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Solution 5.1

(a) Let us define the random variables S, = Sp — Sy for n > 1 and the process N by
]vt = ZZil 1 <§k < t). We have ]\th > N; for all ¢ > 0, P-almost surely. Therefore,
by Lemma 2 (ii) of the lecture notes, it holds that E[N/] < oo for any ¢t € RT and any
reN.

(b) By construction of N, it is nondecreasing, and the monotonicity property of expectaions
yields that M is nondecreasing as well.

Let 0 < s <t€R", wehave Ny 5 < N, for all 0 < § < t—s. By the previous question, Ny
is integrable. N is right-continuous by construction and we have lims g N5 = Ns P-a.s.
Using the dominated convergence theorem, we conclude that limgso M (s+6) = M (s). This
proves that M is right-continous.

By the monotone convergence theorem, we have

M(t) = E[N]

—F [iusk <t)]
k=1

=F [JLH;OZl(Sk gt)]
k=1

= lim E D 1Sk < t)]
k=1
= lim > E[1(Sp <t)]
k=1
= PIS. <1
k=1
= G«F*(t)
k=1

This proves the claim.



(c) Let s > 0, we have similarly to the proof from the lecture,
oo
M(s) = / e **dM (x)
0
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where we first used the definition of the Laplace transform, the independence of the T}’s,
that they are identically distributed and the independence of Sy from the T;’s. For s = 0
both sides of the equality are infinite.

(d) Let t > 0. We have from (b) the equality M (t) = Y32, G x F**(t). Rewriting,
[e.e]
M(t)=G*F(t)+ > GxF*(t)
k=2

oo t
=Gx*F(t)+ Z/ G * F**1(t — 5)dF (s)
k=2"0
© st
=G F(t) +Z/ G x F*(t — s)dF(s)
=10
t
— G F() +/ Mt — $)dF(s).
0
For ¢ < 0, it holds that M(t) = 0.

Solution 5.2

Observe that the probability distribution of the interarrival times 7, is Gamma(\,2), which
is the convolution of two Exp(\) distributions. The interarrival times can thus be written as
Tn = Vop—1 + Vo, n € N where V,, are independent and exponentially distributed random
variables with rate A.

Let (N¢)¢>0 be the renewal process with interarrival times V;,, n € N. Hence, for all n € Ny,

P[Ny =n] = P[N; = 2n] + P[N; = 2n + 1]

b ()\t)Qn ()\t)2n+1
=e <(2n)! +(2n+1)!>




and

[e.9]
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From this we obtain lim ﬂ = é
—00 2

Solution 5.3

(a) Let S, =T1+ ...+ Ty. Fort >0,

g(t) = P[Y; = 1]
=P, =1,T, >t]+ PlY, =1,T, <t

PIUL > 1]+ B [y Ly <ty ts1)

=PlU1 >t +FE [2@1 L7y 4.8y~ 51 <t<Ty +8,—S1+Up 1} | -

where 77 is independent of Sy, — S7 and of Uy, and S; — Sy L Si_1 for k> 1.
By conditioning on 77, we obtain

E [2@1 L7y 45,81 <t<Ty +54— 81 +Uis1 } Tl}

=g(t—T1) a.e. on{T} <t}
s=Ty

=B [2@1 ]l{skfslgtfs<skfsl+Uk+l}}

Hence, using the tower property,
t
g(t) = P[Ur > t] + Elg(t = T) 1y, <] = P[Ur > 1] +/ g(t —5) dF(s), t=>0.
0

Note that 77 is the sum of two independent random variables U; and V;, which have
densities u(t) = )\e*’\t]l{tzo} and v(t) = pe "1 y>0p, respectively. Hence Ty also has a
density f, which is given by f = uxv. In particular, f is supported on [0,00) and for ¢t > 0
we have

F(t) = (uxv)(t) = /0 u(s)v(t — s)ds = Au /0 e AsTH(=9) g

! A A
= )\,ue“t/ elb=Ns g5 = e**“"(e(‘h )t 1)
0 = A
= #)\_M)\ (e M —eHby,



Next, by a) we know that g satisfies the renewal equation

o(t) = PO, > 1] +/0 gt —$)f(s)ds, &> 0.

Observing that P[U; > t] = e 150, = h(t) yields the claim.



