneous, f([a]) =0 for all [o] € X }).
Note also that the only homogeneous ideal of k[z] not contained in k[z]; is the

trivial ideal (1) = k[x].
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The associations Ipn and Vpn satisfy similar order-reversal, extremal,
boolean, and ideal generation properties as in the affine case; also,

I (Ve (X)) = Zel(X).

Exercise 29. Verify that a homogeneous ideal a is prime if and only if fg €
a,f ¢ a = g € a for all homogeneous elements f,g € k[z]. Deduce that a
projective variety X is irreducible if and only if its projective vanishing ideal
Ipn (X) is prime.

10.17.2 Dilation-invariant subsets of A"*! have homogeneous van-
ishing ideal
Let X c A" be any subset which is dilation-invariant in the sense that

aeX, ek = laeX.

Then the vanishing ideal Tyn+1(X) is homogeneous. To see this, suppose f van-
ishes on X and has the decomposition f = > f; into homogeneous components.
Then for each a € X and A € k%,

0=f(Aa) = Xfala).

Because the field k is infinite, these relations taken over all A imply that fq(«) =
0 for all d and all & € X. In summary,

f € Iyn+a (X) = each fg € Iyn+ (X),

as required.

10.17.3 Comparison with the vanishing ideal of the affine cone

Given a subset X C P" of projective space, we have two natural ways to obtain
an ideal contained in k[z]:

e First, we may take the projective vanishing ideal
I]P’n (X)’

which we recall is the homogeneous ideal contained in k[z]; and generated
by homogeneous polynomials of positive degree that vanish on X.

e Second, we may consider the affine cone Cx C A™*!, which we recall from
Section [10.12]is given by Cx := {0} Un~1(X), and then take its (affine)
vanishing ideal, which we denote for emphasis by

Lint1(Cx).

72



It is useful to know that projective vanishing ideal of any subset of projective
space is the same as the affine vanishing ideal of its affine cone:

Ipn(X) = Ipar (Cx).

(This would not quite be the case when X = () with the standard definition of
Ipn.) To verify this equality, set a := Iyn+1(Cx). Since Cx contains 0, we know
that a is contained in k[x]4. Since Cy is dilation-invariant, we know by Section
that a is a homogeneous ideal. Therefore both the LHS and RHS of
the equality to be verified are homogeneous ideals contained in k[x]y, hence
generated by homogeneous polynomials f € k[z]q of positive degree d > 0. For
any such f we have f(0) = 0, hence

fe€Lini(Cx) < f(a)=0forall [a] € X

while
fepm(X) < f([a]) =0 forall [o] € X.

These conditions coincide by the definition of the truth value of “ f([a]) = 0.”

10.17.4 Every affine cone is the affine cone of a projective variety

By an affine cone C C A" we shall mean an affine variety that contains {0}
and is dilation-invariant. By Section [10.17.2] and the assumption 0 € C', the
vanishing ideal Iyn+1(C) is homogeneous and contained in k[z];. Moreover, it
is clear that for any homogeneous ideal a C k[z],, one has

Cvpn (a) = Vant1(a).

Therefore
C=Cx with X := Vpn(Iyn+1(C)).
10.17.5 Homogeneous Nullstellensatz and varia
Suppose a C k[z] is a positive-degree homogeneous ideal. Then
Ipr (Vor (a) = Ipn+1(Cvin (a)) = Lan+1(Vansa(a)) = r(a).
Moreover, the following are evidently equivalent:
o Vpn(a)=10

Cvin () = 10}
Van+1(a) = {0}
r(a) = klz]+.

For each ¢, a contains some power :cfv of x;.

For each i, a contains all sufficiently large powers of ;.

e a contains some graded piece k[x]g with d > 0.
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10.17.6 Bijections
We obtain natural bijections between the following classes of objects:
e Affine cones C C A™tL
e Radical homogeneous ideals a C k[x].
e Projective varieties X C P".
We get from one to the other via the maps
Cr—a:=Iun+1(C0)
a— C = Vynsi(a)
a— X = Vpn(a)
X = a:=Ipn(X)
X C:=Cx = {0}ur (X)),
Cr— X :=7(C—{0}) = Ven(Ipn+1(C)).
That these maps are mutually inverse and form commutative triangles follows
from what has been shown above.
It follows in particular that a projective variety is irreducible if and only if its
affine cone is irreducible, as both conditions have already been shown equivalent
to the corresponding ideal being prime.

10.18 The projective coordinate ring
The projective coordinate ring of a projective variety X C P" is defined to be
S(X) := k[z]/Ipn (X),
regarded as a graded k-algebra:
S(X) = Gaez,9(X)a.
It is generated by the degree one elements Ty, ..., T, € S(X); obtained as the
images of z,...,x, € k[z];. In view of the identity Ipn(X) = Iyn+1(Cx) of
Section [10.17.3] we may alternatively define the projective coordinate ring to
be the affine coordinate ring of the affine cone, i.e.,

S(X) = A(Cy).

In this optic, the grading is induced by the dilation action of £* in the manner

of Section 0.3
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10.19 Specifying morphisms to projective varieties in
terms of homogeneous polynomials

Given a variety Y and a quasi-projective variety X C P™ and a function f :
Y — X, we say that f is represented locally as

f:[f()v"'7fn]

with fo,..., f, belonging to a specified class if for each § € Y there exists
an open neighborhood 8 € V C Y and functions fy,...,f, : V — k of the
prescribed class for which

e for each o € V there is an index i € {0..n} so that f;(a) # 0, and

o f(a) = [fo(a),..., fo(a)] for all & € V, which identity we abbreviate as
“f=1[fo,- -y fn]on V.”

With this terminology, we have the following equivalent characterizations of
when f defines a morphism:

e fislocally of the form f = [fo,..., fn] with regular functions fy, ..., fu.

e For X C P™ a quasi-projective variety: f is locally of the form f =
[fo, .-+, fn] With homogeneous polynomials fy, ..., f, of the same degree.

e For X C A™ a quasi-affine variety: f is locally of the form f = [fo,..., fu]
with polynomials fo, ..., fn.

e For X an irreducible variety: f islocally of the form f = [fo,..., fn] with
elements fo,..., fn € k(X) belonging to the function field of X (to be
defined in some subsequent section; TODO: add a reference when that
section is written).

The equivalence is left for now as an exercise.

11 The projective closure of an affine variety

11.1 Motivating question: how to describe how a variety
looks "near infinity"?

We record here a detailed discussion of how one can attach to an affine variety
X C A" a projective variety X C P" and an inclusion X < X whose com-
plement is another projective variety X,, C P"~! measuring the “asymptotic
behavior” of X. This discussion serves the primary purpose of allowing us to
exercise the concepts already introduced.
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11.2 Affine space as a subspace of projective space

Via the isomorphism of varieties

o

A" = Py = D(xo) C P

(al/Oy' : '7an/0) = (1,051/0, o 'aan/o) = [1,0(1/0,. . '7an/0]

obtained in Section [10.13] we may and shall identify A™ with the open subset
D(zq) of P™. Its complement is the hyperplane

HO = V(IEQ),

which is called the hyperplane at oo relative to the affine space A™ = D(x).
We have the decomposition
P" = A" U Hy.

The natural map
Hy, —» P!

0,a1,...,05] = [a1,. .., a]
is an isomorphism (cf. Section [10.19)).
In particular, any quasi-affine variety is (isomorphic to) a quasi-projective
variety.
11.3 Definition of projective closure

Let us regard
A™ = Speem k[y1, - - ., Yn]

as embedded inside
P" « A"t — {0}, A" = Specm k[zo, ..., 2,]

via the isomorphism A™ 2 Dpn (2) (as in Section [11.2)) under which x;/zg pulls
back to y;. Thus we identify

Y1 :=1/T0, -+ s Yn 1= Tpn/To
as regular functions on D(z), and identify the points
A" S (ag,...,a0) =[1,1,...,ap] € P™.

Suppose given an affine variety X C A"; for example, one might suppose that
n = 2 and that
X :=V(ypy, — 1) C A? (13)

is a hyperbola with asymptotes the coordinate axes. We may regard X as a
subset of P" via the composite inclusion

X Cc A" Cc P".
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The closure of X in P", denoted X, is called the projective closure of X. It is
a projective variety X C P". The difference

X =X—-X

is contained in the hyperplane at infinity Hy = Vpn (x¢), which is isomorphic to
P! via the map
Hy=Ppr!

[070[1,...,Ckn] = [alv"'van}'

We call X, the asymptotic part of X (TODO: does this have a standard name?).

11.4 Example: the standard hyperbola and its asymptotes
Let X be the affine variety defined in , so that

X = {(73’7_1) = [17777_1] 1y € kx} C A2 (- ]P2.

Define
o 2
g = x1T9 — T§.

The polynomial g is irreducible (by Eisenstein’s criterion, for instance), so the
ideal (g) is prime and the variety Vp2(g) is irreducible. It is thus the closure of
its relatively open subset

D(zo)NVp2(g) = {[a] = [1, a1, 0] : g(a) =0} = {[a] = [1, a1, 0] : vy = 1} = X.

Therefore X = Vp2(g). By the Nullstellensatz and the earlier observation that
(g) is prime, it follows that

Ip2(X) = Ip2(Ve2(9)) = (9)-
The asymptotic part X is
Xoo =X — X ={[a] =[0,a1,a3] € P? : ayas = 0} = {[0,1,0]} U {[0,0,1]}

consisting of two “points at infinity” corresponding to the horizontal and vertical
asymptotes of X inside AZ.

11.5 Review of notation concerning homogenization and
dehomogenization

Set
klz] == k[zo, 21, .., 25],
k[y] = k[yh s ,yn]

Recall the homogenization map kly] > f — f* € k[z] defined in Section
which in this notation is given by

N e x Tn
f(xoy. . 2n) ::xgg(f)f(l ...7>,

SCQ’ ZTo
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as well as the dehomogenization map k[z] 3 f — f.o € k[y] defined in Section
10.9] which we abbreviate by f. := fixo and recall in this notation as given by

f*(yla"'ayn) = f(]-ayla"'ayn)~

For f € k[y], denote by
freklzy,. .. x,)

the homogeneous polynomial obtained by summing those monomials occurring
in f of maximal degree and replacing each y; with x;. For example,

(yf —y2 + 1+ 3ysya) | = 22 + 3w324.

11.6 Computation of vanishing ideal

The aim here is to “compute” Ip» (X) in the relatively weak sense of finding any
set of generators (not necessarily a finite set). The finer problem of determining
a finite set of generators shall be addressed briefly in Section [I1.8] and taken
up subsequently. Regard the affine vanishing ideal Iy~ (X) as contained in k[y].
Observe right away that by definition of the Zariski closure,

Ipn (X) = ({ homogeneous f € k[z]; : f([a]) =0 for all [o] € X}),
hence that
Ipn (X) = [f = fi] 7 (Ian (X)) = {f € kla] : fi € Lan(X)}. (14)

For
a=(ar,...,an) =[la1,...,ap] € X

and f € Inn(X), we calculate

frle) =190 (S T = fla) =0,

hence f*|x = 0. By definition of the Zariski closure, it follows that

feln(X) = f* € Ip(X).

Conversely, for h € Ipn (X) we have h|x = 0, hence ho|x = 0, i.e., hg € Iyn (X);
since h is divisible by (hg)*, we deduce that h belongs to the ideal generated by
{f*: felxy(X)}

We have thereby computed the projective vanishing ideal of the projective
closure of an affine variety, firstly as the inverse image of the affine vanishing
ideal under the dehomogenization map (see and secondly as the ideal

I (X) = ({f* : £ € Lan(X)}) C Klao, .. ., 0]

generated by the homogenizations of elements of the original affine vanishing
ideal.
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It follows that the vanishing ideal of the asymptotic part
Xoo=X—X C Hy =P,
being cut out inside X by the equation 29 = 0, is defined by
Xoo =Venr({f 7+ f € L (X)})

and hence has vanishing ideal
Ipn-1(Xoo) = 7(({f " = f € Ian(X)}))-

11.7 Caution: the above descriptions are not particularly
computationally useful

The “descriptions” of Ip«(X) and Ipn—1(X,,) obtained in Section suffer the
deficit that they do not furnish a finite set of generators for the respective pro-
jective vanishing ideals given some finite set of generators for the affine vanishing
ideal Ipn(X). We shall subsequently address this issue:

e In Section [11.10.5] we record an ad hoc computation of a finite set of
defining equations for the projective closure of the twisted cubic curve

{77l € A%y € k}.

e In Section [11.11] we record a more sophisticated technique by which one
may carry out such computations in general.

11.8 Caution: homogenizations of generators need not
generate

It is not necessarily the case that for a collection of generators

Inn(X) = (f1,---5 fr)

of the vanishing ideal of the affine variety X that their homogenizations generate
the projective closure X, i.e., it is possible that

Ipn (X) # (ff5 -5 f7)
An explicit example is recorded in Section [I1.10

11.9 The projective closure of an irreducible affine variety
is an irreducible projective variety, and vice-versa

More generally, let X be a subset of a topological space T. Denote by X the
closure of X inside T. Equip both X and X with the induced topology. Then
X is irreducible if and only if X is irreducible; indeed, each of the following is
evidently equivalent to the next:
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X is irreducible.

Each nonempty open subset of X is dense.

Each pair of proper closed subsets of X have proper union inside X.

For each pair Z7, Zs of closed subsets of T, one has

Z1UZyDX = Z1DXor Zy DX.

For each pair Z, Zs of closed subsets of T, one has

Z1 U Zy DY = 7 DYOI‘ZQDY.

e X is irreducible.

In particular if X C A" is an irreducible affine variety, then its projective
closure X C P" is an irreducible projective variety. Conversely, if Y C P™ is an
irreducible projective variety, then

Y, :=YnN D(a:,)

is an open subset of Y for each i € {0..n}. It identifies with a closed subset of
affine space via the isomorphism A" = P? & D(x;). Thus if Y; # 0, then

e Y; is dense in Y, that is to say, ¥; = Y, and

e Y; is an irreducible affine variety.

11.10 Example: The twisted cubic
11.10.1 Definition

We follow here following Hartshorne, Exercise 1.2.9. Consider the subset X of
A3 defined by
X ={(r7*7°) € A% 1y € k}.

11.10.2 Computation of affine vanishing ideal

We record here two methods for computing I,3(X). The result obtained by
either approach is that

Iys(X)=0
where
b:= (f1, f2) C E[y1, 92, 3]
with
fl =Y2 — y%
for=y3— y:ls
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1. Direct approach Note first that any element of b vanishes on X, since both
f1 and f3 do. On the other hand:

e For any f € k[y1,y2,ys] that vanishes on X and is of the form
f(y1,y2,y3) = h(y1) for some h € k[y1], we deduce from the identity
F(v,7% %) = h(y) that h(y) = 0 for all ¥ € k and hence (by the
infinitude of k) that A = 0.

e For any f € k[y1,ye,ys] that vanishes on X, we may subtract from
it suitable multiples of f; or fy to obtain some f’ vanishing on Y in
which the variables ys, y3 do not occur. By the previous item, f' = 0,
whence f € b.

