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Unless stated otherwise k& denotes an algebraically closed field.

1. Consider Y = V({z? — 3}) C A? and the function f:Y — A! = & given by

f(z,y) ={

Oy

Show that
a) f is continuous.
b) f is not a regular function.

c) f restricts to a regular function on Y, =Y.

2. 1. (lecture notes) Let X := A? := Specm k[z1, 5] and U := A? — {(0,0)}. Show that
the restriction map A(X) = O(X) — O(U) is an isomorphism.
2. (lecture notes) Show that the quasi-affine variety U := A% —{(0,0)} is not isomor-
phic to any affine variety.

3. (lecture notes) Let X be an affine variety with affine coordinate ring A := A(X),
let a € A, let U be an open subset of Dy (a). Recall that tx, : X, — X is the
morphism of affine varieties with image Dx (a) corresponding to the localization-at-a
map LﬂX@ : A — A(X,) = A, of affine coordinate rings. Set V := L;(}a(U). Show that
a function f : U — k belongs to O(U) if and only if f|x, := f otx,4 belongs to O(V).

4. (lecture notes)

a) Verify for a quasi-affine variety X that morphisms X — A! are the same as regular
functions X — k.



b) * Verify for an affine variety X and a quasi-affine variety Y that morphisms of

quasi-affine varieties
f:Yy—X

are in bijection with k-algebra morphisms
p: AX) — OY)

under the mutually inverse maps f — f* and ¢ — ¢, where ff(a) := ao f and
¢’ (3) := pt(evalgof) for a € A(X),B €Y.

c) Explain how the second part of this exercise specializes to the first part.

5. (lecture notes) Let (X, Ox) be a prevariety and o € X. Verify the following assertions:

a) The neighborhoods U of « form a directed set with respect to containment. The
stalk of Ox at « is defined to be

OX,a = h_H;l OX(U)
Usa

It is naturally a k-algebra.

b) For any neighborhood U of «, the evaluation-at-o morphism eval, : Ox(U) — k
induces a morphism Ox , — k. We denote the latter also by eval,.

c) The k-algebra Ox, is a local ring. Its unique maximal ideal is the kernel m, of
evaly : Ox o — k, and we have Ox o/m, = k as k-algebras.

d) For any affine neighborhood Y of «a, the open neighborhoods Dy (a) of «a (taken
over a € A(Y) with a(a) # 0) form a directed set that is cofinal in the the directed
set of all neighborhoods of a. The restriction maps Ox(U) — Ox(Dy(a)) for
a € Dy (a) C U thereby induce an identification

Oxo= lm Ox(Dy(a))= lim A(Y)q= AY)n
Dy (a)3a Dy (a)3a

where m is the maximal ideal m := {a € A(Y) : a(a) = 0} of A(Y).

6. (cf. Hartshorne Exercise 1.3.3) Let Y and X be quasi-affine varieties and f : Y — X
be a morphism. Let § € Y. Show

a) For U C X open the maps flﬁ] : Ox(U) — Oy(f~%U)) induce a map fg :
Ox j(5) — Oy, of k-algebras such that (f5)~!(mg) = mys).

b) f isan isomorphism if and only if f is a homeomorphism and fg is an isomorphism
for all G.

c) If Y is irreducible and f(Y) is dense in X, then fg is injective for all 3.
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