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1. Form > 1 large enough so that - < d(z, U¢), we define T, := inf {s > 0; d(X”C UC)
L1 and construct u,,, € C*(R% R) such that u = u,, on {z e U; d(z, UC L1

We apply Itd6’s formula to u,,(X}") exp ( fo c(X7T) ds), take then the expectatlon and
use that the local martingale is a true martingale as b is locally bounded and u € C?
(you can check it for example via Burkholder-Davis- Gundy) to obtain that

Bl i) e ([ etz ds)] = uno)
_ E[ /0 L (X2) 4 e(XT)um(X7)) exp ( /0 Ce(x?) ar) ds].

Now, as u,, = uwon {z € U; d(z,U¢) > L}, by definition of 7% and as  is the
solution of the boundary problem we obtaln that

o) = B[ty e ([ ctxnyas) v [ sy e ([ ety ar) s

Since T} 1 T < oo, we can let £ — oo and then m — oo to conclude, by the
dominated convergence theorem, that

ute) = B [a(x5,) exp ([

2. a) Note that
limPHXt — X3| > 8} = limP[|X|t,s|| > 6] = 11mP[|Xh| > 6] =0,
s—t s—t hl0

tANTE

m

T.Z

" (X7 ds)] +E[ /0 X exp ( /O " e(x) ar) ds} |

because X is RC a.s.

b) fo(u) = 1is clear. Using independence and stationarity of the increments as well
as Xy = 0 P-a.s., we have for any s,¢ > 0

Fosa(u) = Elexp(iu"X, )] = Elexp(iu”(Xos: — X,)) exp(iuX,)]
— Elexp(iu(Xors — X,))| Elexp(iuX,)] = Elexp(in”X,)] Elexp(in”X.)]
— fi(w)f(w).
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¢) Let m,n € N. Using the property fs:(u) = fs(u)fi(u) inductively, it follows
that

(frnsm(u)" = fn(u) = fr(w)™.
Hence, f,/n(u) = fi(u)™™.

d) Right-continuity of ¢ — f;(u) follows immediately from right-continuity of X
and the bounded convergence theorem. Moreover, the function ¢ — f;(u)’ is
continuous and by part ¢), f;(u) = fi(u)! for all t € Q.. It follows that f;(u) =
fi(u)t for all t > 0. Now, assume f;(u) = 0 for some ¢ > 0 and u € R?. Then it
follows that f;/,,(u) = f;(u)!/™ = 0 for all n € N. Taking n — oo, we obtain a
contradiction to the right-continuity.

e) The integrability implies that the characteristic function is differentiable in u, and
then X, € L' for all t. Moreover,

i B[X1] = Oufi(u)|u—o = t (1) ™| g =t (0) = i t E[X1].

a) We first show the independence of the increments. Letn € N, 0 <ty < t;... < t,
and ( f;)!_, Borel measurable functions. We need to show that

E[iljfi(Xti - Xt“)} = ile[fi(Xti - X, )]

Let G the o-field generated by (/V;);>o. Then, by independence of the (Y;) to N,
we obtain that

({1 - x <e[T1( % )]
~e|s [T Y )]o]]
o615 35 ) |

L -i=1 Jj=ni—1+1 ni:Ntivniflthi

-1
Now, since the (Y;) are i.i.d. we obtain that

ng n Mng—ni—1

o[l S ) AL
=1 jeny a4+l ni=Ni, mi_1=Ni,_, Li=1 =1 e
—FE EE[J‘<;3G)] mithi—Nt“]'
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As (V;) has independent increments we obtain that

e ITeln(30) - }IEH( Sl ]

]nzl"l‘l 1—1

H to))s

=1

Now, we show that X has stationary increments. As X has independent incre-
ments, it’s enough to show that for s < ¢ and f Borel, we have

E[f(Xt - Xs)} = E[f(Xt—s)] :

With the same arguments we used for showing the independence of the incre-
ments of X, using that (/V;) has stationary increments, we obtain that

Pl = B[s( 30 w)] = [r( 3 Yj)‘gu

j=Ns+1 L b =N+t

-3 )
= E[f(Xt—s)]'

We conclude that X is a Lévy process. We proceed with calculating its triplet.
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For u € R,

zu“X TutTY;
| =E [Zth kHe }

k>0
=> " PIN, = k|E[¢"™M]*
k>0
_ Z f)\t /\t wtryl]
k>0

—e Mexp ()\tE[ “‘tryl])
= exp <)\t{E[ei“trY1] — 1}) .
If F'is the distribution of Y; and v := \F', we get

Ele""Xt] = exp (t/ (e — 1)d()\F(x))>
R
Therefore, the triplet is (b, 0, v), where b = f{w aj<1y T V.

b) The characteristic function is fi(u) = ¢x,(u) = (e'* — 1)(iu)~!, which has a
zero at u = 27. This would contradict Ex 12-2 d), hence there is no such Lévy
process.