It follows that Ixs(X) = b, as claimed.
2. Nullstellensatz approach Note now that
X = Vjs(b).

Indeed, it is clear that X C Vj3(b); conversely, if 5 = (81, 52, 83) belongs
to Via(b), then from

f1(B)=0
we obtain

Bo =B}
and from

f2(B)=0
we obtain

B3 =B}

whence with v := 81 € k that
B=7") eX.
It follows by the Nullstellensatz that
Ips (X) = Ins(Vas (b)) = r(b),
so to obtain the desired result it remains only to verify that
b =r(b),

i.e., that b is a radical ideal. For that, it suffices to show that b is a prime
ideal, i.e., that k[y1,y2,ys]/b is an integral domain. Indeed, we compute

that
k[ylv Y2, Z/3]

Y2 — yi,ys — U3)

which is an integral domain, as required.

1%

Ely1,y2,y3]/b = ( Ely1l,
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11.10.3 Explicit example in which homogenizations of generators
need not generate

We have seen already that X is an affine variety with vanishing ideal

IA3(X) = (f17f2) C k[ylvaayi’)]

with f1 = y2 — 42, f2 := y3 — . Let us now embed A% in P? as in Section |11}
thereby identifying X with its image

X ={[1,%,7*7*] € P’ : vy € k}.
The homogenizations of fi, fo are computed to be
I1 = zoz2 — x%,
f3=axdes — .
Observe that the polynomials
g1 = Tox3 — T172

and
.f 2
g2 ‘= T1x3 — Ty

belong to Ips(X). Indeed, it suffices to verify that they vanish on X, which is
true by inspection. However, neither g; nor go belong to the ideal (f;, f5). This
is best “verified in private;” one way is to note that under the quotient maps

T k[x07x17x27x3] i k[l’o,x1,l’27m3]/($%,‘Tl,xz)

and
7' k[xo, 1, 2, 3] = klx0, 71, T2, 23]/ (70, 1)

we have

7(g1) = 7(wow3) # 0
but

() =7(f5) =0
and

7'(g2) = 7' (x2)* # 0
but

T(f7) =7'(f3) =0.
Thus

Ips(X) # (f1, f5) even though Is(X) = (f1, fa).
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11.10.4 Curious aside: computation of the projective variety cut out
by the homogenization of the generators

The calculation
e a point [a] = [ag, a1, a2, a3] € P3 belongs to Vps(f7, f5) if and only if

— ag # 0 and thus (without loss of generality) ag = 1 and thus [a] € X,
or

— ag =0 and thus a; =0
shows the more precise identity
Ves(fi, f3)=2ZUX, Z:={[0,0,a0, 3] : [az,as] € P} = Vps (20, 21).
The observation

e the homogeneous polynomial g defined in Section [[T.10.3| vanishes on X,
hence (by definition of Zariski closure) on X, but not on Z

shows that X does not contain Z. Thus, in particular,

VIF’3(f1*7f2*) #Y,

which shows a stronger form of the counterexample recorded in the previous
section.

11.10.5 Ad hoc computation of a finite set of defining equations for
the projective closure

Our aim is now to verify that

IPS (X) =a
for the ideal a C k[z] := k[zo, 1, 22, 23] defined by
a:= (f1,91,92) = (wowa — a3, wow3 — 1179, 2123 — 23).

We record here a hands-on, ad hoc approach. Note right away that each gener-
ator f of a satisfies f. € I43(X), hence that

acC I]p%(X)

The difficult part is to show the reverse inclusion.

Thus, take f € K[z, 21,22, 23] to be a homogeneous polynomial of some
degree d > 1 which vanishes on X. We wish to show that f belongs to a. We
rule out first the simpler case d = 1:

o If d =1, then f = a;x; and f(1,v,72%,73) = Y a;7?, which vanishes for
all v € k only if each a; = 0, whence f =0 € a.
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Supposing henceforth that d > 2, let
pt= x(i0774‘17i27i3) — xéoxlfxézx?'

be a monomial occurring in f. We wish to use the above generators of a to
“reduce” the monomial z* modulo the ideal a to some other monomial whose
exponents are extremal in some lexicographic sense. Precisely:

e If i3 > 0 and i; > 0, then
xi = x(io,i1717i2+2,i371) (mod a)’
since the difference is manifestly divisible by x1x3 — 3.

e If i3 > 0 and ig > 0, then

%

7t = x(i0*17i1+17i2+1”i3*1)

(mod a),
since the difference is manifestly divisible by zgx3 — x125.
e If iy > 0 and ig > 0, then

= x(io—17i1+27i2—17’i3) (IIlOd Cl),

since the difference is manifestly divisible by xozs — 2.

By repeatedly applying the above operations, we may reduce any polynomial
modulo a to some linear combination of monomials z* satisfying one of the
following conditions:

1. i3 = 0 and iy = 0, i.e., z° involves only zg, z1.

2. i3 =0 and iy > 0 and g = 0, i.e., ’ involves only 1,z and is divisible
by zs.
3. i3 >0 and i; = ip = 0, i.e., 2 involves only x», z3 and is divisible by 3.
Example 79.
e Modulo a,
£(100,200,34) — ,.(10,199,5.3) — . — ,.(100,196,11,0)

_ — (99,198,10,0) — . — ,.(89,218,0,0)

We have reduced to case (1).

e Modulo a,

£(10.20.3.4) — .(10,1953) — | — ,,(10,16,11,0) — ,.(9,18,10,0) — .. — ,.(0,36,1,0)

We have reduced to case (2).

84



e Modulo a,

£(1:23.4) — L(1L15,3) — ,(1,07.2) — ,.(0,1,8,1) — ,.(0,0,10,0)

We have reduced again to case (2).

e Modulo a,

£(1,2:340) — .(1,1,5,39) — ,.(1,0,7,38) — ,.(0,1,8,37) — ,.(0,0,10,36)

We have reduced to case (3).

General sums of degree d monomials of types (1), (2), (3) as above may be
represented respectively as F, F’, I’ where

F(xg,21,22,23) = G(x0, 1)
and
F'(zo, 1, %2, x3) = £2G' (21, 2)

and
F"(zg, 21,22, 23) = 23G" (22, z3)

for some homogeneous polynomials G, G’,G” in the indicated variables of de-
grees d,d — 1,d — 1, respectively. By our reduction algorithm, f admits a rep-
resentation

f=F+F +F" (moda)

for some such F, F’, F"”". The hypothesis f(1,7,v%,+%) = 0 for all 7 € k implies
for the univariate polynomials H, H', H"” € k[t] defined by

H(t) := F(1,t,1*,t%) = G(1,1),
H'(t) := F'(1,t,1%,t3) = t*G'(t, %),
H'(t) := F"(1,t,12, %) = *G" (*, %)

that
H+H +H"=0.

Observe now that
e cach monomial appearing in H has degree belonging to {0..d},
e cach monomial appearing in H' has degree belonging to {d 4 1..2d}, and
e cach monomial appearing in H” has degree belonging to {2d + 1..3d}.

There is thus no monomial occurring in any two of H, H', H” and hence no
cancellation in the identity H + H' + H"” = 0. From this observation it follows
that H=H' = H” =0 and so f =0 (mod a), as required.
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11.10.6 Remark: it’s not always necessary to find a finite set of
generators

We remark that for many purposes, it’s not essential to find a finite set of
generators for the vanishing ideal. For instance, in the present example one can

verify quite easily that Ips(X) is the kernel of the graded homomorphism
k[IO; T1,T2, 503] — k[w07 wl]
3—i, i
T = wy wy.

We shall not use this fact, and leave its verification as an exercise.

11.11 Using Groebner bases to compute a finite set of
defining equations for the projective closure

We describe here a systematic approach generalizing and making less ad hoc
the approach recorded above in Section [I1.10.5] We loosely follow the treat-
ment in Eisenbud’s book “Commutative algebra with a view towards algebraic
geometry.”

11.11.1 Monomial orders

Let S := k[zo,...,z,]. By a monomial in S we shall mean an element of the
form

ng] - x%n
for some ag,...,an € Z>g. By a term in S we shall mean a scalar multiple

cxy® - --apr, c€k

n

of a monomial.
A monomial order on S is a total order “<” on the set of monomials 2% =

xg® -+ - 2%~ in S for which

o 2% < 2 implies 2%7¢ < 2P%¢ for all a, b, ¢, and
e 1 <z forall a#0.

We extend any monomial order to a partial order on terms cz®, ¢’ with ¢, ¢’ €
k* by requiring that cz® < ¢/z® if and only if 2% < z°.

A good example to keep in mind is when ¢ > x® is defined to happen if and
only if either

° Zai >Zb7 or

e > a; => b; and a; # b; for some index i and for the smallest such index
i, one has a; < b;.
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When n = 2, this order is given explicitly by
1<J;0<331<a:2<x(2)<m0x1 <x0x2<x%<x1x2<x§

<@ < adry < wire < 2ot < Tow T2 < TTE < XF < -

and so on. In other words, monomials are ordered first by degree and then in
“dictionary order” if one writes them down as z° - - - 2%. That’s the only order
we’ll use. It’s called reverse lexicographic orderﬁ

Similar considerations here and in what follows apply with S replaced by
kly1,---,yn].- Note that we did not really work with S as a graded ring in the
above.

Here’s a simple intuitive way to think about the reverse lexicographic order
described above. Think

“z; = tlog,(t)"

where
logy(t) :=1, log,(t) :=log(t), log;;,(t) := log(log;(t))
and t denotes a very large positive real, thought of as tending to +oco. Then

the above ordering on monomials corresponds to the usual ordering on the real
numbers.

11.11.2 Initial terms

Recall that we have equipped S with a fixed monomial order.
Given a polynomial f € S, its initial term is the term occurring in f whose
underlying monomial is largest, with the convention in(0) := 0. For instance, if

f = 3xoz1 + 52 + 201
then for the reverse lexicographic ordering defined above,
in(f) = 5.
This is usually denoted by underlying the initial term, i.e., by writing
f = 3zox1 4 5] + 2025,

Note that with the reverse lexicographic ordering, in(f) € (zo,...,zs) implies

f € (xo,...,xs) for homogeneous f. In fact, this property characterizes this

ordering among all monomial orders that refine the partial order given by degree.
Note that taking the initial term is multiplicative, i.e.,

in(flfg) = Hl(fl) ll’l(fg) for all fl, f2 es.

as follows from the basic properties of the monomial order. Moreover, for any
monomial m,
in(m) = m,

16In some references this seems to be defined with the role of {0,1,...,n} replaced by
{n,n—1,...,0}.
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hence for f € 5,

in(mf) = min(f).
Taking the initial term is typically not additive in any simple sense, but it is
“ultrametric” in the sense that

in(f1) > in(fz) = n(f1 + f2) = n(f1).

We shall use these basic properties without explicit mention in what follows.

11.11.3 Initial ideals

Given an ideal a C S, the initial ideal of a, denoted in(a), is the ideal generated
by the initial terms of elements of a, i.e.,

in(a) := ({in(f) : f € a}).
It is the prototypical example of a monomial ideal, i.e., an ideal generated by

monomials. It is not yet clear how this ideal may be effectively computed. We
shall return to that question later.

11.11.4 Standard monomials: those not appearing in the initial ideal
Let a C S be an ideal. A monomial
z* =xg° - xln € klx]

will be called standard (with respect to the ideal a) if it does not belong to the
initial ideal in(a). Thus, the standard monomials are precisely those that do
not arise as initial terms of elements of a.

11.11.5 Macaulay’s lemma: a basis for the quotient by an ideal is
given by those monomial not appearing in the initial ideal

The set B of standard monomials is actually a (k-vector space) basis for the
quotient S/a. To see this, we should verify that

1. B spans S/a, and that

2. B has linearly independent image in S/a.

To check that B spans, let f € S be given. Subtract from it all terms that
are multiples of monomials B, that is to say, all terms that do not arise as the
initial term of some element of a. The initial term of f is then also the initial
term of some element of a. Subtracting off that multiple of a, we see that f is
congruent modulo the span of B and a to something with strictly smaller initial
term. If we repeat this process sufficiently many times, we see that f belongs
to the span of B and a. Here we have used that any monomial order is artinian
in the sense that any descending chain is finite.

Conversely, to check independence, note that if f is any nonzero element of
the span of B, i.e., any nonzero linear combination of monomials not belonging
to in(a), then in particular, the initial term of f does not belong to in(a), hence
f ¢ a, as required.
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11.11.6 Normal form with respect to an ideal (and a monomial or-
der)

The main result of Section may be restated as follows: Given an ideal
a C S and an element f € S, there exists a unique linear combination f’ of
standard monomials for which

f=f (moda).

We refer to f’ as the normal form of f with respect to a (and the chosen
monomial order). The proof in Section gave an algorithm for computing
normal forms.

For example, if n = 0, so that S = k[z¢] and a is the principal ideal

a=(zd+ ) C klzo]

generated by some polynomial of degree d > 0, then the normal form of a typical

polynomial
=Y
i>0
is the polynomial
f= > aw
i€{0..d—1}

obtained by throwing away any monomials divisible by xg.

11.11.7 Testing equality under containment using initial ideals

Suppose given a pair of ideals a,b C S with one contained in the other, say
aChb.

Suppose also that in(a) = in(b). Then in fact a = b. To see this, note (thanks
to Section [L1.11.5) that the set B of monomials not belonging to in(a) (or
equivalently, not belonging to in(b)) gives a common basis of both S/a and S/b.

11.11.8 Initial terms of generators need not generate the initial ideal

Suppose given an ideal a C S together with a finite set of generators g1, ..., g,
thus

a=(g1,--,9¢)-

It is not in general the case that the initial elements of these generators generate
the initial ideal, that is to say, it can happen that

in(a) # (in(g1), . ., in(g0)).

For example, consider the ideal

a:=(91,92)
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given by the generators

g2 =Yy

with their initial terms (with respect to the reverse lexicographic monomial
order, as usual) underlined. Then a contains the element

fi=92—1v191 = Y1y2 — ¥3

whose initial term y;y2 does not belong to the ideal generated by the initial
terms yi, y7 of g1, 92, i.e.,

in(f) ina), in(f) ¢ (in(g:),in(g2))-

11.11.9 Definition of Groebner bases

A Groebner basis of an ideal a C S is a generating set a = (g1, ..., g:) for which

in(a) = (in(g1), - . . ,in(ge))-

Concretely, this means the following: for each f € a there exists ¢ € {1..t} and
a term cz® = ca(® - - -zl € klx] so that

in(f) = ca in(g,).
We postpone discussion of how to compute Groebner bases in practice until
Section 777.
11.11.10 Initial term commutes with homogenization for the reverse
lexicographic ordering

Set
klyl := Ky, -, ynl,
klx] := k[zg, 21, ..., zp],

and recall the homogenization map
klyl > f = f* € kla]

given by
(o, ..., zpn) = mgeg(f)f(xl/xo, cey T /T0).

