D-MATH::Gruppe 3 ETH
Probabilities and statistics

Lecturer: Prof. Dr. Sara van de Geer MZﬁrich
Prof. Dr. Martin Larsson

Serie 8
April 28th, 2015

Q1. Let X and Y two independent standard normal random variables (N(0,1)). Define the
random variable

S| X iyz=o
T -X ify<o.

(a) Compute the distribution of Z.
(b) Compute the correlation between X and Z.
(c¢) Compute P(X + Z =0).

(d) Does (X, Z) follow a multivariate normal distribution?.

Q2. (a) Take X a random variable. Prove that for all A >0
P(X >t) <exp(e ™)E ().
(b) Define ¢x () :=In (E (¢**)). Prove that ¢(X) > AE (X).
(c) Prove that

P(X >t) <E (e sPazoMi=ox(M}y

(d) If X ~ N(0,0), calculate ¢x ().

(e) Prove that if X is a positive random variable
E(X) = / P(X > t)dt
0

(f) Show that if X ~ N(0,0) and Y is a random variable such that 1y (\) < ¢¥x(\), then
E(Y?) < 207
Q3. Let X and Y be random variables with joint density distribution given by

fxy(z,y) = 6_x2y1{x21} Liy>0y

(a) Why is this a probability measure?
(b) What is the density function of X.
(c) Compute P(Y < 55).

Q4. (a) Let p, and v, two sequence of probability measure on R. and ¢, € (0,1) with ¢, — 0.
Prove that if p,, — p in distribution, then (1 — €,)u, + €,v, — p in distribution.
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(b) Construct with the help of a) a sequence p, so that u, — p in distribution but
limy, oo [ 2]dpn(z) # [ |2|du(e).
(¢) Prove that if yu, — p and sup,, [ 2?du,(z) = K < oo then

[laldiata) ~ [ laduto)

/min{|x!,M}d,un(x) — /min{|x|,M} < %du(m).

HINT: For all M prove that