¢) Letn € Nand 0 = t; < t; < ... < t,. We need to show that (X;,..., X}, ) is
independent of (Y}, ..., Y;, ). In the first step, we show that

[exp ( Zu (X, — Xt,H)) exp (z ivzf(Ytk - szl)ﬂ

[exp( Zu (Xo, — Xop, )1 {exp( Zv Ytk—Yt“)ﬂ.

We use an induction argument. For n = 1, this is the assumption. assume that it
holds true for n — 1. We obtain, as the increments are independent of the past,
that

E[e ur (X, — Xy, )exp( Zv (Yi, — Ytkl)ﬂ

:E[ uff (X, = Xi, ) ) exp (i Zv (Y, — Yt“)ﬂ
E[ (z - X)) e (10, - i) |

Siehe nachstes Blatt!



Now, using the induction hypothesis, we obtain that
[exp ( Zu (X, — Xt )exp ( Zv (Y;, — Y}kl)>]
B [exp (jusr (e, = Xo,) ) exp (0l (¥, Ytnaﬂ .
n—1
 efesn (s, - )] e (10 i)
k=1
' E |:eXp (Z u:’Lr(th - th—l)) eXp (Z U’tr:lr(ytn - En—l)>:| °

Using again the independence of increments of the past of (F;), we obtain that

B|ew i zu (6, = X )| B s i
: E{exp (Z W (X, — XtH)) exp (z (Y, — Ytnl)ﬂ

n—1

M

Vg r }/tk - }/tk—l)>:|

k=1

=

n—

— E[exp (i gug@tk - th_l))} E [exp I Yfk—l)ﬂ

1

B
Il

E {exp (z u}Lrth> exp (2 vffYtnﬂ

FE |:6Xp (Z u;ﬁertn—1> eXp <Z U%ry;fn—1>:|

Now, using the assumption that E[e!* Xtev"] = Ele*" Y] F[e!*"Y] for all
u,v € R?and ¢t > 0, we obtain that

{exp< Zu (X, — Xt’”)ﬂ E[exp (i
| E [exp (z u;;“th> exp <z v,t;"Ytn)}
E {exp (Z u;;th_1> exp (z vf{Ytn_l)}
[exp ( Zu (X, — th_l)ﬂ E[exp (Z 1 v (Y, — Ytk_l)ﬂ
E {exp (z u;rth)} E {exp <Z UffYtn)}

.E{exp< X, )] E[E?Xp( Y, )]

3
—

o (Y, - Y;“))]

e
Il

1

i
L

B
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using twice the independence of increments of the past of (F;) yields that
n—1
[exp ( Zu th thl))} L {exp (Z Z/Ultcr(Yl;/k B Kk1)>:|

| E [exp (z u;rthﬂ [exp (z v“‘Ytn)}
E{exp( iur Xy, 1)} [eXp <Z Yy, 1”
[exp( Zu (X, — X, )} { exp (z S 1@?(% —Ytk_1)>]

k=1

s <iug<xtn_xtnl>>}fa{exp (105, 7i)]

[exp( Zu (X, — th_l)ﬂE{exp (z v?(m—ﬁk_l)ﬂ-

So we have proved the claim. Next, since characteristic functions determine the
law of random vectors, we conclude that X := (X;, — X;,,..., X;, — X;,_,) and

Y = (Y;, — X4, ..., Yy, — Ys,_,) are independent. As X;, = Y;, = 0 we can find

a linear (and hence continuous) function f such that f(X) = (Xy,, X4y, ..., X,
and f(Y) = (Y4,, Yy, ..., Yz, ). Thus we conclude that (X, , ..., X;, ) and (Y;,, ..., Y3, )
are independent, which was to show.

4. Matlab Files

(a) Applying the definition of expectation we have

Plugging in A = 2 we get E[e™!] = 31.08.
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(d) For the compound Poisson process we have to condition on /Vy, i.e.,
EleX] = E[E[eX|N]]

= Y E[e|NJP[N, = k]

AN ez
= Ze* HE[HFle 7]

k!
k=0

_ D)

where 3 = E[e?'] = 0.5(e + e !). Plugging in A = 2 we get E[e*!] = 2.96.