Equip both k[y] and k[z] with the reverse lexicographic monomial order, and
let f € k[y] be given. We can then do either of the following:

e take the initial term in(f) € k[y] of f and then compute its homogenization
in(f)* € k[z], or

e first compute the homogenization f* € k[z] of f and then take its initial
term in(f*) € k[z].
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A useful property of the chosen monomial order is that we get the same result
either way, i.e., that

in(f*) =in(f)* for all f € k[y].

For example, if

f= Z/% — Y2,
then
in(f) =i,
f* =% — xoxo,
in(f*) = at,
in(f)" = a?

11.11.11 Recall: homogenizations of generators need not generate

Suppose given an affine variety X C A™ with affine vanishing ideal
b= Ipn(X) Ck[y] == k[ys, ..., yn]-

Denote by X C P" the projective closure of X and by
a:=Ipn(X) C k[z] := K[z, ..., xn)

its projective vanishing ideal (see Section ???7). We have seen (see Section ?77)
that one has in general

a=({f":feb}),

and the proof even gave the stronger statement
{ homogeneous elements of a} = {zif* : d € Z>o, f € b} (15)
but also that there are examples in which

a#(g7,--.,9;) even though b = (g1,...,9¢).

Of course, it is true in general that

(g1,---,9{) Ca.

The problem is that homogenizations of generators may fail to generate.
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11.11.12 Homogenization of a Groebner basis is a Groebner basis
and generates

On the other hand, the homogenizations of a Groebner basis

b= (917"'agt)a

taken with respect to the usual reverse lexicographic monomial order, do gen-
erate the vanishing ideal of the projective closure: with

g:=(91:--:91);

we have

g=oa.
To see this, it suffices by the containment g C a observed in Section [I1.11.1T
and the result of Section [11.11.7] to verify that

in(g) = in(a).

To that end, it suffices to show for each homogeneoues f € a the stronger
statement that there exists ¢ € {1..t} and a term cxz® = cag® - 28" € k[z] so
that

in(f) = ca® in(g}).
(This statement implies moreover that the generators g7, ..., g; give a Groebner
basis of a.) We know that

f=a3(f)",
where d € Z>¢ is the order to which z( divides f, and also that f, belongs to
b. Since b = (g1,...,9:) is a Groebner basis, there exists ¢ € {1..t} and a term

cy® = cyit -y € kly] so that
in(f.) = cy®in(g:)

It follows from the remark of Section [11.11.2] and the result of Section [11.11.10
that

in(f) = in(z§(f.)*) = afin(fo)* = af(cy® in(g:))* = cafai’ -~ @y in(g)),

as required.

11.11.13 Division algorithm

Observe that if one is given a Groebner basis a = (g1,...,9:), then one may
use it to compute the normal forms (see Section [11.11.6)) of arbitrary elements
f € S by means of the following algorithm:

o If f =0, we are done.
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e If f # 0, then the initial term in(f) of f is either a standard monomial,
in which case we subtract if off, or of the form min(g;) = in(mg;) for
some term m := cxy® - - - £%*; in the latter case, the difference f —mg; has
strictly smaller initial term than f, so we may compute its normal form
recursively.

The same algorithm shows more generally the following: given any elements

fig1,...,9¢+ €S, one may write (non-uniquely)
F=Y figi+/t
where
e f/ has no monomial contained in (in(g;),...,in(g¢)), and

e each in(f;g;) <in(f).

An element f’ € S obtained in this way is called a remainder of f with respect
to g1, ..., g (and the chosen monomial order). Some examples will arise in the
following section.

Note that (g1,...,9:) = a is a Groebner basis if and only if for each f € qa,
any remainder of f with respect to g1,...,g: is zero. In the forward direction,
suppose that the indicated basis is a Groebner basis. Then for each f € a, any
remainder f’ belongs to a and has no monomial contained in (in(g1), . .. ,in(g:));
the latter ideal coincides with in(a) by hypothesis, whence f’ = 0. Conversely,
suppose each such remainder vanishes. We wish then to verify that the indicated
basis is a Groebner basis. A basis for in(a) is given by the initial terms in(f)
of the elements f € a, so it suffices to show that each such initial term belongs
to (in(g1),...,in(g:)). The latter assertion is evident when f = 0, so consider
henceforth the case f # 0, hence in(f) # 0. By the assumption about the
vanishing of remainders, we may write f = > f;g; where each in(f;g;) < in(f).
It follows that some in(f;g;) is a scalar multiple of in(f). Since in(fig;) =
in(f;)in(g;) belongs to (in(g1),...,in(g:)), we obtain the required conclusion.

11.11.14 Bwuchberger’s criterion

There is a simple criterion to test whether a given generating set {g1,...,9:}
for an ideal

a= (glv"’agt)

is a Groebner basis. For each i,j € {1..t}, define g;; to be (intuitively) the
“smallest combination of g; and g; that kills off the leading terms,” formalized
as follows: set
_ in(g:)

ged(in(gs ), in(g;))

myj :

and
Gij 1= Myjigi — Mijg; € a.
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Note that g;; = —g;;. Since the leading terms in the definition of g;; cancel (by
construction), we have

in(gi;) < in(m;igi).
Note also by comparing leading terms that whenever two monomials a;, a; sat-
isty
a;in(g;) = a; in(g;),
one has
g5 — 4j9: = CYij

for some monomial ¢. For example, if

Ll V)

g1 =

‘ <
|
N
)

and

Q
o
I
‘QQ
o
|
N
o

then mys = 1, m9; = y1n and

g12 = M21g1 — Mi2g2 = Y191 — g2 = Y3 — Y1Y2.

whose leading term indeed satisfies

y1y2 < 4.
Denote by
hij ca
any remainder for g;; with respect to g1, ..., g:; this means that h;; contains no
monomial in (in(g1),...,in(g:)) and that we may write

9ij = Z I 9k + hij
k
for some f,ij € S satisfying

in(f,ijgk) <in(gs;) < in(m;;g;).

For instance, continuing the above example, we have with respect to the collec-
tion {g1, g2} that

hi2 = g12 = Y3 — y1%2.

If we add to our collection the third element

g3 ‘= Y1Y2 — Y3

and now define h;; with respect to {g1, g2, g3}, then:

g12 = Y191 — g2 = —93,
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whence
hiz = 0;

913 = Y291 — Y193 = Y1Y3 — yj

with y3 ¢ (in(g1),in(g2),in(gs)) = (1,47, y192) = (¥7, y1y2), whence

his = y1ys — Y3;

and
g23 = Y292 — y%ﬂ:ﬁ = Z/fys — Y2y3 = Y3g1,

whence
h23 =0.

On the other hand, if we add a fourth element
2
94 = Yo — Y1Y3

and recompute the remainders h;; now with respect to the larger set {g1, g2, g3, g4 },
then we find that each h;; = 0. This calculation shall be revisited below in Sec-
tion 777.

Theorem 80. The following are equivalent:
e (g1,...,9:) is a Groebner basis for a.
e Each h;; = 0.

This criterion gives a simple way to determine whether any collection of
polynomials form a Groebner basis for the ideal they generate. For instance,
with the example developed above, we have

a=(g1,92) = (91,92, 93) = (91,92, 93, 9a)-
The calculations recorded above imply by this criterion that
e {g1,92} is not a Groebner basis (because his # 0),
e {g1,92,93} is not a Groebner basis (because hi3 # 0), and
e {g1,92,93,94} is a Groebner basis (because each h;; = 0).

Moreover, we see that we can always extend a given basis to a Groebner basis by
repeatedly adjoining the nonzero remainders h;; that arise in such calculations.
We thereby obtain the promised algorithm for computing Groebner bases.
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11.11.15 Proof of Buchberger’s criterion

The forward implication is immediate (as in the final remark of Section[11.11.13)
from the assumptions that h;; € a and that h;; contains no monomial in
(in(g1),...,in(g:)), the latter of which equals in(a) by the hypothesis that
(91,--.,9t) is a Groebner basis.

Let us now explain the reverse implication. Supposing each h;; = 0, the
above representation simplifies to

9ij = Zf,?gk.
k

To show that (g1,...,9:) is a Groebner basis, we must verify for each given
a € a that its initial term in(a) belongs to (in(g1),...,in(g:)). We’ll verify this
by giving an algorithm, which we have optimized here for readability rather
than practicality:

1. Take as input a representation f = > apgy for some ar € S. The aim
is to obtain a representation for in(f) as an S-linear combination of the

in(ge)-

2. By linearity, it suffices to consider the case that each aj is a monomial
and that the initial terms in(aggy) of the nonzero summands of > axgy
are all scalar multiples of the same monomial, call it m, say

in(akgr) = pem

for some scalar py. In what follows we implicitly restrict to indices for
which pg # 0.

3. If there is no cancellation among the initial terms of the summands aygy,
that is to say, if

> in(argr) = (O mr)m #0,

then the ultrametric property of taking initial terms implies that we must

have
in(f) = in(akgr) =Y _ in(ax) in(gr),
which gives the desired representation of in(f) in terms of the in(gg).

4. Tt remains to consider the case that Y pr = 0. It suffices in that case by
recursion to find a representation

> angk = brgr

where the by € S have the property that

in(brgr) < m.
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To obtain such a representation, first choose scalars v;; so that for any
collection of elements ¢1, ..., e; of some k-vector space, one has

Z/«Uﬁk = Z vij(ei —€5).
k i

For instance, it suffices to take v; ; := 0 unless (4,7) = (¢,4 + 1) for some
i € {1..t — 1}, in which case v; ;41 := p1 + po + - - + p;. Then

Ak gk a; i a;g;
2 g =) i Mk :Zyijdij’ dij = —= — 22,
7

Hi M
From the relation in(d;;) = 0 it follows by comparing leading terms that
there exists a term ¢;; € S for which

dij = Cij9ij-

Since the leading terms of the fractions in the definition of d;; cancel and
each in(aggr) = m, we have

1n(d”) <m.
On the other hand, in the decomposition
gii = _ fhion,

k

we know that each summand satisfies
in(ff5gx) < in(gij)-
It follows that
in(cijffjgk) <in(eijg:5) = in(di;) < in(m).

With the definition
b = Zl/ijcijfilg'
,J

we deduce that

> angr =Y bgx

in(brgr) < m,

and

as required.
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11.11.16 The twisted cubic revisited

Aimed with this new machinery, let us see how much simpler it becomes to
compute the projective closure of the twisted cubic curve X := {[y,7?,73] :
v € k}. (Many of the calculations here are essentially repeats of those in the
examples of Section but we record them anyway.) We compute as
before that a := V43(X) is given by

a:=(y2 — ¥, y3 — ¥3) = (91, 92, g3),

where
g1 :j*yza
g2 ‘= Y1Y2 — Y3,
gs ‘= g*ylys-

Using the division algorithm, we compute

912 = Y291 — Y192 = Y1Y3 — yj = —g3,

whence
hi2 = 0;
_ .2 2 _ .3 3 _ 3 _
913 = Y291 — Y193 = Y1¥Y3 — Yo = Y1¥Y391 + ¥1Y2Y3 — Y2 = Y1Y391 — Y292,
whence
hiz = 0;
and
923 = Y292 — Y193 = y%y?) — Y2yY3 = Y3,
whence

hoz = 0.
We conclude that {g1, g2, g3} is a Groebner basis for a and hence that

Ips(X) = (91,93, 93),
thereby recovering (much more quickly) the result derived earlier in Section

11.10.5| by ad hoc methods.

Exercise 30. Compute a Groebner basis for a := (y2 — v3,y3 — 1) and use this
to find defining equations for the projective closure X of X := Vjs (a) inside P3
and also its asymptotic part X, := X — X C P2,

11.11.17 Extension to free modules

One can extend all of the above discussion to free modules over S (in place of
S itself); see Eisenbud’s book.
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11.11.18 Use a computer

For any remotely serious computations it is recommended that one use a com-
puter.

12 Some topological review

We briefly review some basic topological notions and collect together some facts
that will be convenient in what follows.

12.1 Density
12.1.1 Definitions of being dense

Let T be a topological space. Recall that a subset W of T is dense if it satisfies
any of the following equivalent conditions:

e Each nonempty open U C T intersects W.

e Each proper closed Z C T fails to contain W.

The only closed Z C T containing W is Z =T.
The closure of W is T'.

The only open U C T contained in the complement of W is U = ().

The interior of the complement of W is the empty set.

12.1.2 Density is preserved upon passing to open subsets

Let X be a subset of a topological space T, equipped with the induced topology,
and let D C T be a dense subset. It need not in general be the case that DN X
is dense in X. For example, take

T=R, X:=R-Q, D:=Q.

Then DN X = §; since X # 0, it follows that D N X is not dense in X.

However, if X is open in T', then D N X is necessarily dense in X whenever
D is dense in T'. This follows immediately from the fact that the open subsets
U C X are just the open subsets of T' that are contained in U.

12.1.3 Density is local

Suppose we have a topological space T" and an open cover T' = UU,, and a subset
D C T with the property that D N U, is dense in U, for each a. Then D is
necessarily dense in T'. To see this, let W C T be open. Choose « for which
WnU, # (. Then W N U, is nonempty and open, and so D intersects it,
whence a fortiori D intersects W, as required.
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12.1.4 Density is transitive

Let f: X — Y be a continuous map of topological spaces with dense image, i.e.,
for which f(X) is dense in Y. Let D C X be dense. Then f(D) is also dense in
Y. Indeed, any nonempty open W C Y has the property that f(X)NW = (),
whence f~1(W) # . Since f is continuous, the preimage f~!(W) is nonempty
open. Since D is dense, f~1(W)N D # (.

In particular, for a topological space T and subsets A C B C T equipped
with the induced topology for which A is dense in B and B is dense in 7', we
deduce that A is dense in T' by applying the preceeding considerations to the
(continuous) inclusion map B < T

12.1.5 Finite intersections of dense open subsets are dense and open

It is not necessarily the case that a pair of dense subsets Wi, W5 of T have
dense intersection Wi N Wa; it can even happen that W, N W, = (), as when for
instance

T:=R, W;:=Q, W,:=+v2+0Q.

On the other hand, if W7, W5 are dense open subsets of T', then W1 NWy C T is
dense and open. Indeed, it follows from Section [I2.1.2] that Wy N W5 is dense in
Wi and then from Section that Wy NWs is dense in T. By iterating this
argument, we see that any finite collection Uy, ..., U, of dense open subsets of
T have dense open intersection Uy N---NU, C T.

12.2 Irreducibility

12.2.1 Definitions

Recall that a topological space T' is irreducible if equivalently
e any nonempty open U C T is dense,
e any pair of nonempty opens U,V C T intersect,

e T cannot be expressed as the union of two proper closed subsets, that
is to say, any pair of closed proper subsets W, Z C T have proper union
WuZzZcCT,or

e for any decomposition T' = Wy U Wy with Wy, Wy C T closed, one has
either Wiy =T or Wo =T.

