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1. (Space of Curvature Tensors) What is the dimension of the space of potential Riemann
curvature tensors at a point? That is: what is the dimension of the vector space of
4-linear maps TpM ˆ TpM ˆ TpM ˆ TpM Ñ R satisfying the symmetries Rijkl “

´Rjikl “ Rklij , Rijkl `Rjkil `Rkijl “ 0?

2. (Curvature of a 2-Manifold) Let M be a Riemannian 2-manifold.

(a) Show that the Riemann curvature tensor of M is effectively a scalar. Namely, we
have

R1212 “ ´R2112 “ ´R1221 “ R2121

and the remaining components vanish.

(b) Show that

Kppq “ Rmpe1, e2, e1, e2q

is independent of the choice of orthonormal basis e1, e2 of TpM .

(c) How can we reconstruct the tensor Rijklppq from Kppq?

3. (Curvature of Hyperbolic Space) Compute the Riemann curvature tensor, sectional,
Ricci and scalar curvatures of hyperbolic space Hn. Note that hyperbolic space can
be defined via the ball model

gijpxq “
4δij

p1´ |x|2q2
, px1q2 ` ¨ ¨ ¨ ` pxnq2 ă 1,

or equivalently the upper-half space model

gijpxq “
δij
pxnq2

, xn ą 0.

4. (Compact Semisimple Lie Groups) Let G be a compact Lie Group with Lie algebra g.
Define the Killing form of G by

B : gˆ gÑ R, BpX,Y q :“ trpAdpXq ˝AdpY qq.

(a) Show that B is bilinear, symmetric and Ad-invariant.

(b) If G is compact, show that B is nonpositive. So if B is negative, then g :“ ´B
is a canonical choice of metric on G — meaning that it is defined from the group
structure alone.

Hint: Compute the trace by summiwng over an orthonormal basis (with respect
to any bi-invariant metric on G).
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(c) Show that for a compact, semisimple Lie group with this canonical metric,

Rc “
1

4
g

where Rc denotes the Ricci curvature of g.

Note: A Lie group whose Killing form is nondegenerate is called semisimple. A
manifold whose Ricci curvature is proportional to its metric is called Einstein. So
a compact semisimple Lie group is Einstein.

d) (*) What class of compact Lie groups is excluded by requiring G to be semisimple?
How much freedom do we have to choose a bi-invariant metric on a compact Lie
group, if we do not use the Killing form?

Due on Friday 29 May
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