1 function [simulatedvalue ,theoreticalvalue]= bmscl24a

2% In this exercise we simulated 10 paths of Poisson
process with

3% itensity lambda=2

4 tic

5%% parameter input

6 % horizon

7T=1;
8 % sample size
9 Nplot=10;

10 Nsimu=10"5;

11 % grid points

12 M=10"3;

13% intensity

14 lambda=2;

15

16 % theoretical value

17 theoreticalvalue= exp(lambdax(exp(1)—1));
18 % Simulation

19 % method 1

20 figure (1)

21 % number of total jumps at T
22 NT= poissrnd (lambdaxT,1,Nplot);
23 templ= zeros (max(NT) ,Nplot);

24 for i =1:Nplot

25 Yocondition on N_T, the jump times are ordered
uniformlly distributed

26 templ (1:NT(i),i)= sort(Txrand (1 ,NT(i)));

27 stairs ([O;templ (1:NT(1),1)],(0:NT(i)) )
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28 hold on
29 end

30 hold off

31

32 % method 2

33 PP = [zeros(1,Nplot) ;cumsum( poissrnd (lambdaxT/M,M, Nplot)

) 1
34 % the process X"(c)
35 timegrid= 0:T/M:T;
36 Xc=PP;
37
38 figure (2)
39 %oshow the first 10 sample paths
40 plot(timegrid ,Xc(:,:))
41
42
43 %ocompute simulated value
44 poissonrv=poissrnd (lambdaxT,1 ,Nsimu) ;
45 simulatedvalue= mean(exp(poissonrv));
46 toc

1 function [simulatedvalue ,theoreticalvalue]= bmscl124b
2% In this exercise we simulated 10 paths of compound

Poisson process

3% X™N(c)_t= \sum_{i=1}"N_t Z_i with itensity lambda=2 and

Z_i = 1/—1 with
4% prob=0.5
5 tic
6 9% parameter input
7% horizon
8 T=1;
9% sample size
10 Nplot=10;
11 Nsimu=10"5;
12% grid points
13 M=1073;
14% intensity
15 lambda=2;
16 % expection of eZ
17 beta = 0.5«x(exp(1)+exp(—1));
18
19% theoretical value
20 theoreticalvalue= exp(lambdaxTx(beta—1));
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21 %% Simulation

22 % compound poisson process

23 figure (1)

24 % method 1

25 % number of total jumps at T
26 NT= poissrnd (lambdaxT,1,Nplot);
27 templ= zeros (max(NT) ,Nplot);

28 for i =1:Nplot

29 Yocondition on N_T, the jump times are ordered
uniformlly distributed

30 templ (1:NT(i),i)= sort(Txrand (1 ,NT(i)));

31 % simulate Z

32 stairs ([0;templ (1:NT(i),1)],cumsum([0,2*xunidrnd (2,1,
NT(i)) -3 ")

33 hold on;

34 end

35 hold off;

36

37

38 % method 2
39 figure (2)

40 CPP = [zeros(1,Nplot);cumsum( poissrnd (lambdaxT/M,M, Nplot

) .x(2xunidrnd (2 ,M, Nplot) —3)) |;
41 % the process X"(a)
42 timegrid= 0:T/M:T;
43 Xc=CPP;
44
45 Y%oshow the first 10 sample paths
46 plot(timegrid ,Xc(:,1:10))
47
48 Yocompute simulated value
49 % the poisson process N
50 poissonrv=poissrnd (lambdaxT,1 ,Nsimu) ;
51 maxN=max( poissonrv) ;
52% the jump distribution Z
53 bernoullirv= 2xunidrnd (2 ,maxN, Nsimu ) —3;
54 % place holder
55 temp= zeros (1,Nsimu);
56 for i=1:maxN

57 % we only consider those numbers for which the
poisson process is > 0
58 index= (poissonrv >0);
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Abbildung 1: 10 sample path a Poisson process with intensity A = 2

59 temp(index )=temp (index )+bernoullirv (1,index);
60 poissonrv (index )=poissonrv (index ) —1;
61 end

62 simulatedvalue= mean(exp(temp));
63 toc
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Abbildung 2: 10 sample path a compound Poisson process with intensity A\ = 2