Exercise 31. Rewrite the proofs of the following sections using a different
characterization of irreducibility than the one I used (e.g., rewrite the proof
that I wrote by taking complements).

12.2.2 A set is irreducible iff its closure is irreducible

We saw in Section that if X C T, then X is irreducible if and only if
its closure X is irreducible. In particular, any nonempty open subset of an
irreducible space is itself irreducible.
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12.2.3 Being irreducible is sort of a local condition

Suppose given a topological space T' with an open cover T' = UU, and a subset
X C T with the property that X NU, is irreducible (with respect to the induced
topology, as usual) for each . Then it need not be the case that X is itself
irreducible; consider for instance the case that X is a disjoint union of two
points. However, if we assume also that each pairwise intersection is nonempty,
i.e., that

Uap == Uy NUg # 0 for all «, B,

then X is irreducible. Indeed, let V, V'’ be nonempty open subsets of X. We must
show that they have nonempty intersection. Choose «a, 8 so that W :=U, NV
and W’ := Ug NV’ are nonempty. Since U,,Us are irreducible, we know that
W is dense in U, and W' is dense in Ug. By Section it follows that
UapNW and U,gNW' are both dense in U,g. In particular, they have nonempty
intersection. This implies V NV’ # (), as required.

12.2.4 The image of an irreducible space is irreducible

Let f: Y — X be a continuous map between topological spaces, and let Z C Y
be irreducible. Then f(Z) C X is also irreducible. Indeed, note first (by
definition of the induced topology on f(Z)) that any pair of nonempty open
subsets of f(Z) are of the form f(Z)NUy, f(Z) NU; for some open Uy, Uy C X
which intersect f(Z). Since f is continuous, it follows that f=1(Uy), f~1(Uz)
are open subsets of X which intersect Z. Suppose for the sake of contradiction
that f(Z)NU, f(Z)NU; do not intersect. By definition of the induced topology
on Z, we deduce that

Znf ), ZnfH(Us)
are nonempty non-intersecting open subsets of Z. Since Z is irreducible, we
derive the required contradiction.

12.2.5 Closure of image of closed irreducible is closed irreducible

A consequence of the discussion of Sections[12.2.2]and[12.2.4]is that if f : ¥ — X
is a continuous map of topological spaces and V' C Y is a closed irreducible

subset, then f(V) C X is also a closed irreducible subset.

13 Uniqueness of limits

13.1 Review of the basic principle

Let us spare a few words to elaborate on the meaning of the following immediate
consequence of the definition of “separated” (see Section :

Let'Y be a prevariety, let U C'Y be a dense open subset, let X be a variety,
and let f1, fo 1 Y — X be morphisms with the property that fi|ly = falu. Then

fi=fa.

101



What this result formalizes is the notion that “limits are unique,” that is to
say, given a morphism f : U — X where U is a dense open subset of Y and X
is separated, there is at most one extension of f to a morphism ¥ — X. Such
an extension may or may not exist, but if one does exist, then it is uniquely
determined by f.

In particular, given an irreducible prevariety ¥ and a variety X and a
nonempty open U C Y and two morphisms f,g: U — X for which f|y = gv,
we have f = g. (The point here is just that any nonempty open subset of an
irreducible variety is dense.)

13.2 Example: the line through the origin and a nonzero
point in the plane

To give a simple example, set
Y = A2,

X =Pt
U:=A*- {0}, 0O:=(0,0),

and consider the morphism
m:U—X

(al, 012) — [0517 012].

Thus m maps a nonzero point P in the affine plane to the line contain P and
the origin O. It is intuitively plausible that one cannot extend 7 to a morphism
Y — X defined also at the origin; the problem is that one can approach the
origin from several different directions. To formalize this, suppose otherwise
that there does exist a morphism

Yy —-X
for which f|y = 7. Let 8 € k be given, and consider the morphism
jﬁ : Al — A2

v = [, 87]

which parametrizes a line with slope 3. Note that jg(y) € U for all v € A1 —{0}.
Then the composition
f o jﬁ : Al — Pl

has the property that for all v € A* — {0},

(fodp)(v) = fis(7) = 7(is(7)) = w([v, B7]) = [v, 8] = [1, B].

Thus fojz coincides on the dense open subset A! — {0} of A! with the constant
morphism
DB : Al - P!
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v (1,8
Since P! is separated, it follows that the f o jg = pg on all of A'. Therefore

f(0) = (£ 04p)(0) = ps(0) = [1, B].

But since [1, (] takes different values as § varies through the field k, we derive
the required contradiction.

13.3 Example: tending off to infinity

Now take
Y = A2,

U := Dx(z1),
X = Al
f:U—= X,

flag,as) := as/ay.

This map assigns to a point P not contained in the vertical axis V'(x1) the slope
of the line OP through P and the origin O := (0,0). We claim that there does
not exist a larger open subset

UCVcy

and a morphism
F:V-X

that extends f, i.e., for which F|y = f. Suppose otherwise that such an F'
exists. Define a new map
g:V =P

by composing F' with the inclusion X < P!, and denote by oo the unique
element of P! — X. Set O := (0,0), and let

ﬁ:AQ—{O}—HP’l

be as in the previous section. Then 7w agrees with g on the nonempty open
V N (A2 —{O}), which shows that g(0, 3) = oo for all nonzero 8 for which (0, 3)
belongs to V. But F (0, 3) # oo for all such 3 because F takes values in X = Al
giving the required contradiction.
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13.4 How we will abbreviate the arguments in the above
examples in what follows

The arguments of the previous two sections will be abbreviated thusly:
1. The morphism
A% —{(0,0)} 3 (o1, a2) = o, ] € P!

does not extend to a morphism f : A> — P!, because if it did, then for
each 8 € k the quantity f(0,0) would coincide with the limiting value of

as y — 0 with v # 0 of £([y, 37]) = [L 8], whence £(0,0) = [1, 5]; since
the LHS is independent of 5 but the RHS is not, we derive a contradiction.

2. The morphism
A% —V(21) 3 (1, 0) > ay/ap € Al

does not extend to a morphism f : U — A! for any open set U properly
containing A% — V(x;). Indeed, suppose otherwise that it did. Choose a
point (0, 8) with 3 # 0 belonging to the nonempty open subset U NV (z1)
of the vertical axis V' (x1). Then the limit as v — 0 with v # 0 of

f(v,B) =B/~

is obviously oo, which belongs to P! but not to A!. Therefore no such
extension f having codomain Al exists.

13.5 Graphs are closed

Let X,Y be varieties and f : Y — X a morphism between them. The graph of
f is the subset
I'y={(a,f(a)):aeX}CY xX

of the product variety. Since X is separated, the graph I'; is always a closed
subvariety of ¥ x X, being the equalizer I'y = eq(fi, f2) of the morphisms
fi,f2:Y x X = X given by

e fi(a, ) := f(a), and
e fa(a, ) == p.

14 Basic properties of dimension

14.1 Todo stuff

TODO: defn, etc. If X = UU, then dimx = supdim U,,.
If X is an irreducible affine variety and U C X is a nonempty open, then
dim X =dimU.
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14.2 Krull’s Hauptidealsatz
15 Products of varieties

15.1 Overview

The word “products” in the title refers to finite products in one of the categories
we have considered thus far. We briefly recall what this means. Let C be a
category, such as

e the category of affine varieties with polynomial maps,
e the category of k-spaces,

e the category of prevarieties,

e the category of varieties, or

e the category of quasi-projective varieties,

and let, X, X5 be two objects in C. Recall that a categorical product of X, and
X5 is an object in C, denoted X; X X5, which comes equipped with morphisms
pi + X1 X Xo = X; (i = 1,2) (called projection maps) which are universal in
the sense that any object Z and pair of morphisms f; : Z — X; (1 = 1,2)
factors through them in the sense that there exists a unique morphism denoted
fi x fa: Z — X7 x Xy which forms a commutative diagram with everything
in sight. Any two categorical products X; x Xs are isomorphic, and there is
a unique isomorphism connecting them which commutes with the projection
maps. (Consult google/wikipedia/?7?7?.)

I will be very brief in this section; please consult the course references, which
discuss this stuff very well.

15.2 Products of affine varieties exist and are given by
taking the tensor product of affine coordinate rings
We saw on the homework that products exist in the category of affine varieties:
if
X C A™ = Specm k[z1, ..., Tpy)

and
Y C A" = Specm k[y1, - - -, Yn)

are given by X = V(a) and Y = V(b), then the affine variety X x Y Cc A™*"
cut out by the ideal

a®b Cklry,...,Tm] @k kY, Un] ZE[X1, .o, Ty Y1y - -5 Yn)

is a categorical product of X and Y. Moreover, the last isomorphism induces a
natural identification

AX X Y) 2 A(X) @ AY).
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Note (cf. homework) that the set underlying X x Y is the product of the sets
underlying X and Y, but that the topologies are distinct.

15.3 Products of prevarieties exist and are given by glue-
ing the products of affine varieties

The construction of products of affine varieties given above is “sufficiently func-
torial” that it can be glued together to show that products of arbitrary preva-
rieties exist; see the relevant section of Hartshorne I1.3 (replace “scheme” with
“prevariety” and take S := k) or somewhere in the notes of Milne/Gathmann.

15.4 Products of varieties are varieties

Given a pair of varieties X, Y, their product exists as a prevariety X x Y by the
result of the previous section. It is not hard to verify (using the definition of
separatedness and the functorial properties of the product) that X x Y is itself
separated, hence defines a variety.

15.5 Products of quasi-projective varieties are quasi-projective
and described by the Segre embedding

Given a pair of quasi-projective variety X C P™ Y C P” in coordinates
TOy--esTm,Y0s---,Yn, the product X x Y exists as an abstract variety, but
it is not immediately clear that it may be realized as a quasi-projective variety.
The construction furnishing this realization is the Segre embedding: with the
integer N € Zx( determined by the relation

N+1l=(m+1)(n+1)

and with PV equipped with variables z;; taken over the indices ¢ € {0..m} and
j € {0..n} (and perhaps thought of as indexing the rows and columns of an
(m + 1) x (n+ 1) matrix), the Segre embedding is defined initially to be the
set-theoretic map

s: P x Pt — PN

[a()v"'vam} X [ﬂOv"'vﬂn]'_) ["'aaiﬁja"']

from the product set P™ x P™ to the projective space PY. This map is verified to
be injective with closed image cut out by the equations z;;25; = 2;2k; taken over
all relevant indices. It thereby allows one to identify the product set P™ x P™
with a closed subvariety of PY. This identification is in turn used to define the
varietal structure on P x P™. Then P™ x P™ may be verified to be a categorical
product. One likewise identifies X x Y with its image under s and verifies that
as a quasi-projective variety in PV, it defines a categorical product of X and Y.

It’s worth remarking that closed subsets of P™ x P™ are those defined by
equations f = 0 where f is a bihomogeneous polynomial in the coordinate
variables, i.e., f € klxg,...,Zm,Y0,---,Yn] is homogeneous of one degree in the
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variables x; and of homogeneous some possibly different degree in the variables
y;j. (Note that any closed subset of P™ xP™ arises from homogeneous polynomial
equations on the variables z;; = z;y; under the Segre embedding into PV.)

16 Rational maps

There is a fair bit of vocabulary introduced in this section, but we should perhaps
warn the reader that none of the results are difficult or deep in any way; they
essentially amount to syntactic sugar for systematically throwing away "small"
subsets of the spaces under consideration.

16.1 Definition
Let X,Y be varieties. A rational map

Y ——>X

is an equivalence class of pairs (U, fiy) where U is a nonempty open subset of Y’
and fy : U — Y is a morphism, with two such pairs identified if they agree on
a common dense open subset of their overlap. Thus

(U17fU1) ~ (U27fU2)

if and only if there exists an open subset W C U; N Us that is densd!"] and for
which

foilw = fualw.
This notion defines an equivalence relation, with the only nontrivial verification

being that of transitivity: if

(Uy, fu,) ~ (Uz, fu,) ~ (Us, fu,)

and
W cUn UQ,

W/CUgﬂUg

are dense open subsets as above, then W NW' is a dense open subset of U; NUs
(see Section on which fy, and fy, coincide, as required.

We shall abuse notation by writing f both for the rational map f: Y —— > X
and for a morphism f: U — X representing f.

17either in Uy N Us or in X; the two notions are the same, see Section [12.1.2
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16.2 Strengthening of definition to requiring agreement
on all of overlap

The definition of equivalence may be strengthened somewhat as follows: two
pairs (U, f) and (V,g), with U,V dense open subsets of Y and f: U — X and
g : V — X morphisms, represent the same rational map ¥ — — > X if and only
if
floav = glvav.

The latter condition clearly implies (U, f) ~ (V, g). Conversely, if W is a dense
open subset of U NV on which f and g coincide, then because X is separated
(see Section , we deduce that f = g holds on U NV, as required.

16.3 The domain of definition
16.3.1 Definition

Let f : Y —— > X be arational map between varieties. Say that f is defined (or
perhaps regular) at a point 8 € Y if there exists a representative (U, fi/) for f
with the property that U contains 8. The set of points in Y at which f is defined
is called the domain of definition of f. It is a dense open subset of f, given
explicitly as the union U := UU, taken over all representatives (U,, fu, ) for f.
Since “being a morphism” is local, the rational map f is actually represented by
a morphism f : U — X on its domain of definition U, that is to say, U arises
as one of the U,.

16.3.2 Example: parametrization of the circle

Set
X :=V(zi +23 1) CA?
and
Q:=(1,0) € X.
Consider the rational map
f:X——->P!

(al,ozg) — [a1 — 1,042]

sending a point P € X to the slope of the line PQ. It is clear that f is defined at
a point P € X whenever P # (). Thus, we should interpret the above formula
as defining f to be the rational map represented on the complement

U:=X-{Q}

of @ in X by the morphism
U—P

(a1,a9) = [a1 — 1, as).
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Note that if one formally takes P = @Q, then the point “[1 — 1,0] = [0,0]” of
projective space does not make sense. Let us compute the domain of definition
of f; call it D, note that D D X — {Q}, and write

f:D—P.

It seems reasonable to suspect that f may be extended to a morphism X — P*,
i.e., that D = X, since as P tends toward () along the variety X, the line PQ
becomes progressively vertical. To see this, note that for o in X, one has

(1 = 1)(ar + 1)+ a3 =0,
whence
[011 — 1,0[2] = [70[2,0&1 -+ 1]

whenever both sides make sense, i.e., whenever P # @ and P # R := (—1,0).
Therefore the identity
fla) = [~ag,a1 + 1]

gives a representative morphism for f on X — {R}, while the original definition
gives a representative morphism for f on X —{Q}; together, they glue to define
f as a morphism on all of X, whence D = X, as claimed.

16.3.3 Example: the quotient map defining the projective line
Set O := (0,0) and consider the morphism

7: A% — {0} = P!

(0[1, O[Q) —> [041, OZQ].

