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Q1. Let X and Y two independent standard normal random variables (N(0,1)). Define the
random variable

S| X iyz=o
T -X ify<o.

(a) Compute the distribution of Z.
(b) Compute the correlation between X and Z.
(c¢) Compute P(X + Z =0).
(d) Does (X, Z) follow a multivariate normal distribution?.
Solution:
(a) We just have to compute:
P(Z>t)=P(X >tY >0)V (X <—t,Y <0)
1 1
= SP(X > 1) + 5P(X < )
=P(X >1t).
So Z has the same law as X, thus Z ~ N(0,1).

(b) Using the definition of covariance

Covar(X,7Z) =E (XZ)
=E (X*1(y20)) +E (=X"11y<0) = 0.

(c) We have that
1
]P>(X+Z:0):IP(Y<0)+]P>(Y20,2X=0)=5.

(d) It’s not a multivariate normal, because the sum of them is not a normal.
Q2. (a) Take X a random variable. Prove that for all A > 0
P(X >t) < exp(e ™)E ().
(b) Define ¢x () :=In (E (e**)). Prove that ¢()\) > AE (X).
(c) Prove that

P(X >t) < E (e sPazoMi=ox(M}y
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(d) If X ~ N(0,0), calculate ¢x(N).

(e) Prove that if X is a positive random variable
E(X)= /OOOIP’(X > t)dt
(f) Show that if X ~ N(0,0) and Y is a random variable such that 1y (A) < 9x()\), then
E(Y?) < 20°.
Solution:

(a) For A = 0 the property is trivial. If A > 0, using Markov (chebyshev) inequality we
have that

P(X > t) = P(exp(AX) > exp(At))

< exp()\t)E(eXp(/\X))'

(b) Given that exp(\-) is a convex function, thanks to Jensen inequality (Thm 3.6) we have
that:
E(exp(AX)) > exp(E(AX))
=¢(A\) = In (E(exp(AX))) > AE (X).

(c) Using part a) we have that for all A > 0
P(X > A) < exp(—A)E (M) = exp(—(dx () — At))
:>]P>(X > >\) < exp(ei SUlP,\Zo{AI‘/ﬂﬁX(/\)})7

where we have just taken Infimum over A > 0.

(d) Let’s compute

1 [ 2
E(e’\X) = —/ eMe2? dr

210 J_o

1 o0 _ 12 —2/\0'2
e 22 dx
210 J_oo

1 o _@=xe?)? 2,2
5 eMeT 202 e 2 dx
0 J—oo

22,2

= e 2

Y

then ¢()\) = 1\%02,

2
(e) We just have to use Fubini’s Theorem to compute

£C0) ~E( [ tucnd)
0
— [ B () d
0

- /0 TBX >
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(f) First let’s compute:

1
sup {)\t — —)\202} ,
A>0 2
this is just a quadratic function on A, so it attains it maximum in A, = % > (0. Then
its supremum is just # So thanks to problem c) we have that

]P(Y > t) < exp(e_ S“PAZO{/\t—d)y(/\)}>
< exp(e” Supxzo{/\t—qﬁx(/\)})

t2
= exXp <_ﬁ) .

Thus, thanks to part e) we have that

o0

E (Y?) P(Y? > t)dt

> t
exXp (-g) dt

2

A
y o— —

Q3. Let X and Y be random variables with joint density distribution given by
fxy(z,y) = 6_w2y1{121}1{y20}

(a) Why is this a probability measure?
(b) What is the density function of X.
(c) Compute P(Y < 55).

Solution:

(a) We just have to prove that [g, fxy(z,y)dzdy = 1.

00 poo ) oo e—z2y o
/ / e ydydx:/ -—
1 0 1 T 0
<1
a2

(b) We now that fx(z) = [; fxy(z,y)dy, then

dx

fx(z) = /O"o e " Vdyl sy = %1{01}-
(c) Let’s compute:
1 © o
P (Y < ﬁ) = /1 /0 e" " Ydxdy
:/Imé—e_lézl—e_l.
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Q4. (a) Let p, and v, two sequence of probability measure on R. and ¢, € (0,1) with ¢, — 0.
Prove that if p, — p in distribution, then (1 — €,)u, + €,4, — p in distribution.

(b) Construct with the help of a) a sequence p, so that u, — p in distribution but
limy, o0 [ |2|dpn(2) # [ |2]du(z).
(¢) Prove that if yu, — p and sup,, [ 2?du,(z) = K < oo then

[laldiata) > [ lalduto)

HINT: For all M prove that
2
/min{|x!,]\/[}d,un(a:) . /mm{\xy,M} < %du@).

Solution:

(a) Take f:R — R a continuous and bounded function

'/fd((l—en>un+envn>—/fdu‘ < ‘/fdun—/fdu‘+en [ v~ [ sam,

< ’/fdun—/fdu‘ £ 96, flle — 0.

(b) Take pi, = 0, i.e. p(A) = 1yoecay and v, = 0,,. It’s clear that p, — do (it’s a constant
sequence), SO (1 — %) iy + %Vn — 0, but:

/|x|d ((1 - %) o + %yn) (z) = %n —1£0= / 12|60 ().

c) We know that min{|- |, M} is a bounded continuous function. So it’s clear that
(c) 7

/ win{|z], M}dp(z) — / min{|z], M}du(z),

and thanks to the monotone convergence theorem

[ min{jsl. M)dute) 7 [ falduta)

Note that thanks to Cauchy-Schwarz inequality:

/|$|1{|x>M}dMn(£B) < \//iﬂ?dun\// L{jai>nrydpin ()

1
:\/X\//ym‘ml{lrle}dun(x)

(] [ o)

K
KiM1,

N[N

IN
S

IN

W
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and using the same method

/—931{|x|>M}dMn( )

To finish, take ¢ > 0, and M so that KiM~1 < 7 and

[ winlel. a1}t

Then, take ngy so that for all n > ny

[ i, b}

/ledu

- [ minjal, Mydyn (@

)~ [ lelduta

Then

’/|x|dﬂn
‘/Il’ldun

| [ minlel. 2r)aute

- ‘/ 2| = M1g>nrydpn () 5

+—:e.

€
< -
— 14

/!x|du

/ win{|z], M}du(x)| <

\ [ minflel, MYz

< \/ / x2dun\/ / L{ja|> 0y dpin ()

< KiM~s.

»-lklm

/ min{|z], M}du(z)



