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1. (Convex polyhedral cones and their duals) Let V be a finite-dimensional R-vector space
and L be a lattice in V. We call a subset ¢ C V' a (convex polyhedral) cone in (V, L)
if there are v; € L such that o = o(vy,...,vn) = Eévzl R>ov;. The dimension dim o
of o is defined as dimspan; <y v;. Consider a cone o in (R4, Z9).

a) Show that o* := {u € R¥ | u(v) > 0 Vv € o} is a cone in (R¥,Z%) called the
dual of 0.

b) o is called strongly conver if it does not contain a line through the origin. Show
that this is equivalent to each of the following
1. oN(—o)={0}
2. dimo* =d
3. {0} is a face of o.

c) Show that the set S, := o* N Z% is a submonoid of (Z%*,+), i.e. is closed under
+, and contains 0.

d) Show that the monoid S, is finitely generated.

e) A face of o is a set of the form 7 = {v € o | u(v) = 0} = o Nu™ for some u € S,.
Then 7 is again a cone in (R, Z%). Show S; = Sy + Zso(—u).

f) * Let o be another cone in (R Z9) such that 7 := o N o’ is a face of o and o’
Show that there is a u € 0* N (—0’)* N Z% with 7 = o Nut = ¢’ Nut. Conclude
Sy =8Ss+ So.

For the remaining exercises o will denote a cone in (R Z9) that is assumed to be
strongly convez.

2. (Affine toric variety from a cone) Show

a) Set Clz,z7 '] :=Cla1,..., 24,27, .. axcfl} and
4, =ClS,] = { > e €Cle,a) | € Cue Sa} ,
finite
where % = .CC;L(GI) .. .xz(ed). Here eq,...,eq denote the standard basis of the

lattice Z% in R%. Then A, is an integral domain and a finitely generated C-
algebra generated by monomials. We call X, := Specm A, the (affine) toric
variety associated to o.



b) Homyoneid(Ss, C), where C is considered as a monoid under multiplication, is
naturally in bijection with X, .

c) Let 7 = o0 Nut be a face of . Then A, identifies naturally with the localization
(As)zu. Consequently we obtain an open embedding tr, : X7 — X,.

d) * Let uq,...,ux be generators of S,. To the relations Z§:1 Hjuj = Z?Zl vju; in

Sy, where pj,v; > 0, we associate the ideal I, generated by &* — ¢” in C[¢] =

Cl&1, ..., &). Then the assignment & +— z% induces an isomorphism X, —
V(I,).

3. Determine o*, generators of S, and I, and V(I,) in each of the following cases.
a) o = {0} in (R4, Z%)
b) o = o(v1,v2) in (R?,Z2), where (vq,v2) is any basis of the lattice Z2.
c) 0 =o(er) in (R?,Z2%)

d) o = o(2e1 — eg,e3) in (R?,Z?).

4. (Torus action on an affine toric variety) Show
a) The d-dimensional torus
T¢ .= Xy = Specm C[Z%] = Specm Clz, z71] = (C*)?

is an affine group variety, i.e. T? is a group and multiplication m : T¢ x T¢ —
T? and inverse map I : T¢ — T¢ are morphisms. In fact m* : Clz,271] —
Clz,z7 Y ®c Clz,z7!] is given by f +— f® f.

b) Under the identification X, 2= Homyoneid(Ss,C)
ac: T4 x Xy — Xg, (s,1) = (u— s(u)t(u)) ,
defines an action of T% on X,, i.e. ac satisfies
ac(l,a) = a, ac(st,a) = ac(s,ac(t, a))

and ac is a morphism. In fact act : A, — Clz,27'] ®c A, is given by f
J @ f. Thus tfg) ;5 : T?¢ < X, respects the T%action if we let T? act on itself by
multiplication. Also note dim X, = d.

c) * Formulate the action of T¢ on V(I,).

d) * Check in the examples of 3 that the orbits of the T?-action on X, are naturally
in bijection with the faces of o. Which faces correspond to T9fixed points?

5. (Smoothness of X, in terms of o) Show



a) If vy,...,vy € Z% are part of a Z-basis of Z%, then the toric variety of the cone
o=o(vy,...,oN) is X, & AN xT4N_ In particular X, is smooth.

b) * If X, is smooth, then 0 = o(v1,...,vN) for some vy,...,vy that are part of a
Z-basis of Z¢.

Hint: Consider the cotangent space m,,_/ mia at the point z, € X, defined by the
monoid homomorphism S, — C given by

1 weot
U — .
0 else

6. * (Toric variety from a fan) Let A be a fan, i.e. a finite collection of cones such that

1. Each face of a cone in A is again a cone in A.

2. The intersection of two cones in A is a face of each.

Show

a) Let X be the prevariety glued from the X, via the open embeddings tyny o :
Xono' — Xo and tono' o @ Xonoer < X for 0,0’ € A. The diagonal map
Xonot — Xy X Xy is a closed embedding and consequently X is separated. We
call Xa the toric variety associated to A.

Remark: We may take A to consist of all the faces of a single cone o, in which
case Xao = X, holds. Using exercise 4 one can show that there is a T?action on
X and an open dense embedding T¢ < XA respecting the T%action.

b) Find a fan A such that X & AL P A x PP x P! and P? respectively. Des-
cribe the cones ¢ € A and the corresponding A, .
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