We may think of it as a rational map
7:A?— — > P!

defined on A? — {O}. The domain of definition of 7 is A — {O}, i.e., m cannot
be extended to a morphism A? — P!, Indeed, this assertion was verified already
in Section [13.2]

16.3.4 Example: something else

Similarly, the morphism D2 (71) 3 (a1, a2) — az/a; € Al can be thought of
as the rational map
fiAZ - — > Al

(a1,02) = as/a;.

The result of Section [[3.3] translates to the assertion that the domain of defini-
tion of f is the complement Dy2(z1) of the vertical axis.
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16.3.5 Example: cuspidal cubic
Set
X = V(z? —22) C A%
The rational map
f:X——>A!
(0417042) — 042/041

is defined initially on X — {O} with O := (0,0) = X NV (z2).
Now, consider the morphism

p: Al = Specmk[t] - X

v (739 e X.

We saw on some homework set that this morphism is a bijective homeomorphism
that is not an isomorphism of varieties. Nevertheless, we may use it to set-
theoretically parametrize X. The subset A! — {0} corresponds under p with
X —{0}.

If we pull f back under p, we get the rational map

A — {0} — A!

v fp() =7/ =~

This morphism extends to v = 0 where it is given by 0 — 0.

Thus, it might seem intuitively plausible for the rational map f to have
domain of definition all of X, with its extension to O given by f(O) := 0.
(Draw a picture of what’s happening here at the level of real points.) But that’s
not true. The issue is that there are “not enough” regular functions on X. The
domain of definition of f is in fact X —{O}, that is to say, it is not defined at O.
Indeed, suppose otherwise that there exists a morphism f : X — A! (denoted
also by f by abuse of notation) that extends the given morphism X —{O} — Al.
Then, by what we saw ages ago, f is represented as the restriction of some
polynomial F' in the coordinate functions x1,z2. Recall that

P(F) € k[t]

denotes the polynomial representing the pullback p*(F) := F op of F under the
parametrization p from above. Note that

par) =12

and

whence that
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For any v € Al — {0} we have
PHF)) = f(p(7)) = -
Since p*(F) is a polynomial, it follows that
PH(F) =t
We have thus deduced that
t belongs to k[t?, %],

which gives the required contradiction.

16.4 Dominance

A rational map f : Y — — > X is called dominant if it satisfies either of the
following equivalent conditions:

e For some representative morphism f : U — X, the image f(U) is dense
in X.

e For every representative morphism f : U — X, the image f(U) is dense
in X.

The equivalence of these conditions was verified in class and is left here as an
exercise. An example of a rational map that is not dominant is the morphism
f: A — Al given by f(a) := v for some fixed v € k.

Note that any rational map f: Y —— > X induces a dominant rational map
f:Y——>7
where
Z:=JV)

is the closure of the image. Therefore there is not much loss of generality in
considering dominant rational maps.

Exercise 32. Suppose X,Y are irreducible varieties and
f:Y——>X

is a rational map. Then f is dominant if and only if for any nonempty affine
open subsets U C X and V C Y with V contained in f~1(U) and also contained
in the domain of definition of f, the induced morphism of affine varieties

flv V=U
induces a morphism of affine coordinate rings
Il AU) = A(V)
that is injective, i.e., with the property that
I1H0) = {o}.
(See Section [6.9])
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16.5 Dominant rational maps of irreducible varieties can
be composed

Given rational maps f: Y —— > X and g : Z — — > Y, when can they be
composed to form something like a rational map

fog:Z——>X7?

Well, let W C Z and V C Y be domains of definition for g and f, respectively.
It is then natural to attempt to represent f o g by the pair

(U,ng‘U)

where

U:=Wng (V)

is the intersection of the domain of g with the preimage thereunder of the domain
of f. In order for this pair to define a rational map, it is necessary that

the set U is dense and open in Z.

If that is the case, we say that the composition f o g is defined. It then gives
a rational map which is independent of the choice of representatives for the
rational maps f,g.

However, the condition need not hold in general. For instance, if one
takes g to be a constant function taking its value outside of V', then g~ (V') = ().

It is convenient to impose “reasonable” conditions on the spaces X, Y, Z and
the rational maps f, g that imply (without much fuss) that the composition fog
is defined. If we suppose that g is dominant, then at least g=!(V') is a nonempty
open subset of Z, but it need not be dense in general; to ensure the latter, we
might as well take Z to be irreducible, so that any nonempty open is dense.
Thus f o g is defined whenever Z is irreducible and ¢ is dominant.

In particular, we can always compose dominant rational maps between irre-
ducible varieties, and their composition is associative, hence defines the struc-
ture of a category.

16.6 Function fields and stalks
16.6.1 Definition

Let X be an irreducible variety. The set of rational maps X —— > A! is denoted
k(X) and called the function field of X. It is, in fact, a field that contains k:

e Any constant function X 3 a +— v € k defines a rational function.

e Given f,g € k(X), we may define the sum f + g € k(X) by adding the
functions elementwise on the (nonempty, hence open and dense) intersec-
tion of their domains of definition. We may similarly define the product

fg.
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e Let f € k(X) be nonzero with domain of definition U. Then Dx(f) is
nonempty, hence open and dense; defining 1/f to be the rational func-
tion represented by the pair (UN Dx(f),1/f), we obtain a multiplicative
inverse for f inside k(X).

We carry over to rational functions much of the same terminology that was
used to discuss rational maps. In particular, we may speak of the domain of
definition U of a rational function f € k(X), which is the largest open subset
of X with the property that f is represented on U by a morphism f : U — Al,
or equivalently, by a regular function f € Ox(U).

16.6.2 Preservation under passing to nonempty open subsets

It is important to note that if X is an irreducible variety and U is a nonempty
(hence dense) open subset of X, regarded as a (necessarily irreducible) variety
with the induced structure, then there is a natural identification k(X) = k(U):
given a rational function f € k(X) represented by a morphism f:V — Al for
some nonempty open V C X, its restriction f|yny defines a rational function
on U. Similarly, given a rational function f € k(U) represented by a morphism
f:V — A for some nonempty open V C U, the same morphism defines a
rational function on X.

16.6.3 Regular functions on open subsets as rational functions

For any open subset U C X, there is a natural identification of the ring O(U)
of regular functions f : U — k (or equivalently, morphisms f : U — A!) as a
subring of the function field k(X).

We recover O(U) as the set of all rational functions f € k(X) which are
defined at every ponit of U. This definition is computationally useful.

16.6.4 Computation in the affine case

If X is an irreducible affine variety with affine coordinate ring A := A(X), then
A is an integral domain, and so the natural inclusion A = Ox(X) — k(X)
extends to a k-equivariant embedding of fraction fields Frac(A) — k(X). This
map is actually an isomorphism, that is to say, there is a natural identification
(of field extensions of k)

Frac(A) = k(X).

To see this, it remains only to check that each f € k(X) can be represented as
a ratio of elements of A. Let Dx(a), a € A be a nonempty basic open subset of
the domain of definition of f. Then f|p, (4 = g/a’ for some g € A and some
N > 0. Therefore f agrees on the nonempty open set Dx(a) with the ratio
g/a” of elements of A, as required.

By combining this result with that of Section [16.6.2] we see that for any
irreducible variety X, the function field k(X) may be computed as Frac(A(U))
for any (nonempty) affine open subset U of X. Since such an affine open subset
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always exists, we deduce that the function field k(X)) of any irreducible variety
is a finitely-generated k-algebra.

Example 81. k(A™) = k(z1,...,z,). k(P™) = k(x1/20,...,2n/x0).

16.6.5 Stalks

More generally, let X be any variety (not necessarily irreducible). For each
irreducible subvariety Z of X, i.e., irreducible closed subset Z C X, denote by
Ox,z the set of equivalence classes of pairs (U, f), where U C X is an open set
for which UNZ # () and f € Ox(U) is a regular function on U, with two such
pairs (U, f) and (V,g) deemed equivalent if either of the following equivalent
conditions hold:

e There exists an open set W C UNV for which WNZ #0 and f =g
holds on W.

e f=gholdsonUNV.

(The proof of the equivalence of these conditions is, as before, as consequence of
the separatedness of Al.) The set Ox 7 has the natural structure of a k-algebra.
It is called the local ring of X at the irreducible subvariety Z.

We have considered some special cases before:

e When Z = {a} C X is a point, Ox 14} is the stalk Ox , at the point a
as considered in Exercise

e When X is irreducible and Z = X is the entire space, then Ox x is the
function field k(X).

In general, the computation of local rings reduces to the affine case: if X, Z
are as above and U is a (nonempty) affine open subset of X for which UNZ # (),
then one has a natural identification

A(U)p, = Ox z

where pz is the prime ideal of A(U) corresponding to the irreducible subset
UNZ of U. The verification is as in the previous section and left to the reader.
For irreducible subvarieties Z1, Z5 of X with Z; C Zs, there is a natural
inclusion map
Ox,z, = Ox z,

given on representatives by the identity.

When X is itself irreducible, we can think of every local ring Ox 7 for Z an
irreducible subvariety of X, and in particular, every local ring Ox o for o € X
a point, as being contained inside the function field k(X). In the affine case,
this corresponds to thinking of the local rings of an integral domain as all being
contained inside the fraction field.
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16.6.6 Pullback of rational functions under dominant rational maps

Given irreducible varieties X,Y and a dominant rational map f:Y — — > X
and a rational function g € k(X), the composition g o f defines a rational map
Y — — > A!, hence a rational function

fHg) ==go fEk(Y).

Thus to each dominant rational map f : Y — — > X one obtains a k-algebra
morphism

fF k(X)) = k(YY)

of function fields via pullback.
Conversely, given a k-algebra morphism

o k(X) = k()
of function fields, one obtains a dominant rational map
@Y ——>X
given by:
e taking some (nonempty) affine open subset U C X;

e identifying U with an affine variety U C A™, with affine coordinate ring
A(U) generated by the images Zi,...,T, of the coordinate functions
T1,...,T, on A" say;

e taking the images

P = Qs(jl) € k(Y)a R d)(fn) € k(Y)

of the generators, thinking of them as rational functions on Y represented
by morphisms

1/11 : Vl — k‘,
Up Vi — k
for some nonempty open subsets Vi,...,V, of Y; and, finally,

e taking the intersection V := Vi N--- NV, (a nonempty open subset of Y)
and defining ¢’ to be the rational function represented by the morphism

@V —>UCA”

B @ (B) = (Y1(B), ., ¥n(B)).
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The verification that ¢° takes values where we say it does is as in Section [6.3}
moreover, ¢’ is independent of the choice of affine open subset U. Similarly, one
finds that

(Y =7
and that

(@) = o
for all such f, ¢. We obtain in this way mutually inverse bijections

{ dominant rational maps Y — — > X} & Homy, (k(X), k(Y)).

This identification is very handy. It lets us say things like “consider the rational
map
A' = Specm k[y;] — A' = Specm k[z]

corresponding to the morphism of function fields

y+1,

T — .
y1 — 1

One can show (compare with the discussion of Section that every field of
finite transcendence degree over k arises as the function field of some irreducible
(affine) variety X. A consequence of the bijection just established is that the
functor X + k(X), f + f* defines an equivalence of categories

{ irreducible varieties with dominant rational maps } — { fields of finite transcendence degree over k }.

16.7 How to write one down in practice

Let Y be an irreducible variety and X C P" a quasi-projective variety. Then
every rational map

f:Y——>X
is of the form
[= [va--wfn]
B 1fo(B),-- -, fu(B)]
for some rational functions fy, ..., f, € k(Y') with the properties:

e some f; is not identically 0, and

e for all S for which some f;(53) # 0, the point [fo(8),..., fn(B)] belongs to
X.

Conversely, each such datum defines a rational map. One can check that f is
regular at a point 8 € Y if there exists g € k(Y)* for which each gf; is regular
at B and some gf;(8) # 0; the choice of g may depend upon . (See Section
for an example along these lines.)

If moreover Y C P™ is quasi-projective, then each rational map f:Y — — >
X may be written f = [fo,..., fn] where the f; are homogeneous polynomials of
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the same degree with the property that some f; ¢ Ipm (Y) and with the property
that each homogeneous polynomial & on P™ that vanishes on X pulls back under
f to a homogeneous polynomial i o f on P that vanishes on Y, i.e.,

R(fo(Yoy---sYm)s---s fn(Yos -+, ym)) € Ipm (Y) for all homogeneous h € Ipn (X).

The rational map f is defined at a point S € Y iff there exist homogeneous
polynomials go, ..., g, of the same degree so that each f;g; = f;jg; (mod I(Y))
and some g;(8) # 0; in that case, £(8) = [go(8), - - gn(B)]-

If Y is a variety with irreducible decomposition ¥ = U;Y; and X is any
variety, then a rational map ¥ — — > X is the same as a tuple of rational maps
Y; — — > X. Thus we may often reduce to the irreducible case and work in the
function field.

A morphism Y — X may now be re-defined as a rational map which is
regular at each point. This definition is computationally useful.

16.8 Birational equivalence and isomorphism of open sub-
sets

Two varieties X, Y will be called birationally equivalent (or one will say that X
is birational to Y, etc.) if there exist dominant rational maps f : X — Y and
g : Y — X whose compositions g o f, f o g are defined and coincide with the
identity maps 1x,1y. A rational map f:Y — — > X will be called birational
if it is dominant and admits a dominant rational inverse.

For example, one can verify (as was done in lecture) that the rational maps
of the examples of Sections [16.5.2] and [16.3.5| are birational; the second of these
examples, however, is not an isomorphism.

Let X, Y be irreducible varieties. Then the following are equivalent:

e X is birational to Y.
e k(X) is isomorphic as a k-algebra to k(Y").

e There exist nonempty open subsets X; C X, Y; C Y which are isomorphic:
X1 2V

The results of Section [16.6.6] imply the equivalence of the first two conditions,
and the third condition clearly implies the first, so it remains only to verify that
if there exist nonempty open subsets Xy C X, Yy C Y and morphisms

f:Xo—)Y

and
gZYO—>X

with the property that the identities go f = 1x and f o g = 1y hold where
defined, then there exist nonempty open subsets X; C X,Y; C Y which are
isomorphic. Our hypotheses imply that g o f is defined on f~*(Yy) and hence
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coincides with the identity 1x there; similarly, f o g is defined on g~1(Xy) and
coincides with the identity 1y there. Set

X1 =g (X))
and
Y1 =g (7 (VD).

If  belongs to X1, then f(a) belongs to g~*(Xo), whence f(g(f(a))) = f(a) €
Yp. Thus g(f(a)) € f~1(Yp) and hence f(a) € g~ (f~1(Ysy)) = Y1, so that f
induces a morphism f : X7 — Y3. Similarly, g induces a morphism g : Y1 — X;.
These morphisms are mutually inverse since X7 C f~1(Yp) and Y7 C g7 (Xp).

17 Blowups

17.1 At an r-tuple of regular functions
17.1.1 Definition
Take an affine variety X C A™, and let f1,..., f, € A(X) be some r-tuple of

regular functions for a natural number r. Denote by

U=X-Vx(fi,.... fr)

the open subset of X consisting of those points a for which there exists an ¢ so
that f;(«) # 0. We may then define a morphism

f::[flr--;fr]lU—)IP”’—l

by the formula
fla):=[fi(a),.... fr(a)].

The most interesting case for us is when U is dense in X, as we shall henceforth
assume; in other words, we assume that V(f1,..., f,) contains no irreducible
component of X. We may then think of f as a rational map f: X — — > P 1,
It can happen that f does not extend to a morphism X — P"~!. A simple
example in which this happens is given (as verified earlier in Section by
the natural projection map

A% — {0} —» P!

(0[1, CVQ) — [041, OZQ].
One can always extend f to a certain cover X of X , as follows: Denote by
Ipi={(a,f(a)):acU}CcUxP "t CA" xP!

the graph of the morphism f. Recall from Section that I'f is closed in the
product space U x P"~!. Note however, as in the above example, that I'y need
not be closed in the larger product space X x P"~1.
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Definition 82. The blow-up X of X at (fi,.-., fr) is the closure of I'y inside
X x Pr~! It is a variety, and comes equipped with a natural morphism

X > X

(0, 8) = «

given by projection onto the first factor.

17.1.2 Birationality

Since T'f is closed in U x P™~!, we have X N (U x P"~1) = T';, whence that the
map
7T|U><IP>T—1 : Ff —-U

(a, 8) = (o, f(a)) = o
is an isomorphism with inverse
U— Ff

a s (a, f(@)).

In this way we identify U with the open subset I'y of X. In particular, X
and X contain isomorphic dense open subsets identified under 7, and hence are
birational to one another under the birational equivalence 7.

If we use coordinates x1,...,Zn,Y1,...,y- on A" x P'=1 then 7~1(U) =
I'y 2 U is the subset of U x P"~! on which the polynomial equations
vifi =y;fi (16)

hold. By the definition of Zariski closure, the same equations hold on X. The
complement of U = I'y inside X is given by 77 1(X — U) = X — U, called the
exceptional set, and denoted

E:=n1YX-U).

The equations hold on the exceptional set, but do not in general define it.

17.1.3 Compatibility with passing to closed subvarieties

Suppose Y is a closed subvariety of X for which Y N U is also dense in YE
then the natural inclusion
YNU—=U

induces an inclusion of graphs
Diyry =N (Y NU)x P~ H Ty
which upon taking closures inside X x P"~! gives a natural identification

Y = closure of LN (YNU)x P! inside X x P" 1

18 One can dispense with this assumption; we impose it because it holds in the examples of
immediate interest.
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17.1.4 Canonicity

The cover 7 : X — X attached as above to the r-tuple fi,..., fr actually
depends only (up to isomorphism) upon the ideal a := (f1,...,f.). To see
this, suppose given some other set of generators a = (¢1,...,9s). Denote by
7+ X' = X the cover they give rise to. Thus if we write f = [f1,--s fr] ¢
U— P and g :=[g1,...,95) : U — P° then X is the closure in X x P" of
7 HU) = {(a, f(@)) : @ € U} and X' is likewise the closure in X x P* of
{(e,g(a)) : @ € U}; note that X —U = V(a) = V(f1,.... fr) = V(g1,--.,9s)
Our aim is to define a map & : X — X’ which is compatible with the projections
in the sense that 7’ox = 7. Any such map x must send (o, f(a)) to (o, g(a)) for
all @ € U, which determines its restriction to the dense subset 7=(U) of X and
shows (by separatedness) that there is at most such map. We define & as follows:
Write g; = >, ajifi and fi, = Zj brjg; for some coefficients a;; € A(X). For
each o € X, we can combine the coefficients a;;(«) and by;(a) together into a
pair of linear transformations

Ala) == (aji(a));q : P" = P*

and
B(a) := (bkj)k,; : P° = P"

so that A(a)f(a) = g(a) and B(a)g(a) = f(a), so that in particular,
B(a)A(a) f(a) = f(a). It follows that the identity (o, 8) = (a, B(e)A(a)B)
holds on 7~1(U), hence on its closure X. In particular, A(a)B # 0 whenever

(a, B) € X. Tt thus makes sense to define a continuous map k: X — X x P® by
the formula
r((a, [B])) = (e, [A(@)B)).

For all v = (a, []) in the dense open subset 7~ (U) of X, we have v = (a, [f(a)])
and hence £(v) = (o, [A(0)f(a)]) = (a, g(a)) belongs to X'; by continuity, it
follows that x(X) € X’. One verifies similarly that the map X’ 3 (o, []) —
(a, [B(«)B]) defines an inverse to k, so that x is an isomorphism, and that
ok =m.

TODO: probably delete. _

One can also describe the blow-up 7 : X — X by means of a universal
property. Doing so precisely would require a bit more vocabularly than we have
introduced, but the basic idea is that X is the smallest cover of X on which the
preimage of Y is cut out locally by a single equation. TODO: see section where
this is essentially verified

17.1.5 Commutative algebraic incarnation

TODO: some discussion of the blow-up ideal, perhaps via reference to Atiyah—
Macdonald, seems appropriate here
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17.2 The blow-up of affine space at the origin

We apply the general construction of Section to affine space A" together
with its coordinate functions x1,...,x,. The open set U of A™ on which some
x; doesn’t vanish is given by U = A™ — {O} where O := (0,...,0). The subset
U is dense. By the discussion of Section the corresponding blowup
7 A" — A" of A™ with respect to x1,...,2, is a closed subset of A™ x P?~!
on which (with the usual coordinates x1, ..., z, for the A" factor and y1,...,yx
for the P"~! factor) the identities

LiYj = LjYi
hold. The exceptional set is F := 7~1(0). We know that 7 restricts to an
isomorphism on the complement of F, so that in particular, the fiber above each
a € A"—O is the single point 77! (a) = («, [a]). We claim that E = {O}xP"~!,
i.e., that the fiber of m above the origin O is the full projective space. To see
this, let [3] € P"~! be given. We wish to show that (O, [f]) € A. To that end,

consider the corresponding line £ := {7/ : v € k} through the origin in A™. The
complement in £ of the origin £ — O = {7/ : v € k*} has preimage

(= 0) ={(v8,[8]) : v € k*} C 7 (U).
The variety

Z = Viynspn—1 (285 = 2385, viBj = y;B:) = {(vB,[8]) : v € k} = £ x {[B]}

contains 771(¢ — O), and is irreducible, being isomorphic to the line £. The
subset 7~1(£ — O) of the irreducible variety Z is cut out by the open conditions
y; # 0, and is thus open and dense. Therefore 7=1(¢ — O) = Z. In particular,
A™ contains (0,18)), as required.

In summary, under = : A A™ the preimage of a nonzero point a # O is
just the single point (¢, [a]), while the preimage of the origin O is the exceptional
set B := {O} x P"~! which identifies with the projective space of lines through
the origin. We intuitively think of A" as the affine plane A™ but with the origin
“blown up.” The strict transform

X=n1X—-0)CA"
of any variety X C A™ has intersection
XNE

with the exceptional set E corresponding to the “slopes of the curves in X as
they pass through the origin O.” For the sake of illustration: given two curves
C1,C5 in A™ containing O, their strict transforms C, Cs have nonempty overlap
in the exceptional set E if and only if Cy,C5 “have a slope in common” near
O. This intuition should gradually become clear as we work out examples and
draw pictures.

We have focused here and shall focus henceforth on blowups at tuples

fi,---, fr that cut out a point (rather than, say, some positive-dimensional
variety). Similar discussions apply more generally.
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17.3 The blow-up of a point on an affine variety

In the previous section, we saw that the blow-up A" of affine n-space at the
origin O (i.e., with respect to the standard coordinate functions that define it)
is the subset of A” x P"~! (with the affine variables z1,...,x, and projective
variables y1,...,yn) cut out by the equations z;y; = x;y; for all pairs of indices
i,j € {1..n}. It comes equipped with a projection morphism

TA™ O - Ar — A

(which one sometimes also calls the blow-up) given by man o(«, 8) := « for
a=(a1,...,an) €A" and B = [f1,..., 3] € P"~L. We saw for a point o # O
that its preimage under the blow-up is the singleton ﬁgﬂl,,o(a) = {(ay[a])}

consisting of the pair of the point « together with the unique element [a] € P71
containing O and «; here we identify as usual projective space P*~! with the set
of lines in A" containing O. On the other hand, 7@,},0(0) = {0} xP"~1. Thus
A7 is like A" but with a copy of projective space P"~! replacing the origin (and
glued together in a particular way). The restriction of ma» o to A" — W&,},O(O)
is an isomorphism onto its image A" — O. It is thus often convenient to identify
A" — O with its preimage under mgn» o.

More generally, given an affine variety X C A™ and a point o € X, one
can define its blow-up X at « by applying the general construction of Section
to the standard generators of the corresponding maximal ideal (x; —
Q1,. .., Ty —ap). Alternatively (thanks to Section , X may be computed
by first translating X so that « lies at the origin O of A™ and then by computing

the closure o
X=A"N(X-0)

of the remainder of X inside the blow-up of affine space as considered in the
previous section. Thus to compute the blow-up X of X at (without loss of
generality) the origin O € X C A", one should:

e Write down some defining equations

g1 207
!
gk =0
for X, with g1,..., g% € k[z1,...,z,], where z1, ..., z, are coordinates on

A
e Write down the equations
Yily = YjTi

where the ¥1,...,y, are homogeneous coordinates on P"~!;
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e Work on each affine open D(y;), where we dehomogenize by setting y; = 1
and leave the other y;’s alone. Work on the complement 7= (X —O) of the

exceptional subset of X equivalently, work inside the subset of D(y;) N X
cut out by the single inequation

x; # 0,
noting that otherwise the identities
Tj=Y;Ts
(which follow from the earlier equations together with the dehomogeniza-
tion y; := 1) would force each z; to be zero. Simplify the system of equa-

tions under consideration on this affine patch (using that x; is invertible),
typically by extracting unnecessary factors of x;.

e Check that the simplified set of equations defines a closed subset Y of
A" in which 771(X — O) is dense. For this, it suffices in to verify that
Y is irreducible, i.e., that its vanishing ideal (cut out by the simplified
system of equations or perhaps the radical thereof) is prime. It follows
that ¥ = X.

We shall work out several examples that hopefully elucidate the basic strat-
egy here. The final step can be made a bit more systematic by a variant of
the Grobner basis approach discussed above in Section but when X is
a hypersurface, it’s simple enough to work directly as we shall see below. (We
refrain from a completely thorough treatment; see Gathmann’s notes for some-
thing more in that direction.)

In summary, for a variety X C A™ containing O, the blow-up X at O can be
described as the closure X of 7TA,L (X —0) inside A™. Tt comes equipped with

a projection morphism 7x o : XX given by the restriction 7x o := 7TAn,0|)?
of the blow-up of affine space. The blow-up at other points of X than the origin
may be defined by translating.

17.4 The blow-up of a point on any variety

Let X be a variety and o € X a point. By Remark , one can (up to isomorphism)
define the blow-up of X at a by first choosing passing to an affine chart a €
U C X with ¢: U — A™ taking « to the origin O, and then glueing.

17.5 Example: the nodal cubic

Consider the variety
X =V (23 = zi(z1 + 1)) C A%
As seen above, its blow-up X is cut out by the equations

r2 =23 (x; +1)
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T1Y2 = T2Y1.

e Work first on the affine open y; = 1 and away from the exceptional set,
so that x; is invertible. Then the second equation zo = yox1 transforms
the first equation to

yst = af(z1 +1)

which simplifies (thanks to invertibility of 1) to
y3 =a1+1
which rehomogenizes to
s = yi(z1 +1).

e Work next on the affine open y; = 1 and away from the exceptional set,
so that from x; = y;x5 we obtain

x5 = (122) (w1 + 1) = yia3(z1 + 1)
which simplifies to
1=y (1 +1)

and rehomogenizes again to
s = yi(z1 +1).
e Inspired by the above calculations, we now guess that
X=Y
where

Y = Vieup (3 = yi(z1 + 1), y120 = yo11).
Note that

YNE= V(xl =Tz = ang = y%) = {((an)’ [L 1])v ((070)7 [17 *1])}

corresponding to the two slopes with which X passes through the origin.
We have seen already that ¥ contains the complement of the exceptional
divisor in X, whence _

YO X.
For the reverse inclusion, it suffices to verify that Y is irreducible; indeed,
it is defined on each affine patch as the locus of an irreducible polynomial,

so we are done (see Section [12.2.3)).

In fact, we have
Y C D(y1)7

since any point

(Oé, [/8]) = ((0&1,0&2), [ﬂlvﬁQ]) ey
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for which 8; = 0 also satisfies 33 = ?(a; + 1) = 0 and whence f; = 0,
contradicting the condition (31, 82) # (0,0) in the definition of P!, and the
morphism

Y — Al

(o, [B]) = B2/B1

is readily seen to be an isomorphism with inverse
Al Y
v (0 = 1y(y* = 1)), [1,7)
the latter of which we divined by massaging the defining equations for Y.
Exercise 33. Take X := V(23 = 23(z1 + 1)) as above. Show that the map
(X —0) = P!
(a1, a2) — [ag, as]

does not extend to a morphism X — P!. [Note first that such an extension
exists after lifting via m : X — X but takes distinct values on the exceptional
fiber X N E = 7~1(0) above the origin; now invoke the separatedness of P! as

in Section [13]]

17.6 Example: the standard parabola
Let’s compute the blow-up X at the origin O of
X :=V(zy =2}) C A%

e On the affine patch y; = 1 and away from the exceptional set (so that
1/xq is invertible) we get from x5 = yox; that

SU% = Y221
which simplifies to
T1=1Y2
and rehomogenizes to
Y11 = Y2

e On the affine patch yo = 1 and away from the exceptional set we get from
r1 = Y122 that

T = y%m%
which simplifies to

1= yfxg
and rehomogenizes to

Y5 = yizo
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e We now guess that X =Y where

Y = V(z1ys = Tay1, Y2 = Y171, Y3 = YiT2).

Indeed, Y is irreducible, being given on each affine patch by the vanishing
of a single irreducible polynomial, so we are done. Note also that

YNE=V(z1 =22 =y2 =0) = {(O,[1,0])},

corresponding to the unique tangent line to X at the origin. Note also
that 7 is an isomorphism with inverse

X=X

(0417 012) — ((011,(12), [1, al]).

17.7 Example: the cuspidal cubic
Let’s do the same thing with

and rehomogenizes to
Y3 = 2195
On the other affine patch y2 = 1 one has 1 = y1x2 and so

2 3,3
Ty = Y1T2
which simplifies to the irreducible equation

1= yiws

and rehomogenizes to
3_,3
Y2 = Yil2-

Thus, as in the previous examples, we obtain

X = V(z1y2 = Zay1, Y5 = yiz1, ys = yizo)

19By an “irreducible equation” we mean an equation defined by the vanishing of an irre-
ducible polynomial.
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for which B
XNE=V(x;=x2=y2=0) ={(0,[1,0])}

corresponding to the unique horizontal tangent line to X at the origin. Note
also that the map B
X — Al
(a, [B]) = B2/ b1

is an isomorphism with inverse
Al = X

Y= ((72773)7 [1,7])

under which the blow-up morphism 7 : X — X identifies with the map (as seen
on earlier homeworks)
Al - X

v (v,7°)

which is a bijective homeomorphism that is not an isomorphism.

18 Differential notions

18.1 Tangent cones, tangent spaces, smoothness

We begin by verifying some basic properties of the exceptional set 7=1(O) of
the blow-up = : X — X at the origin O := (0,...,0) € A™ of an affine variety
X C A™ containing O. (By translating, we obtain a similar analysis at other
points of X. By glueing and the discussion of Section[I7.4] our discussion applies
to varieties that are not necessarily affine.)

Recall that the preimage 7—1(0) C X of the origin is a closed subset of the
projective space 77&7},0(0) = {0} x P*~! =2 Pn=! and from 777 that for any
closed subset Z of P*~!, we may form the affine cone Cz C A™; we shall think
of the latter affine space as having been defined using the affine coordinates
Y1,---,Yn- In particular, we form the affine cone Cr-10) C A™.

Definition 83. Let X C A™ be an affine variety that contains the origin O.
The tangent cone of X at O, denoted Cy(X) C A", is defined to be Co(X) :=
Cr-1(0)- That is to say, the tangent cone is the affine cone over the exceptional
set of the blow-up of X at the given point. More generally, the tangent cone
Co(X) of any variety X at any point o € X by choosing an affine neighborhood
of a, with coordinates chosen so that « is at the origin; the definition then turns
out to be well-defined (see 777).

Remark 84. The tangent cone of X at o quantifies local behavior near « in the
same way that the asymptotic part (i.e., the complement of X in its projective
closure) quantifies behavior near oc.
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Henceforth write k[z] := k[z1,...,z,).

Definition 85. For f € k[z] with f(O) =0, write f = f1 + fo + -+, where f,
for n > 1 denotes the degree n homogeneous part of f. The linear part of f is
defined to be the component fi"°a" .= f, It may be identically zero. If f # 0,
then the minimal part f™* of f is defined to be the component f™® := f,.,
where 7 is chosen as small as possible so that f,. # 0; if f = 0, then we set
0™in ;= 0. (Recall from our discussion of projective closures that we introduced
the top part fT of any f € k[z]; the definition was the same as that of fmin
except that we took r as large as possible rather than as small as possible.)

Observe that whenever the linear term f'""¢2" is nonzero, one has flinear —
fmin

Example 86. In the examples mentioned above from the previous lecture, we
have

1. o f=ua3— 13— 23
° fmin — .’IT% _ .’IJ%,
° flinear — 0’
2. b f = T2 — 1’%7
° fmin = 1,,
° flinear = T,
3. hd f = x% - [IJ?,
o =i
° flinear =0.

Lemma 87. For X C A" an affine variety containing the origin O, the excep-
tional set 7=1(0O) of the blow-up ™ : X — X is given by

7 HO) = Vinypn-1(x1 = - =2 = 0; f™ (g1, ..., yn) = 0 for all f € Iyn(X)).
In other words, the tangent cone is given by

Co(X) = Vie (f™7 : f € L (X)).
Moreover, if X = Vyn(f) for some f € k[z], then Co(X) = Vyn (f™i0).

Proof. The proof is similar to that of the similar assertion concerning projective
closures upon replacing maxima with minima. O

Remark 88. Similar to what happened for projective closures, one can ahve
X =V(fi,...,fr) and yet Co(X) # V(fmin ..., fmin) for r > 2. One gets
equality if one uses a Groebner basis for a suitable ordering.
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Now we want to talk a bit about dimension. For any variety Z C X E we
define the codimension of Z with respect to X, denoted codimyx Z, to be

codimy Z :=sup{n : there is a chain Z =7, C Z; C --- C Z, C X with each Z; closed, irreducible}.
Recalling the bijection verified in 7?7, one can also write
codimy Z = dim Ox z,

where Ox z is the local ring of Ox at Z (see ?777). For example, given a point
a € X, the codimension of the (zero-dimensional) singleton set {a} with respect
to X is

codimx{a} :=dim Ox 4

which coincides with the maximum

max dim X;
K3

of the dimensions of the irreducible components X; of X that meet the point «.
In words, we shall refer to codimx {a} as the local dimension of X at the point c.
If X is irreducible and o € X, then we can write simply codimx {a} = dim X.

A picture to keep in mind is when X C A% := Specm k[z, y, 2] is the variety
in 3-space given as the union of the vertical line L cut out by z = y = 0 together
with the horizontal plane P cut out by z = 0. One then has codimy{a} = 2
for « € P and codimx{a} =1 fora € L — (LN P).

Theorem 89 (Krull’s principal ideal theorem, or Hauptidealsatz). Let X be an
irreducible affine variety and let 0 # f € A(X) be a nonzero regular function
on X. Then each irreducible component Z of the vanishing locus Vx(f) has
codimension one in X, i.e., codimy Z = 1.

We deduce this from the following algebraic fact that we defer to Atiyah—
Macdonald, Chapter 10 (I think; maybe 11):

Theorem 90 (Krull’s Hauptidealsatz, algebraic formulation). Let (A, m) be a
noetherian local ring and f € m a non-zerodivisor. Then dim A/(f) = dim A—1.

Let us now explain how Theorem [90| implies Theorem Let 0 ¢ f € A(X)
be a nonzero regular function, and Z C Vx (f) an irreducible component. Recall
that the local ring A := Ox 7z is a local noetherian integral domain obtained as
the localization A = A(X);, (z) of the affine coordinate ring A(X) of X at the
prime vanishing ideal Ix(Z) of Z. The maximal ideal m of A is generated by
the image of the prime ideal p = Ix(Z) under the localization map. Because
prime ideals of A correspond to prime ideals p C Ix(Z) and hence to irreducible
varieties Y D Z inside X, one has

codimy Z = dim A.

20 Note that we adopt the convention of writing A C B to denote that A is contained in B
and writing A C B to denote that A is properly contained in B.
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Since f # 0 and A(X) < A is injective (A(X) being an integral domain, as X
is irreducible), we know that f is a non-zerodivisor. Since f vanishes on Z, we
know that f belongs to m. Theorem [90)] (its hypothesis having just been verified)
implies now that

dim A =dim A/(f) + 1.

Primes p C A/(f) correspond to primes (f) C p C A and hence to irreducible
varieties Y D Z inside Vx(f); since Z is, by hypothesis, an irreducible compo-
nent of Vx(f), it follows that A/(f) contains a unique prime ideal, i.e., that

dim A/(f) = 0.

Combining the above identities, we conclude that codimyx Z = 1. This com-
pletes the proof that Theorem [90] implies Theorem

The next result asserts that the irreducible components of the tangent cone
of a variety at a point all have the same dimension, equal to the local dimension
of the variety at that point.

Corollary 91. Let X be a variety, and o € X. Then every irreducible compo-
nent of the tangent cone Cyo(X) has dimension codimx {a}.

Sketch of proof. The question is affine-local, so we may reduce to the case that
X C A™is affine and o = O is the origin. Consider the affine patch D(y;) of A™x
P! with coordinates x1,...,Zn,Y1,...,Yn as above. We may set y; = 1. The
identity x; = y;x; = x;y; then shows that z; = 0 implies ; = 0 on the patch
D(y;). Thus the exceptional set 7=1(O) is cut out inside D(y;) by the single
equation z; = 0. By Krull’s theorem, each irreducible component of 7=1(O) has
codimension one inside X. Therefore each irreducible component of the affine
cone Co(X) has the same dimension as the local dimension codimx{O} of X
at O.

Okay, you don’t understand how Krull’s theorem is applied here. You know
already that 7=1(0) N D(y;) is cut out inside X N D(y;) by the single equation
z; = 0. But you don’t seem to know anything about irreducibility of X , right?
TODO. It seems you have to pass first to irreducible components and verify
that exceptional sets of blow-ups in the dimension > 1 case are nonempty.
That seems all rather elaborate. Probably not worth writing up for now. Also,
you’re not sure where you really need any of this stuff. O

Definition 92. The tangent space To(X) of X C A™ at the origin O € X is
defined (for the sake of computational concreteness) to be Tp X = Vjyn (flinear .
f € Ipn(X)). The tangent space at a general point a of a general variety X
is defined by taking local affine coordinates as in the definition of the tangent
cone.

The tangent space is always a linear variety, i.e., a vector space with respect
to the origin. Since fli°r £ ( implies fl"ear = f™in e know right away that

{f  fmr 20y € {f 7 # 0)
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and hence that
Co(X) C To(X),

i.e., that the tangent cone is contained in the tangent space. In general, the
tangent space may be strictly larger than the tangent cone. Let us see what
happens in the examples mentioned at the beginning of the lecture.

1. In the first example (the nodal cubic), we find that the tangent cone
Co(X) is the union of the lines x5 = 41, while the tangent space T (X)
is the plane A2,

2. For the parabola, the tangent cone and the tangent space are both given
by the horizontal line x5 = 0.

3. For the cuspidal cubic, the tangent cone Co(X) is the horizontal line
x9 = 0 while the tangent space Tp(X) is the plane A2.

Definition 93. A variety X is non-singular (or smooth, reqular, etc.) at a point
a € X if the tangent cone is equal to the tangent space, i.e., if Co(X) = To(X).
One otherwise says that X is singular (or nonsmooth, etc.) at a.

A disadvantage of this definition is that it is not obviously intrinsic, i.e., it
might appear at first glance to depend upon the choices of affine patch involved
in the various definitions. The definition is in fact intrinsic. Let us explain
why. Note first that since T, (X) is a linear space, it is irreducible, hence any
proper subvariety has strictly smaller dimension. Therefore Cy (X) = T, (X) if
and only if dim7,(X) = dimC,(X). On the other hand, we saw above that
dim C(X) = codimx{a}. Therefore X is nonsingular at « if and only if

dim 7, (X) = codimx {a},

i.e., if and only if the tangent space of X at « has the same dimension as the
local dimension of X at «. In general, one only has the weaker inequality

dim T, (X) > codimx {a}.

In lecture, there followed some informal discussion of describing tangent
spaces T, (X) using points of X valued in the dual numbers k[e]/(c%). We
obtained in particular:

Lemma 94. For a variety X and o € X, there is a natural bijection
To(X) = Hom(m/m?, k)
where m denotes the mazimal ideal of the local ring Ox q.

In particular, dimm/m? = dim7,(X). Since we have already seen that
dim C (X) = codimx {a} = dim Ox o, we obtain:

Corollary 95. X is smooth at « if and only if dimm/m? = dim Oy ,, i.e., if
and only if Ox o is a regular local ring, and with notation as in the previous
lemmoa.
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In particular, we see that the definition of smoothness is intrinsic, i.e., inde-
pendent of the choice of affine embedding.

Definition 96. Let X be a variety and Z C X an irreducible subvariety. Then
X is said to be smooth at Z if Ox, z is a regular local ring. (This is not in
general the same as being smooth at all points of Z.)

18.2 Jacobian criterion

Recall from the previous section that given an affine variety X C A™ and a
point o € X, which we may assume to be the origin « = O := (0,...,0) after
translating as necessary, we defined the tangent cone Cp(X) C A™ to be the
affine cone over the exceptional set of the blow-up of X at O. Computationally,
we saw that
Co(X) =V{f™: fel(X)})

where ™" is the sum of the smallest degree monomials occurring in f. We
also defined the tangent space T,(X) by replacing f™" with flinear the sum
(quite possibly empty) of all linear monomials occurring in f. It is evident that
CoX C T, X and that the latter is a linear space. We saw some examples. We
saw that X is smooth at « if and only if any of any of the following equivalent
conditions hold:

o T, X =C,X

e dim7,X = codimy{a}

e dim7,X < codimy{a}.

o Ox 4 is a regular local ring, i.e., dimy, m,/m?2 = dim Ox.a-

We now state the Jacobian criterion: If I(X) = (f1,..., fr), then o € X is
smooth if and only if the quantity

J = rank{%}m
J

satisfies
J =n — codimx{a}.

Intuitively, the quantity on the RHS measures the “number of independent nor-
mal directions to X at «,” so the assertion is that X is smooth at « if and only
if there are as many independent linear constraints on X imposed at a as there
should be. A picture depicting the example X = V(z129) C A? clears things
up a bit. Set f := zyxo. We have 0f /0x; = x5 and 9f/Oxs = x1, hence J =1
if and only if a # 0. On the other hand, codimx{a} =1 for all a. Thus 0 is
the only nonsingular point of X.
For the proof, we refer to Hartshorne, Sec 1.5.
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18.3 Smooth implies locally irreducible

In the example at the end of the preceeding subsection, observe that X has
two irreducible components and that the only nonsingular point of X is at the
intersection of those components. It holds more generally that any point lying
at the intersection of more than one irreducible component of a variety X is
non-smooth. In other words, if X is smooth at a point «, then there exists a
neighborhood o € U C X that is irreducible. We describe the latter situation
by saying that X is locally irreducible at o, so the general claim translates to
“smooth implies locally irreducible.” The verificatino of this implication reduces
to the algebraic fact that any regular local noetherian ring is an integral domain
(see Atiyah—Macdonald). On the other hand, in the same way that one verifies
that an affine variety X is irreducible if and only if A(X) is an integral domain,
one finds that Ox  is an integral domain if and only if X is locally irreducible
at a.

18.4 Smooth-set is open
We verify here that for any variety X, the set

{a € X : X is smooth at a},

called the smooth subset (or perhaps nonsingular part, etc.) of X is open. By the
resutl fo the previous section, we may reduce to the case that X is irreducible.
The question is local, so we may assume further that X C A" is affine. Because
X is irreducible, we have codimx{a} = dim X for all @« € X. The smoothness
at a point « is thus equivalent to the lower bound J > n—dim X, where J is the
function on X given by the rank of the Jacobian matrix as in Section [I8:2] That
lower bound holds if and only if at least one (n —dim X )-dimensional minor of J
is nonzero. Each such minor is a regular function on X (indeed, the restriction
of an element of k[z1,...,z,]) whose nonvanishing is thus an open condition.
Therefore the smooth subset is defined by the union of open conditions, hence
is open.

18.5 Smooth-set is nonempty

For any nonempty variety X, the smooth subset is nonempty. To give an idea for
how this is proved, consider the case of a hypersurface X = V(f) C A", where
f is irreducible and nonzero. Assume also that chark = 0. If X fails to be
smooth at every point, then the Jacobian criterion implies that 9f/dz; belongs
to I(X) = (f). Since degdf/0x; < deg f and f is irreducible, we deduce that
Of /0x; = 0 for all i. Because chark = 0, it follows that f is a constant, hence
(because f is nonzero) that X is empty, as required. A slightly more involved
argument applies in positive characteristic and also to more general varieties
than hypersurfaces.
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18.6 Examples of resolving singularities on a curve via
successive blow-ups

In class, I worked through the details of Hartshorne, Exercise 1.5.6.

19 Some generalities on algebraic groups

19.1 A definition of "group" that doesn’t refer to elements

I discussed the idea of group objects and group actions in a category, and de-
veloped some of the basic theory of affine algebraic groups, covering roughly
the equivalent of pages 1-5 of the notes “Introduction to actions of algebraic
groups” by Michael Brion.

19.2 Algebraic groups / group varieties

e Mention connected component, actions

19.3 Basic examples
e finite groups, GL(n), closed subgroups, SL(n), O/U/Sp, split torus, mul-

tiplicative group, additive group; why it’s called a torus

19.4 Morphisms
19.5 Affine implies linear

e Rational actions of an algebraic group on a vector space

19.6 Jordan decomposition is intrinsic

20 Some basics on toric varieties

Some references for the topics discussed in lecture were linked on the course
website.

A normal variety is a variety X for which each local ring Ox , (@ € X) is
integrally closed.

A toric variety is a normal variety X with an action X ¢ T by some torus
T =T, such that X has a dense open T-orbit with trivial stabilizer.

Since T is irreducible, it follows that X is irreducible.

T, is itself a toric variety with the usual action T,, O T,.

A™ is a toric variety with action given by multiplication

(a1, ey ) (T, ooy Tn) = (@171, ooy A Th).

The orbit of g = (1,...,1) is dense and open.
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P! x --- xP' O T, is a toric variety with the action

([alaﬂl]’ cey [anaﬂn])(’rlv o ')Tn) = ([7’1&1,61}, B [Tnanaﬂn])'

Thus we can have many toric varieties associated to the same torus.

I briefly mentioned at the end of the lecture that toric varieties are classified
by “fans” (without yet defining the latter) and drew some pictures illustrating
the case n = 2. The following couple of lectures and homework developed
the toric variety/fan correspondence in a bit more detail (see references on the
course homepage).

21 Images of morphisms

I started with the motivating problem: given some polynomial equations or
inequations in the variables aq,...,am, 01, ..., By, in which 8 = (B1,...,0,) is
regarded as a parameter and o = («aq,...,Q,) as the unknown, can one say
something about the set of 5 for which there exists a solution a? Some basic
examples involving determinants, resultants and discriminants were discussed.
The problem was then reformulated in more general terms as describing images
of (certain classes of ) morphisms between varieties. The basic example (x,y) —
(zy,y) was discussed. Chevalley’s theorem that the image of a constructible set
is constructible was stated and briefly applied, without proof.

Here we shall record the key definitions and results were as follows. (These
were discussed with somewhat more motivation and in somewhat more piece-
meal steps in lecture.) Let X be a variety. A subset C' C X is called constructible
if it is a boolean combination of subvarieties. In other words, the collection of
constructible subsets of X is the smallset such collection that contains every
open or closed subset and that is preserved under taking complements and fi-
nite unions and finite intersections.

Theorem 97. Let f : X — Y be a morphism of varieties. Then the image f(X)
is constructible. In fact, f(C) is constructible for all constructible C C X.

We did not prove this result but indicated the idea briefly.

Next, say that a variety X is proper if for each variety Z, the projection map
m: X X Z — Z given by (a, ) — B is closed, i.e., m(E) is closed for all closed
E C X x Z. (This is similar to the definition of a “compact” topological space.)

Theorem 98. FEvery projective variety is proper.
This result has many consequences:

Corollary 99. Let f: X — Y be a morphism of varieties, with X projective.
Then f(X) is closed. More generally, f(E) is closed for all closed subvarieties
E of X.

Proof. We know (see 7?7) that the graph I'y C X x Y is closed, so by Theorem
it follows that m(I'y) is closed. It is clear that f(X) = w(T's), where 7 :
X xY — Y is the natural projection onto the second factor. Therefore f(X) is
closed. The second assertion follows similarly. O
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Recall that every irreducible variety is connected.

Corollary 100. Let X be a connected projective variety. Then every reqular
function on X is constant, i.e., Ox(X) = k.

Proof. Let f € Ox(X). Regard f as a morphism f : X — Al. Denote by
'+ X — P! the composition of f with the inclusion A < P!. Then f’(X)
is a closed and connected subset of P! that is not equal to all of P'. Any such
subset consists of a single point, so f’ (and hence f) is constant. O

Example 101. A' is not proper because the projection map 7 : Al x A’ — Al
given by («, ) — [ is not closed: for instance, the hyperbola V(zy = 1) C
Al x Al is closed, but maps under 7 to the complement A! — {0} of the origin,
which is not closed.

Remark 102. Analogues of the above results hold for compact complex man-
ifolds.

For the proof of Theorem we reduced (by some elementary arguments)
to showing that the projection map 7« : P™ x P — P™ is closed. To establish
the latter fact, take Z = V(f1,..., fr) with f1,..., fr € k[Zoy- -, Tm, Y0, - - Un)
bihomogeneous of some bidegree (d, d), say (see §15.5)). The aim is to show that
7(Z)° is open. Each of the following conditions on a point a € P™ is equivalent
to the next:

e «a belongs to 7(Z)°.

o Write g; := fi(a,-) € Kk[yo, ..., yn]; it is homogeneous of degree d. There
does not exist § so that g1(8) =--- = g,.(8) = 0.

e There exists N > 1 so that (¢1,...,9,) C Sy, where S := k[yo, ..., yn]
and Sy denotes the Nth graded component. (We have used the projective
Nullstellensatz.)

e The map p : Sy_g X -+ X Sy—q — Sy given by (h1,...,h,) —
higi + -+ + h.g, is surjective. (Indeed, the image of this map is the
Nth graded component of the ideal (g1, ceds, g,-).) Note that u is k-linear,
and described by a finite-dimensional matrix M whose entrise are homoge-
neous polynomials in the coefficients of the g1, ..., g,, hence homogeneous
polynomials in a.

e Some (dim Sy) x (dim Sy )-dimensional minor of M is nonzero.

The final condition, being a union of open conditions on «, is open. Thus 7(Z)¢
is open.
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22 Classification of curves up to birational equiv-
alence

I more-or-less covered the results of Hartshorne, 1.6, but gave somewhat different
proofs. A good reference is Brian Osserman’s note “Nonsingular curves.”

We defined (at first) a curve to be an irreducible variety of dimension one.
Note that any nonempty open subset of a curve is a curve. The set of non-
smooth points on a curve is finite. Thus, every curve contains a smooth curve
as an open subset. In particular, every curve is birational to a nonsingular
curve. The principal result of this section is that in fact, every curve is bira-
tional to a unique nonsingular projective curve. Moreover, morphisms between
nonsingular projective curves are in natural arrow-reversing bijection with mor-
phisms between their function fields, which are precisely the field extensions of
transcendence degree one over k.

A key notion is that of a uniformizer at a smooth point o« € C' on a curve
C. Tt follows from some commutative algebra that o € C' is smooth if and only
if any of the following equivalent criteria hold:

1. The local ring O¢ , is a regular local ring (of dimension one).
2. O¢,q is integrally closed.

3. Oc,q is a discrete valuation ring, i.e., there exists a surjective “order of
vanishing” map v, : Oc,q — Z>o U {oo} satisfying some properties. We
may extend it to v, : k(C) = ZU{
infty}. Then Oc o = {f € k(C) : vo(f) > 0}.

4. The maximal ideal m, of O¢ , is principal.

A uniformizer t for C' at « is a rational function ¢ € k(C) which is regular at «
and whose image in O¢ , generates the maximal ideal m,. The normalization
is such that v, (t) = 1.

We can think of a uniformizer as an equivalence class of pairs (U, t) where
a € U C C is a neighborhood and t € O¢(U) is a regular function for which
v (t) = 1. For example, t := x — « is a uniformizer at a point a € Al. In
general, we may think of ¢ as a regular function defined in a neighborhood of
« that has a simple zero at a. We may assume, after shrinking U sufficiently,
that ¢ has no zeros in U other than «. We then have that for each smaller
neighborhood a € V C U:

1. for f € Oc(V), we have f(«) = 0 if and only if t|y divides f inside Oc(V);

2. for a nonzero f € Oc(V — {a}), there exists g € Oc(V) so that f = t"g
on their common domain, with v := v,(f). We have v > 0 iff f extends
to a regular function on all of V. If v < 0, we say that f has (at «) a pole
of order —v. For example, 1/t> has a pole of order 3 at a.

We discussed the following four examples of morphisms f : X — {P} - Y
from a variety minus a point to another variety:
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Example 103.

1. Take X := Al p:=0,Y := A% and f(z) := (z,1/z). Then f : A'—{0} —
A? does not extend to a morphism A! — A%, (We’ve seen this before.)

2. Take X = A2 p := 0, Y := P!, and f(a1,az2) := [a1,a2]. Then f :
A% — {0} — P! does not extend to a morphism A? — P! (We've seen this
before.)

3. Take X := Al,p := 0,Y := P? and f(z) := [x,1/z,1]. Then f : Al —
{0} — P! extends to a morphism f : Al — P2, given explicitly by f(z) :=
(22,1, 2].

4. Take X = Vyo(y? — 2%(x — 1)), p:= 0, Y := P!, and f(z,y) := [z,y].
Then f: X — {0} — P! does not extend to a morphism f: X — P (We

saw this in some previous lecture.)

The above examples demonstrate the necessity of the hypotheses in the
following result:

Theorem 104. Let C' be a curve, Y a projective variety, p € C a smooth point,
and f: C —{p} =Y a morphism. Then there is a unique extension of f to a
morphism C — Y.

Proof. Uniqueness follows as usual from the separatedness of Y, using that any
closed subset of C that contains C' — {p} is equal to C itself. For existence,
say Y C P". Represent f in some puctured neighborhood V — {p} of p as
f = 1fo,..., fu] with each f; € O(V — {p}) C k(C). After shrinking V as
necessary, take a uniformizer ¢ € O(V) for the point p which vanishes at no
other point of V. Set vy := vp(fo), ..., Vn = vp(fn), and write f; = t¥g; with
gi € O(V) and g;(p) # 0 unless f; = 0; leave out any f; = 0 in the argument to
follow. Set k := min{vy,...,v,} € Z. Then f = [t~*fy,...,t % f,]. Bach t7%;
extends to a regular function at P because v,(t % f;) = v;—k > 0. Some t =¥ f; is
nonzero at p because for some i, we have k = v;; in that case, t % f;(p) = 0. (The
proof is thus the same as in the exercise that any rational map P! — P” extends
to a morphism, and also essentially the same as in the first of the examples

above.) O
Corollary 105. If p1,...,pn are smooth points on a curve C and 'Y is a pro-
jective variety, then any morphism C — {p1,...,pn} — Y extends uniquely to
Cc—=Y.

Corollary 106. If C is a curve, U C C is a nonempty open, C — U is non-
singular (inside C), and Y is projective, then any U — Y extends uniquely to
Cc—-Y.

Corollary 107. If Cy, Cs are nonsingular projective curves that are birational,
then Cy =2 Cs. In other words, open subsets of a monsingular projective curve
determine the isomorphism class of the curve. (Proof given in class.)
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Varieties need not be quasi-projective; patching affines together doesn’t nec-
essarily keep one in the same projective space. However:

Theorem 108. Let C' be a nonsingular curve. Then C' is quasi-projective: there
exists a projective curve C C P™ and an isomorphism from C to an open subset
of C. (Proof given in class, using patching on affines, Segre embedding, and

Theorem [104).)

In class, we defined the normalization of a curve and showed that the nor-
malization of any projective curve is a nonsingular curve. (The normalization
of a variety X is a normal variety X and a dominant morphism X — X such
that for all normal varieties ¥ and dominant morhpisms ¥ — X, there exists
a unique Y — X. The construction of X is given by “take integral closures on
each affine patch and glue.”)

We then explained how, given a curve X, one can take a nonsingular open
U C X, realize it as a quasi-projective curve, take its projective closure C', and
then take the normalization C' to end up with a nonsingular projective curve
that is birational to the original curve (see the references from the beginning of
this section for further details).

Corollary 109. For each nonsingular curve C' there exists a nonsingular pro-
jective curve C' such that C is isomorphic to an open subvariety of C. We call
C “the” nonsingular compactification of C'.

Finally, we recorded that:

Corollary 110. Let ¢ : C; — Cs be a non-constant morphism of curves, with
C1 projective. Then if ¢ is surjective.

Proof. C is proper, so ¢(C1) is closed. Cj is connected, so ¢(C4) is connected.
The only closed connected subsets of Cy are Cs itself and singleton sets consist-
ing of points. Since ¢ is non-constant, it follows that ¢(C;) = Cs. O

Corollary 111. Let ¢ : C; — Cy be a non-constant morphism between curves
(not necessarily projective or nonsingular). Then ©(Cy) is open. (This is a
special case of Chevalley’s theorem.)

Proof. The question is local, so we may assume that C7,C5 are nonsingular.
We extend ¢ to a map 3 : C; — Oy between nonsingular compactifications. By
the previous corollary, we know that % is surjective. Therefore ¢(C7) has finite
complement, as required. O

23 Nonsingular projective curves

A reference is Chapter 2 of Silverman’s “The Arithmetic of Elliptic Curves.”
There is also Chapter I1.6 in Hartshorne, but the language there is somewhat
different from what was discussed in lecture. I also see that Brian Ossmerman’s
notes “Divisors on nonsingular curves” and “Differential forms” are relevant.
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Henceforth “curve” means “nonsingular projective curve.” Thus uniformizers
exist at all points. From the previous section, we know that morphisms between
curves are the same as rational maps, or as morphisms between their function
fields in the opposite direction.

Given f : X — Y a non-constant (hence surjective, and in particular,
dominant) morphism of curves, we get an induced map of function fields
k(YY) — k(X) via pullback. Identify k(Y) with its image in k(X). The
degree of f is deg(f) := [k(X) : k(Y)]. Tt is finite.

23.1 Review of uniformizers

23.2 Degree of a morphism

23.3 Order of vanishing of a regular function
23.4 Ramification indices of a morphism
23.5 Examples

23.6 Sum formula for degree of a morphism

e Chinese remainder theorem formula for degree of a morphism as a sum
over preimages of a given point

140



23.7 Divisors
23.8 Rational functions have divisors of degree zero
23.9 Picard group

23.10 Linear systems
23.10.1 Definition
23.10.2 Basic properties

23.10.3 Connection with effective linear divisors equivalent to a
given one

23.11 Analogues in Riemann surface theory

23.12 Divisor short exact sequence
23.12.1 Main section

23.12.2 Analogue over number fields
23.13 The projective line has trivial Picard group
23.14 Differentials on a curve

23.15 Riemann—Roch

23.16 The group law on elliptic curves

24 FEtc

In the final week, I gave a quick overview of the theory of schemes and sketched
a proof of the Hasse bound for elliptic curves.
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